Math 211

Lecture #38




Higher Dimensional Systems

Autonomous equation y’ = f(y).

e y=(y1,%2, ,yn)’, ¥, is an equilibrium point.

o f(y) = (fi(y), fo(y), -, fuly))”

e J is the Jacobian matrix




Linearization of a Planar System

v = f(z,y)

/ f(x()?y()) — g(anyO) =3}
y =g(x,y)

e The linearization at (zg,yg) is




The Jacobian

Set u = (@,9)!. The Jacobian matrix is




Theorem: Consider the planar system

v = f(z,y)

/

Y

9(z,y)




Theorem: Suppose that y, is an equilibrium point for
y' = f(y). Let J be the Jacobian of f at y,.

1. Suppose that the real part of every eigenvalue of J is
negative. Then y, is an asymptotically stable

equilibrium point.




Example

' = —2x — 4y + 2zy

y,=$—6y—|-5132—y2

e [he origin (0.0) is an equilibrium point.




The Lorenz System

' = —ax + ay

Y =rx—y— a2




e [he Jacobian is

—a a 0

J=|r—z -1 —=x

Y xr —b
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ct and ¢~

» For 1 <r < 470/19 ~ 24.74, c* and ¢~ are
asymptotically stable.

» For r > 470/19 ~ 24.74, ¢* and ¢~ are unstable.

e As r varies the Lorenz system displays a wide variety
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Invariant Sets

Definition: A set S is (positively) invariant for the
system y' = f(y) if y(0) =y, € S implies that y(t) € S
for all t > 0.
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Example — Competing Species

v =(5—-2r—y)x

y = (7—2z—3y)y

e [ he positive - and y-axes are invariant.
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Nullclines
' = f(z,y)

y' = g(z,y)
Definition: The x-nullcline is the set defined by
f(x,y) = 0. The y-nullcline is the set defined by




14

Competing Species

/

r = (5—2x—y)x

y = (7—2z—3y)y

e z-nullcline: two lines x = 0 and 2z + y = 5.




