Math 211

Lecture #5

Models of Motion




Models of Motion

History of models of planetary motion.

e Babylonians - 3000 years ago.



Greeks

e Descriptive model - Ptolemy (~ 100).

Geocentric model.

Epicycles.




Nicholas Copernicus (1543)

e Shifted the center of the universe to the sun.

e Fewer epicycles required.




Johann Kepler (1609)

e Based on experimental work of Tycho Brahe (1400).
e Three laws of planetary motion.

1. Each planet moves in an ellipse with the sun at one
focus.

2. The line between the sun and a planet sweeps out




Isaac Newton

e Three major contributions.
Laws of mechanics.

» Second law — F' = ma.

Universal law of gravity.
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Isaac Newton (cont.)

e Laws of mechanics and gravitation were based on his own
experiments and his understanding of the experiments of

others.

e Derived Kepler's three laws of planetary motion.




Isaac Newton (cont.)

e The Life of Isaac Newton by Richard Westfall, Cambridge
University Press 1993.

e Problems with Newton's theory.

The force of gravity was action at a distance.




Albert Einstein

e Special theory of relativity — 1905.

e General theory of relativity — 1916.

Gravity is due to curvature of space-time.
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Unified Theories

e Four fundamental forces.

Gravity, electromagnetism, strong nuclear, and weak

nuclear.

e Last three can be unified by quantum mechanics. —

Quantum chromodynamics.
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The Modeling Process

e It is based on experiment and/or observation.
e It is iterative.

For motion we have > 6 iterations.
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|.inear Motion

e Motion in one dimension — x(t) is the distance from a
reference position.

Example: motion of a ball in the earth’s gravity — x(t)
is the height of the ball above the surface of the earth.

e Velocity: v = 2’. Acceleration: a = v’ = z”.




Motion of a Ball

e Acceleration due to gravity is (approximately) constant near
the surface of the earth, so F = —mg, where g = 9.8m/s°.

e Newton's second law becomes




Air Resistance

Acts in the direction opposite to the velocity. Therefore
R(x,v) = —r(z,v)v where r(xz,v)>0.

There are many models. We will look at two different cases.

1. The resistance is proportional to velocity,

= —rv.
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R=—rv

e R(z,v) = —rv, r a positive constant. The total force is
F'= —mg — rv.

e Newton's second law becomes

&
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R = —kv|v

e R(z,v) = —k|v|v, k a positive constant. The total force is

F = —mg — k|v|v.

e Newton's second law becomes

!/
mx’ = —mg — klvlv or




17

A Dropped Ball

e Suppose a ball is dropped from a high point. Then v < 0.
—mg + kv®

e The equation is v’ =

e [ he solution is




Solving for (%)
e Integrating ' = v(t) is sometimes hard.
e Use the trick (see Exercise 2.3.7):
dv dv dx dv

a = v

—dt dzr di  dr
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Problem

A ball is projected from the surface of the earth with velocity
vo. How high does it go?

e At t =0, we have z(0) =0 and v(0) = vo.
e At the top we have t =T, (T) = Zmax, and v(T") = 0.

e If R =0, the acceleration is a = —g. The equation




20

It = —rwv

The acceleration is a = —(mg + rv)/m. The equation

vd—v = a becomes
dx

/O ’Ud’U . /xmax d_x
v TV + mg o m
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R = —k|v|v

2
mg + kv . The

Since v > 0, the acceleration is a = —

equation vg—; — a becomes




