Math 211

Lecture #6

Linear Equations

September 8, 2003

Air Resistance

Acts in the direction opposite to the velocity. Therefore

R(z,v) = —r(z,v)v where r(z,v)>0

There are many models. We will look at three cases.

1.R=0. v =—g.

2 R=—rv, of =9
. R . o

_mg + kv
m ’

3. R=—klp|v, v =

Solving for z(t)
o Integrating 2’ = v(t) is sometimes hard.
o Use the trick (see Exercise 2.3.7):
_dv  dv dxr dv

T T d dt T de

e The equation

is usually separable.
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Problem

A ball is projected from the surface of the earth with velocity
vo. How high does it go?

o At t =0, we have 2(0) = 0 and v(0) = vo.
e At the top we have t =T, z(T) = Zmax, and v(T') = 0.

dv F  -mg+R

e Wehave vi-=a= so
dz

m m

0 @
/ vdv / mdy
vo Y9~ R o m

Cases

m kvd
. R = —k|v|v. Tmax = — In 14+ — ).
3. R [v|v z % n( + mg

Linear Equations

A linear equation is one of the form
' = a(t)z + f(t).

o Example: 2’ = tan(t)z + 3sin?(t)

e The unknown function z and its derivative must appear
linearly .

e The equation is homogeneous if f =0
¢ 2’ =a(t)z, eg ' =tan(t)z

e The equation is inhomogeneous if f # 0

| EEE”'" !
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Homogenous Linear Equations

e Homogeneous linear equations are separable.

o _
dt

o(t) = Aefa(t)dt

a(t)x

e Example: 2’ = tan(t)x.

z(t) = Aesec”t
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Example: o' = 3z + e
e Step 1: Solve the associated homogeneous equation,
7«'6 = 3xo.
¢ A particular solution is zo(t) = €.
e Step 2: Try to find v(t) such that x = vz is a solution to

the IHE. Substitute z(t) = v(t)e* into the equation:

2/ (t) = 3v(t)e® + v/ (1)

2t

3z +e* = 3u(t)e® +e

¢ 2 =ve® is a solution if v/ = e, or v(t) = —e~" + C.

Example (cont.)
e Step 3: Write down the general solution:
z(t) = v(t)zo(t)
=(—e "+ 0)e*
=&+ 0™

|§§Eum! [Steps 1 & 2]
—
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The General Linear Equation z’ = a(t)z + f(¢)

e Step 1: Solve the associated homogeneous equation,

zH = awo.

¢ A particular solution is zo(t) = cfn(t) at.

e Step 2: Try to find v(t) such that & = vz is a solution to

the IHE. Substitute x = vz into the equation:
’ ’ ’ ’
T =vTy+ vV Ty = avro + v To
ar + f = avzo + f

¢ = vz is a solution if v/ = f/xo, or

v(t) = / fisz;;t +C.
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Solving «’ = a(t)z + f(t) (cont.)
e Step 3: Write down the general solution:
z(t) = v(t)zo(t)

(] )

where
wolt) = efa(l)dL.

[Steps 1 & 2]
——

Solution Procedure
To solve 2’ = a(t)z + f(t):

1. Solve the homogeneous equation x{, = axo.

2. Find v such that z = vz is a solution by substituting into

the equation.

3. Write down the general solution, z(t) = v(t)zo(t).
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Examples

o &' =—42+8, 2(0)=0.
dy
t—=
* '
o o' =2z+e’, z(0) =1

+ 5y = 3t.

oy +ycot(t) = 5e®),
=3y—t, y(0)=2.

’

o 2/ =(z+1)cost, z(m)=—1.

|§§E EEI |E§E§ E! [Pracedure]

Solving Using an Integrating Factor

e This method is the first method explained in Section 2.4 of
the textbook.

e The following slides motivate and explain the method.

Example: 2’ = tan(t)z + 3sin?(t)
o Rewrite as 2’ — tan(t)z = 3sin’(t)
e Multiply by cost.
cos(t)z’ — sin(t)z = 3sin’(t) cos(t)
The left hand side is the derivative of cos(t)z. So

[cos(t)x] = 3sin’(t) cos(t)
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e Integrate

cos(t)z(t) =3 / sin®(t) cos(t) dt = sin®(t) + C

e Solve for =
- sinS(t) +C
() = cos(t)

How did we do that? Can we do it in general?
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[Salution pr_1]
—

The Key Step for 2’ = ax + f
e Rewrite as 2’ —ax = f.

e Multiply by a function u(t) so that
ulz’ — az] = [uz]’

ur’ — auxr = vz’ +u'z
¢ True if u' = —au. Linear, homogeneous
~ [a@yar . .
u(t) =e Jew is one solution.

¢ wu is called an integrating factor.

[Salution pt_1]
——

Four step process:
1. Rewrite as 2’ —ax = f.

2. Multiply by the integrating factor
u(t)=e" Jowa
Equation becomes [uz]’ = uz’ — auz = uf.
3. Integrate: u(t)z(t) = /u(t)f(t) dt+ C.

4. Solve for x(t).
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Solving the Linear Equation z’ = a(t)z + f(t)
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