Math 211

Lecture #6

Linear Equations




Air Resistance

Acts in the direction opposite to the velocity. Therefore

R(x,v) = —r(z,v)v where r(xz,v)>0.

There are many models. We will look at three cases.




Solving for x(%)
e Integrating ' = v(t) is sometimes hard.
e Use the trick (see Exercise 2.3.7):
dv dv dx dv

a — v

—dt dzr dt  dr




Problem

A ball is projected from the surface of the earth with velocity
vo. How high does it go?

e At t =0, we have z(0) = 0 and v(0) = vo.

e At the top we have t =T, (T) = Tmax, and v(T) = 0.




Cases




Linear Equations

A linear equation is one of the form

' = a(t)r + f(t).

o Example: 2’ = tan(t)x + 3sin?(t)

e [ he unknown function x and its derivative must aﬁﬁear
L




Homogenous Linear Equations

e Homogeneous linear equations are separable.

da

= a(t)x




Example: o' = 3z + e

e Step 1: Solve the associated homogeneous equation,
Ty = 3x0.

A particular solution is zo(t) = e*".

e Step 2: Try to find v(t) such that = vxg is a solution to

the IHE. Substitute x‘tl — v‘tle‘% into the eﬂuation:
L




Example (cont.)

e Step 3: Write down the general solution:




The General Linear Equation 2’ = a(t)z + f(t)

e Step 1: Solve the associated homogeneous equation
Ty = ATo.

A particular solution is xo(t) = ef a(t) d¢.

e Step 2: Try to find v(t) such that x = vz is a solution to

the IHE. Substitute £ = vxg into the equation:
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Solving ' = a(t)z + f(t) (cont.)

e Step 3: Write down the general solution:
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Solution Procedure

To solve 2’ = a(t)x + f(t):

1. Solve the homogeneous equation xj = azo.
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Examples

e r' = —4x+38, z(0)=0.

dy
t=2 4 5y = 3t.
® bt oY

o 7' =2z +e, z(0) = 1.
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Solving Using an Integrating Factor

e This method is the first method explained in Section 2.4 of
the textbook.
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Example: 2/ = tan(t)z + 3 sin®(t)
o Rewrite as ' — tan(t)x = 3sin®(t)

e Multiply by cost.

cos(t)x’ — sin(t)x = 3sin*(t) cos(t)
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e Integrate

cos(t)x(t) = 3 / sin”(t) cos(t) dt = sin®(t) + C

e Solve for




The Key Step for 2/ = ax + f

e Rewrite as £’ —az = f.

e Multiply by a function u(t) so that

ulz’ — az] = [ux]’

/ / /
Ur — auxr =uxr +uzx
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Solving the Linear Equation 2’ = a(t)x + f(t)
Four step process:

1. Rewrite as 2’ —az = .

2.  Multiply by the integrating factor




