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Lecture #17

Solving Systems of Equations
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Solving Systems of EquationsSolving Systems of Equations

• We want to find a way to find the solution set of any

system.

• We will build towards the method by looking at a series of

examples.

• We will start by solving a 2×2 system using three different,

but closely related methods.
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Example 1 — EliminationExample 1 — Elimination

x + y = 3

2x − 3y = 1

• Method 1: Solve the first equation for x and substitute

into the second equation.

• Method 2: Add −2 times the first equation to the second

equation to eliminate x.

• Method 3: Use the augmented matrix and add −2 times

the first row to the second row.
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Example 1 — BacksolvingExample 1 — Backsolving

• Using any of these methods we get the simpler system

x + y = 3

−5y = −5

• The simple system has the same solutions as the

original system .

• The simple system is very easy to solve

� Solve the last equation first, y = 1.

� Then the first equation, x = 2.

� This is called backsolving .
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Method of Solution - 1st EditionMethod of Solution - 1st Edition

The method is called elimination and backsolving , or Gaussian

elimination. There are four steps:

1. Write down the augmented matrix.

2. Eliminate as many coefficients as possible.

� This is not well defined yet.

3. Write down the simplified system.

4. Solve the simplified system by backsolving.

� We need to explore this further.
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Elimination — Row OperationsElimination — Row Operations

• We only use operations on the equations which will lead to

systems of equations with the same solutions. These are:

� Add a multiple of one equation to another.

� Interchange two equations.

� Multiply an equation by a non-zero number.

• The corresponding operations on the rows of the

augmented matrix are called row operations.

� Add a multiple of one row to another.

� Interchange two rows.

� Multiply a row by a non-zero number.
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Example 2Example 2

y − 2z = −1

2x − 3y + 4z = 5

−2z + 5y − 8z = −7

1. Write down the augmented matrix.
⎛
⎝

0 1 −2 −1

2 −3 4 5

−2 5 −8 −7

⎞
⎠
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Example 2 — EliminationExample 2 — Elimination

2. Eliminate as many coefficients as possible.

� Interchange rows 1 and 2. R1 ↔ R2

� R3 → R3 + R1.

� R3 → R3 + (−2) · R2. The result is
⎛
⎝

2 −3 4 5

0 1 −2 −1

0 0 0 0

⎞
⎠

3. Write down the simplified system.

2x − 3y + 4z = 5

y − 2z = −1
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Example 2 — BacksolvingExample 2 — Backsolving

4. Solve the simplified system by backsolving.

2x − 3y + 4z = 5

y − 2z = −1

� z is a free variable. Set z = t. Solve second equation for

y = −1 + 2t. Solve first equation for x = 1 + t.

� The solution set is a line in three space:
⎛
⎝

x

y

z

⎞
⎠ =

⎛
⎝

1

−1

0

⎞
⎠ + t

⎛
⎝

1

2

1

⎞
⎠ , −∞ < t < ∞.
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The Goal of EliminationThe Goal of Elimination

• How simple can we make the augmented matrix?

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

P ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 P ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 P ∗ ∗ ∗ ∗ ∗
0 0 0 0 P ∗ ∗ ∗ ∗
0 0 0 0 0 0 P ∗ ∗
0 0 0 0 0 0 0 P ∗
0 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

• P is a nonzero number, ∗ is any number.

Return Matrix REF Row operations
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Row Echelon FormRow Echelon Form

• The pivot of a row in a matrix is the first non-zero element

from the left.

• A matrix is in row echelon form if every pivot lies strictly to

the right of those in rows above.

• Any matrix can be reduced to row echelon form using the

first two of the row operations.

• When an augmented matrix has been reduced to row

echelon form, the corresponding system can be easily solved

by backsolving.
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Reduced Row Echelon FormReduced Row Echelon Form

• Row echelon form, plus all pivots = 1 and all other entries

in a pivot column are 0.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 ∗ 0 0 ∗ 0 0 ∗
0 1 ∗ 0 0 ∗ 0 0 ∗
0 0 0 1 0 ∗ 0 0 ∗
0 0 0 0 1 ∗ 0 0 ∗
0 0 0 0 0 0 1 0 ∗
0 0 0 0 0 0 0 1 ∗
0 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Example 3Example 3

3x2 − 4x3 = −7

−x1 + 2x2 = −3

3x1 + 2x2 + x3 = 2

1. The augmented matrix is
⎛
⎝

0 3 −4 −7

−1 2 0 −3

3 2 1 2

⎞
⎠
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Example 3 — EliminationExample 3 — Elimination

2. Elimination:

� R1 ↔ R2.

� R3 → R3 + 3 · R1.

� R3 → R3 + (− 8
3
) · R2.

� R3 → 3
35

· R3.

• We get ⎛
⎝

−1 2 0 −3

0 3 −4 −7

0 0 1 1

⎞
⎠
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Example 3 — Back SolvingExample 3 — Back Solving

3. The simplified system is

−x1 + 2x2 = −3

3x2 − 4x3 = −7

x3 = 1

4. Backsolve: x3 = 1, x2 = −1, and x1 = 1.

• The solution set is the single point (1,−1, 1).
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Elimination using MATLABElimination using MATLAB

• Ri → Ri + aRj

� >> M(i,:) = M(i,:) + a*M(j,:)

• Ri ↔ Rj

� >> M([i,j],:) = M([j,i],:)

• Ri → aRi

� >> M(i,:) = a*M(i,:)
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Example 4. Ax = bExample 4. Ax = b

A =

⎛
⎝

1 2 5 −1

1 2 −3 8

3 6 7 6

⎞
⎠ , b =

⎛
⎝

−2

−12

−16

⎞
⎠

1. Augmented matrix:

M = [A, b] =

⎛
⎝

1 2 5 −1 −2

1 2 −3 8 −12

3 6 7 6 −16

⎞
⎠

.
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Example 4 — EliminationExample 4 — Elimination

2. Elimination using MATLAB yields.
⎛
⎝

1 2 5 −1 −2

0 0 −8 9 −10

0 0 0 0 0

⎞
⎠

� The yellow entries are the pivots.
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Example 4 — Simplified SystemExample 4 — Simplified System

3. Simplified system:

x1 + 2x2 + 5x3 − x4 = −2

−8x3 + 9x4 = −10

4. Backsolve:

� There are pivots in columns 1 & 3. These are pivot

columns. x1 and x3 are called pivot variables.

� The other columns are called free columns. The

variables x2 and x4 are called free variables.

� The free variables may be assigned arbitrary values:

x2 = s and x4 = t.
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Example 4 — BacksolvingExample 4 — Backsolving

� Backsolve for the pivot variables.

x3 = (10 + 9x4)/8 = 5/4 + 9t/8

x1 = −33/4 − 2s − 37t/8

• The solutions are the vectors

x =

⎛
⎜⎜⎝

−33/4

0

5/4

0

⎞
⎟⎟⎠ + s

⎛
⎜⎜⎝

−2

1

0

0

⎞
⎟⎟⎠ + t

⎛
⎜⎜⎝

−37/8

0

9/8

0

⎞
⎟⎟⎠

• The solution set is a plane in R4.

Method
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Method of Solution for Ax = bMethod of Solution for Ax = b

There are four steps:

1. Use the augmented matrix M = [A, b].

2. Use row operations to reduce the augmented matrix to

row echelon form.

3. Write down the simplified system.

4. Backsolve.

� Assign arbitrary values to the free variables.

� Backsolve for the pivot variables.

7 John C. Polking



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


