Math 211

Lecture #41
The Pendulum

Predator-Prey
December 3, 2003

The Pendulum
e The angle 0 satisfies the nonlinear differential equation
mL#" = —mg sinf — D',
¢ We will write this as
0" + /1()/ +bsinf = 0.
e Introduce w = @’ to get the system
0 =w

W =-bsinf — pw

Analysis
e The equilibrium points are (k,0)” where k is any integer.
o If k is odd the equilibrium point (k,0)7 is a saddle.
o If k is even the equilibrium point (k,0)7 is
» a center if u =0 or

> asink if 4> 0.

| EEE”'" !

1 John C. Polking



The Inverted Pendulum

The angle 0 measured from straight up satisfies the
nonlinear differential equation

mL#" =mg sinf — D@,
or
D g .
0" + —0 — Zsinf = 0.
+ L 7 sin 0

¢ We will write this as

0" + 10 —bsind =0.

The Inverted Pendulum System
e Introduce w = 6’ to get the system
0 =w
W' =bsind — pw
o The equilibrium point at (0,0)7 is a saddle point and
unstable.
e Can we find an automatic way of sensing the departure of
)’T'

the system from (0,0)" and moving the pivot to bring the

system back to the unstable point at (0,0)7?

¢ Experimentally the answer is yes.

The Control System

If we apply a force v moving the pivot to the right or left,
then @ satisfies

mLO" =mg sind — DO — v cosb,

The system becomes
0 =w
W' =bsinf — pw —u cosb,

where u = v/mL.

Assume the force is a linear response to the detected value
of 0, so u = cf), where c is a constant.
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The Controlled System

e The Jacobian at the origin is

(0 1
T \b-¢c —pn

e The origin is asymptotically stable if = —p < 0 and
D = ¢ — b > 0. Therefore require

c>b=

SIAS]

Predator-Prey
Lotka-Volterra system
z' = (a—by)z (prey - fish)
y' = (—c+dx)y (predator — sharks)
e Equilbrium points: (0,0) is a saddle, (zo,y0) = (¢/d,a/b)
is a linear center.
e The axes are invariant.
e The positive quadrant is invariant.

e The solution curves appear to be closed. Is this actually
true?

Solutions are Periodic
Along the solution curve y = y(x) we have

dy _ y(—c+dz)
dz — z(a—by)
The solution is

H(z,y) =by—alny+dz —clnz=C
e This is an implicit equation for the solution curve in the

phase plane. = All solution curves are closed, and
represent periodic solutions.
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Why Fishing Leads to More Fish

Compute the average of the fish & shark populations.

d z
ahli(t) =5 = a— by
T
1 d _
O—T/D %lnz(t)dt—a,fby.

So y = a/b=yo. Similarly T = zo = ¢/d.
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The effect of fishing that does not distinquish between fish and
sharks is the system
' = (a—by)z —ex
y = (—c+dax)y—ey
e This is the same system with a replaced by a — e and ¢
replaced by ¢+ e.
e The average populations are

cte a—e

T = and Y, = 5

e Fishing causes the average fish population to increase and
the average shark population to decrease.

Cottony Cushion Scale Insect & the Ladybird
Beetle

e The cottony cushion scale insect was accidentally
introduced from Australia in 1868.

¢ Threatened the citrus industry.

o In Australia the ladybird beetle is a natural predator on the
insect and reduces the insects to a manageable level.

¢ It was imported from Australia to help here.
e DDT kills the scale insect, so massive spraying was ordered.
¢ Despite the warnings of mathematicians and biologists.

e The scale insect increased in numbers, as predicted by
Volterra.

| EEE”'" !

4 John C. Polking




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


