Math 211

Lecture #13

Runge-Kutta Methods




Experimental Error Analysis
e IVP ¢y =cos(t)/(2y —2) with y(0) =3

e Exact solution: y(t) =1+ /4 + sint.




Derivative m-file ben.

function yprime = ben(t,y)




M-file batch.

[teuler,yeuler]=eul(’ben’, [0,3],3,h);
t=0:0.05:3;
y=1+sqrt (4+sin(t));

plot(t,y,teuler,yeuler,’o’)




Basic Problem

Numerically “solve” 3y’ = f(¢,y) on the interval [a, b]
with y(a) = yo.

e Find a discrete set of points
a=1t) <t1 <ta<---<tn_1<tn=0D>




Runge-Kutta vs Euler

e Both use a fixed step size h = (b —a)/N.

e FEuler's method
Y = Yk—1 + f(tr—1,Yr—1)h

e Runge-Kutta methods




Second Order Runge-Kutta — First Step

e Use S = (s1+ s2), where

s1 =y (to) = f(to, o)




Second Order Runge-Kutta — Algorithm

Input o9 and yo.
fork=1to N

s1= f(tk—1,Yr—1)




ond Order R-K — Error Analysis

e Slopes s; and s2 chosen so that the truncation

error at each step is < Ch®°.

e There are N = (b — a)/h steps.
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oNd Order R-K — Error Analysis

Max error < C (eL(b_“) — 1) h°

where C' & L are constants that depend on f.
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Fourth Order Runge-Kutta — First Step

o Use S = %(81 + 289 + 283 + 84), where

s1= f(tk—1,Yr—1)
s2 = f(tk—1 +h/2,yx—1 + s1h/2)
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Fourth Order Runge-Kutta — Algorithm

Input o9 and yo.
fork=1to N
s1 = f(tk—1,Yr—1)
so = f(tk—1+h/2,yx—1 + s1h/2)
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4" Order R-K — Error Analysis

e Slopes are chosen so that the truncation error at
each step is < Ch°.

e There are N = (b — a)/h steps.

e Truncation error can propagate exponentially.
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4" Order R-K — Error Analysis

Max error < C (eL(b_a) — 1) ht,

e Good news: decreases like h* as h decreases.
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MATLAB Routines rk2.m & rk4.m

e Syntax
[t,y] = rk2(derfile,lto,ts]|,yo,h) ;

derfile - derivative m-file defining the

equation.
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Experimental Error Analysis

o IVP ¢/ =cos(t)/(2y —2) with y(0) =3

e Exact solution: y(t) = 1 + /4 + sint.
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Experimental Error Analysis

e Solve IVP using Euler's method and the

Runge-Kutta methods
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Euler's Method — Algorithm

Input o and yo.
fork=1to N




