Math 211

Lecture #20

Systems of ODEs




Nonsingular Matrices

A an n X n matrix

e A is nonsingular if the equation Ax = b has
a solution for any right hand side b.

e If A is nonsingular then Ax = b has a unique




Determinants

Theorem: Then x n matrix A4 is
nonsingular if and only if det(A) # 0.
Corollary: If A isan n X n matrix, then

null(A) contains a nonzero vector if and only if




Row Operations and Determinants
If B is obtained from A by

e adding a multiple of one row to another,
det(B) = det(A).

e Iinterchanging two rows,




Column Operations and

Determinants
If B is obtained from A by

e adding a multiple of one column to another,
det(B) = det(A).




Expansion by a Row

Definition: The 7j-minor of an n X n matrix

Ais the (n —1) x (n — 1) matrix A;; obtained

from A by deleting the ith row and the jth

column.
With this definition we can prove that




Expansion by a Column

We can also expand by a column.

n

det(A) =) (=1)"ay; det(Ay;).




Example

-5 —6 0
A=| 3 4 0




Example

1 1 1 1
2 1 -1 =2
—2 -1 1 1
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Example

3 —1 0 1
12 -6 0 95
32 —156 -3 13
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Determinants and Bases

Proposition: A collection of n vectors vy, vso,

....v, in R" is a basis for R™ if and only if
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Systems of Differential Equations

Example: SIR model of the spread of infectious
disease. Assume:

e The disease is of short duration and rarely
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SIER Model

e Three subpopulations; susceptible, S(%),
infecteds, I(t), and recovered, R(t)

S" = —aSI
I' =aSI — bl
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General System in 2D

e Example:
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General System in Higher D

33/1 — fl(t7$17$27'”7xn)

33/2 — f2(t7$17$27' . ,an)
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Vector Notation — 2D
e In 2D set ui(t) = x(t) & ua(t) = y(t), and

w0 = (1o )
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Vector Notation — Planar System

e For the general case use vector notation
and set

F(t,u) = (f(t’“““2)>.

g(ta Uy, UZ)
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Vector Notation — General

e In higher dimensions, set
20 fi(t%)
z2(¢) f2(t, x)
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Initial Value Problem

x' =1(t,x) x(tg) = xo.

e Each component of x(t5) must be specified.
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Reduction of Higher Order

Equation to a System

For any higher order equation there is a first
order system which is equivalent to it, in the
sense that solutions of the system lead easily to
solutions of the equation, and vice versa.
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Example of Reduction

e Third-order equation: y"”" + 2yy’ = 3cost

e Set vr1 =y, x2 =/, and x3 = ¢".

e [hen
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Geometric Interpretation of

Solutions
e pplaneb

e Component plot




