Math 211

Lecture #22

Systems of ODEs

March 14, 2001

Systems of Differential Equations

Example: STR model of the spread of infectious
disease. Assume:

e The disease is of short duration and rarely
fatal.

e The disease spreads through human contact.

e Recovered indiviuals are immune.

Return

STR Model

e Three subpopulations; susceptible, S(t),
infecteds, I(t), and recovered, R(t)

S’ = —aST
I' =aSI—bl
R =bl.

e N =541+ R is constant.
e MATLAB & pplane5.

Return Assumptions
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General System in 2D

o' = f(t,z,y)
v =gty
e Example:
=y
Yy =—z

e Solution: z(t) =sint & y(t) = cost
< Verify by direct substitution.

Return

General System in Higher D

x/l = fl(tvxlvx%- .. 7xn)
T/2 = f?(twrthv' .. 7‘1777,)
.’7);} = fTL(t7:L‘17'T27 .. ‘7'7"77,)

e The dimension of a system is the number of
unknown functions = the number of
equations.

Return Planar system

Vector Notation — 2D
o In 2D set uq(t) = x(t) & uz(t) = y(t), and

0= ()

e Then in the example

Return
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Vector Notation — Planar System

e For the general case use vector notation

and set
t/
F(t,u) = (f( ’“1’“2)).
g(t3u17u2)
e Then
' = f(t,z,y
) ( ) < u' =F(t,u)
y =gt zy)

Return

Vector Notation — General

e In higher dimensions, set

() fi(t,%)
(6) = -’L'2:(t) Bt %) = f2 (7?7 x)
ealt) fult)
e The general system can be written
X = f(t, x).

Return

Initial Value Problem

x' =f(t,x) x(to) = xo.

e Each component of x(tp) must be specified.

e Example

Return
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Reduction of Higher Order
Equation to a System

For any higher order equation there is a first
order system which is equivalent to it, in the
sense that solutions of the system lead easily to
solutions of the equation, and vice versa.

e Reduces the study of higher order equations
to the study of systems

e Useful for the computation of solutions of
higher order equations.

Return

Example of Reduction
e Third-order equation: y"”" + 2yy’ = 3 cost

e Setxy =y, 3 =9/, and 23 = 7.

e Then
l’/l = T2
Th = T3
xh = 3cost — 2129
Return

Example of Reduction

e |nitial conditions in vector form
X(to) =X
e In component form

z1(to) = y(to) = yo,
22(to) = y'(t0) = 1,
z3(to) =y (to) = ya-

Return
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Geometric Interpretation of

Solutions

pplaneb
e Component plot

e Parametric plot

Phase plane

3-D plot

Composite plot

5
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