Math 211

Lecture #26

Solutions of a Planar System

March 25, 2001

Polar Representation
e z=x+iy=rlcosh+ isinf).
o 0 is the argument of z:  tanf = y/x.
o=zl
e Euler's formula: ¢* = cos + isin 6.
o z=|zle’.
—if

o Z=|zle

Return

Multiplication

e Two complex numbers
z=|z]e” and w = |w|e*
e The product is
Zw = ‘Z‘eie . ‘w‘em — |2H’w‘ei(6+¢)_

o |zw| = |z]w].

e The argument of zw is the sum of the
arguments of z and w.

Return
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Complex Exponential

Definition: For z = = + iy we define

e =e"TW = ¢ . W = e"[cosy +isiny].

Properties:
° ez+w —e* . ew; eFTW — % LT W — ez/ew
® e =¢7
° ‘€z| =% = eRez

e If X is a complex number, then %e” = XM

Return

Complex Matrices

Matrices (or vectors) with complex entries inherit
many of the properties of complex numbers.

o M = A+ 1B where A = ReM and
B =ImM are real matrices.

e M=A—iB;, M=DM < M is real.

e ReM = (M +M); ImM = 5(M — M)
e M+ N=M+N

o Mz =Mz

Return

Procedure to Solve x’' = Ax
e Find the eigenvalues of A
o the roots of p(A\) =det(A —AI) =0
e For each eigenvalue ) find the eigenspace
o =null(A — \I)

e If X is an eigenvalue and v is an associated

At

eigenvector, x(t) = e*v is a solution.

e Show that n of these are linearly
independent.

Return
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Cases
e Distinct real eigenvalues.
¢ In this case the method works as described.
e Complex eigenvalues.
& The method yields complex solutions.
e Repeated eigenvalues.

© The method does not always give enough
solutions.

Return

Complex Eigenpairs
A a real matrix

e )\ a complex eigenvalue with associated
eigenvector w, so Aw = Aw.

Aw = AW = AW
Aw = \W
e Aw =)\w = Aw = \w = AW = \w

e = \is an eigenvalue of A with associated
eigenvector w

Return Complex Matrices

e Thus complex eigenvalues come in
conjugate pairs A and .

e The associated eigenvectors also come in
conjugate pairs w and w.

e A#£A)X = wand W are linearly
independent.

Return Complex Matrices
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e Complex exponential solutions

z(t) =eMw and Z(t) = M.

e z and Z are linearly independent complex
valued solutions to x’ = Ax.

Return Complex Matrices Complex eigenpairs

x(t) = Re(z(t) = 2020
y(t) = m(a() = 2020

e x(t) and y(t) are real valued solutions.

e x(t) and y(t) are linearly independent.

Return Complex Matrices Complex eigenpairs Complex solutions

Planar System x' = Ax

t
A= (au a12> and x(t) = (ml( )>
a1 Qg2 zo(t)
e Characteristic polynomial:

p(A) = A2 —TA+D.

oT=trA=a;; +ag; D=detA

o The eigenvalues of A are the roots of p.

Return
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Eigenvalues of A
e Roots of p(A) = A2 —TA+ D =0.

_ T+VT? 4D
-

A

e Three cases:
o 2 distinct real roots if 7?2 — 4D > 0
o 2 complex conjugate roots if T? —4D < 0
o Double real root if T? —4D =0

Return

Example

— 2
x' = Ax  where A:( 0 O)
-2 7

o p(A) =A% -2\ +5.
e Eigenvalues: A\=1+4+2i and A=1-2i

Return
15
A=1+4+2
—6— 2 2
RV e e
-2 6 — 21
. (3 - z)
e Eigenvector: w = 1
Return Example

5
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e Complex Solutions

z(t) = Mtw = (11208 (3 I Z)

s = s o (441)

e Real Solutions

3 cos 2t + sin 2t
x(t):Re(z(t)):et< cos 2t + sin )
cos 2t
3sin 2t — cos 2t
y(t)zlm(z(t»:et( n 2t - cos )
sin 2t

Return Example

Initial Value Problem

Solve

-5 20
x' = Ax where A=
-2 7

with the intial condition

x(0) = (2)

Fundamental set of solutions

Return
18
Initial Value Problem
Solution is
3 cos 2t 4 sin 2t
u(t) = 3¢'
cos 2t
¢+ [ 3sin2t — cos 2t
+ 4e .
sin 2t
[ 5cos2t+15sin2¢
T\ 3cos2t +4sin2t
Return Real solutions
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Summary — Complex Eigenvalues
Suppose A is a real 2 X 2 matrix with
e complex conjugate eigenvalues A and ), and
e associated nonzero eigenvectors w and w.
Then
o z(t) = eMw and Z(t) = M form a complex
valued fundamental set of solutions, and
e x(t) = Re(z(t)) and y(¢) = Im(z(¢)) form a real
valued fundamental set of solutions.

Return
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