Math 211

Lecture #26

Solutions of a Planar System




Polar Representation
e 2 =x+ iy =r|cosf + isinf)].

0 is the argument of z:  tanf = y/x.

r=|z|.




Multiplication

e [wo complex numbers

z=|z|e? and w=|w|e™?

e [he product is




Complex Exponential

Definition: For z = x 4 1y we define

e =T =¢e” . eW = e%[cosy + isiny].

Properties:

° 6z—l—w _ ez . 6w. ez—w — 6z . 6—fw — ez/efw

)




Complex Matrices

Matrices (or vectors) with complex entries inherit

many of the properties of complex numbers.

o M = A+ 1B where A = ReM and
B = ImM are real matrices.




Procedure to Solve x’ = Ax

e Find the eigenvalues of A

the roots of p(A) = det(A — A\[) =0

e For each eigenvalue A find the eigenspace

= null(A — AI)




Cases

e Distinct real eigenvalues.

In this case the method works as described.

e Complex eigenvalues.




Complex Eigenpairs
A a real matrix

e )\ a complex eigenvalue with associated
eigenvector w, so Aw = \w.

Aw = AW = Aw




e [hus complex eigenvalues come In

conjugate pairs A and A.

e [he associated eigenvectors also come in

conjugate pairs w and w.
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e Complex exponential solutions

z(t) = eMw and Z(t) = eMwW.
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Planar System x' = Ax

a= (o o) e = (10))

e Characteristic polynomial:
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Eigenvalues of A
e Roots of p(A\) =\2 —TA\+ D = 0.

. T++T?—4D
— > ,

A

e [ hree cases:
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Example

-5 20
x' = Ax where A = ( )

=2
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A=14+2

QA—)\I:(

—6 — 21 20 )
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e Complex Solutions

z(t) = eNMw = 1201 (3 I Z)

Z(t) = eitw _ (120t
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Initial Value Problem

Solve

-5 2
x' = Ax where A:< : O)

=77
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Initial Value Problem

Solution is

u(t) = 3e’ (

3 cos 2t + sin 2t
cos 2t

. [ 3sin 2t — cos 2t
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Summary — Complex Eigenvalues

Suppose A is a real 2 X 2 matrix with

e complex conjugate eigenvalues \ and )\, and

e associated nonzero eigenvectors w and w.

Then




