Math 211

Lecture #33

Harmonic Motion

Inhomogeneous Equations




Harmonic Motion
e Spring: v + £y’ + 2y = L F(t).

o Circuit: I" + 2I' + =1 = 1 E'(t).

e Essentially the same equation. Use




" + 2ca’ +wiz = f(1).

® wo is the natural frequency.

Spring: wo = /k/m.




Simple Harmonic Motion

e No forcing, and no damping:

/" 2
T +woxr =0

° p()\) — \? -+ wg, — +wWo.




e General solution

x(t) = C1 coswot + Cs sin wot.

Every solution is periodic with frequency wpg.




Damped Harmonic Motion

" + 2cx’ +wiz =0

o p(\) = A2 4 2e) —I—wg; roots —c + \/02 — wg.

e [ hree cases




Underdamped

e C < Wy

e Two complex roots A and )\, where A = —c + iw

and w = /w2 — 2 .




Overdamped

e C > wp, so two real roots

A= —c— /2 — W3
Ao = —c+ /2 — W2




Critically Damped

® C— Wo

e One negative real root A = —c with multiplicity
2.
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Inhomogeneous Equations
y' +py +qy = f(t)

e Corresponding homogeneous equation

y' +py +qy=0
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Theorem: Assume

e y,(t) is a particular solution to the
inhomogeneous equation y" + py’ + qy = f(¢);

e y1(t) & y2(t) is a fundamental set of solutions to
the homogeneous equation y” + py’ + qy = 0.

Then the general solution to the inhomogeneous
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Method of Undetermined Coefficients

y' +py +qy = f(t)

e If the forcing term f(¢) has a form which is
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Exponential Forcing Term

y" +py +qy = Ce”

o Example: "’ + 3y’ + 2y = 4e™ "

o Try y,(t) = ae >'; a to be determined.
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e Homogeneous equation:

y'+3y +2y=0 ODE

AN +3X+2=0 Ch. poly.
A+2)(A+1)=0
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Trigonometric Forcing Term

y" +py/ + qy = A coswt + Bsin wt

e Example: y" + 4y’ + 5y = 4 cos 2t — 3sin 2t

o Try yy(t) = acos2t+ bsin 2t
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e y,(t) = [28 cos 2t + 29 sin 2t /65.

e Homogeneous equation: y" + 4y’ +5y =0

Characteristic polynomial: A* +4XA +5 =0

Roots: A = —2 4

e Fund. set of sol'ns:

=%

e ?cost & e *tsint.
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Complex Method

"’ +pxr' +qgr = Acoswt or

y"' + py' + qu = Asinwt.
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e Example: 2" 4 42’ + 5z = 4 cos 2t
e Solve 2" 4+ 4z’ + 5z = 4e*".
o Try z(t) = ae’"’.

1t

2" + 42 + 52 = (1 + 8i)ae’
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e Particular solution
2(t) = (4 — 324)e”" /65
= (4 — 327)|cos 2t + ¢ sin 2t] /65

= |4 cos 2t + 32sin 2t] /65
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Polynomial Forcing Term

y' +py +qy = P(t)
e Example: v — 3y’ + 2y = 1 — 4¢.
o Try y(t) =a + bt.

// /




21

e Particular solution

y(t) = —5 — 2t.

e General solution
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Exceptional Cases
e Example: 3" — 3y’ + 2y = 3€’.
o Try y(t) = ae’

y' — 3y + 2y =0.
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o Try y(t) = ate’

y" —3y' + 2y = —ae’

e Particular solution if a = —3.

e General solution
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Combination Forcing Term
g
Example y” + 5y’ + 6y = 2e*" — 5cost

e Solve

Yy + 5y + 6y = 2¢*




