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Preface

The usual absolute values of real and complex numbers may be considered as
examples of a broader notion of an absolute value function on a field. In fact,
one can start with the standard absolute value function on the rationals, and
the real line R may be considered as a completion of the field Q of rational
numbers with respect to the metric associated to the standard absolute value
function.

Similarly, if p is a prime number, then the p-adic absolute value |x|p of a
rational number x may be defined in a standard way. The field Qp of p-adic
numbers may be obtained by completing Q with respect to the corresponding
p-adic metric |x− y|p.

The p-adic absolute value satisfies a stronger version of the triangle inequal-
ity, to wit,

|x+ y|p ≤ max(|x|p, |x|p).(0.0.1)

This means that the p-adic metric is an ultrametric. Metrics and ultrametrics
are discussed in Section 1.1, and absolute value functions on arbitrary fields are
discussed in Section 1.2.

Some basic references concerning absolute value functions on fields and p-
adic numbers in particular include [33, 70], Chapter V of [95], and Chapter XII
of [111].
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Chapter 1

Metrics and absolute value
functions

1.1 Metrics, ultrametrics, and quasimetrics

Let X be a set, and let d(x, y) be a nonnegative real-valued function defined
for x, y ∈ X. We say that d(·, ·) is a metric if it satisfies the following three
conditions, as usual. First,

d(x, y) = 0 if and only if x = y.(1.1.1)

Second,

d(x, y) = d(y, x)(1.1.2)

for every x, y ∈ X. Third,

d(x, z) ≤ d(x, y) + d(y, z)(1.1.3)

for every x, y, z ∈ X, which is known as the triangle inequality.

1.1.1 Ultrametrics

If d(·, ·) satisfies (1.1.1), (1.1.2), and

d(x, z) ≤ max(d(x, y), d(y, z))(1.1.4)

for every x, y, z ∈ X, then d(·, ·) is said to be an ultrametric on X. Note that
(1.1.4) implies (1.1.3), so that an ultrametric is a metric in particular.

The discrete metric is defined on X by putting d(x, y) equal to 1 when x 6= y,
and to 0 when x = y. One can check that this is an ultrametric on X. The
standard Euclidean metric on the real line R is not an ultrametric.

1



2 CHAPTER 1. METRICS AND ABSOLUTE VALUE FUNCTIONS

1.1.2 Quasimetrics

Let us say that d(·, ·) is a quasimetric on X if it satisfies (1.1.1), (1.1.2), and

d(x, z) ≤ C (d(x, y) + d(y, z))(1.1.5)

for some nonnegative real number C and all x, y, z ∈ X. Equivalently, this
means that there is a nonnegative real number C0 such that

d(x, z) ≤ C0 max(d(x, y), d(y, z)).(1.1.6)

More precisely, (1.1.6) implies (1.1.5), with C = C0. Similarly, (1.1.5) implies
(1.1.6), with

C0 = 2C.(1.1.7)

Of course, a metric on X is a quasimetric in particular.

1.1.3 Positive powers of quasimetrics

Let a be a positive real number. If d(·, ·) satisfies (1.1.1) and (1.1.2), then

d(x, y)a(1.1.8)

has the same properties.
If d(·, ·) is an ultrametric on X, then it is easy to see that

d(·, ·)a is an ultrametric on X(1.1.9)

too. Similarly, if d(·, ·) is a quasimetric on X that satisfies (1.1.6) for some
nonnegative real number C0, then (1.1.8) is a quasimetric on X, with

d(x, z)a ≤ Ca
0 max(d(x, y)a, d(y, z)a)(1.1.10)

for all x, y, z ∈ X.
If d(·, ·) is the standard Euclidean metric on the real line and a > 1, then

one can check that (1.1.8) is not a metric on R.

1.2 Absolute value functions

Let k be a field, and let |x| be a nonnegative real-valued function defined for
x ∈ k. We say that | · | is an absolute value function on k if it satisfies the
following three conditions. First, for each x ∈ k,

|x| = 0 if and only if x = 0.(1.2.1)

Second,
|x y| = |x| |y|(1.2.2)

for all x, y ∈ k. Third,
|x+ y| ≤ |x|+ |y|(1.2.3)

for all x, y ∈ k, which is another version of the triangle inequality.
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1.2.1 Ultrametric absolute value functions

If | · | satisfies (1.2.1), (1.2.2), and

|x+ y| ≤ max(|x|, |y|)(1.2.4)

for every x, y ∈ k, then | · | is said to be an ultrametric absolute value function
on k. This implies that | · | is an absolute value function on k in particular.

The trivial absolute value function is defined on k by putting |x| = 1 when
x 6= 0, and of course |0| = 0. It is easy to see that this is an ultrametric absolute
value function on k.

The standard absolute value functions on R and the field C are absolute
value functions in the sense defined here, and not ultrametric absolute value
functions.

This definition of an absolute value function corresponds to the definition of
an absolute value in Definition 2.1.1 on p21 of [70], and on p283 of [111]. This
also corresponds to a real valuation in Definition 1 on p211 of [95]. An ultra-
metric absolute value function is said to be non-archimedean in [70, 111], and
the term valuation is also used in [111]. We shall use the term non-archimedean
in a slightly different way here that turns out to be equivalent, essentially as in
Definition 3 on p213 of [95]. This will be discussed further in Section 1.5.

1.2.2 The p-adic absolute value

Let p be a prime number. The p-adic absolute value |x|p of a rational number
x is defined as follows. Of course, |0|p = 0. If x = pj (a/b) for some integers a,
b, and j such that a, b 6= 0 and neither a nor b is a multiple of p, then

|x|p = p−j .(1.2.5)

One can check that this defines an ultrametric absolute value function on the
field Q of rational numbers. This corresponds to (c) on p2 of [33], with γ = 1/p,
as mentioned on p3 of [33]. This also corresponds to Definition 2.1.4 on p24 of
[70] and Example (2) on p211 of [95], and it is mentioned on p284 of [111]. This
is mentioned on p287 of [124] as well, using slightly different terminology.

1.3 Quasimetric absolute value functions

Let k be a field, and let | · | be a nonnegative real-valued function defined on k
again. If | · | satisfies (1.2.1) and (1.2.2), then

|1k| = 1,(1.3.1)

where 1k is the multiplicative identity element in k, and 1 = 1R is the multi-
plicative identity element in R. This follows from the fact that 12k = 1k, so that
|1k| = |12k| = |1k|2.
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If x ∈ k satisfies xn = 1k for some positive integer n, then

|x| = 1,(1.3.2)

because |x|n = |xn| = 1. In particular,

| − 1k| = 1,(1.3.3)

because (−1k)
2 = 1k.

1.3.1 Defining quasimetric absolute value functions

Let us say that | · | is a quasimetric absolute value function on k if it satisfies
(1.2.1) and (1.2.2), and if there is a positive real number C1 such that

|x+ y| ≤ C1 max(|x|, |y|)(1.3.4)

for all x, y ∈ k. One can check that (1.3.4) is equivalent to asking that for every
z ∈ k with

|z| ≤ 1,(1.3.5)

we have that
|1k + z| ≤ C1(1.3.6)

under these conditions.
In fact, (1.3.6) corresponds to the condition (iii) in the definition of a valu-

ation on p12 of [33]. Note that this holds with C1 = 1 exactly when | · | is an
ultrametric absolute value function on k, as in the first part of Lemma 1.3 bis
on p15 of [33]. This corresponds to the non-archimedean property in Definition
1.3 on p15 of [33].

If there is a positive real number C2 such that

|x+ y| ≤ C2 (|x|+ |y|)(1.3.7)

for every x, y ∈ k, then (1.3.4) holds, with

C1 = 2C2.(1.3.8)

In particular, if | · | is an absolute value function on k, then | · | is a quasimetric
absolute value function on k, with C1 = 2. Conversely, (1.3.4) implies (1.3.7),
with C2 = C1.

1.3.2 Associated quasimetrics

If | · | is a quasimetric absolute value function on k, then

d(x, y) = |x− y|(1.3.9)

defines a quasimetric on k. More precisely, one can take C in (1.1.5) equal to
C2 in (1.3.7), or C0 in (1.1.6) equal to C1 in (1.3.4).
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If | · | is an absolute value function on k, then (1.3.9) is a metric on k. If | · |
is an ultrametric absolute value function on k, then (1.3.9) is an ultrametric on
k. If | · | is the trivial absolute value function on k, then (1.3.9) is the discrete
metric on k.

If k = R or C and | · | is the standard absolute value function, then (1.3.9)
is the standard Euclidean metric. If k = Q and p is a prime number, then the
ultrametric

dp(x, y) = |x− y|p(1.3.10)

associated to the p-adic absolute value function |·| is known as the p-adic metric
on Q.

1.4 Some helpful inequalities

Let a be a positive real number with a ≤ 1. If r and t are nonnegative real
numbers, then it is well known that

(r + t)a ≤ ra + ta.(1.4.1)

To see this, observe first that

max(r, t) ≤ (ra + ta)1/a.(1.4.2)

This implies that

r + t ≤ max(r, t)1−a (ra + ta) ≤ (ra + ta)((1−a)/a)+1 = (ra + ta)1/a.(1.4.3)

This is equivalent to (1.4.1).

1.4.1 More on positive powers

If dX is a metric on a set X, then it follows that

dX(·, ·)a is a metric on X.(1.4.4)

Similarly, if | · | is an absolute value function on a field k, then

| · |a is an absolute value function on k.(1.4.5)

This corresponds to the first part of Exercise 1 on p214 of [95].
If dX is any quasimetric on a set X, then there is a positive real number δ

and a metric ρX on X such that dX(·, ·)δ and ρX(·, ·) are each bounded by a
constant multiple of the other on X. This corresponds to Proposition 14.5 on
p110 of [77], and it is also mentioned in the proof of Theorem 2 on p261 of [120].

If | · | is a quasimetric absolute value function on a field k, then the corollary
on p14 of [33] says that | · |α is an absolute value function on k for some positive
real number α. We shall say more about this in Subsection 1.6.1.
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If | · | is an ultrametric absolute value function on k, then

| · |a is an ultrametric absolute value function on k(1.4.6)

for every a > 0. This corresponds to the second part of Lemma 1.3 bis on p15
of [33], Problem 69 on p43 of [70], and the second part of Exercise 1 on p214 of
[95].

If | · | is a quasimetric absolute value function on k with a constant C1 > 0
as in (1.3.4), then

|x+ y|a ≤ Ca
1 max(|x|a, |y|a)(1.4.7)

for all x, y ∈ k. This means that | · |a is a quasimetric absolute value function
on k as well, as in Lemma 1.1 on p13 pf [33]. If | · | is the standard absolute
value function on R or C and a > 1, then it is easy to see that | · |a is not an
absolute value function on R or C, as appropriate.

1.4.2 Some estimates for finite sums

Suppose that | · | is a quasimetric absolute value function on k with constant
C1 as in (1.3.4) again. Let l be a nonnegative integer, and let x1, . . . , x2l be
elements of k. One can check that∣∣∣∣ 2l∑

j=1

xj

∣∣∣∣ ≤ Cl
1 max

1≤j≤2l
|xj |,(1.4.8)

using induction on l. This corresponds to an argument used in part (ii) of the
proof of Lemma 1.2 on p13 of [33]. Of course, there is an analogous statement
for a quasimetric on any set.

Let L be a positive integer, and let x1, . . . , xL be elements of k. There is a
unique nonnegative integer l such that

2l−1 < L ≤ 2l,(1.4.9)

and we can put xj = 0 when L < j ≤ 2l. Using (1.4.8), we get that∣∣∣∣ L∑
j=1

xj

∣∣∣∣ ≤ C
log2 L+1
1 max

1≤j≤L
|xj |.(1.4.10)

This corresponds to another part of part (ii) of the proof of Lemma 1.2 on p13
of [33].

1.5 The archimedean property

Let k be a field, and let n be a positive integer. If x ∈ k, then let n · x be the
sum of n x’s in k. Equivalently,

n · x = (n · 1k)x.(1.5.1)
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It is well known and easy to see that n 7→ 1k extends to a ring homomorphism
from the ring Z of integers into k.

Let | · | be a quasimetric absolute value function on k. If

|n0 · 1k| > 1(1.5.2)

for some positive integer n0, then

|nj
0 · 1k| = |(n0 · 1k)j | = |n0 · 1k|j → +∞ as j → ∞.(1.5.3)

One may say that | · | is archimedean on k under these conditions, as on p29 of
[70]. The archimedean property is defined in Definitiohn 3 on p213 of [95] in
terms of (1.5.2).

Thus we may say that | · | is non-archimedean on k if the set of nonnegative
real numbers |n · 1k|, where n is an element of the set Z+ of positive integers,
has an upper bound in R. Equivalently, this means that

|n · 1k| ≤ 1(1.5.4)

for every n ∈ Z+. This is the way that the property of being non-archimedean
is defined on p213 of [95]. If | · | is an ultrametric absolute value function on k,
then it is easy to see that | · | is non-archimedean on k in this sense.

1.5.1 Starting with the non-archimedean property

Conversely, if | · | is non-archimedean on k in this sense, then | · | is an ultrametric
absolute value function on k. This corresponds to Lemma 1.5 on p16 of [33]. If
| · | is an absolute value function on k, then this corresponds to Theorem 2.2.2 on
p28 of [70] and Theorem 2 on p213 of [95], and it is also mentioned on p285 of
[111]. In fact, the proof in [33] is given for absolute value functions, and another
result is used to reduce to this case. Let us suppose for simplicity that | · | is an
absolute value function on k, and consider quasimetric absolute value functions
afterwards.

Let x, y ∈ k and n ∈ Z+ be given, and note that

(x+ y)n =

n∑
j=0

(
n

j

)
· xj yn−j ,(1.5.5)

by the binomial theorem. Of course,(
n

j

)
· xj yn−j =

((n
j

)
· 1k

)
xj yn−j(1.5.6)

for each j, as in (1.5.1). This implies that∣∣∣∣(nj
)
· xj yn−j

∣∣∣∣ ≤ |x|j |y|n−j(1.5.7)
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for each j, because of (1.5.4). It follows that

|x+ y|n = |(x+ y)n| ≤
n∑

j=0

∣∣∣∣(nj
)
· xj yn−j

∣∣∣∣(1.5.8)

≤
n∑

j=0

|x|j |y|n−j ≤ (n+ 1) max(|x|, |y|)n.

Using this, we get that

|x+ y| ≤ (n+ 1)1/n max(|x|.|y|).(1.5.9)

One can take the limit as n → ∞ on the right side to obtain the ultrametric
version of the triangle inequality.

One could also start here with only the hypothesis that |n · 1k| be bounded,
instead of (1.5.4). This would lead to an additional constant factor on the right
sides of (1.5.7) and (1.5.9). One would also get the nth root of this constant
factor on the right side of (1.5.9), which would not affect the limit as n → ∞.

Suppose now that | · | is a quasimetric absolute value function on k with
constant C1 > 0, as in Subsection 1.3.1. In this case, we would get an extra
factor of

C
log2(n+1)+1
1(1.5.10)

on the right side of (1.5.8), using (1.4.10) with L = n + 1 in the second step.
This means that we would get an extra factor of

C
(log2(n+1)+1)/n
1(1.5.11)

on the right side of (1.5.9). This would not affect the limit as n → ∞, as before.

1.6 More on the triangle inequality

Let k be a field. If

| · | is an absolute value function on k,(1.6.1)

then
|x+ y| ≤ 2 max(|x|, |y|)(1.6.2)

for all x, y ∈ k, as in Subsection 1.3.1. Conversely, if |·| is a quasimetric absolute
value function on k with constant 2, so that (1.6.2) holds, then (1.6.1) holds.
This corresponds to Lemma 1.2 on p13 of [33].

As a refinement of this, let | · | be a quasimetric absolute value function on
k with constant C1, and suppose that there is a positive real number C3 such
that

|n · 1k| ≤ C3 n(1.6.3)

for every positive integer n. Under these conditions, one can show that (1.6.1)
holds, using the same argument as in [33].
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Before getting to that, note that (1.6.2) implies (1.6.3), with C3 = 2, as in
[33]. This follows from (1.3.1) and (1.4.10), with L = n and xj = 1k for each
j = 1, . . . , n. Of course, (1.6.1) implies (1.6.3), with C3 = 1.

Let | · | be a quasimetric absolute value function on k with constant C1, and
let x, y ∈ k and n ∈ Z+ be given. Observe that∣∣∣∣(nj

)
· xj yn−j

∣∣∣∣ = ∣∣∣∣(nj
)
· 1k

∣∣∣∣ |x|j |y|n−j(1.6.4)

for each j = 0, 1, . . . , n, by (1.5.6). If (1.6.3) holds, then we get that∣∣∣∣(nj
)
· xj yn−j

∣∣∣∣ ≤ C3

(
n

j

)
|x|j |y|n−j(1.6.5)

for each j.
We also have that

|x+ y|n = |(x+ y)n| ≤ C
log2(n+1)+1
1 max

0≤j≤n

∣∣∣∣(nj
)
· xj yn−j

∣∣∣∣,(1.6.6)

using the binomial theorem and (1.4.10), with L = n+ 1. It follows that

|x+ y|n ≤ C
log2(n+1)+1
1 C3 max

0≤j≤n

(
n

j

)
|x|j |y|n−j ,(1.6.7)

by (1.6.5).
This implies that

|x+ y|n ≤ C
log2(n+1)+1
1 C3

n∑
j=0

(
n

j

)
|x|j |y|n−j .(1.6.8)

This means that

|x+ y|n ≤ C
log2(n+1)+1
1 C3 (|x|+ |y|)n,(1.6.9)

by the binomial theorem.
Equivalently,

|x+ y| ≤ C
(log2(n+1)+1)/n
1 C

1/n
3 |x+ y|(1.6.10)

for every positive integer n. One can take the limit as n → ∞ on the right side
to get the usual version of the triangle inequality for | · | on k.

1.6.1 Some corollaries

If | · | is a quasimetric absolute value function on k with constant C1 and a is
a positive real number, then | · |a is a quasimetric absolute value function on k
with constant Ca

1 , as in Subsection 1.4.1. If

Ca
1 ≤ 2,(1.6.11)
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then
| · |a is an absolute value function on k,(1.6.12)

as before. This holds when a is sufficiently small, as in the corollary on p14 of
[33].

Suppose that k has characteristic 0, so that there is a natural embedding of
the field Q of rational numbers into k. If | · | is a quasimetric absolute value
function on k, then we get an induced quasimetric absolute value function on
Q. Of course, if (1.6.1) holds, then we get an absolute value function on Q.
Conversely, if | · | is a quasimetric absolute value function on k, and the induced
quasimetric absolute value function on Q is an absolute value function on Q,
then (1.6.3) holds with C3 = 1. This implies that (1.6.1) holds, as before.

1.7 Open and closed balls

Let X be a set, and let d(·, ·) be a quasimetric on X. If x ∈ X and r is a positive
real number, then the open ball in X centered at x with radius r with respect
to d(·, ·) is defined by

B(x, r) = Bd(x, r) = {y ∈ X : d(x, y) < r},(1.7.1)

as usual. Similarly, if r is a nonnegative real number, then the closed ball in X
cenetered at x with radius r with respect to d(·, ·) is defined by

B(x, r) = Bd(x, r) = {y ∈ X : d(x, y) ≤ r}.(1.7.2)

A subset U of X is said to be an open set with respect to d(·, ·) if for every
x ∈ U there is an r > 0 such that

B(x, r) ⊆ U,(1.7.3)

as usual. This defines a topology on X, by standard arguments.

1.7.1 Using d(·, ·)a, a > 0

If a is a positive real number, then d(·, ·)a is a quasimetric on X too, as in
Subsection 1.1.3. Observe that

Bda(x, ra) = Bd(x, r)(1.7.4)

for every x ∈ X and r > 0, and similarly that

Bda(x, ra) = Bd(x, r)(1.7.5)

for every r ≥ 0. In particular, the topology determined on X by d(·, ·)a is the
same as the topology determined by d(·, ·).

If d(·, ·) is a metric on X, then

open balls in X with respect to d are open sets,(1.7.6)
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and

closed balls in X with respect to d are closed sets,(1.7.7)

by standard arguments. This also works when d(·, ·)a is a metric on X for some
a > 0, by the remarks in the preceding paragraph. A quasimetric associated to
a quasimetric absolute value function on a field is of this type, as in the previous
section.

1.7.2 Some remarks about ultrametrics

Suppose now that d(·, ·) is an ultrametric on X. If r is a positive real number,
then it is easy to see that

d(x, y) < r(1.7.8)

defines an equivalence relation on X. The corresponding equivalence classes in
X are the same as the open balls in X of radius r with respect to d(·, ·). In
particular, the complement of an open ball in X of radius r is a union of open
balls in X of radius r. This implies that

open balls in X are closed sets in X.(1.7.9)

Similarly, if r is a nonnegative real number, then

d(x, y) ≤ r(1.7.10)

defines an equivalence relation on X. The corresponding equivalence classes in
X are the same as the closed balls in X of radius r with respect to d(·, ·).

Of course, if r > 0, then (1.7.8) implies (1.7.10). This means that equivalence
classes in X with respect to (1.7.10) are partitioned into equivalence classes in X
with respect to (1.7.8). Equivalently, closed balls in X of radius r are partitioned
into open balls of radius r. It follows that

closed balls in X of positive radius are open sets in X.(1.7.11)

1.8 Equivalent absolute value functions

Let k be a field, and let | · |1, | · |2 be quasimetric absolute value functions on
k. Let us say that | · |1 and | · |2 are equivalent on k if there is a positive real
number a such that

|x|2 = |x|a1(1.8.1)

for every x ∈ k. Of course, this is the same as saying that

|x|1 = |x|1/a2(1.8.2)

for every x ∈ k. This corresponds to Definition 1.2 on p13 of [33].
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1.8.1 Topological equivalence

Note that (1.8.1) implies that

|x− y|2 = |x− y|a1(1.8.3)

for all x, y ∈ k. It follows that the corresponding quasimetrics

|x− y|1 and |x− y|2 determine the same topology on k,(1.8.4)

as in the previous section.

1.8.2 The same open unit balls

It is easy to see that w ∈ k satisfies |w|1 < 1 if and only if

wj → 0 as j → ∞(1.8.5)

with respect to the topology determined by |x − y|1. Of course, the analogous
statement for | · |2 holds for the same reason. If (1.8.4) holds, then we get that

{w ∈ k : |w|1 < 1} = {w ∈ k : |w|2 < 1}.(1.8.6)

It is easy to see that (1.8.6) holds if and only if

{z ∈ k : |z|1 > 1} = {z ∈ k : |z|2 > 1},(1.8.7)

by taking w = 1/z. In this case, we also have that

{u ∈ k : |u|1 = 1} = {u ∈ k : |u|2 = 1}.(1.8.8)

It is well known that

(1.8.6) implies that | · |1 and | · |2 are equivalent on k,(1.8.9)

and we shall say more about this in Section 1.10. This means that the equiv-
alence of | · |1 and | · |2 on k is equivalent to each of (1.8.4) and (1.8.6). This
corresponds to Lemma 3.2 on p20 of [33], and to Lemma 3.1.2 on p42 of [70].
In fact, equivalence of absolute value functions is defined in Definition 3.1.1 on
p42 of [70] in terms of (1.8.4).

1.8.3 Comparing relative sizes of | · |1 and | · |2
If (1.8.6) holds, then it is easy to see that for every u, v ∈ k,

|u|1 > |v|1 if and only if |u|2 > |v|2.(1.8.10)

This is clear when v = 0, and otherwise one can take w = u/v. Conversely,
(1.8.10) implies (1.8.6), by taking u = 1k. Equivalence of absolute value func-
tions is defined (using different terminology) in Definition 2 on p212 of [95]
in terms of (1.8.10). Theorem 1 on p212 of [95] states that this implies the
equivalence of | · |1 and | · |2 as defined here.

One may also say that | · |1 and | · |2 are dependent on k if (1.8.4) holds, as
on p283 of [111]. Otherwise, one may say that | · |1 and | · |2 are independent, as
in [111].
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1.9 Nontrivial absolute value functions

Let k be a field, and let | · | be a quasimetric absolute value function on k. Note
that | · | is not the trivial absolute value function on k if and only if there is an
x0 ∈ k such that x0 6= 0 and |x0| 6= 1. This implies that there are y0, z0 ∈ k
such that

0 < |y0| < 1 and |z0| > 1,(1.9.1)

using x0 and 1/x0.
In particular,

|yj0| = |y0|j → 0 as j → ∞(1.9.2)

in this case. It follows that the topology determined on k by the quasimetric
|x− y| is not the discrete topology under these conditions.

Conversely, if | · | is the trivial absolute value function on k, then |x − y| is
the discrete metric on k, as in Subsection 1.3.2, and the corresponding topology
on k is the discrete topology.

1.9.1 Some other helpful properties

Suppose that | · | is nontrivial on k again, and let y0 ∈ k be as in (1.9.1). If
x ∈ k, then the first part of Exercise 4 on p214 of [95] states that |x| ≤ 1 if and
only if

|y0 xn| < 1(1.9.3)

for every n ∈ Z+.
Similarly, |x| = 1 if and only if x 6= 0 and (1.9.3) holds for every n ∈ Z.

1.9.2 When | · |1 is the trivial absolute value function

Let | · |1, | · |2 be quasimetric absolute value functions on k. If | · |1 is the trivial
absolute value function on k and (1.8.6) holds, then it is easy to see that

| · |2 is the trivial absolute value function on k(1.9.4)

as well, using the remarks at the beginning of the section. This could also be
obtained from (1.8.8). This means that (1.8.1) holds for every a > 0.

1.9.3 When | · |1 is nontrivial

Suppose now that | · |1 is not the trivial absolute value function on k. Suppose
also that for every w ∈ k,

|w|1 < 1 implies that |w|2 < 1.(1.9.5)

Note that (1.9.5) holds when

the topology determined on k by |x− y|1 is at least as strong as(1.9.6)

the topology determined on k by |x− y|2.



14 CHAPTER 1. METRICS AND ABSOLUTE VALUE FUNCTIONS

Indeed, if this condition holds, and (1.8.5) holds with respect to the topology
determined on k by |x − y|1, then (1.8.5) holds with respect to the topology
determined on k by |x− y|2.

Using (1.9.5), we get that for every z ∈ k,

|z|1 > 1 implies that |z|2 > 1,(1.9.7)

by taking w = 1/z.
We would like to show that for every u ∈ k,

|u|1 = 1 implies that |u|2 = 1,(1.9.8)

which is another part of Exercise 4 on p214 of [95]. This can be obtained from
the characterization of this condition mentioned earlier. An analogous argument
is used in the first part of the proof of Lemma 3.1 on p18 of [33].

This means that (1.8.6), (1.8.7) and (1.8.8) hold, as in [33]. If one can show
that | · |1 and | · |2 are equivalent on k when (1.8.6) holds, then it follows that
| · |1 and | · |2 are equivalent on k when | · |1 is nontrivial on k and (1.9.5) holds,
as in Exercise 4 on p214 of [95]. This is the same as Lemma 3.1 on p18 of [33].

Alternatively, (1.9.7) is the same as saying that for each z ∈ k,

|z|2 ≤ 1 implies that |z|1 ≤ 1.(1.9.9)

Although this seems to be less precise at first, one can use (1.9.5), (1.9.7), and
(1.9.9) to get that | · |1 and | · |2 are equivalent on k when | · |1 is nontrivial on k,
as in the proof of Proposition 1 on p283 of [111]. This is discussed in the next
section.

1.10 Getting equivalence of absolute values

Let k be a field, and let | · |1 and | · |2 be quasimetric absolute value functions
on k. We would like to show that | · |1 and | · |2 are equivalent on k when (1.8.6)
holds, as mentioned in Subsection 1.8.2.

If | · |1 is the trivial absolute value function on k, then | · |2 is the trivial
absolute value function on k as well, as mentioned in the previous section. Thus
we suppose from now on in this section that | · |1 is not the trivial absolute value
function on k.

In this case, it suffices to ask that (1.9.5) hold, instead of (1.8.6). This
corresponds to Lemma 3.1 on p18 of [33], part of Exercise 4 on p214 of [95],
and Proposition 1 on p283 of [111]. Note that (1.9.5) implies that | · |2 is also
nontrivial on k. Although (1.9.5) implies (1.8.6) under these conditions, as in
the previous section, it will be enough to use (1.9.5), (1.9.7), and (1.9.9) here.
This corresponds to the argument in [111], as before.

Because | · |1 is nontrivial on k, there is a z1 ∈ k such that

|z1|1 > 1,(1.10.1)
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as in (1.9.1). This implies that

|z1|2 > 1,(1.10.2)

as in (1.9.7). It follows that there is a unique positive real number a such that

|z1|2 = |z1|a1 .(1.10.3)

We would like to show that (1.8.1) holds for all x ∈ k. This is clear when x = 0,
and so we may suppose that x 6= 0.

1.10.1 Showing that |x|2 ≤ |x|a1
There is a unique real number α such that

|x|1 = |z1|α1 ,(1.10.4)

because of (1.10.1). Let m, n be integers with

α < m/n(1.10.5)

and n > 0. This implies that

|x|1 < |z1|m/n
1 ,(1.10.6)

so that |xn|1 = |x|n1 < |z1|m1 = |zm1 |1, and thus

|xn/zm1 |1 < 1.(1.10.7)

It follows that
|xn/zm1 |2 < 1,(1.10.8)

by (1.9.5), so that |x|n2 < |z1|m2 , and thus

|x|2 < |z1|m/n
2 .(1.10.9)

This means that
|x|2 ≤ |z1|α2 = |z1|αa

1 = |x|a1 ,(1.10.10)

using (1.10.3) in the second step, and (1.10.4) in the third step.

1.10.2 Showing that |x|1 ≤ |x|1/a2

Similarly, there is a unique real number β such that

|x|2 = |z1|β2 ,(1.10.11)

because of (1.10.2). Let m, n be integers with

β ≤ m/n(1.10.12)
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and n > 0, although one could ask that the inequality be strict here as well.
This implies that

|x|2 ≤ |z1|m/n
2 ,(1.10.13)

so that |xn|2 = |x|n2 ≤ |z1|m2 = |zm1 |2, and thus

|xn/zm1 |2 ≤ 1.(1.10.14)

Using (1.9.9), we get that

|xn/zm1 |1 ≤ 1,(1.10.15)

so that |x|n1 ≤ |z1|m2 , and thus

|x1|1 ≤ |z1|m/n
1 .(1.10.16)

It follows that

|x|1 ≤ |z1|β1 = |z1|β/a2 = |x|1/a2 ,(1.10.17)

using (1.10.3) in the second step, and (1.10.11) in the third step.

Of course, (1.8.1) follows from (1.10.10) and (1.10.17).

1.11 Absolute value functions on Q

Let | · | be an absolute value function on Q. A famous theorem of Ostrowski
states that either

| · | is the trivial absolute value function on Q,(1.11.1)

or

| · | is equivalent to the standard absolute value function on Q,(1.11.2)

or

| · | is equivalent to the p-adic absolute value on Q(1.11.3)

for some prime number p.

This corresponds to Theorem 2.1 on p16 of [33], and to Theorem 3.1.3 on p44 of
[70]. Note that the standard absolute value function on Q is sometimes denoted
| · |∞, as in Example 1 on p22 of [70].

More precisely, if | · | is an archimedean absolute value function on Q, then
(1.11.2) holds, as in Theorem 3 on p214 of [95]. If | · | is a nontrivial ultrametric
absolute value function on Q, then (1.11.3) holds.

Note that one can just as well state Ostrowski’s theorem for quasimetric
absolute value functions on Q, as in [33]. One can reduce to the case of ordinary
absolute value functions, as in Subsection 1.6.1.
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1.11.1 The archimedean case

If | · | is archimedean on Q, then |n| > 1 for some positive integer n, and one
can take n0 to be the smallest positive integer such that

|n0| > 1,(1.11.4)

as on p44 of [70]. Let a be the unique positive real number such that

|n0| = na
0 .(1.11.5)

One would like to show that

|x| = |x|a∞(1.11.6)

for every x ∈ Q, where |x|∞ is the standard absolute value of x, as before. It
suffices to do this when x is a positive integer.

One can first show that there is a positive real number C such that

|n| ≤ C na(1.11.7)

for every positive integer n. Note that |n| ≤ 1 when n < n0, by construction.
In order to get (1.11.7), one can express any positive integer n as

n =

l∑
j=0

aj n
j
0,(1.11.8)

where l is a nonnegative integer, aj is a nonnegative integer less than n0 for
each j, and al 6= 0, as on p44 of [70]. More precisely, l is the unique nonnegative
integer such that

nl
0 ≤ n < nl+1

0 ,(1.11.9)

as in [70].
Using (1.11.7), we get that

|n|r = |nr| ≤ C na r(1.11.10)

for all positive integers n and r. This means that

|n| ≤ C1/r na(1.11.11)

for all n, r. It follows that

|n| ≤ na(1.11.12)

for all n ≥ 1, by taking the limit as r → ∞ on the right side of (1.11.11), as in
[70].

To get the oppositve inequality, we observe that

n
a (l+1)
0 = |nl+1

0 | ≤ |nl+1
0 − n|+ |n| ≤ (nl+1

0 − n)a + |n|,(1.11.13)



18 CHAPTER 1. METRICS AND ABSOLUTE VALUE FUNCTIONS

using (1.11.12) in the third step. One can use this to get that there is a positive
real number c such that

c na ≤ |n|(1.11.14)

for every positive integer n, as in [70]. This implies that

c na r ≤ |nr| = |n|r(1.11.15)

for all positive integers n and r, and one can use this to obtain that

na ≤ |n|(1.11.16)

for all n, as before. This shows that (1.11.6) holds for all x ∈ Z+, and thus for
all x ∈ Q.

The non-archimedean case will be discussed in the next section, after some
preliminary remarks about ultrametrics.

1.12 The non-archimedean case

Let X be a set, and let d(·, ·) be an ultrametric on X. If x, y, z ∈ X and

d(x, y) < d(y, z),(1.12.1)

then

d(x, z) = d(y, z).(1.12.2)

Indeed,

d(x, z) ≤ d(y, z)(1.12.3)

when d(x, y) ≤ d(y, z). If (1.12.1) holds, then one can use the ultrametric
version of the triangle inequality

d(y, z) ≤ max(d(y, x), d(x, z))(1.12.4)

to get that

d(y, z) ≤ d(x, z).(1.12.5)

The fact that (1.12.1) implies (1.12.2) may be described by saying that “all
triangles are isosceles”, as in Corollary 2.3.4 on p32 of [70].

Let k be a field, and let | · | be an ultrametric absolute value function on k.
If u, v ∈ k and

|u| < |v|,(1.12.6)

then

|u− v| = |v|,(1.12.7)

as before. This also corresponds to Lemma 1.4 on p15 of [33], and to the first
part of Exercise 2 on p214 of [95].
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1.12.1 Back to k = Q

Suppose now that | · | is an ultrametric absolute value function on Q, so that
|n| ≤ 1 for every n ∈ Z+. If |n| = 1 for every n ∈ Z+, then it is easy to see
that | · | is the trivial absolute value function on Q. Suppose that | · | is not the
trivial absolute value function on Q, so that

|n| < 1(1.12.8)

for some n ∈ Z+. Let p be the smallest positive integer such that

|p| < 1.(1.12.9)

It is easy to see that p is a prime number under these conditions.
There is a unique positive real number a such that

|p| = p−a.(1.12.10)

We would like to show that
|x| = |x|ap(1.12.11)

for every x ∈ Q. It suffices to show that this holds when x is a positive integer.
More precisely, it is enough to check that

|n| = 1(1.12.12)

when n is a positive integer that is not a multiple of p. Note that this holds
when n < p, by construction.

If n is not a multiple of p, then

n = p l + r(1.12.13)

for some integers l, r with l ≥ 0 and 1 ≤ r < p. Observe that

|p l| = |p| |l| < 1,(1.12.14)

and |r| = 1, as before. Using this, one can obtain (1.12.12) as in (1.12.7). This
is the argument on p46 of [70], which corresponds to the proof of (ii) on p18 of
[33]. This is also basically the same as the proof of Theorem 4 on p215 of [95],
with some differences in the way that it is explained.

1.13 Some remarks about uniform continuity

Let (X, dX(·, ·)) be a metric space, and let E be a subset of X. Of course, the
restriction of dW (x,w) to x,w ∈ E is a metric on E. If

dX(·, ·) is an ultrametric on X,(1.13.1)

then
the restriction of dX(·, ·) to E is an ultrametric on E.(1.13.2)
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Suppose for the moment that E is a dense set in X. If (1.13.2) holds, then
one can check that (1.13.1) holds.

If X is complete as a metric space with respect to dX , and if

E is a closed set in X,(1.13.3)

then one can check that

E is complete with respect to the restriction of dX to E.(1.13.4)

Conversely, (1.13.4) implies (1.13.3) in any metric space. Indeed, if {xj}∞j=1 is
a sequence of elements of E that converges to an element x of X, then {xj}∞j=1

is a Cauchy sequence in X. This implies that {xj}∞j=1 is a Cauchy sequence in
E, so that {xj}∞j=1 converges to an element of E, by hypothesis. It follows that
x ∈ E, because the limit of a convergent sequence in a metric space is unique.

1.13.1 Uniform continuity and Cauchy sequences

Let (Y, dY ) be another metric space, and suppose for the moment that f is a
uniformly continuous mapping from X into Y . If {xj}∞j=1 is a Cauchy sequence
in X, then one can check that

{f(xj)}∞j=1 is a Cauchy sequence in Y.(1.13.5)

In particular, if Y is complete as a metric space with respect to dY , then it
follows that

{f(xj)}∞j=1 converges to an element of Y.(1.13.6)

Suppose for the moment that {xj}∞j=1 and {wj}∞j=1 are sequences of elements
of X such that

lim
j→∞

dX(xj , wj) = 0.(1.13.7)

One can verify that

lim
j→∞

dY (f(xj), f(wj)) = 0.(1.13.8)

In fact, this property characterizes uniform continuity.
If either {xj}∞j=1 or {wj}∞j=1 is a Cauchy sequence in X, then it is easy to

see that the other is a Cauchy sequence too. In this case, if Y is complete, then
(1.13.8) implies that

lim
j→∞

f(xj) = lim
j→∞

f(wj).(1.13.9)

1.13.2 Extensions of uniformly continuous mappings

Suppose that E is a dense subset of X again, and that

f is a uniformly continuous mapping from E into Y,(1.13.10)
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with respect to the restriction of dX to E. If Y is complete, then it is well
known that

there is a unique extension of f to a(1.13.11)

uniformly continuous mapping from X into Y.

More precisely, the uniqueness part only uses the continuity of the extension,
and does not involve the completeness of Y .

To get the existence part of the extension, let x ∈ X be given, and let {xj}∞j=1

be a sequence of elements of E that converges to x. It is well known and easy
to see that {xj}∞j=1 is a Cauchy sequence in X, and we may consider it as a
Cauchy sequence in E. It follows that (1.13.6) holds, as before. If x ∈ E, then
{f(xj)}∞j=1 converges to f(x) in Y , because f is continuous at x. Otherwise,
one would like to define f(x) to be the limit of {f(xj)}∞j=1 in Y .

If {wj}∞j=1 is another sequence of elements of E that converges to x, then it
is easy to see that (1.13.7) holds. This implies that (1.13.9) holds, so that this
definition of f(x) does not depend on the particular sequence of elements of E
that converges to x.

The uniform continuity of f on E means that for every ϵ > 0 there is a
δ(ϵ) > 0 such that for every u, v ∈ E with

dX(u, v) < δ(ϵ),(1.13.12)

we have that

dY (f(u), f(v)) < ϵ.(1.13.13)

If u, v ∈ X satisfy (1.13.12), then one can check that this extension of f to X
has the property that

dY (f(u), f(v)) ≤ ϵ.(1.13.14)

This implies that this extension of f to X is uniformly continuous as well.

1.13.3 Isometric embeddings and completions

A mapping ϕ from X into Y is said to be an isometric embedding if

dY (ϕ(x), ϕ(w)) = dX(x,w)(1.13.15)

for every x,w ∈ X. This implies that ϕ is uniformly continuous and one-to-one
on X. If

ϕ(X) = Y,(1.13.16)

then the inverse of ϕ is an isometry from Y onto X. If E is a dense subset of
X and Y is complete, then

an isometric embedding of E into Y has a unique extension(1.13.17)

to an isometric embedding of X into Y.
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If X is complete and ϕ is an isometric embedding of X into Y , then

ϕ(X) is a closed set in Y.(1.13.18)

More precisely, if X is complete, then

ϕ(X) is complete with respect to the restriction of dY to ϕ(X).(1.13.19)

This implies (1.13.18), as before. If

ϕ(X) is dense in Y,(1.13.20)

then it follows that (1.13.16) holds.
A completion of X may be defined as

an isometric embedding of X onto a dense set(1.13.21)

in a complete metric space.

It is well known that such a completion always exists. The remarks in the
previous paragraphs may be used to show that completions are unique up to a
suitable isometric equivalence. Note that a completion of an ultrametric space
is an ultrametric space, as in (1.13.1).

1.14 Continuity of field operations

Let k be a field with an absolute value funtion | · |. It is well known that the
field operations on k are continuous with respect to the metric associated to | · |.
This corresponds to Problem 43 on p30 of [70], and to Exercise 1 on p221 of
[95].

More precisely, this means that addition and multiplication are continuous
as mappings from k × k into k, with respect to a suitable product metric on
k × k, obtained from the metric on k associated to | · |. Similarly,

x 7→ x−1(1.14.1)

is continuous as a mapping from k\{0} onto itself, with respect to the restriction
to k \ {0} of the metric on k associated to | · |.

The space k2 = k× k of ordered pairs of elements of k may be considered as
a two-dimensional vector space over k, with respect to coordinatewise addition
and scalar multiplication. One can define suitable norms on this space with
respect to | · | on k, and we shall discuss this further in Section 2.2. These norms
determine metrics on k × k, and we may use such a metric as in the preceding
paragraph.

1.14.1 Uniform continuity of field operations

In fact, it is easy to see that addition on k defines a uniformly continuous
mapping from k × k into k, with respect to such a metric on k × k. If t ∈ k,
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then multiplication by t is uniformly continuous as a mapping from k into itself.
One can also check that multiplication on k defines a mapping from k × k into
k whose restriction to any bounded set in k × k is uniformly continuous with
respect to such a metric.

If r is a positive real number, then one can also verify that (1.14.1) is uni-
formly continuous as a mapping from

{x ∈ k : |x| ≥ r}(1.14.2)

into k, with respect to the metric on k associated to | · | and its restriction to
this set.

1.15 Completing fields with absolute values

Let k be a field with an absolute value function | · |. If k0 is a subfield of k,
then the restriction of | · | to k0 is an absolute value function on k0. If | · |
is an ultrametric absolute value function on k, then its restriction to k0 is an
ultrametric absolute value function on k0.

If k0 is a dense set in k with respect to the metric associated to | · |, and if
the restriction of | · | to k0 is an ultrametric absolute value function on k0, then

| · | is an ultrametric absolute value function on k,(1.15.1)

as in the analogous remarks for metric spaces near the beginning of Section
1.13. However, the characterization of ultrametric absolute value functions as
non-archimedean absolute value functions in Section 1.5 implies that this works
without asking that k0 be dense in k. This corresponds to Corollary 1 to Lemma
1.5 on p16 of [33].

1.15.1 Isometric embeddings and absolute values

Let k1 be another field with an absolute value function | · |1, and let ϕ be an
embedding of k as a field into k1. If

|ϕ(x)|1 = |x|(1.15.2)

for every x ∈ k, then one may say that ϕ is an isometric embedding from k
into k1 with respect to these absolute value functions. This means that ϕ is an
isometric embedding with respect to the corresponding metrics, as in Subsection
1.13.3.

1.15.2 Extensions of isometric embeddings

Suppose that k0 is a subfield of k that is dense in k with respect to the metric
associated to | · |. Suppose also that ϕ0 is an embedding of k0 as a field into k1
that is an isometry with respect to the restriction of | · | to k0 and | · |1 on k1.
If k1 is complete with respect to the metric associated to | · |1, then ϕ0 has a
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unique extension to an isometry from k into k1 as metric spaces, with respect to
the metrics associated to their absolute value functions, as in Subsection 1.13.2.
One can check that

this extension is also an embedding of k as a field into k1,(1.15.3)

using the continuity of the field operations, as in the previous section.

1.15.3 Completions of k with respect to | · |
Suppose that k1 is complete with respect to the metric associated to | · |1. If ϕ
is an embedding of k as a field into k1 that is an isometry, and if

ϕ(k) is dense in k1(1.15.4)

with respect to the metric associated to | · |1, then k1 may be considered as
a completion of k with respect to ϕ and these absolute value functions. In
particular, this is a completion of k as a metric space with respect to the metric
associated to | · |, and using the metric on k1 associated to | · |1, as in Subsection
1.13.3. Sometimes one may wish to have k be a subfield of k1, and anyway one
may identify k with ϕ(k).

One way to get a completion of k in this sense is to start with a completion
of k as a metric space, and to show that the field operations may be extended
to the completion. The absolute value function on the completion may be
defined as the distance to 0, although one should also verify that this satisfies
the appropriate properties. This is the approach used in the proof of Theorem
4.1 on p24 of [33]. One can use the uniform continuity properties of the field
operations mentioned in the previous section here, as well as the results about
extensions of uniformly continuous mappings mentioned in Subsection 1.13.2.

A standard way to obtain a completion of a metric space is to use a space
of equivalence classes of Cauchy sequences in the metric space. Using this
construction, the extension of the field operations to the completion can be
obtained more directly. This is outlined in Exercise 1 on p31 of [33], and this is
the approach used in Section 3.2 of [70], Section 4 of Chapter V of [95], and in
the proof of Proposition 2 on p286 of [111]. More precisely, the space of Cauchy
sequences in k may be considered a commutative ring in a suitable way, and the
space of sequences of elements of k that converge to 0 is an ideal in this ring.
The completion of k may be obtained as the quotient of this ring by this ideal.

A completion of k is unique up to a suitable isomorphic isometric equiva-
lence. This can be obtained from some of the previous remarks about extending
isometric embeddings into a complete field with an absolute value function.

Of course, R may be considered as the completion of Q with respect to the
standard absolute value function.

1.15.4 The field of p-adic numbers

If p is a prime number, then the field Qp of p-adic numbers may be obtained
by completing Q with respect to the p-adic absolute value | · |p. We consider Q
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as a subfield of Qp, and the corresponding extension of | · |p to an ultrametric
absolute value function on Qp is also denoted |·|p, and called the p-adic absolute
value on Qp. The associated metric is called the p-adic metric on Qp.



Chapter 2

Norms and ultranorms

2.1 Norms on vector spaces

Let k be a field with an absolute value function | · |, and let V be a vector space
over k. A nonnegative real-valued function N on V is said to be a norm on V
with respect to | · | on k if it satisfies the following three conditions. First, for
each v ∈ V ,

N(v) = 0 if and only if v = 0.(2.1.1)

Second, if v ∈ V and t ∈ k, then

N(t v) = |t|N(v).(2.1.2)

Third, if v, w ∈ V , then

N(v + w) ≤ N(v) +N(w).(2.1.3)

Of course, this is the usual definition of a norm when k = R or C, with
the standard absolute value function. This definition of a norm corresponds to
Definition 2.1 on p115 of [33] when k and | · | are arbitrary. This is also the
same as Definition 5.1.1 on p133 of [70], although some additional conditions
on k and | · | are considered there.

In the definition of a norm on p287 of [111], (2.1.2) is replaced with

N(t v) ≤ |t|N(v).(2.1.4)

This implies that N(0) = 0 when t = 0, and if t 6= 0, then we have that

N(v) = N(t−1 (t v)) ≤ |t|−1 N(t v).(2.1.5)

This means that
|t|N(v) ≤ N(t v),(2.1.6)

so that (2.1.2) holds. Note that |·| is asked to be nontrivial on k in the definition
of a norm in [111].

26
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A nonnegative real-valued function N on V is said to be an ultranorm on V
with respect to | · | on k if it satisfies (2.1.1) and (2.1.2), and if

N(v + w) ≤ max(N(v), N(w))(2.1.7)

for every v, w ∈ V . Clearly (2.1.7) implies (2.1.3), so that an ultranorm is a
norm in particular. If N is a norm on V and V 6= {0}, then one can use (2.1.2)
with v 6= 0 to get that | · | is an ultrametric absolute value function on k.

If N is a norm on V , then it is easy to see that

dN (v, w) = N(v − w)(2.1.8)

is a metric on V . If V is an ultranorm on V , then (2.1.8) is an ultrametric on
V .

2.1.1 Some examples of norms

We may consider k as a one-dimensional vector spaces over itself, and | · | as a
norm on k with respect to itself. This is an ultranorm when | · | is an ultrametric
absolute value function on k.

If k1 is a field that contains k as a subfield, then k1 may be considered as a
vector space over k. If | · |1 is an absolute value function on k1 that is equal to
| · | on k, then | · |1 may be considered as a norm on k1 with respect to | · | on k. If
| · |1 is an ultrametric absolute value function on k1, then it may be considered
as an ultranorm on k1 as a vector space over k. Remember that this happens
exactly when | · | is an ultrametric absolute value function on k, as mentioned
near the beginning of Section 1.15.

If k is any field, then we can take | · | to be the trivial absolute value function.
Similarly, if V is any vector space over k, then the trivial ultranorm may be
defined by putting N(v) = 1 when v 6= 0, and N(0) = 0. It is easy to see that
this is an ultranorm on V with respect to the trivial absolute value function on
k. The corresponding ultrametric (2.1.8) is the same as the discrete metric on
V .

2.2 Some norms on kn

Let k be a field with an absolute value function |·|, and let n be a positive integer.
Also let kn be the space of n-tuples of elements of k, considered as a vector space
over k with respect to coordinatewise addition and scalar multiplication.

2.2.1 The definition of ‖v‖∞
If v = (v1, . . . , vn) ∈ kn, then put

‖v‖∞ = max(|v1|, . . . , |vn|).(2.2.1)

One can check that this defines a norm on kn with respect to | · | on k.
If | · | is an ultrametric absolute value function on k, then this defines an

ultranorm on kn with respect to | · | on k.
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2.2.2 The definition of ‖v‖r, 0 < r < ∞
If r is a positive real number, then put

‖v‖r =
( n∑

j=1

|vj |r
)1/r

(2.2.2)

for every v ∈ kn. It is easy to see that this satisfies the first two conditions in
the definition of a norm. It is also easy to see that this satisfies the triangle
inequality when r = 1.

Suppose for the moment that k = R, with the standard absolute value
function. If r = 2, then (2.2.2) is the standard Euclidean norm on Rn. If
1 < r < ∞, then it is well known that (2.2.2) satisfies the triangle inequality,
and is thus a norm. This is Minkowski’s inequality for finite sums.

One can use this to get that (2.2.2) satisfies the triangle inequality on kn

when r ≥ 1, for arbitrary k and | · |. This means that (2.2.2) defines a norm on
kn when r ≥ 1.

Of course, if n = 1, then (2.2.1) and (2.2.2) are the same as the absolute
value function on k. If n ≥ 2, then one can check that (2.2.2) does not satisfy
the triangle inequality on kn when r < 1.

2.2.3 The case where r < 1

If r ≤ 1 and v, w ∈ kn, then

‖v + w‖rr =

n∑
j=1

|vj + wj |r ≤
n∑

j=1

(|vj |+ |wj |)r(2.2.3)

≤
n∑

j=1

(|vj |r + |wj |r) = ‖v‖rr + ‖w‖rw,

where the third step is as in Section 1.4. One can use this to get that

‖v − w‖rr(2.2.4)

defines a metric on kn.
Note that | · |r is an absolute value function on k in this case as well. In

fact, ‖ · ‖rr is a norm on kn with respect to | · |r on k. This is the same as the
analogue of (2.2.2) with r = 1 using | · |r in place of | · |.

2.2.4 More on these norms

Observe that
‖v‖∞ ≤ ‖v‖r ≤ n1/r ‖v‖∞(2.2.5)

for every v ∈ kn and r > 0.
Open and closed balls in kn with respect to the metric associated to ‖ · ‖∞

correspond exactly to products of open and closed balls in k with the same



2.3. PRODUCTS OF TWO VECTOR SPACES 29

radius with respect to the metric associated to | · |, respectively. One can use
this to check that the topology determined on kn by the metric associated to
‖ · ‖∞ is the same as the product topology, using the topology determined on k
by the metric associated to | · |.

If r ≥ 1, then the topology determined on kn by the metric associated to
‖ · ‖r is the same as the topology determined by the metric associated to ‖ · ‖∞,
because of (2.2.5). Similarly, if r < 1, then this is the same as the topology
determined on kn by (2.2.4).

2.3 Products of two vector spaces

Let k be a field with an absolute value function | · |, and let V , W be vector
spaces over k with norms NV , NW with respect to | · | on k, respectively. The
Cartesian product V ×W of V and W may be considered as a vector space over
k as well, with respect to coordinatewise addition and scalar multiplication.
This corresponds to the direct sum of V and W , as a vector space over k.

2.3.1 Some norms on V ×W

If v ∈ V and w ∈ W , then put

‖(v, w)‖V×W,∞ = max(NV (v), NW (w)).(2.3.1)

One can check that this defines a norm on V ×W with respect to | · | on V . If
NV and NW are ultranorms on V and W , respectively, then this is an ultranorm
on V ×W .

If r is a positive real number, then

‖(v, w)‖V×W,r = (NV (v)
r +NW (w)r)1/r(2.3.2)

satisfies the first two conditions in the definition of a norm. It is easy to see
that this satisfies the triangle inequality when r = 1. If r > 1, then this can be
obtained from the triangle inequality for (2.2.2) on R2.

We also have that

‖(v, w)‖V×W,∞ ≤ ‖(v, w)‖V×W,r ≤ 21/r ‖(v, w)‖V×W,∞(2.3.3)

for every r > 0.

2.3.2 Some properties of these norms

Open and closed balls in V ×W with respect to the metric associated to (2.3.1)
corresponds exactly to products of open and closed balls in V and W with the
same radius with respect to the metrics associated to NV and NW , respectively.
This implies that the topology determined on V ×W by the metric associated
to (2.3.1) is the same as the product topology, using the topologies on V and
W determined by the metrics associated to NV and NW , respectively.
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This is the same as the topology determined on V ×W by the metric asso-
ciated to (2.3.2) when r ≥ 1, becase of (2.3.3).

In particular, we can take V = W and NV = NW , to get some norms and
metrics on V × V . It is easy to see that addition on V is uniformly continuous
as a mapping from V ×V into V , with respect to such a metric, and the metric
on V associated to NV .

2.3.3 Some remarks about scalar multiplication

Similarly, we can get some norms and metrics on k × V , using | · | on k. One
can check that scalar multiplication on V defines a mapping from k× V into V
that is uniformly continuous on bounded subsets of k × V with respect to such
a metric.

If v ∈ V , then it is easy to see that

t 7→ t v(2.3.4)

is uniformly continuous as a mapping from k into V , with respect to the metrics
associated to | · | and NV . Similarly, if t ∈ k, then

v 7→ t v(2.3.5)

is uniformly continuous as a mapping from V into itself, with respect to the
metric associated to NV .

2.3.4 Positive powers of norms

Let a be a positive real number with a ≤ 1, and remember that | · |a is an
absolute value function on k, as in Subsection 1.4.1. One can check that NV (·)a
is a norm on V with respect to | · |a on k.

If |·| is an ultrametric absolute value function on k, then |·|a is an ultrametric
absolute value function on k for every a > 0, as before. If NV is an ultranorm
on V with respect to | · | on k, then NV (·)a is an ultranorm on V with respect
to | · |a on k for every a > 0.

2.4 Completions and isometric linear mappings

Let k be a field with an absolute value function | · |, let V be a vector space
over k, and let NV be a norm on V with respect to | · | on k. If V0 is a linear
subspace of V , then the restriction of NV to V0 is a norm on V0 with respect to
| · | on k. If

NV is an ultranorm on V,(2.4.1)

then
the restriction of NV to V0 is an ultranorm on V0.(2.4.2)

If V0 is dense in V with respect to the metric associated to NV , then one
can check that (2.4.2) implies (2.4.1). This is analogous to a remark about
ultrametrics at the beginning of Section 1.13.
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2.4.1 Using a completion of k

Suppose for the moment that V is complete with respect to the metric associated
to NV . If k is not already complete with respect to the metric associated to | · |,
then one can get a completion of k as in Subsection 1.15.3.

One can show that scalar multiplication on V can be extended to the com-
pletion of k, so that V may be considered as a vector space over the completion
of k, and NV may be considered as a norm on V with respect to the extension of
| · | to the completion of k. To do this, one can first observe that for each v ∈ V ,
(2.3.4) can be extended to a uniformly continuous mapping from the completion
of k into V . This extends scalar multiplication on V to the completion of k,
and one can check that this extension has the appropriate properties.

2.4.2 Isometric linear mappings

Let W be another vector space over k with a norm NW . A linear mapping T
from V into W is said to be isometry if

NW (T (v)) = NV (v))(2.4.3)

for every v ∈ V . This implies that T is an isometric embedding with respect to
the corresponding metrics, as in Subsection 1.13.3.

2.4.3 Extensions of isometric linear mappings

Let V0 be a linear subspace of V that is dense in V with respect to the metric
associated to NV . Also let T0 be an isometric linear mapping from V0 into W ,
with respect to the restriction of NV to V0. If W is complete with respect to
the metric associated to NW , then T0 has a unique extension to an isometry
from V into W , with respect to the metrics associated to their norms, as in
Subsection 1.13.3. One can check that this extension is a linear mapping too,
using the continuity of the vector space operations on V and W , as in the
previous section.

2.4.4 Completions of vector spaces with norms

Suppose that W is complete with respect to the metric associated to NW . If T
is an isometric linear mapping from V into W , and if

T (V ) is dense in W(2.4.4)

with respect to the metric associated to NW , then W may be considered as a
completion with respect to T and these norms. Of course, this is a completion
of V as a metric space in particular, with respect to the metric assocuated to
NV , and using the metric on W associated to NW . Sometimes one might like to
have V be a linear subspace of W , and one can identify V with T (V ) anyway.

If V is complete with respect to the metric associated to NV , then V is said
to be a Banach space with respect to NV . Otherwise, one can get a completion
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that is also a vector space over k with a norm with respect to | · | on k. As
before, one can start with a completion of V as a metric space, and show that
the vector space operations on V can be extended to the completion. The norm
on the completion may be defined as the distance to 0, and one can verify that
this has the appropriate properties.

Alternatively, one can show that the space of Cauchy sequences in V is a
vector space over k in a suitable way, and that the space of sequences of elements
of V converging to 0 is a linear subspace of this vector space. The completion of
V may be defined initially as a vector space over k as the corresponding quotient
space, and it is not too difficult to define a norm on this quotient in a suitable
way.

One can show that a completion of V is unique up to a suitable isometric
linear equivalence, using some of the previous remarks about extending isometric
linear mappings on a dense linear subspace of a vector space with a norm into
a Banach space.

2.5 Equivalent norms

Let k be a field with an absolute value function | · |, and let V be a vector space
over k. Also let N1 and N2 be norms on V with respect to | · | on k. We say
that N1 and N2 are equivalent as norms on V if there are positive real numbers
C1,2, C2,1 such that

N1(v) ≤ C1,2 N2(v)(2.5.1)

and
N2(v) ≤ C2,1 N1(v)(2.5.2)

for every v ∈ V . This corresponds to Definition 2.2 on p116 of [33]. This also
corresponds to Definition 5.1.3 on p135 of [70], and it is mentioned on p287
of [111] as well, although the discussions in [70, 111] include some additional
conditions on | · | on k.

Let dN1
, dN2

be the metrics on V corresponding to N1, N2, respectively, as
in Section 2.1. Note that (2.5.1) is the same as saying that

dN1
(v, w) ≤ C1,2 dN2

(v, w)(2.5.3)

for every v, w ∈ V . This implies that the topology determined on V by dN2 is
at least as strong as the topology determined by dN1

. Similarly, (2.5.2) is the
same as saying that

dN2
(v, w) ≤ C2,1 dN1

(v, w)(2.5.4)

for every v, w ∈ V . This implies that the topology determined on V by dN1
is

at least as strong as the topology determined by dN2
.

2.5.1 Open balls centered at 0

Let us use BN1
(v, r) and BN2

(v, r) for the open balls in V centered at v ∈ V
with radius r > 0 with respect to dN1

and dN2
, respectively. If the topology
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determined on V by dN2 is at least as strong as the topology determined by
dN1 , then there is a positive real number r2 such that

BN2
(0, r2) ⊆ BN1

(0, 1).(2.5.5)

Similarly, if the topology determined on V by dN1
is at least as strong as the

topology determined by dN2
, then there is an r1 > 0 such that

BN1(0, r1) ⊆ BN2(0, 1).(2.5.6)

2.5.2 Dilations of open balls centered at 0

If t ∈ k and E ⊆ V , then put

t E = {t v : v ∈ E}.(2.5.7)

If t 6= 0 and r is a positive real number, then

tBN1
(0, r) = BN1

(0, |t| r),(2.5.8)

and similarly for N2. Thus (2.5.5) implies that

BN2(0, |t| r2) ⊆ BN1(0, |t|),(2.5.9)

and (2.5.6) implies that

BN1
(0, |t| r1) ⊆ BN2

(0, |t|).(2.5.10)

Suppose for the moment that | · | is not the trivial absolute value function
on k. If (2.5.5) holds, then one can use (2.5.9) to get that (2.5.1) holds for
some C1,2 > 0. Similarly, if (2.5.6) holds, then one can use (2.5.10) to get
that (2.5.2) holds for some C2,1 > 0. In particular, if dN1

and dN2
determine

the same topology on V , then it follows that N1 and N2 are equivalent on V .
This corresponds to Problem 194 on p135 of [70], and to part of the proof of
Proposition 3 on p288 of [111].

2.5.3 Completeness and finite dimension

Suppose that k is complete with respect to the metric associated to | · |. If V
has finite dimension over k, then it is well known that

any two norms on V with respect to | · | on k are equivalent.(2.5.11)

We also get that

V is complete with respect to the metric associated to any norm.(2.5.12)

This corresponds to Lemma 2.1 on p116 of [33], Theorem 5.2.1 on p137 of [70],
and Proposition 3 on p288 of [111]. More precisely, (2.5.12) corresponds to part
of Proposition 4 on p291 of [111], and its proof.
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If the dimension of V is equal to one, then any norm on V with respect to
| · | on k is a positive multiple of any other norm. It is easy to see that V is
complete with respect to the metric associated to any norm on this case, because
k is complete, by hypothesis.

We can reduce to the case where V = kn for some positive integer n, using
a basis for V . The rest of the proof uses induction on n, and is discussed in the
next section.

2.6 More on norms on kn

Let k be a field with an absolute value function | · |, let n be a positive integer,
and let N be a norm on kn with respect to | · | on k. Also let e1, . . . , en be the
standard basis vectors in kn. This means that the lth component of ej is equal
to 1 when j = l, and to 0 when j 6= l. If v ∈ kn, then

v =

n∑
j=1

vj ej ,(2.6.1)

so that

N(v) ≤
n∑

j=1

|vj |N(ej).(2.6.2)

If N is an ultranorm on kn, then

N(v) ≤ max
1≤j≤n

(|vj |N(ej)).(2.6.3)

Using (2.6.2), we get that

N(v) ≤
( n∑

j=1

N(ej)
)
‖v‖∞,(2.6.4)

where ‖v‖∞ is as in Subsection 2.2.1. If N is an ultranorm on kn, then

N(v) ≤
(

max
1≤j≤n

N(ej)
)
‖v‖∞,(2.6.5)

because of (2.6.3).

2.6.1 When k is complete with respect to | · |
Suppose from now on in this section that k is complete with respect to the
metric associated to | · |. We would like to show that there is a positive real
number C such that

‖v‖∞ ≤ C N(v)(2.6.6)

for every v ∈ V .
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It is easy to see that

kn is complete with respect to the metric associated to ‖ · ‖∞.(2.6.7)

One can use this to get that

kn is complete with respect to the metric associated to N,(2.6.8)

once we have (2.6.6).
We may as well suppose that n ≥ 2, as in the previous section. We can use

the induction hypothesis to get that there is a positive real number C0 such that

‖v‖∞ ≤ C0 N(v)(2.6.9)

for every v ∈ kn with vn = 0. We also get that

{v ∈ kn : vn = 0}(2.6.10)

is a complete as a metric space, with respect to the metric associated to the
restriction of N to this subspace. This is the same as the restriction to this
subspace of the metric on kn associated to N .

One can use the completeness of (2.6.10) with respect to the restriction of
the metric on kn associated to N to get that

(2.6.10) is a closed set in kn with respect to this metric.(2.6.11)

This corresponds to a remark near the beginning of Section 1.13. This implies
that there is a positive real number c such that

N(u− en) ≥ c(2.6.12)

for every u ∈ kn with un = 0. Equivalently, this means that

N(w) ≥ c(2.6.13)

for every w ∈ kn with wn = 1. It follows that

N(v) ≥ c |vn|(2.6.14)

for every v ∈ kn.
One can use (2.6.9) and (2.6.14) to get that (2.6.6) holds for some C > 0.

This means that N is equivalent to ‖ · ‖∞ on kn, because of (2.6.4). It follows
that any two norms on kn are equivalent.

2.7 Corollaries about uniqueness and complete-
ness

Let k0 be a field, and let | · |1, | · |2 be absolute value functions on k0. Suppose
that there is a positive real number C1,2 such that

|x|1 ≤ C1,2 |x|2(2.7.1)
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for every x ∈ k0. This implies that

|x|n1 = |xn|1 ≤ C1,2 |xn|2 = C1,2 |x|n2(2.7.2)

for every x ∈ k0 and positive integer n, so that

|x|1 ≤ C
1/n
1,2 |x|2.(2.7.3)

It follows that
|x|1 ≤ |x|2(2.7.4)

for every x ∈ k0, by taking the limit as n → ∞ on the right side of (2.7.3). Of
course, the same type of argument was used in Subsection 1.11.1.

Similarly, if there is a posiitve real number C2,1 such that

|x|2 ≤ C2,1 |x|1(2.7.5)

for every x ∈ k0, then
|x|2 ≤ |x|1(2.7.6)

for every x ∈ k0. If there are positive real numbers C1,2 and C2,1 such that
(2.7.1) and (2.7.5) hold for every x ∈ k0, then we get that

|x|1 = |x|2(2.7.7)

for every x ∈ k0. This is analogous to the discussion of equivalent absolute value
functions starting in Section 1.8, with stronger hypotheses and some simplifica-
tions.

2.7.1 Completeness and finite extensions

Let k be a field with an absolute value function | · |, and suppose that k is
complete with respect to the metric associated to | · |. Also let k1 be a field that
contains k as a subfield, and suppose that k1 is a finite extension of k, so that
k1 has finite dimension as a vector space over k.

Under these conditions,

there is at most one absolute value function on k1(2.7.8)

that agrees with | · | on k.

This is Corollary 1 on p118 of [33], and part of the uniqueness part of Proposition
4 on p291 of [111]. This corresponds to Corollary 5.3.2 on p143 of [70] when
k = Qp for some prime number p, with the p-adic absolute value function.

Indeed, an absolute value function on k1 that agrees with | · | on k may be
considered as a norm on k1, as a vector space over k, with respect to | · | on k.
Any two such absolute value functions on k1 are equivalent as norms, as in the
previous two sections. This implies that these two absolute value functions are
the same on k1, by the remarks at the beginning of the section.
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Of course, if | · | is the trivial absolute value function on k, then the trivial
absolute value function on k1 is equal to | · | on k. In this case, we get that any
absolute value function on k1 that is equal to the trivial absolute value function
on k is the trivial absolute value function on k1. Another approach to this will
be mentioned in the next section.

If | · | is nontrivial on k, then the uniqueness of an extension of | · | to an
absolute value function on k1 is part of Theorem 15 on p258 of [95] as well.
The argument used there is somewhat different in some ways, and this will be
discussed further in Section 2.9.

One could also use the fact that

the metrics associated to any two absolute value functions on k1(2.7.9)

that are equal to | · | on k determine the same topology on k1,

because they are equivalent as norms on k1 with respect to | · | on k, as before.
This implies that they are equivalent as absolute value functions on k1, as men-
tioned in Subsection 1.8.2. One can use this to get that the two absolute value
functions on k1 are the same when | · | is nontrivial on k, and otherwise one can
observe that they are both equivalent to the trivial absolute value function on
k1.

Let | · |1 be an absolute value function on k1 that is equal to | · | on k. Note
that

k1 is complete with respect to the metric associated to | · |1,(2.7.10)

as in the previous two sections. This is Corollary 2 on p118 of [33], and part of
Proposition 4 on p291 of [111]. If | · | is nontrivial on k, then this is the same
as the consequence (2) on p258 of [95] of Lemma 1 on p257 of [95], and it is
mentioned again in Theorem 17 on p262 of [95]. This also corresponds to part
of Proposition 5.3.1 on p142 of [70] when k = Qp for some prime number p,
with the p-adic absolute value function.

2.8 Another uniqueness argument

Let k be a field with an ultrametric absolute value function |·|, and let x1, . . . , xn

be finitely many elements of k such that

n∑
j=1

xj = 0.(2.8.1)

Under these conditions, the second part of Exercise 2 on p214 of [95] states that

|xj | = |xl|(2.8.2)

for some j 6= l. Otherwise, one could show that∣∣∣∣ n∑
j=1

xj

∣∣∣∣ = max(|x1|, . . . , |xn|),(2.8.3)

using a remark in Section 1.12.
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2.8.1 Absolute values that are trivial on a subfield

Now let k1 be a field, let k0 be a subfield of k1, and let | · |1 be an absolute value
function on k1. Suppose that the restriction of | · |1 to k0 is the trivial absolute
value function on k0. This implies that | · |1 is non-archimedean on k1, so that
| · |1 is an ultrametric absolute value function on k1, as in Section 1.5.

Suppose that x ∈ k1 is algebraic over k0, so that x satisfies a nontrivial
polynomial equation with coefficients in k0. This means that there are a positive
inetger m and elements a0, a1, . . . , am of k0 such that

m∑
j=0

aj x
j = 0.(2.8.4)

We would like to check that

|x|1 = 1(2.8.5)

when x 6= 0.
If we leave out the terms on the left side of (2.8.4) where aj = 0, then we

get a sum of n terms of the form aj x
j that is equal to 0 for some n ≤ m. The

remark at the beginning of the section implies that

|aj xj |1 = |al xl|1(2.8.6)

for some j, l with j 6= l and aj , al 6= 0. This implies that

|x|j1 = |x|l1,(2.8.7)

because |aj |1 = |al|1 = 1, by hypothesis. It follows that (2.8.5) holds when
x 6= 0.

Suppose that k1 is an algebraic extension of k0, so that every element of k1
is algebraic over k0. In this case, we get that | · |1 is the trivial abslute value
function on k1 as well. This is Exercise 3 on p214 of [95].

2.9 More on completeness

Let k be a field with an absolute value function | · |, and suppose that k is
complete with respect to the metric associated to | · |. Also let k1 be a field
that contains k as a subfield, and let | · |1 be an absolute value function on k1
that agrees with | · | on k. Remember that k1 may be considered as a vector
space over k, and let u1, . . . , un be finitely many elements of k1 that are linearly
independent in k1, as a vector space over k.

Let {vj}∞j=1 be a sequence of elements of the linear span of u1, . . . , un in k1,
as a vector space over k. Thus

vj =

n∑
l=1

vj,l ul(2.9.1)
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for each j, where vj,l ∈ k for l = 1, . . . , n are uniquely determined by vj . If | · |
is nontrivial on k, then Lemma 1 on p257 of [95] states that

{vj}∞j=1 is a Cauchy sequence in k1(2.9.2)

with respect to the metric associated to | · |1 if and only if

{vj,l}∞j=1 is a Cauchy sequence in k for each l = 1, . . . , n,(2.9.3)

with respect to the metric associated to | · |.

2.9.1 A related norm on kn

Note that

ϕ(w) =

n∑
l=1

wl ul(2.9.4)

defines a one-to-one linear mapping from kn into k1, as vector spaces over k.
Using this, it is easy to see that

N(w) = |ϕ(w)|1(2.9.5)

is a norm on kn with respect to | · | on k. We also have that N is equivalent to
the usual norm ‖ · ‖∞ on kn, as in Section 2.6.

Let {wj}∞j=1 be a sequence of elements of kn. The equivalence of N and
‖ · ‖∞ on kn implies that

{wj}∞j=1 is a Cauchy sequence with respect to the metric on kn(2.9.6)

associated to the norm ‖ · ‖∞

if and only if

{wj}∞j=1 is a Cauchy sequence with respect to the metric on kn(2.9.7)

associated to N.

This means that (2.9.6) holds if and only if

{ϕ(wj)}∞j=1 is a Cauchy sequence in k1 with respect to(2.9.8)

the metric associated to | · |1.

This is equivalent to the conclusion of Lemma 1 on p257 of [95].
Similarly,

{wj}∞j=0 converges to 0 with respect to the metric on kn(2.9.9)

associated to ‖ · ‖∞

if and only if

{wj}∞j=1 converges to 0 with respect to the metric on kn(2.9.10)

associated to N.
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This means that (2.9.9) holds if and only if

{ϕ(wj)}∞j=1 converges to 0 in k1 with respect to(2.9.11)

the metric associated to | · |1.

The “if” part of this statement corresponds to the consequence (1) on p258 of
[95] of Lemma 1 on p257 of [95].

Suppose now that k1 is a finite extension of k, so that we can take u1, . . . , un

to be a basis for k1, as a vector space over k. In this case, consequence (2) on
p258 of [95] of Lemma 1 on p257 of [95] says that k1 is complete with respect to
the metric associated to | · |1, as mentioned in Subsection 2.7.1. Alternatively,
kn is complete with respect to the metric associated to ‖ · ‖∞, as mentioned in
Section 2.6, so that kn is complete with respect to the metric associated to N .
This implies that k1 is complete with respect to the metric associated to | · |1,
because ϕ(kn) = k1 under these conditions, as before.

The uniqueness of | · |1 on k1 is part of Theorem 15 on p258 of [95], as
mentioned in Subsection 2.7.1. The proof uses consequence (1) of Lemma 1 on
p257 of [95] mentioned earlier. The proof uses some other properties of field
extensions too, and we shall return to those later.

2.10 Infinite series

Let k be a field with an absolute value function | · |, and let V be a vector space
over k with a norm N with respect to | · | on k. An infinite series

∑∞
j=1 vj

of elements of V is said to converge with respect to N if the corresponding
sequence of partial sums

n∑
j=1

vj(2.10.1)

converges in V with respect to the metric associated to N . In this case, the sum
of the series is defined as an element of V by

∞∑
j=1

vj = lim
n→∞

n∑
j=1

vj ,(2.10.2)

as usual.
If t ∈ k, then it is easy to see that

∑∞
j=1 t vj converges as well, with

∞∑
j=1

t vj = t

∞∑
j=1

vj .(2.10.3)

If
∑∞

j=1 wj is another convergent series of elements of V , then
∑∞

j=1(vj + wj)
converges too, with

∞∑
j=1

(vj + wj) =

∞∑
j=1

vj +

∞∑
j=1

wj .(2.10.4)
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2.10.1 Cauchy sequences of partial sums

It is easy to see that the sequence of partial sums (2.10.1) is a Cauchy sequence
in V with respect to the metric associated to N if and only if for every ϵ > 0
there is a positive integer L such that

N
( n∑

j=l

vj

)
< ϵ(2.10.5)

when n ≥ l ≥ L. A necessary condition for this to hold is that

lim
j→∞

N(vj) = 0,(2.10.6)

by taking l = n in (2.10.5). This is the same as saying that {vj}∞j=1 converges
to 0 in V , with respect to the metric associated to N . Note that

N
( n∑

j=l

vj

)
≤

n∑
j=l

N(vj)(2.10.7)

for all n ≥ l ≥ 1.

2.10.2 Absolute convergence

If
∞∑
j=1

N(vj)(2.10.8)

converges as an infinite series of nonnegative real numbers, then
∑∞

j=1 vj is
said to converge absolutely with respect to N . This implies that the sequence
of partial sums (2.10.1) is a Cauchy sequence in V with respect to the metric
associated to N , because of the remarks in the previous paragraph.

If V is a Banach space with respect to N , then it follows that
∑∞

j=1 vj
converges in V . Under these conditions, we also have that

N
( ∞∑

j=1

vj

)
≤

∞∑
j=1

N(vj).(2.10.9)

2.10.3 When N is an ultranorm on V

Suppose now that N is an ultranorm on V with respect to | · | on k. This means
that

N
( n∑

j=l

vj

)
≤ max

l≤j≤n
N(vj)(2.10.10)

for all n ≥ l ≥ 1. If (2.10.6) holds, then it is easy to see that the sequence
of partial sums (2.10.1) is a Cauchy sequence in V with respect to the metric
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associated to N , using (2.10.10) and the earlier characterization in terms of
(2.10.5). If V is also a Banach space respect to N , then we get that

∑∞
j=1 vj

converges in V .
Of course, if

∑∞
j=1 vj converges in V , then the corresponding sequence of

partial sums is a Cauchy sequence, so that (2.10.6) holds. If N is an ultranorm
on V , then

N
( ∞∑

j=1

vj

)
≤ max

j≥1
N(vj),(2.10.11)

because of (2.10.10). More precisely, the maximum on the right is automatically
attained when (2.10.6) holds. Indeed, if vj 6= 0 for some j, then the maximum
on the right side may be reduced to the maximum of finitely many terms.

2.11 Rearrangements of infinite series

Let k be a field with an absolute value function | · |, and let V be a vector space
over k with a norm N with respect to | · | on k. Also let

∑∞
j=1 vj be an infinite

series of elements of V , and let π be a one-to-one mapping from Z+ onto itself.
The infinite series

∞∑
j=1

vπ(j)(2.11.1)

is said to be a rearrangement of
∑∞

j=1 vj .

2.11.1 Rearrangements and absolute convergence

If
∑∞

j=1 aj is an infinite series of nonnegative real numbers, then it is well known
and not difficult to show that

∞∑
j=1

aj converges if and only if

∞∑
j=1

aπ(j) converges,(2.11.2)

in which case the values of the two sums are equal. It follows that
∑∞

j=1 vj
converges absolutely with respect to N , as in Subsection 2.10.2, if and only if∑∞

j=1 vπ(j) converges absolutely with respect to N , in which case

∞∑
j=1

N(vj) =

∞∑
j=1

N(vπ(j)).(2.11.3)

2.11.2 Comparing partial sums of the two series

Let n be a positive integer, and observe that

n∑
j=1

vj −
n∑

j=1

vπ(j) =
∑

1≤j≤n
π(j)>n

vj −
∑

1≤j≤n
π(j)>n

vπ(j).(2.11.4)
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More precisely, the sums on the right are taken over all positive integers j with
π(j) > n. This implies that

N
( n∑

j=1

vj −
n∑

j=1

vπ(j)

)
≤

∑
1≤j≤n
π(j)>n

N(vj) +
∑

1≤j≤n
π(j)>n

N(vπ(j)).(2.11.5)

2.11.3 Getting the same sum with absolute convergence

Let l0 be a positive integer, and suppose that

max(π(1), . . . , π(l0)) ≤ n.(2.11.6)

If
∑∞

j=1 vj converges absolutely with respect to N , then (2.11.5) implies that

N
( n∑

j=1

vj −
n∑

j=1

vπ(j)

)
≤

∞∑
l=l0+1

N(vl).(2.11.7)

The right side is as small as we want when l0 is sufficiently large, because∑∞
l=1 N(vl) converges, by hypothesis.
If either

∑∞
j=1 vj or (2.11.1) converges in V , then it follows that both series

converge, with
∞∑
j=1

vj =

∞∑
j=1

vπ(j).(2.11.8)

Remember that absolute convergence of a series implies convergence of the series
when V is a Banach space with respect to N , as in Subsection 2.10.2.

2.11.4 Rearrangements and ultranorms

One can check that

lim
j→∞

N(vj) = 0 if and only if lim
j→∞

N(vπ(j)) = 0.(2.11.9)

Suppose now that N is an ultranorm on V , so that

N
( n∑

j=1

vj −
n∑

j=1

vπ(j)

)
≤ max

(
max
1≤j≤n
π(j)>n

N(vj), max
1≤j≤n
π(j)>n

N(vπ(j))
)
,(2.11.10)

by (2.11.4). If l0 satisfies (2.11.6) and the equivalent conditions in (2.11.9) hold,
then it follows that

N
( n∑

j=1

vj −
n∑

j=1

vπ(j)

)
≤ max

l≥l0
N(vl).(2.11.11)

The right side is as small as we want when l0 is sufficiently large, by hypothesis.
If either

∑∞
j=1 vj or (2.11.1) converges in V , then we get that both series

converge, and that (2.11.8) holds. Of course, the convergence of the sequence of
norms to 0 is necessary for the convergence of the corresponding infinite series,
as in Subsection 2.10.1. The converse holds when N is an ultranorm on V and
V is a Banach space with respect to N , as in Subsection 2.10.3.
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2.12 The valuation group

Let k be a field, and let | · | be an absolute value function on k. Observe that

{|x| : x ∈ k, x 6= 0}(2.12.1)

is a subgroup of the multiplicative group R+ of positive real numbers. This
may be called the valuation group or the value group associated to | · | on k, as
on p42 of [33], p222 of [95], and p297 of [111]. This term is used in a slightly
different and essentially equivalent way in Problem 29 on p24 of [70].

Clearly (2.12.1) is the trivial subgroup {1} of R+ if and only if | · | is the
trivial absolute value function on k.

Put
ρ1 = sup{|x| : x ∈ k, |x| < 1},(2.12.2)

and note that
0 ≤ ρ1 ≤ 1.(2.12.3)

We also have that ρ1 = 0 if and only if | · | is the trivial absolute value function
on k.

If
ρ1 = 1,(2.12.4)

then
1 is a limit point of (2.12.1),(2.12.5)

with respect to the standard Euclidean metric on R. It is easy to see that the
converse holds too. If (2.12.4) holds, then one can verify that (2.12.1) is dense
in R+, with respect to the standard Euclidean metric.

2.12.1 Discreteness of absolute value functions

If
ρ1 < 1,(2.12.6)

then | · | is said to be discrete on k, as on p42 of [33]. If | · | is nontrivial on k
as well, so that ρ1 > 0, then it is not too difficult to show that (2.12.1) is the
same as

{ρl1 : l ∈ Z}.(2.12.7)

In particular, this implies that the supremum on the right side of (2.12.2)
is attained when (2.12.6) holds. Of course, if the supremum on the right side
of (2.12.2) is attained, then (2.12.6) holds automatically. This corresponds to
Lemma 1.2 on p42 of [33], and to part of Problem 63 on p39 of [70]. More
precisely, in [33, 70], | · | is asked to be an ultrametric absolute value function
on k, and this is used to consider other versions of these properties, which we
do not need at the moment.

If
0 < ρ1 < 1,(2.12.8)



2.13. VECTOR-VALUED FUNCTIONS ON SETS 45

then we get that (2.12.1) is an infinite cyclic group, because it is the same as
(2.12.7). Conversely, if (2.12.1) is a nontrivial cyclic group, then the supremum
on the right side of (2.12.2) is attained and positive, so that (2.12.8) holds.
Discreteness is defined on p222 of [95] and on p305 of [111] in terms of the
valuation group (2.12.1) being cyclic.

2.12.2 Discreteness implies non-archimedean

Suppose for the moment that | · | is archimedean on k, as in Section 1.5. It
is easy to see that this implies that k has characteristic 0. This means that k
contains a copy of Q. It follows that | · | induces an archimedean absolute value
function on Q.

The induced absolute value function on Q is equivalent to the standard
absolute value function on Q, by Ostrowski’s theorem, as in Section 1.11. This
means that the induced absolute value function on Q is not discrete, because
the standard absolute value function on Q is not discrete. This implies that | · |
is not discrete on k.

2.12.3 Valuation groups of subfields

Let k0 be a subfield of k, and consider the valuation group

{|x| : x ∈ k0, x 6= 0}(2.12.9)

of the restriction of | · | to k0. Note that this is a subgroup of (2.12.1).

If | · | is an ultrametric absolute value function on k, and k0 is dense in k
with respect to the corresponding ultrametric, then (2.12.1) is equal to (2.12.9).
This follows from a remark near the beginning of Section 1.12.

2.13 Vector-valued functions on sets

Let k be a field, let V be a vector space over k, and let X be a noonempty set.
The space c(X,V ) of all V -valued functions on X is a vector space over k with
respect to pointwise addition and scalar multiplication.

If f ∈ c(X,V ), then the support may be defined as the subset of X where f
is nonzero, i.e.,

supp f = {x ∈ X : f(x) 6= 0}.(2.13.1)

Let c00(X,V ) be the space of V -valued functions on X whose support has only
finitely many elements. This is a linear subspace of c(X,V ), as a vector space
over X. Of course, if X has only fnitely many elements, then c00(X,V ) is the
same as c(X,V ).

If f ∈ c00(X,V ), then ∑
x∈X

f(x)(2.13.2)
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may be defined as an element of V in a simple way. More precisely, this may be
defined as the sum of the values of f over any nonempty finite subset of X that
contains the support of f . It is easy to see that this defines a linear mapping
from c00(X,V ) into V , as vector spaces over k.

2.13.1 Some norms on c00(X,V )

Let | · | be an absolute value function on k, and let NV be a norm on V with
respect to | · | on k. If f ∈ c00(X,V ), then put

‖f‖∞ = max
x∈X

NV (f(x)).(2.13.3)

One can check that this defines a norm on c00(X,V ) with respect to | · | on k.
If NV is an ultranorm on V , then this is an ultranorm on c00(X,V ).

If r is a positive real number, then put

‖f‖r =
( ∑

x∈X

NV (f(x))
r
)1/r

.(2.13.4)

This satisfies the first two conditions in the definition of a norm, as in Section
2.1, and it is easy to see that it satisfies the triangle inequality when r = 1. If
1 < r < ∞, then one can verify that this satisfies the triangle inequality, using
Minkowski’s inequality for finite sums, as in Subsection 2.2.2. Thus this defines
a norm on c00(X,V ) with respect to | · | on k when r ≥ 1.

If r ≤ 1, then one can check that

‖f + g‖rr ≤ ‖f‖rr + ‖g‖rr(2.13.5)

for all f, g ∈ c00(X,V ), using an argument like the one in Subsection 2.2.3. This
implies that

‖f − g‖rr(2.13.6)

defines a metric on c00(X,V ), as before.
Remember that | · |r is an absolute value function on k when r ≤ 1, as in

Subsection 1.4.1, and that NV (·)r is a norm on V with respect to | · |r on k, as
in Subsection 2.3.4. As in Subsection 2.2.3, ‖ · ‖rr is a norm on c00(X,V ) with
respect to | · |r on k, and this is the analogue of (2.13.3) with r = 1 and NV (·)r
in place of NV .

Note that
NV

( ∑
x∈X

f(x)
)
≤ ‖f‖1(2.13.7)

for every f ∈ c00(X,V ). If NV is an ultranorm on V , then

NV

( ∑
x∈X

f(x)
)
≤ ‖f‖∞(2.13.8)

for every f ∈ c00(X,V ).
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2.13.2 Monotonicity in r

If f ∈ c00(X,V ), then
‖f‖∞ ≤ ‖f‖r(2.13.9)

for every r > 0, as in Subsection 2.2.4. If 0 < r1 ≤ r2 < +∞, then

‖f‖r2r2 =
∑
x∈X

NV (f(x))
r2 ≤ ‖f‖r2−r1

∞

∑
x∈X

NV (f(x))
r1(2.13.10)

= ‖f‖r−r1
∞ ‖f‖r1r1 ≤ ‖f‖r2r1 .

This implies that
‖f‖r2 ≤ ‖f‖r1 .(2.13.11)

2.14 Bounded linear mappings

Let k be a field, and let V , W be vector spaces over k. The space of all linear
mappings from V into W may be denoted L(V,W ), or Lk(V,W ), to indicate
the role of k. This is a linear subspace of the space of all W -valued functions
on V , as a vector space over k with respect to pointwise addition and scalar
multiplication.

Let | · | be an absolute value function on k, and let NV , NW be norms on V ,
W , respectively, with respect to | · | on k. A linear mapping T from V into W
is said to be bounded if there is a nonnegative real number C such that

NW (T (v)) ≤ C NV (v)(2.14.1)

for every v ∈ V .
Note that (2.14.1) implies that

NW (T (u)− T (v)) = NW (T (u− v)) ≤ C NV (u− v)(2.14.2)

for all u, v ∈ V . In particular, this means that T is uniformly continuous as a
mapping from V into W , with respect to the metrics associated to NV , NW ,
respectively.

2.14.1 Boundedness on balls in V centered at 0

If v ∈ V and r is a positive real number, then let BV (v, r) be the open ball
in V centered at v with radius r with respect to the metric associated to NV ,
as in Section 1.7. Similarly, if r ≥ 0, then let BV (v, r) be the closed ball in
V centered at v with radius r with respect to the metric associated to NV . If
t ∈ k, then it is easy to see that

tBV (0, r) = BV (0, |t| r)(2.14.3)

for every r ≥ 0. The analogous statement for open balls was mentioned in
Subsection 2.5.2.
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If T is a bounded linear mapping from V into W , then

NW (T (v)) is bounded on BV (0, r)(2.14.4)

for every r > 0. In particular,

NW (T (v)) is bounded on BV (0, r0)(2.14.5)

for every r0 > 0. If T is any mapping from V into W , then (2.14.4) implies
(2.14.5) automatically, with r0 = r. We also have that (2.14.5) implies (2.14.4)
automatically for each r < r0. If T is continuous at 0, then (2.14.5) holds for
some r0 > 0.

Suppose for the moment that | · | is not the trivial absolute value function on
k. If T is a linear mapping from V into W that satisfies (2.14.4) for some r > 0,
or equivalently (2.14.5) for some r0 > 0, then it is not too difficult to show that

T is bounded as a linear mapping from V into W.(2.14.6)

This uses the remarks at the beginning of Section 1.9, and it is analogous to an
argument mentioned in Subsection 2.5.2.

2.14.2 Operator norms

Let BL(V,W ) be the space of all bounded linear mappings from V into W
with respect to NV , NW , respectively. This may also be denoted BLk(V,W ) to
indicate the role of k, as before. One can check that this is a linear subspace of
L(V,W ), as a vector space over k.

If T ∈ BL(V,W ), then put

‖T‖op = ‖T‖op,V W = inf{C ≥ 0 : (2.14.1) holds}.(2.14.7)

One can check that the infimum on the right is automatically attained, so that

NW (T (v)) ≤ ‖T‖op,VW NV (v)(2.14.8)

for every v ∈ V . One can also verify that this defines a norm on BL(V,W ) with
respect to | · | on k. If NW is an ultranorm on W , then

‖T‖op is an ultranorm on BL(V,W ).(2.14.9)

Let Z be another vector space over k with a norm NZ with respect to | · |
on k. If T1 is a bounded linear mapping from V into W , and T2 is a bounded
linear mapping from W into Z, then their composition T2 ◦ T1 is a bounded
linear mapping from V into Z, with

‖T2 ◦ T1‖op,V Z ≤ ‖T1‖op,V W ‖T2‖op,WZ .(2.14.10)
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2.14.3 Extending some bounded linear mappings

Let V0 be a linear subspace of V , and suppose that V0 is dense in V , with respect
to the metric associated to NV . Also let T0 be a bounded linear mapping from
V0 into W , with respect to the restriction of NV to V0. Thus T0 is uniformly
continuous with respect to the metrics associated to these norms, as mentioned
near the beginning of the section. If W is complete with respect to the metric
associated to NW , then there is a unique extension of T0 to a uniformly contin-
uous mapping T from V into W , as in Subsection 1.13.2. One can check T is a
bounded linear mapping from V into W under these conditions, with operator
norm equal to the operator norm of T0 on V0.

2.15 Some remarks about completeness

Let us continue with the same notation and hypotheses as in the previous sec-
tion. If W is complete with respect to the metric associated to NW , then

BL(V,W ) is complete(2.15.1)

with respect to the metric associated to the operator norm. Indeed, let {Tj}∞j=1

be a Cauchy sequence in BL(V,W ) with respect to the metric associated to the
operator norm. Thus, for each ϵ > 0, there is a positive integer L(ϵ) such that

‖Tj − Tl‖op < ϵ(2.15.2)

when j, l ≥ L(ϵ). This implies that

NW (Tj(v)− Tl(v)) ≤ ϵNV (v)(2.15.3)

for all v ∈ V and j, l ≥ L(ϵ).
In particular, this means that

{Tj(v)}∞j=1 is a Cauchy sequence in W(2.15.4)

for each v ∈ V , with respect to the metric associated to NW . It follows that
{Tj(v)}∞j=1 converges to an element of W for each v ∈ V , and we put

T (v) = lim
j→∞

Tj(v).(2.15.5)

It is easy to see that this defines a linear mapping from V into W .
One can check that

NW (T (v)− Tl(v)) ≤ ϵNV (v)(2.15.6)

for every v ∈ V , ϵ > 0, and l ≥ L(ϵ). One can use this for any ϵ > 0 to get
that T is bounded as a linear mapping from V into W , because Tl is a bounded
linear mapping for each l, by hypothesis. We also get that

‖T − Tl‖op ≤ ϵ(2.15.7)

for every ϵ > 0 and l ≥ L(ϵ), so that {Tl}∞l=1 converges to T with respect to the
metric on BL(V,W ) associated to the operator norm.
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2.15.1 Cauchy sequences in c00(X,W )

Let X be a nonempty set, and let c00(X,W ) be as in Section 2.13. Also let
0 < r ≤ ∞ be given, and let {fj}∞j=1 be a Cauchy sequence in c00(X,W ) with
respect to the metric associated to ‖ · ‖r when r ≥ 1. If 0 < r ≤ 1, then one can
use the metric (2.13.6).

If x ∈ X, then it is easy to see that

{fj(x)}∞j=1 is a Cauchy sequence in W,(2.15.8)

with respect to the metric associated to NW . If W is complete with respect to
this metric, then {fj(x)}∞j=1 converges to an element of W for each x ∈ X, and
we put

f(x) = lim
j→∞

fj(x).(2.15.9)

Of course, this defines a W -valued function on X.
If X has only finitely many elements, then it is easy to see that {fj}∞j=1

converges to f with respect to the metric associated to ‖ · ‖r. This implies that
c00(X,W ) is complete with respect to the metric associated to ‖ · ‖r in this
case. Note that ‖ · ‖r is less than or equal to (#X)1/r times ‖ · ‖∞ in this case,
where #X is the number of elements of X. This corresponds to a remark in
Subsection 2.2.4 when W = k and NW = | · |.

2.15.2 Infinite sets X

If X has infinitely many elements, then the support of f may not be finite.
More precisely, if there are nonzero elements of W with arbitrarily small norm,
then it is not too difficult to show that there Cauchy sequences in c00(X,W )
whose pointwise limit does not have finite support. Note that there are nonzero
elements of W with arbitrarily small norm when W 6= {0} and | · | is not the
trivial absolute value function on k.

Otherwise, if there are no nonzero elements of W with arbitrarily small norm,
then Cauchy sequences in c00(X,W ) with respect to the metric associated to
‖ · ‖r are eventually constant, and thus converge.



Chapter 3

Some metrics, norms, and
algebras

3.1 Bounded sets and functions

Let (Y, dY ) be a nonempty metric space. A subset E of Y is said to be bounded
in Y with respect to dY if E is contained in a ball in Y . Equivalently, this
means that the set of distances dY (y, z) with y, z ∈ E is bounded as a set of
nonnegative real numbers.

Let X be a nonempty set, and let f be a function on X with values in Y .
We say that f is bounded on X if

f(X) is a bounded set in Y.(3.1.1)

3.1.1 The supremum metric

Let
B(X,Y )(3.1.2)

be the space of bounded mappings from X into Y . If f, g ∈ B(X,Y ), then put

θ(f, g) = sup
x∈X

dY (f(x), g(x)).(3.1.3)

It is well known and not difficult to show that this defines a metric on B(X,Y ),
known as the supremum metric associated to dY .

If dY is an ultrametric on Y , then one can check that the supremum metric
is an ultrametric on B(X,Y ).

3.1.2 Pointwise and uniform convergence

Let {fj}∞j=1 be a sequence of mappings from X into Y , and let f be another
mapping from X into Y . We say that {fj}∞j=1 converges to f pointwise on X if
{fj(x)}∞j=1 converges to f(x) in Y for every x ∈ X.
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We say that {fj}∞j=1 converges to f uniformly on X if for every ϵ > 0 there
is a positive integer L(ϵ) such that

dY (f(x), fj(x)) < ϵ(3.1.4)

for each x ∈ X and j ≥ L(ϵ). Note that uniform convergence implies pointwise
convergence.

If fj is bounded for each j, and {fj}∞j=1 converges to f uniformly on X, then
one can check that

f is bounded on X.(3.1.5)

More precisely, this works when (3.1.4) holds for some j and ϵ > 0.

If fj is bounded on X for each j, and (3.1.5) holds, then one can verify that
{fj}∞j=1 converges to f uniformly on X if and only if {fj}∞j=1 converges to f
with respect to the supremum metric.

3.1.3 Completeness of B(X,Y )

If Y is complete as a metric space with respect to dY , then it is well known that

B(X,Y ) is complete(3.1.6)

with respect to the supremum metric. To see this, let {fj}∞j=1 be a sequence of
bounded mappings from X into Y that is a Cauchy sequence with respect to
the supremum metric. This means that for each ϵ > 0 there is a positive integer
L(ϵ) such that

θ(fj , fl) < ϵ(3.1.7)

when j, l ≥ L(ϵ). If x ∈ X, then it follows that

dY (fj(x), fl(x)) < ϵ(3.1.8)

when j, l ≥ L(ϵ). This implies that {fj(x)}∞j=1 is a Cauchy sequence in Y with
respect to dY .

If Y is complete, then we get that {fj}∞j=1 converges pointwise to a mapping
f from X into Y . One can check that

dY (f(x), fl(x)) ≤ ϵ(3.1.9)

for every x ∈ X, ϵ > 0, and l ≥ L(ϵ). This means that {fj}∞j=1 converges to
f uniformly on X with respect to dY . It follows that f is bounded on X with
respect to dY , as before. Equivalently,

θ(f, fl) ≤ ϵ(3.1.10)

for every ϵ > 0 and l ≥ L(ϵ), so that {fj}∞j=1 converges to f with respect to the
supremum metric.
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3.2 Bounded vector-valued functions

Let k be a field with an absolute value function | · |, let W be a vector space
over k with a norm NW with respect to | · | on k, and let X be a nonempty set.
Let us say that a W -valued function f on X is bounded with respect to NW on
W if

NW (f(x))(3.2.1)

is bounded as a nonnegtive real-valued function on X. This is the same as
saying that f is bounded as a mapping from X into W , as a metric space with
respect to the metric associated to NW , as in the previous section. If f has
finite support in X, then f is automatically bounded with respect to NW on
W .

Let

ℓ∞(X,W ) = ℓ∞NW
(X,W )(3.2.2)

be the space of all W -valued functions on X that are bounded with respect to
NW . This is the same as the space B(X,W ) of all bounded mappings from X
into W as a metric space, as in the previous section again. One can check that
this is a linear subspace of the space c(X,W ) of all W -valued functions on X,
as a vector space over k. Note that the space c00(X,W ) of W -valued functions
on X with finite support is a linear subspace of ℓ∞(X,W ).

3.2.1 The supremum norm

If f ∈ ℓ∞(X,W ), then put

‖f‖∞ = ‖f‖sup = ‖f‖ℓ∞(X,W ) = ‖f‖ℓ∞
NW

(X,W ) = sup
x∈X

NW (f(x)).(3.2.3)

This is the same as in Subsection 2.13.1 when f has finite support in X.

One can check that (3.2.3) defines a norm on ℓ∞(X,W ), as a vector space
over k, with respect to | · | on k. This is known as the supremum norm on
ℓ∞(X,W ), with respect to NW on W . If NW is an ultranorm on W , then one
can verify that the supremum norm is an ultranorm on ℓ∞(X,W ). The metric
associated to the supremum norm is the same as the supremum metric, with
respect to the metric on W associated to NW , as in the previous section.

IfW is complete with respect to the metric associated to NW , then ℓ∞(X,W )
is complete with respect to the supremum metric, as before. This means that
ℓ∞(X,W ) is a Banach space with respect to the supremum norm.

3.3 Some linear mappings

Let k be a field, and let W be a vector space over k. Also let X be a nonempty
set, and let c00(X, k) and c00(X,W ) be as in Section 2.13. If a is any W -valued
function on X and f ∈ c00(X, k), then a f defines a W -valued function on X
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with finite support. Put

Ta(f) =
∑
x∈X

a(x) f(x),(3.3.1)

where the sum on the right is as in Section 2.13. This defines a linear mapping
from c00(X, k) into W , as vector spaces over k.

If y ∈ X, then let δy be the k-valued function on X such that δy(x) is equal
to 1 when y = x, and to 0 otherwise. It is easy to see that the collection of δy’s,
y ∈ X, is a basis for c00(X, k), as a vector space over k.

Observe that

Ta(δy) = a(y)(3.3.2)

for each y ∈ X. If T is any linear mapping from c00(X, k) into W , then

a(y) = aT (y) = T (δy)(3.3.3)

defines a W -valued function on X. This is the unique W -valued function on X
such that

T = Ta(3.3.4)

on c00(X, k).

3.3.1 A necessary condition for Ta to be bounded

Let | · | be an absolute value function on k, let NW be a norm on W with respect
to | · | on k, and let a be a W -valued function on X. If 0 < r ≤ ∞, then let
‖ · ‖r be as in Subsection 2.13.1, with V = k and NV = | · |. Note that

‖δy‖r = 1(3.3.5)

for every y ∈ X and r > 0.

Suppose for the moment that Ta is bounded as a linear mapping from
c00(X, k) into W , with respect to ‖ · ‖r on c00(X, k). More precisely, we should
ask that r ≥ 1 here, so that ‖ · ‖r is a norm on c00(X, k), although there are
analogous statements when r < 1. Let

‖Ta‖op,r(3.3.6)

be the operator norm of Ta with respect to ‖ · ‖r on c00(X, k) and NW on W .

If y ∈ X, then

NW (a(y)) = NW (Ta(δy)) ≤ ‖Ta‖op,r ‖δy‖r ≤ ‖Ta‖op,r.(3.3.7)

This means that a is bounded on X with respect to NW , with

‖a‖ℓ∞(X,W ) ≤ ‖Ta‖op,r.(3.3.8)
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3.3.2 Boundedness of Ta with respect to ‖ · ‖1
Suppose now that a is bounded on X with respect to NW , and let f ∈ c00(X, k)
be given. Observe that

NW (Ta(f)) ≤
∑
x∈X

NW (a(x)) |f(x)| ≤ ‖a‖ℓ∞(X,W ) ‖f‖1.(3.3.9)

This means that Ta is bounded as a linear mapping from c00(X, k) into W , with
respect to ‖ · ‖1 on c00(X, k) and NW on W , with

‖Ta‖op,1 ≤ ‖a‖ℓ∞(X,W ).(3.3.10)

It follows that
‖Ta‖op,1 = ‖a‖ℓ∞(X,W ),(3.3.11)

because of (3.3.8).

3.3.3 Boundedness of Ta when NW is an ultranorm

If NW is an ultranorm on W , then

NW (Ta(f)) ≤ max
x∈X

(NW (a(x)) |f(x)|) ≤ ‖a‖ℓ∞(X,W ) ‖f‖∞(3.3.12)

for every f ∈ c00(X, k). This implies that Ta is bounded as a linear mapping
from c00(X, k) into W , with respect to ‖ · ‖∞ on c00(X, k) and NW on W , with

‖Ta‖op,∞ ≤ ‖a‖ℓ∞(X,W ).(3.3.13)

In fact,
‖Ta‖op,∞ = ‖a‖ℓ∞(X,W ),(3.3.14)

because of (3.3.8).

3.4 Some weighted norms

Let k be a field with an absolute value function | · |, and let Z be a vector space
over k with a norm NZ with respect to | · | on k. Also let X be a nonempty set,
and let w be a positive real-valued function on X. If r is a positive real number
and f is a Z-valued function on X with finite support, then put

‖f‖r,w =
( ∑

x∈X

NZ(f(x))
r w(x)r

)1/r

.(3.4.1)

This is the same as ‖f‖r in Subsection 2.13.1 when w ≡ 1 on X.
As before, (3.4.1) satisfies the first two conditions in the definition of a norm

in Section 2.1, and it is easy to see that it satisfies the triangle inequality when
r = 1. If 1 < r < ∞, then one can check that (3.4.1) satisfies the triangle
inequality, using Minkowski’s inequality for finite sums, as in Subsection 2.2.2.
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If r ≤ 1, then one can verify that

‖f + g‖rr,w ≤ ‖f‖rr,w + ‖g‖rr,w(3.4.2)

for all f, g ∈ c00(X,Z), as in Subsections 2.2.3 and 2.13.1. This implies that

‖f − g‖rr,w(3.4.3)

defines a metric on c00(X,Z), as in the previous situations.
Remember that | · |r is an absolute value function on k when r ≤ 1, and that

NZ(·)r is a norm on Z with respect to | · |r on k, as in Subsections 1.4.1 and
2.3.4. We also have that ‖ · ‖rr,w is a norm on c00(X,Z) with respect to | · |r on
k, and that this is the analogue of (3.4.1) with r = 1 and NZ(·)r in place of NZ ,
as in Subsections 2.2.3 and 2.13.1.

3.4.1 Weighted ℓ∞ spaces

Let
ℓ∞w (X,Z) = ℓ∞w,NZ

(X,Z)(3.4.4)

be the space of Z-valued function on X such that

NZ(f(x))w(x)(3.4.5)

is bounded as a nonnegative real-valued function on X. Of course, this is the
same as in Section 3.2 when w ≡ 1 on X. One can check that ℓ∞w (X,Z) is
a linear subspace of the space c(X,Z) of all Z-valued functions on X. If f
has finite support in X, then (3.4.5) has finite support in X too, and is thus
bounded on X. This means that c00(X,Z) is a linear subspace of ℓ∞w (X,Z).

If f ∈ ℓ∞w (X,Z), then put

‖f‖∞,w = ‖f‖ℓ∞w (X,Z) = ‖f‖ℓ∞
w,NZ

(X,Z) = sup
x∈X

(NZ(f(x))w(x)),(3.4.6)

which is also the same as in Section 3.2 when w ≡ 1 on X. If f has finite support
in X, then the supremum on the right side of (3.4.6) reduces to the maximum
over any nonempty finite subset of X that contains the support of f .

One can check that (3.4.6) defines a norm on ℓ∞w (X,Z), as a vector space
over k, with respect to | · | on k. If NZ is an ultranorm on Z, then one can verify
that (3.4.6) is an ultranorm on ℓ∞w (X,Z).

3.4.2 Completeness of ℓ∞w (X,Z)

If Z is complete with respect to the metric associated to NZ , then

ℓ∞w (X,Z) is complete(3.4.7)

with respect to the metric associated to (3.4.6). This is analogous to the argu-
ment in Subsection 3.1.3.
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Let {fj}∞j=1 be a Cauchy sequence of elements of ℓ∞w (X,Z) with respect to
the metric associated to (3.4.6). This means that for each ϵ > 0 there is a
positive integer L(ϵ) such that

‖fj − fl‖∞,w < ϵ(3.4.8)

when j, l ≥ L(ϵ). If x ∈ X, then it follows that

NW (fj(x)− fl(x))w(x) < ϵ(3.4.9)

when j, l ≥ L(ϵ). This implies that {fj(x)}∞j=1 is a Cauchy sequence in W with
respect to the metric associated to NW .

If W is complete with respect to the metric assocuated to NW , then this
sequence converges to an element of W , that we shall express as f(x). One can
check that

NW (f(x)− fl(x))w(x) ≤ ϵ(3.4.10)

for every x ∈ X, ϵ > 0, and l ≥ L(ϵ). One can use this for any ϵ > 0 to get that
(3.4.5) is bounded on X, because of the analogous condition on fl for each l, by
hypothesis. We also have that

‖f − fl‖∞,w ≤ ϵ(3.4.11)

for every ϵ > 0 and l ≥ L(ϵ), so that {fl}∞l=1 converges to f with respect to the
metric associated to (3.4.6).

3.4.3 More on these weighted norms and spaces

Suppose for the moment that f is a Z-valued function on X whose support
has infinitely many elements. In this case, it is not difficult to see that there
are positive real-valued functions w on X such that (3.4.5) is not bounded.
This means that c00(X,Z) is the same as the intersection of all of the spaces
ℓ∞w (X,Z), over all positive real-valued functions w on X.

If w is any positive real-valued function on X again, and 0 < r1 ≤ r2 ≤ ∞,
then

‖f‖r2,w ≤ ‖f‖r1,w(3.4.12)

for all f ∈ c00(X,Z). This can be seen in essentially the same way as in
Subsection 2.13.2, or by reducing to the previous version using (3.4.5) as a
real-valued function on X in place of f .

Suppose that w1, w2 are posiitve real-valued functions on X such that

w1 ≤ C w2(3.4.13)

on X for some nonnegative real number C. This implies that

‖f‖r,w1
≤ C ‖f‖r,w2

(3.4.14)

for all f ∈ c00(X,Z) and r > 0. We also get that

ℓ∞w2
(X,Z) ⊆ ℓ∞w1

(X,Z),(3.4.15)
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with
‖f‖∞,w1 ≤ C ‖f‖r,w2(3.4.16)

for all f ∈ ℓ∞w2
(X,Z).

3.5 Weights and some linear mappings

Let k be a field with an absolute value function | · |, let X be a nonempty set,
and let w be a positive real-valued function on X. If f is a k-valued function
on X with finite support and 0 < r ≤ ∞, then let ‖f‖r,w be as in the previous
section. This means that k is considered as a one-dimenionsal vector space over
itself, with | · | as a norm on k. Observe that

‖δy‖r,w = w(y)(3.5.1)

for every y ∈ X and r > 0, where δy is as in Section 3.3.

3.5.1 A necessary condition for the boundedness of Ta

Let Z be a vector space over k with a norm NZ with respect to | · | on k, and let
a be a Z-valued function on X. Also let Ta be the corresponding linear mapping
from c00(X, k) into Z, as in Section 3.3.

Suppose for the moment that Ta is bounded as a linear mapping from
c00(X, k) into Z, with respect to ‖ · ‖r,w on c00(X, k). As in Subsection 3.3.1,
we should ask that r ≥ 1 here, so that ‖ · ‖r,w is a norm on c00(X, k), and there
are analogous statements when r < 1. Let

‖Ta‖op,r,w(3.5.2)

be the operator norm of Ta with respect to ‖ · ‖r,w on c00(X, k) and NZ on Z.
If y ∈ X, then

NZ(a(y)) = NZ(Ta(δy)) ≤ ‖Ta‖op,r,w ‖δy‖r,w = ‖Ta‖op,r,w w(y).(3.5.3)

This means that
a ∈ ℓ∞1/w(X,Z),(3.5.4)

in the notation of the previous section, with

‖a‖ℓ∞
1/w

(X,Z) ≤ ‖Ta‖op,r,w.(3.5.5)

3.5.2 Some sufficient conditions for the boundedness of Ta

Suppose now that (3.5.4) holds, and let f ∈ c00(X, k) be given. Note that

NZ(a(x)) ≤ ‖a‖ℓ∞
1/w

(X,Z) w(x)(3.5.6)

for every x ∈ X.
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Under these conditions, we have that

NZ(Ta(f)) ≤
∑
x∈X

NZ(a(x)) |f(x)|

≤ ‖a‖ℓ∞
1/w

(X,Z)

∑
x∈X

|f(x)|w(x) = ‖a‖ℓ∞
1/w

(X,Z) ‖f‖1,w.(3.5.7)

This implies that Ta is bounded as a linear mapping from c00(X, k) into Z with
respect to ‖ · ‖1,w on c00(X, k) and NZ on Z, with

‖Ta‖op,1,w ≤ ‖a‖ℓ∞
1/w

(X,Z).(3.5.8)

In fact,
‖Ta‖op,1,w = ‖a‖ℓ∞

1/w
(X,Z),(3.5.9)

because of (3.5.5).
If NZ is an ultranorm on Z, then

NZ(Ta(f)) ≤ max
x∈X

(NZ(a(x)) |f(x)|)

≤ ‖a‖ℓ∞
1/w

(X,Z) max
x∈X

(|f(x)|w(x)) = ‖a‖ℓ∞
1/w

(X,Z) ‖f‖∞,w(3.5.10)

for all f ∈ c00(X, k). This means that Ta is bounded as a linear mapping from
c00(X, k) into Z, with respect to ‖ · ‖∞,w on c00(X, k) and NZ on Z, with

‖Ta‖op,∞,w ≤ ‖a‖ℓ∞
1/w

(X,Z).(3.5.11)

More precisely,
‖Ta‖op,∞,w = ‖a‖ℓ∞

1/w
(X,Z),(3.5.12)

because of (3.5.5).

3.6 Bilinear mappings

Let k be a field, and let V , W , and Z be vector spaces over k. A mapping B
from V × W into Z is said to be bilinear if B(v, w) is linear as a function of
v ∈ V for each w ∈ W , and linear as a function of w ∈ W for each v ∈ V . We
may also say that B is bilinear over k in this case, to indicate the role of k.

The space of all bilinear mappings from V ×W into Z over k may be denoted
L(V,W ;Z), or Lk(V,W ;Z), to be more precise. This is a linear subspace of the
space of all Z-valued functions on V ×W , as a vector space over k with respect
to pointwise addition and scalar multiplication.

3.6.1 Bounded bilinear mappings

Let | · | be an absolute value function on k, and let NV , NW , and NZ be norms
on V , W , and Z, respectively, with respect to |·| on k. We say that B is bounded
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on V ×W with respect to these norms if there is a nonnegative real number C
such that

NZ(B(v, w)) ≤ C NV (v)NW (w)(3.6.1)

for every v ∈ V and w ∈ W .
In this case, for each w ∈ W , B(v, w) defines a bounded linear mapping

from V into Z, with operator norm less than or equal to C NW (w). Similarly,
for each v ∈ V , B(v, w) defines a bounded linear mapping from W into Z, with
operator norm less than or equal to C NV (v).

Let BL(V,W ;Z) = BLk(V,W ;Z) be the space of all bounded bilinear map-
pings from V × W into Z over k with respect to NV , NW , and NZ . One can
check that this is a linear subspace of L(V,W ;Z), as a vector space over k.

If B ∈ BL(V,W ;Z), then put

‖B‖BL(V,W ;Z) = ‖B‖BLk(V,W ;Z) = inf{C ≥ 0 : (3.6.1) holds}.(3.6.2)

One can verify that the infimum on the right is automatically attained, so that

NZ(B(v, w)) ≤ ‖B‖BL(V,W ;Z) NV (v)NW (w)(3.6.3)

for every v ∈ V and w ∈ W . One can also check that (3.6.2) defines a norm on
BL(V,W ;Z) with respect to | · | on k. If NZ is an ultranorm on Z, then this is
an ultranorm on BL(V,W ;Z).

If Z is complete with respect to the metric associated to NZ , then it is not
too difficult to show that BL(V,W ;Z) is complete with respect to the metric
associated to (3.6.2). This is analogous to the argument for spaces of bounded
linear mappings in 2.15.

3.6.2 Some related continuity properties

Remember that V × W may be considered as a vector space over k, and that
we can use NV and NW to get norm on V ×W , as in Section 2.3. Using these
norms, we get metrics on V ×W , as before. If B is bounded on V ×W , then
it is easy to see that B is continuous at (0, 0), as a mapping from V ×W into
Z, with respect to any of these metrics on V ×W .

If v, v′ ∈ V and w,w′ ∈ W , then

B(v, w)−B(v′, w′) = B(v − v′, w) +B(v′, w − w′).(3.6.4)

If B is bounded, then it follows that

NZ(B(v, w)−B(v′, w′)) ≤ NZ(B(v − v′, w)) +NZ(B(v′, w − w′))

≤ C NV (v − v′)NW (w) + C NV (v
′)NW (w − w′),(3.6.5)

where C is as in (3.6.1).
This implies that B is uniformly continous on bounded subsets of V × W ,

with respect to the metric on Z associated to NZ , and a metric on V ×W asso-
ciated to a suitable norm as before. It follows in particular that B is continuous
on V ×W .
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3.6.3 Boundedness on products of balls in V ×W

If v ∈ V and r is a positive real number, then let BV (v, r) and BV (v, r) be the
open and closed balls in V centered at v with radius r with respect to the metric
associated to NV , as in Section 1.7 and Subsection 2.14.1. Similarly, if w ∈ W
and r > 0, then let BW (w, r) and BW (w, r) be the open and closed balls in W
centered at w with radius r with respect to the metric associated to NW .

If B is bounded on V ×W , then

NZ(B(v, w)) is bounded on BV (0, rV )×BW (w, rW )(3.6.6)

for all rV , rW > 0. In particular,

NZ(B(v, w)) is bounded on BV (v, r
′
V )×BW (w, r′W )(3.6.7)

for all r′V , r
′
W > 0. If B is any mapping from V ×W into Z, then (3.6.6) implies

(3.6.7) automatically, with r′V = rV and r′v = rV . Similarly, (3.6.7) implies
(3.6.6) automatically when rV < r′V and rW < r′W . If B is continuous at (0, 0),
then it is easy to see that (3.6.7) holds for some r′V , r

′
W > 0.

Suppose for the moment that | · | is not the trivial absolute value function
on k. Suppose also for the moment that B is a bilinear mapping from V ×W
into Z that satisfies (3.6.6) for some rV , rW > 0, or equivalently (3.6.7) for some
r′V , r

′
W > 0. Under these conditions, it is not too difficult to show that B is

bounded as a bilinear mapping from V × W into Z. This is analogous to a
remark about linear mappings in Subsection 2.14.1.

3.6.4 Extending some bounded bilinear mappings

Let V0, W0 be linear subspaces of V , W , respectively, that are also dense sets
with respect to the metrics associated to the corresponding norms. Suppose that
B0 is a bounded bilinear mapping from V0 ×W0 into Z, using the restrictions
of NV , NW to V0, W0, respectively. If Z is complete with respect to the metric
associated to NZ , then there is a unique extension of B0 to a bounded bilinear
mapping from V × W into Z. More precisely, one can first use the remarks
in Subsection 1.13.2 to get a unique extension of B0 to a mapping B from
V × W into Z that is uniformly continuous on bounded sets, and continuous
in particular. One can check that this extension is bilinear and bounded as a
bilinear mapping, with the same constant as for B0 on V0 ×W0.

Alternatively, one can use the analogous statement for bounded linear map-
pings in Subsection 2.14.3, one variable at a time. That is to say, one can extend
B0 to a bounded bilinear mapping from V ×W0 into Z, by considering B0(v, w)
as a bounded linear mapping from V0 into Z for each w ∈ W0, and extending
this to a bounded linear mapping from V into Z. This may be extended to a
bounded bilinear mapping from V ×W into Z in the same way, by considering
it as a bounded linear mapping from W0 into Z for each v ∈ V .
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3.7 Some bilinear mappings

Let k be a field, let Z be a vector space over k, and let X, Y be nonempty
sets. Thus the Cartesian product X × Y of X and Y is a nonempty set as well,
consisting of all ordered pairs (x, y) with x ∈ X amd y ∈ Y . If ϕ(x, y) is a
Z-values function on X × Y with finite support, then∑

(x,y)∈X×Y

ϕ(x, y)(3.7.1)

may be defined as an element of Z as in Section 2.13.
In this case, we may consider ϕ(x, y) as a Z-valued function of x ∈ X with

finite support for each y ∈ Y , so that∑
x∈X

ϕ(x, y)(3.7.2)

may be defined as an element of Z. This is a Z-valued function of y ∈ Y with
finite support, so that ∑

y∈Y

( ∑
x∈X

ϕ(x, y)
)

(3.7.3)

may be defined as an element of Z as well. It is not too difficult to see that this
is the same as (3.7.1).

Similarly, ϕ(x, y) may be considered as a Z-valued function of y ∈ Y for
each x ∈ X, so that ∑

y∈Y

ϕ(x, y)(3.7.4)

may be defined as an element of Z. This is a Z-valued function of x ∈ X with
finite support, so that ∑

x∈X

( ∑
y∈Y

ϕ(x, y)
)

(3.7.5)

may also be defined as an element of Z. It is not too difficult to see that this is
the same as (3.7.1), as before. In particular, this is the same as (3.7.1).

3.7.1 Using Z-valued functions on X × Y

If a(x, y) is a Z-valued function on X × Y , f ∈ c00(X, k), and g ∈ c00(Y, k),
then

a(x, y) f(x) g(y)(3.7.6)

defines a Z-valued function on X × Y with finite support. Put

Ba(f, g) =
∑

(x,y)∈X×Y

a(x, y) f(x) g(y),(3.7.7)

where the sum on the right is as in Section 2.13. This defines a bilinear mapping
from c00(X, k)× c00(Y, k) into Z over k.
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Let δX,x0 , δY,y0 be the k-valued functions on X, Y that are equal to 1 at
x0 ∈ X, y0 ∈ Y , respectively, and to 0 otherwise, as in Section 3.3. Observe
that

Ba(δX,x0
, δY,y0

) = a(x0, y0)(3.7.8)

for every x0 ∈ X and y0 ∈ Y . If B is any mapping from c00(X, k) × c00(Y, k)
into Z that is bilinear over k, then

a(x0, y0) = aB(x0, y0) = B(δX,x0
, δY,y0

)(3.7.9)

defines a Z-valued function on X × Y . This is the unique Z-valued function on
X × Y such that

B = Ba(3.7.10)

on c00(X, k)× c00(Y, k).

3.7.2 Using weights on X, Y

Let | · | be an absolute value function on k, let 0 < rX , rY ≤ ∞ be given, and
let wX , wY be positive real-valued functions on X, Y , respectively. If f , g are
k-valued functions on X, Y , respectively, with finite support, then let

‖f‖c00(X,k),rX ,wX
, ‖g‖c00(Y,k),rY ,wY

(3.7.11)

be as in Section 3.4. Note that

‖δX,x0
‖c00(X,k),rX ,wX

= wX(x0), ‖δY,y0
‖c00(Y,k),rY ,wY

= wY (y0)(3.7.12)

for every x0 ∈ X and y0 ∈ Y , as in Section 3.5.
Put

wX×Y (x, y) = wX(x)wY (y)(3.7.13)

for every x ∈ X and y ∈ Y , so that wX×Y is a positive real-valued function on
X × Y .

3.7.3 A necessary condition for the boundedness of Ba

Let NZ be a norm on Z with respect to | · | on k, let a be a Z-valued fnction on
X×Y again, and let Ba be the corresponding napping from c00(X, k)×c00(Y, k)
into Z that is bilinear over k, as before. Suppose for the moment that Ba is
bounded as a bilinear mapping with respect to (3.7.11). As in Subsection 3.5.1,
we should ask that rX , rY ≥ 1 here, so that these are norms on c00(X, k) and
c00(Y, k), respectively, and there are analogous statements when rX < 1 or
rY < 1. Let

‖Ba‖BL(V,W ;Z),rX ,wX ,rY ,wY
(3.7.14)

be as in the previous section, using (3.7.11) on V = c00(X, k), W = c00(Y, k),
respectively.
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If x0 ∈ X and y0 ∈ Y , then

NZ(a(x0, y0)) = NZ(Ba(δX,x0
, δY,y0

))

≤ ‖Ba‖BL(V,W ;Z),rX ,wX ,rY ,wY
(3.7.15)

×‖δX,x0
‖c00(X,k),rX ,wX

‖δY,y0
‖c00(Y,k),rY ,wY

= ‖Ba‖BL(V,W ;Z),rX ,wX ,rY ,wY
wX×Y (x0, y0).

This implies that
a ∈ ℓ∞1/wX×Y

(X × Y, Z),(3.7.16)

in the notation of Subsection 3.4.1, with

‖a‖ℓ∞
1/wX×Y

(X×Y,Z) ≤ ‖Ba‖BL(V,W ;Z),rX ,wX ,rY ,wY
.(3.7.17)

3.7.4 Some sufficient conditions for the boundedness of Ba

Suppose that (3.7.16) holds, and let f ∈ c00(X, k), g ∈ c00(Y, k) be given. Note
that

NZ(a(x, y)) ≤ ‖a‖ℓ∞
1/wX×Y

(X×Y,Z) wX(x)wY (y)(3.7.18)

for every x ∈ X and y ∈ Y .
Using this and the remarks at the beginning of the section, we get that

NZ(Ba(f, g)) ≤
∑

(x,y)∈X×Y

NZ(a(x, y))|f(x)| |g(y)|

≤ ‖a‖ℓ∞
1/wX×Y

(X×Y,z)

∑
(x,y)∈X×Y

|f(x)|wX(x) |g(y)|wY (y)(3.7.19)

= ‖a‖ℓ∞
1/wX×Y

(X×Y,Z) ‖f‖c00(X,k),1,wX
‖g‖c00(Y,k),1,wY

.

This implies that Ba is a bounded bilinear mapping, with respect to (3.7.11) on
V = c00(Xk), W = c00(Y, k), respectively, with rX = rY = 1, and that

‖Ba‖BL(V,W ;Z),1,wX .1,wY
≤ ‖a‖ℓ∞

1/wX×Y
(X×Y,Z).(3.7.20)

More precisely,

‖Ba‖BL(V,W ;Z),1,wX ,1,wY
= ‖a‖ℓ∞

1/wX×Y
(X×Y,Z),(3.7.21)

because of (3.7.17).
If NZ is an ultranorm on Z, then

NZ(Ba(f, g)) ≤ max
(x,y)∈X×Y

(NZ(a(x, y)) |f(x)| |g(y)|)

≤ ‖a‖ℓ∞
1/wX×Y

(X×Y,Z) max
(x,y)∈X×Y

(|f(x)|wX(x) |g(y)|wY (y))(3.7.22)

= ‖a‖ℓ∞
1/wX×Y

(X×Y,Z) ‖f‖c00(X,k),∞,wX
‖g‖c00(Y,k),∞,wY

.
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This means that Ba is a bounded bilinear mapping, with respect to (3.7.11) on
V = c00(X, k), W = c00(Y, k), respectively, with rX = rY = ∞, and that

‖Ba‖BL(V,W ;Z),∞,wX ,∞,wY
≤ ‖a‖ℓ∞

1/wX×Y
(X×Y,Z).(3.7.23)

As before, we have that

‖Ba‖BL(V,W ;Z),∞,wX ,∞,wY
= ‖a‖ℓ∞

1/wX×Y
(X×Y,z),(3.7.24)

because of (3.7.17).

3.8 Algebras in the strict sense

Let k be a field, and let A be a vector space over k. If A is also equipped with
a bilinear mapping from A × A into A over k, then A is said to be an algebra
in the strict sense over k. This corresponds to an F -algebra with F = k on p4
of [86], a not necessarily associative algebra on p225 of [94], an A-algebra with
A = k on p106 of [111], and a k-algebra on p2 of [172]. We may express this
bilinear mapping as

(a, b) 7→ a b,(3.8.1)

although other notation may also be used, when appropriate.
Of course, A is said to be associative if

(a b) c = a (b c)(3.8.2)

for every a, b, c ∈ A. Similarly, A is said to be commutative if

a b = b a(3.8.3)

for every a, b ∈ A.
We say that e = eA ∈ A is the multiplicative identity element in A if

eA a = a eA = a(3.8.4)

for every a ∈ A. Note that this is unique when it exists.
If X is a nonempty set, then the space c(X, k) of all k-valued functions

on X is a commutative associative algebra over k, with respect to pointwise
multiplication of functions. The function 1X equal to the multiplicative identity
element 1 in k at every point in X is the multiplicative identity element in
c(X, k).

Let V be a vector space over k, and let L(V ) = L(V, V ) be the space of
all linear mappings from V into itself. This may also be expressed as Lk(V ),
to indicate the role of k. This is an associative algebra over k, with respect
to composition of linear mappings. The identity mapping I = IV on V is the
multiplicative identity element in L(V ).
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3.8.1 Subalgebras

Let A be an algebra over k in the strict sense, and let A0 be a linear subspace
of A. If

a b ∈ A0(3.8.5)

for every a, b ∈ A0, then A0 is said to be a subalgebra of A. Of course, this
implies that A0 is an algebra over k in the strict sense too, with respect to the re-
striction of the binary operation on A to A0. If A is associative or commutative,
then A0 has the same property.

If X is a nonempty set again, then the space c(X,A) of all A-valued func-
tions on X is an algebra over k in the strict sense, with respect to pointwise
multiplication of functions. This algebra is commutative or associative when A
is. The space of constant A-valued functions on X is a subalgebra of c(X,A).
If A has a multiplicative identity element eA, then the constant function on X
equal to eA at every point is the multiplicative identity element in c(X,A). If
A0 is a subalgebra of A, then c(X,A0) is a subalgebra of c(X,A).

3.8.2 Algebra homomorphisms

Let A, B be algebras in the strict sense over k, and let ϕ be a linear mapping
from A into B, as vector space over k. If

ϕ(a a′) = ϕ(a)ϕ(a′)(3.8.6)

for every a, a′ ∈ A, then ϕ is said to be an algebra homomorphism from A into
B. Of course, this implies that ϕ(A) is a subalgebra of B.

If A, B have multiplicative identity elements eA, eB, respectively, then one
may also wish to ask that

ϕ(eA) = eB.(3.8.7)

If A has a multiplicative identity element eA and ϕ(A) = B, then it is easy to
see that ϕ(eA) is the multiplicative identity element in B.

If ϕ is a one-to-one algebra homomorphism from A onto B, then ϕ is said to
be an algebra isomorphism, as usual. In this case, the inverse mapping ϕ−1 is
an isomorphism from B onto A.

3.8.3 Opposite algebra homomorphisms

Similarly, if
ϕ(a a′) = ϕ(a′)ϕ(a)(3.8.8)

for every a, a′ ∈ A, then ϕ is said to be an opposite algebra homomorphism
from A into B. This is the same as an algebra homomorphism when A or B is
commutative. This also implies that ϕ(A) is a subalgebra of B.

If A, B have multiplicative identity elements eA, eB, respectively, then one
may wish to ask that (3.8.7) hold too. If A has a multiplicative identity element
eA and ϕ(A) = B, then ϕ(eA) is the multiplicative identity element of B, as
before.
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If ϕ is a one-to-one oppositive algebra homomorphism from A onto B, then
ϕ is said to be an opposite algebra isomorphism. This implies that ϕ−1 is an
opposite algebra isomorphism from B onto A.

3.9 Norms on algebras

Let k be a field with an absolute value function | · |, let A be an algebra in the
strict sense over k, and let NA be a norm on A with respect to | · | on k. Let
us say that NA is quasi-submultiplicative on A if there is a nonnegative real
number C such that

NA(a a
′) ≤ C NA(a)NA(a

′)(3.9.1)

for every a, a′ ∈ A. Equivalently, this means that multiplication on A is bounded
as a bilinear mapping from A×A into A with respect to NA, as in Subsection
3.6.1. If this condition holds with C = 1, then NA is said to be submultiplicative
on A.

If A has a multiplicative identity element eA, then (3.9.1) implies that

NA(eA) = NA(eA eA) ≤ C NA(eA)
2.(3.9.2)

Note that A = {0} when eA = 0. Otherwise, if eA 6= 0, then NA(eA) > 0, and
we get that

1 ≤ C NA(eA).(3.9.3)

Sometimes one asks that

NA(eA) = 1.(3.9.4)

3.9.1 Some examples of submultiplicative norms

If X is a nonempty set, then the space ℓ∞(X, k) of bounded k-valued functions
on X is a subalgebra of the space c(X, k) of all k-valued functions on X. More
precisely, if f, g ∈ ℓ∞(X, k), then one can check that

‖f g‖∞ ≤ ‖f‖∞ ‖g‖∞.(3.9.5)

We also have that ‖1X‖∞ = 1.

Let V be a vector space over k with a norm NV with respect to | · | on k.
The space BL(V ) = BL(V, V ) of all bounded linear mappings from V into itself
with respect to NV is a subalgebra of the algebra L(V ) of all linear mappings
from V into itself. This subalgebra may also be denoted BLk(V ), to indicate
the role of k, as usual. The corresponding operator norm ‖ · ‖op = ‖ · ‖op,V V

is submultiplicative on BL(V ), as in Subsection 2.14.2. Note that the identity
mapping IV on V is automatically bounded, with ‖IV ‖op = 1 when V 6= {0}.
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3.9.2 Completions of algebras with norms

Let A be an algebra over k in the strict sense, with a quasi-submultiplicative
norm NA again. If A is not already complete with respect to the metric asso-
ciated to NA, then one can get a completion of A as a vector space over k with
a norm as in Subsection 2.4.4.

One can extend multiplication on A to the completion as in Subsection 3.6.4.
This extension is also quasi-submultiplicative, with the same constant as on A.

If A is commutative or associative, then the completion of A has the same
property. If A has a multiplicative identity element eA, then eA corresponds to
the multiplicative identity element in the completion.

More precisely, a completion of A may be defined as an isometric algebra
isomorphism onto a dense subalgebra of an algebra over k in the strict sense
with a quasi-sumbmultiplicative norm, and where this algebra is complete with
respect to the metric associated to the norm. This is unique up to a suitable
isometric isomorphic equivalence, as usual.

3.10 Norms on associative algebras

Let k be a field with an absolute value function | · | again, and let A be an
associative algebra over k with a quasi-submiltiplicative norm NA with respect
to | · | on k.

If NA is submultiplicative on A, and A is complete with respect to the metric
associated to NA, then A is said to be a Banach algebra over k with respect to
NA. Sometimes one may also ask that A have a multiplicative identity element
eA with NA(eA) = 1.

3.10.1 A criterion for invertibility

Suppose that A has a multiplicative identity element eA, and let a ∈ A be given.
Let n be a nonnegative integer, and note that

(eA − a)

n∑
j=0

aj =
( n∑

j=0

aj
)
(eA − a) = eA − an+1,(3.10.1)

by a standard argument, where a0 is interpreted as being equal to eA, as usual.
If eA − a has a multiplicative inverse in A, then

n∑
j=0

aj = (eA − a)−1 (eA − an+1) = (eA − an+1) (eA − a)−1.(3.10.2)

It is easy to see that

NA(a
l) ≤ Cl−1 NA(a)

l(3.10.3)

for every positive integer l, where C is as in (3.9.1). If

C NA(a) < 1,(3.10.4)



3.11. MORE ON THE ARCHIMEDEAN PROPERTY 69

then it follows that

lim
l→∞

NA(a
l) = 0.(3.10.5)

If eA − a is invertible in A, then (3.10.2) implies that

∞∑
j=0

aj(3.10.6)

converges in A, with
∞∑
j=0

aj = (eA − a)−1.(3.10.7)

More precisely, (3.10.4) implies that (3.10.6) converges absolutely with re-
spect to NA, because of (3.10.3). If A is complete with respect to the metric
associated to NA, then it follows that (3.10.6) converges in A, as in Subsection
2.10.2. In this case, one can use (3.10.1) to get that eA − a has a multiplicative
inverse in A, as in (3.10.7).

3.11 More on the archimedean property

Let k be a field with an absolute value function | · |, and suppose that | · | is
archimedean on k, as in Section 1.5. Note that this implies that k has charac-
teristic 0. This means that there is an embedding of Q into k, as usual. This
leads to an absolute value function on Q, corresponding to | · | on k.

It is easy to see that this absolute value function on Q is archimedean too.
This implies that this absolute value function on Q is equivalent to the standard
absolute value function on Q, as in Section 1.11.

3.11.1 Getting the standard absolute value on Q

If a is any positive real number, then |·|a is a quasimetric absolute value function
on k, as in Subsection 1.4.1. We can choose a so that | · |a corresponds exactly
to the standard absolute value function on Q with respect to the standard
embedding of Q into k, as in the preceding paragraph. This implies that | · |a
is an absolute value function on k, as in Subsection 1.6.1. This shows that | · |
is equivalent to an absolute value function on k such that the corresponding
absolute value function on Q is the standard absolute value function.

Suppose now that the absolute value function on Q induced by | · | on k is
the standard absolute value function on Q. Suppose also that k is complete
with respect to the metric associated to | · | on k. Under these conditions, the
standard embedding from Q into k has a unique extension to an embedding from
R into k such that | · | on k corresponds to the standard absolute value function
on R with respect to this embedding, as in Subsection 1.15. This corresponds
to some remarks after the statement of Theorem 1.1 on p33 of [33], and at the
beginning of the proof of Theorem 16 on p260 of [95].
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Another famous theorem of Ostrowski states that either this embedding of
R into k is surjective, or otherwise k is isomorphic to C, in such a way that |·| on
k corresponds to the standard absolute value function on C. This corresponds
to Theorem 1.1 on p33 of [33], and Theorem 16 on p260 of [95]. This also
corresponds to the corollary on p291 of [111], where one starts with a field with
an absolute value function that contains R, and where the restriction of the
absolute value function on the larger field to R is the standard absolute value
function on R. Note that the fact that an archimedean absolute value function
on Q is equivalent to the standard absolute value function on Q is mentioned
on p285 of [111].

3.11.2 Some remarks about complex numbers

Observe that the standard absolute value function on C is the only absolute
value function on C that agrees with the standard absolute value function on
R, as in Subsection 2.7.1. This corresponds to Lemma 2.1 on p34 of [33], and
to a remark near the top of p261 of [95].

If k is as before and k contains an element whose square is −1, then the
previous embedding of R into k may be extended to an embedding of C into k.
The remark in the preceding paragraph implies that the absolute value function
on k corresponds to the standard absolute value function on C with respect to
this embedding.

In this case, Ostrowski’s theorem is related to a well-known result about
complex Banach algebras, and this will be discussed further in the next section.

3.12 Algebras over the complex numbers

Let A be an associative algebra over the complex numbers with a nonzero mul-
tiplicative identity element eA, and let NA be a submultiplicative norm on A
with respect to the standard absolute value function on C. If a ∈ A, then it
is well known that there is a λ ∈ C such that λ eA − a is not invertible in A.
This is normally stated for complex Banach algebras, and one can reduce to
that case using a completion of A.

Otherwise, if λ eA − a is invertible in A for every λ ∈ C, then one can show
that

(λ eA − a)−1(3.12.1)

is holomorphic as an A-valued function of λ on the complex plane. In particular,
if µ is a bounded linear functional on A, then

µ((λ e− x)−1)(3.12.2)

is a holomorphic complex-valued function of λ ∈ C. One can also show that
these functions then to 0 as |λ| → ∞. This implies that

µ((λ eA − a)−1) = 0(3.12.3)
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for every λ ∈ C, by standard results in complex analysis.

It is well known that the bounded linear functionals on A separate points,
because of the Hahn–Banach theorem. Thus (3.12.3) implies that (3.12.1) is
equal to 0 for every λ ∈ C. However, (3.12.1) is nonzero for every λ, because
eA 6= 0, by hypothesis.

If every nonzero element of A is invertible, then it follows that every element
of A is of the form λ eA for some λ ∈ C. This is a famous theorem of Gelfand
and Mazur. This is also normally stated for complex Banach algebras, although
completeness does not seem to be needed here.

This implies Ostrowski’s theorem in the case where the field contains an
element whose square is −1, as in the previous section. This is related to some
remarks beginning on p39 of [33]. See also [98, 175, 195].

See also Lemma 3.1 on p38 of [33] and the proof of Theorem 16 on p260 of
[95] for Ostrowski’s theorem in this case,

Of course, A may be considered as an associative algebra over the real num-
bers as well. Suppose now that NA is a norm on A as a vector space over the
real numbers, and that NA is submultiplicative on A. If A is commutative, then
Theorem 1 on p289 of [111] states that for every a ∈ A there is a λ ∈ C such
that λ eA−a is not invertible in A, as before. The proof, due to Tornheim, does
not use complex analysis.

3.13 The case where there is no square root of
−1 in k

To finish the proof of Ostrowski’s theorem from Section 3.11, one should consider
the case where there is no element of k whose square is equal to −1. One would
like to show that the natural embedding from R into k discussed previously is
surjective under these conditions.

To do this, one can adjoin a square root of −1 to k, and try to show that this
larger field is equivalent to C. In the proof of the corollary on p290 of [111], a
submultiplicative norm is defined on the extension, considered as a commutative
algebra over the real numbers. Theorem 1 on p289 of [111] can be used to get
that the extension is equivalent to C, so that k is equivalent to R.

Alternatively, Lemma 2 on p259 of [95] states that the absolute value func-
tion on k can be extended to an absolute value function on the extension of k
mentioned earlier.

Lemma 2.3 on p37 of [33] says that the absolute value function on k can
be extended to a quasimetric absolute value function on the extension of k
mentioned before, which works here too.
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3.14 Left and right multiplication operators

Let k be a field, and let A be an algebra in the strict sense over k. If a, x ∈ A,
then put

La(x) = a x, Ra(x) = x a.(3.14.1)

These define La, Ra as linear mappings from A into itself, as a vector space over
k. These are the left and right multiplication operators associated to a ∈ A,
respectively. Note that

a 7→ La(3.14.2)

and

a 7→ Ra(3.14.3)

are linear mappings from A into the space L(A) of linear mappings from A into
itself, as a vector space over k.

If A has a multipiicative identity element eA, then

LeA = ReA = IA,(3.14.4)

the identity mapping on A. We also have that

La(eA) = Ra(eA) = a(3.14.5)

for every a ∈ A. This implies that (3.14.2) and (3.14.3) are injective.

3.14.1 When A is associative

Suppose for the moment that A is an associative algebra over k. If a, a′, x ∈ A,
then

La(La′(x)) = a (a′ x) = (a a′)x = La a′(x)(3.14.6)

and

Ra′(Ra(x)) = (x a) a′ = x (a a′) = Ra a′(x).(3.14.7)

Equivalently, this means that

La ◦ La′ = La a′(3.14.8)

and

Ra′ ◦Ra = Ra a′ .(3.14.9)

It follows that (3.14.2) is an algebra homomorphism from A into L(A), and that
(3.14.3) is an opposite algebra homomorphism.
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3.14.2 Using a norm on A
Let | · | be an absolute value function on k, and let NA be a norm on A with
respect to | · | on k. Suppose that NA is quasi-submultiplicative on A, with
constant C, as in Section 3.9. This means that

NA(La(x)), NA(Ra(x)) ≤ C NA(a)NA(x)(3.14.10)

for every a, x ∈ A. It follows that La, Ra are bounded linear mappings from A
into itself with respect to NA, with

‖La‖op, ‖Ra‖op ≤ C NA(a)(3.14.11)

for every a ∈ A. This implies that (3.14.2) and (3.14.3) are bounded linear
mappings from A into BL(A), with operator norms less than or equal to C.

If A has a multiplicative identity element eA again, then

NA(a) ≤ ‖La‖op NA(eA), ‖Ra‖op NA(eA)(3.14.12)

for every a ∈ A, because of (3.14.5). In particular, if C = 1 and NA(eA) = 1,
then we get that (3.14.2) and (3.14.3) are isometric linear mappings from A into
BL(A).

3.15 Cauchy products

Let k be a field, and let A be an algebra over k in the strict sense. Also let∑∞
j=0 aj and

∑∞
l=0 bl be infinite series with terms in A, and put

cn =

n∑
j=0

aj bn−j(3.15.1)

for each nonnegative integer n. The corresponding series
∑∞

n=0 cn is called the
Cauchy product of the series

∑∞
j=0 aj and

∑∞
l=0 bl.

Similarly, let V , W , and Z be vector spaces over k, and let B be a bilinear
mapping from V ×W into Z. Also let

∑∞
j=0 vj and

∑∞
l=0 wl be infinite series

of elements of V and W , respectively, and put

zn =

n∑
j=0

B(vj , wn−j)(3.15.2)

for each nonnegative integer n. The series
∑∞

n=0 zn may be described as the
Cauchy product of

∑∞
j=0 vj and

∑∞
l=0 wl with respect to B. Of course, this

includes the previous version, with V = W = Z = A, and B equal to the
appropriate bilinear mapping associated to A.

If vj = 0 for all but finitely many j, and wl = 0 for all but finitely many l,
then one can check that zn = 0 for all but finitely many n, and that

∞∑
n=0

zn = B
( ∞∑

j=0

vj ,

∞∑
l=0

wl

)
.(3.15.3)
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3.15.1 Sums of nonnegative real numbers

Suppose for the moment that
∑∞

j=0 aj and
∑∞

l=0 bl are series of nonnegative
real numbers. and let cn be as in (3.15.1) for each n ≥ 0. If N is a nonnegative
integer, then it is easy to see that

N∑
n=0

cn ≤
( N∑

j=0

aj

)( N∑
l=0

bl

)
≤

2N∑
n=0

cn.(3.15.4)

If
∑∞

j=0 aj and
∑∞

l=0 bl converge in R, then it follows that
∑∞

n=0 cn converges
too, with

∞∑
n=0

cn =
( ∞∑

j=0

aj

)( ∞∑
l=0

bl

)
.(3.15.5)

Conversely, if
∑∞

n=0 cn converges, aj > 0 for some j, and bl > 0 for some l,
then

∑∞
j=0 aj and

∑∞
l=0 bl converge.

3.15.2 When B is bounded

Let | · | be an absolute value function on k, and let NV , NW , and NZ be norms
on V , W , and Z, respectively, with respect to | · | on k. Suppose that B is
bounded with respect to these norms, with constant C ≥ 0, as in Subsection
3.6.1. If zn is as in (3.15.2), then

NZ(zn) ≤
n∑

j=0

NZ(B(vj , wn−j)) ≤ C

n∑
j=0

NV (vj)NW (wn−j)(3.15.6)

for each n ≥ 0.
The sum on the right side of (3.15.6) is the nth term of the Cauchy product

of the series
∑∞

j=0 NV (vj) and
∑∞

l=0 NW (wl). If these series converge, then it

follows that
∑∞

n=0 NZ(zn) converges, with

∞∑
n=0

NZ(zn) ≤ C

∞∑
n=0

( n∑
j=0

NV (vj)NW (wn−j)
)

(3.15.7)

= C
( ∞∑

j=0

NV (vj)
)( ∞∑

l=0

NW (wl)
)
,

as before.

3.15.3 Approximating
∑n

n=0 zn

If N is a nonnegative integer, then

B
( N∑

j=0

vj ,

N∑
l=0

wl

)
−

N∑
n=0

zn =
∑
j,l≤N
j+l>N

B(vj , wl),(3.15.8)
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where more precisely the sum on the right is taken over all nonnegative integers
j, l satisfying the indicated conditions. This implies that

NZ

(
B
( N∑

j=0

vj ,

N∑
l=0

wl

)
−

N∑
n=0

zn

)
≤ C

∑
j,l≤N
j+l>N

NV (vj)NW (wl).(3.15.9)

Observe that∑
j,l≤N
j+l>N

NV (vj)NW (wl) ≤
( N∑

j=[N/2]+1

NV (vj)
)( N∑

l=0

NW (wl)
)

+
( N∑

j=0

NV (vj)
)( N∑

l=[N/2]+1

NW (wl)
)
,(3.15.10)

where [N/2] is the integer part of N/2. It is easy to see that the right side tends
to 0 as N → ∞ when

∑∞
j=0 NV (vj) and

∑∞
l=0 NW (wl) converge. This implies

that the left side of (3.15.9) tends to 0 as N → ∞ under these conditions.
Suppose that

∑∞
j=0 vj and

∑∞
l=0 wl also converge in V , W , respectively,

which holds automatically when V and W are Banach spaces, as in Subsection
2.10.2. In this case, we get that

∑∞
n=0 zn converges in Z, with sum as in (3.15.3).

3.15.4 Using ultranorms

If NZ is an ultranorm on Z, then

NZ(zn) ≤ max
0≤j≤n

NZ(B(vj , wn−j)) ≤ C max
0≤j≤n

(NV (vj)NW (wn−j))(3.15.11)

for each n ≥ 0. One can use this to get that

NZ(zn) → 0 as n → ∞(3.15.12)

when
NV (vj) → 0 as j → ∞ and NW (wl) → 0 as l → ∞.(3.15.13)

We also have that

NZ

(
B
( N∑

j=0

vj ,

N∑
l=0

wl

)
−

N∑
n=0

zn

)
(3.15.14)

≤ C max{NV (vj)NW (wl) : j, l ≤ N, j + l > N}

for every nonnegative integer N in this case. One can verify that the right side
tends to 0 as N → ∞ when (3.15.13) holds.

If
∑∞

j=0 vj and
∑∞

l=0 wl converge in V and W , respectively, then it follows

that
∑∞

n=0 zn converges in Z, and that (3.15.3) holds. Remember that the
convergence of

∑∞
j=0 vj and

∑∞
l=0 wl imply (3.15.13), as in Subsection 2.10.1. If

NV , NW are ultranorms, and V , W are Banach spaces, then (3.15.13) implies
the convergence of

∑∞
j=0 vj and

∑∞
l=0 wl, as in Subsection 2.10.3.



Chapter 4

Formal series and other
matters

4.1 Formal polynomials and power series

Let k be a field, let V be a vector space over k, and let T be an indeterminate.
We shall normally try to use upper-case letters for indeterminates, and lower-
case letters for elements of fields, vector spaces, algebras, etc., as in [33, 70]. A
formal power series in T with coefficients in V may be expressed as

f(T ) =

∞∑
j=0

fj T
j ,(4.1.1)

where fj ∈ V for each j.

The space of all of these formal power series may be denoted V [[T ]], which
may be defined more precisely as the space c(Z+ ∪{0}, V ) of all V -valued func-
tions on the set Z+ ∪ {0} of nonnegative integers, as in Section 2.13. This is
a vector space over k with respect to termwise addition and scalar multipli-
cation, which corresponds to pointwise addition and scalar multiplication on
c(Z+ ∪ {0}, V ).

If f(T ) ∈ V [[T ]] is as in (4.1.1) and r is a nonnegative integer, then

f(T )T r =

∞∑
j=0

fj T
j+r =

∞∑
j=r

fj−r T
j(4.1.2)

is another element of V [[T ]]. This defines an injective linear mapping from
V [[T ]] into itself.
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4.1.1 Formal polynomials in T

A formal polynomial in T with coefficients in V may be expressed as

f(T ) =

n∑
j=0

fj T
j ,(4.1.3)

where n is a nonnegative integer and fj ∈ V for each j = 0, 1, . . . , n. This may
be considered as a formal power series in T as well, with fj = 0 for j > n.

The space V [T ] of all formal polynomials in T with coefficients in V may be
considered as a linear subspace of V [[T ]]. This may be defined more precisely
as the space c00(Z+ ∪ {0}, V ) of all V -valued functions on Z+ ∪ {0} with finite
support, as in Subsection 2.13 again.

Note that (4.1.2) is an element of V [T ] for every r ≥ 0 when f(T ) ∈ V [T ].
We can identify v ∈ V with the formal polynomial in T such that the coeffi-

cient of T 0 is equal to v, and the coefficient of T j is equal to 0 when j ≥ 1. Of
course, V corresponds to a linear subspace of V [T ] in this way.

4.1.2 Coefficients in an algebra

Let A be an algebra in the strict sense over k, as in Section 3.8. Thus A is
a vector space over k in particular, so that A[[T ]] may be defined initially as
a vector space over k as before. We can define multiplication on A[[T ]] using
Cauchy products, as in Section 3.15, as follows.

Let f(T ), g(T ) ∈ A[[T ]] be given, with f(T ) as in (4.1.1), and similarly
g(T ) =

∑∞
l=0 gl T

l. Put

hn =

n∑
j=0

fj gn−j(4.1.4)

for each nonnegative integer n, so that hn is defined as an element of A. Equiv-
alently,

hn =
∑
j,l≥0
j+l=n

fj gl,(4.1.5)

where more precisely the sum is taken over all pairs of nonnegative integers j,
l with j + l = n.

Thus

h(T ) =

∞∑
n=0

hn T
n(4.1.6)

is an element of A[[T ]], and we put

f(T ) g(T ) = h(T ).(4.1.7)

It is easy to see that A[[T ]] is an algebra over k in the strict sense with respect
to this definition of multiplication of formal power series. We also have that
A[T ] is a subalgebra of A[[T ]], and that A corresponds to a subalgebra of A[T ],
using the identification mentioned in the previous subsection.
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4.1.3 More on A[[T ]]

If A has a multiplicative identity element eA, then the corresponding formal
polynomial is the multiplicative identity element in A[[T ]].

One can check that
f(T ) 7→ f0(4.1.8)

defines an algebra homomorphism from A[[T ]] onto A.
If f(T ), g(T ) ∈ A[[T ]] are as before and r1, r2 are nonnegative integers, then

one can verify that

(f(T )T r1) (g(T )T r2) = (f(T ) g(T ))T r1+r2 .(4.1.9)

If A is commutative or associative, then one can check that A[[T ]] has the
same property.

4.2 Invertibility in A[[T ]]

Let k be a field, let A be an associative algebra over k with a nonzero multi-
plicative identity element eA, and let T be an indeterminate again. Also let
a(T ) ∈ A[[T ]] be given, and consider

n∑
j=0

(a(T )T )j =

n∑
j=0

a(T )j T j(4.2.1)

for each nonnegative integer n. Here

(a(T )T )j = a(T )j T j(4.2.2)

is interpreted as being equal to eA when j = 0.
If l is a nonnegative integer, then the coefficient of T l in (4.2.2) is equal to

0 when j > l. This means that the coefficient of T l in (4.2.1) does not depend
on n when n ≥ l. We also have that

(eA − a(T )T )

n∑
j=0

(a(T )T )j =
( n∑

j=0

(a(T )T )j
)
(eA − a(T )T )

= eA − (a(T )T )n+1(4.2.3)

for every nonnegative integer n, as in Subsection 3.10.1.
We can define

∞∑
j=0

(a(T )T )j =

∞∑
j=0

a(T )j T j(4.2.4)

as an element of A[[T ]] by taking the coefficient of T l to be the same as in
(4.2.1) when n ≥ l, for each nonnegative integer l. It is easy to see that

(eA − a(T )T )

∞∑
j=0

(a(T )T )j =
( ∞∑

j=0

(a(T )T )j
)
(eA − a(T )T ) = eA,(4.2.5)
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using (4.2.3). This shows that eA − a(T )T is invertible in A[[T ]], with inverse
as in (4.2.4).

4.2.1 More on invertibility in A[[T ]]

If f(T ) ∈ A[[T ]] is as in (4.1.1), and f0 is invertible in A, then f(T ) may be
expressed as

f(T ) = f0 (eA − a(T )T )(4.2.6)

for some a(T ) ∈ A[[T ]]. It follows that f(T ) is invertible in A[[T ]], with

f(T )−1 = (eA − a(T )T )−1 f−1
0 .(4.2.7)

Conversely, if f(T ) is invertible in A[[T ]], then it is easy to see that f0 is invert-
ible in A, using the homomorphism (4.1.8).

In particular, we can take A = k here. Thus f(T ) ∈ k[[T ]] is invertible in
k[[T ]] if and only if f0 6= 0.

4.3 Some more formal series

Let k be a field, let V be a vector space over k, and let T be an indeterminate.
Consider the space V ((T )) of formal series of the form

f(T ) =

∞∑
j=j0

fj T
j ,(4.3.1)

where j0 ∈ Z and fj ∈ V for each j ≥ j0. More precisely, V ((T )) may be
defined as the space of all V -valued functions on Z that are equal to 0 for all
but finitely many negative integers. If f(T ) ∈ V ((T )) is as in (4.3.1), then we
put fj = 0 when j < j0, so that fj is defined as an element of V for all integers
j. We may also express f(T ) as

f(T ) =
∑

j>>−∞
fj T

j ,(4.3.2)

as in [33], to indicate that fj = 0 for all but finitely many negative integers j.
We may consider V ((T )) as a vector space over k with respect to termwise

addition and scalar multiplication, which corresponds to pointwise addition and
scalar multiplication of the associated V -valued functions on Z. We may also
identify V [[T ]] with the linear subspace of V ((T )) consisting of formal series
f(T ) with fj = 0 for all j < 0.

If f(T ) ∈ V ((T )) and r is any integer, then

f(T ) T r =
∑

j>>−∞
fj T

j+r =
∑

j>>−∞
fj−r T

j(4.3.3)

defines an element of V ((T )) as well. Note that this agrees with the analogous
definition on V [[T ]] in Section 4.1 when r ≥ 0. This defines a one-to-one linear
mapping from V ((T )) onto itself for each r ∈ Z.



Chapter 5

5.1 More on ultrametric absolute value func-
tions

Let k be a field with an ultrametric absolute value function | · |. If x ∈ k and r
is a positive real number, then let B(x, r) = Bk(x, r) and B(x, r) = Bk(x, r) be
the corresponding open and closed balls in k centered at x with radius r with
respect to the ultrametric associated to | · |. Observe that

Bk(0, r) and Bk(0, r) are subgroups of k,(5.1.1)

as a commutative group with respect to addition,

for each r > 0.
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Chapter 6

More on formal polynomials
and power series

6.1 Formal polynomials

If n is a positive integer, then a multi-index of length n is an n-tuple α =
(α1, . . . , αn) of nonnegative integers. In this case, we may put

|α| =
n∑

j=1

αj .(6.1.1)

Let A be a ring, and let T1, . . . , Tn be n distinct commuting indeterminates,
which are also considered to commute with the elements of A. If α is a multi-
index, then

Tα = Tα1
1 · · ·Tαn

n(6.1.2)

is the corresponding formal monomial in T1, . . . , Tn. If β is another multi-index,
then we put

Tα T β = Tα+β .(6.1.3)
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Chapter 7

7.1 Some remarks about field extensions

Let k be a field, and let k1 be a field that contains k1 as a subfield.
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[70] F. Gouvêa, p-Adic Numbers: An Introduction, 2nd edition, Springer-
Verlag, 1997. A third edition was published in 2020.

[71] J. Greene, Principal ideal domains are almost Euclidean, American Math-
ematical Monthly 104 (1997), 154–156.

[72] J. Greene and W. Jing, The factor ring structure of quadratic principal
ideal domains, American Mathematical Monthly 131 (2024), 20–29.

[73] G. Greiter, Nonunique factorization in subsemigroups of semigroups with
unique prime factorization, American Mathematical Monthly 87 (1980),
473–474.

[74] L. Halbeisen and N. Hungerbühler, A worked out Galois group for the
classroom, American Mathematical Monthly 131 (2024), 501–510.

[75] K. Hammer, K. McGown, and S. Moses, Euclidean rings of S-integers
in complex quadratic fields, American Mathematical Monthly 131 (2024),
279–293.

[76] B. Harrison, On the reducibility of cyclotomic polynomials over finite
fields, American Mathematical Monthly 114 (2007), 813–818.

[77] J. Heinonen, Lectures on Analysis on Metric Spaces, Springer-Verlag,
2001.



88 BIBLIOGRAPHY

[78] I. Herstein, Wedderburn’s theorem and a theory of Jacobson, American
Mathematical Monthly 68 (1961), 249–251.

[79] I. Herstein, Topics in Algebra, 2nd edition, Xerox College Publishing,
1975.

[80] I. Herstein, A remark on finite fields, American Mathematical Monthly
94 (1987), 290–291.

[81] E. Hewitt and K. Ross, Abstract Harmonic Analsysis, Volume I, 2nd edi-
tion, Springer-Verlag, 1979.

[82] E. Hewitt and K. Ross, Abstract Harmonic Analysis, Volume II, Springer-
Verlag, 1970.

[83] J. Holly, Pictures of ultrametric spaces, the p-adic numbers, and valued
fields, American Mathematical Monthly 108 (2001), 721–728.

[84] E. Houston, A linear algebra approach to cyclic extensions in Galois the-
ory, American Mathematical Monthly 100 (1993), 64–66.

[85] J. Hubbard and B. Lundell, A first look at differential algebra, American
Mathematical Monthly 118 (2011), 245–261.

[86] J. Humphreys, Introduction to Lie Algebras and Representation Theory,
Springer-Verlag, 1972.

[87] T. Hungerford, A counterexample in Galois theory, American Mathemat-
ical Monthly 97 (1990), 54–57.

[88] W. Hurewicz and H. Wallman, Dimension Theory, revised edition, Prince-
ton University Press, 1969.

[89] A. Hyde, P. Lee, and B. Spearman, Polynomials (x3−n) (x2+3) solvable
modulo any integer, American Mathematical Monthly 121 (2014), 355–
358.

[90] I. Isaacs, Roots of polynomials in algebraic extensions of fields, American
Mathematical Monthly 87 (1980), 543–544.

[91] I. Isaacs, Solution of polynmials by real radicals, American Mathematical
Monthly 92 (1985), 571–575.

[92] B. Jacobson, Classroom notes: Factorizations with unequal numbers of
primes, American Mathematical Monthly 73 (1966), 1110.

[93] N. Jacobson, Lectures in Abstract Algebra, Volume I, Basic Concepts, Van
Nostrand, 1951; Springer-Verlag, 1975.

[94] N. Jacobson, Lectures in Abstract Algebra, Volume II, Linear Algebra, Van
Nostrand, 1953; Springer-Verlag, 1975.



BIBLIOGRAPHY 89

[95] N. Jacobson, Lectures in Abstract Algebra, Volume III, Theory of Fields
and Galois Theory, Van Nostrand, 1964; 2nd corrected printing, Pringer-
Verlag, 1975.

[96] N. Jacobson, Lie Algebras, Dover, 1979.

[97] L. Jones, When does F (αd) = F (α)?, American Mathematical Monthly
129 (2022), 82–85.

[98] S. Kametani, An elementary proof of the fundamental theorem of normed
fields, Journal of the Mathematical Society of Japan 4 (1952), 96–99.

[99] M. Kang, Cubic fielda and radical extensions, American Mathematical
Monthly 107 (2000), 254–256.

[100] I. Kaplansky, Set Theory and Metric Spaces, AMS Chelsea, 1977.

[101] L.-C. Kappe and B. Warren, An elementary test for the Galois group of a
quartic polynomial, American Mathematical Monthly 96 (1989), 133–137.

[102] J. Kelley, General Topology, Springer-Verlag, 1975.

[103] H. Kleiman, The determination of a Galois polynomial from its root poly-
nomials, American Mathematical Monthly 75 (1968), 54–55.

[104] I. Kleiner, The evolution of group theory: a brief survey, Mathematics
Magazine 59 (1986), 195–215.

[105] I. Kleiner, The roots of commutative algebra in algebraic number theory,
Mathematics Magazine 68 (1995), 3–15.

[106] I. Kleiner, The genesis of the abstract ring concept, American Mathemat-
ical Monthly 103 (1996), 417–424.

[107] I. Kleiner, Field theory: from equations to axiomatization, I, American
Mathematical Monthly 106 (1999), 677–684.

[108] I. Kleiner, Field theory: from equations to axiomatization, II, American
Mathematical Monthly 106 (1999), 859–863.

[109] S. Krantz and H. Parks, A Primer of Real Analytic Functions, 2nd edition,
Birkhüaser, 2002.

[110] S. Krantz and H. Parks, The Implicit FunctionTheorem: History, Theory,
and Applications, Birkhüaser, 2013.
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