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Preface

The usual absolute values of real and complex numbers may be considered as
examples of a broader notion of an absolute value function on a field. In fact,
one can start with the standard absolute value function on the rationals, and
the real line R may be considered as a completion of the field Q of rational
numbers with respect to the metric associated to the standard absolute value
function.

Similarly, if p is a prime number, then the p-adic absolute value |z|, of a
rational number x may be defined in a standard way. The field Q, of p-adic
numbers may be obtained by completing Q with respect to the corresponding
p-adic metric |z — ylp.

The p-adic absolute value satisfies a stronger version of the triangle inequal-
ity, to wit,

(0.0.1) @+ ylp < max([al,, ],).

This means that the p-adic metric is an ultrametric. Metrics and ultrametrics
are discussed in Section 1.1, and absolute value functions on arbitrary fields are
discussed in Section 1.2.

Some basic references concerning absolute value functions on fields and p-
adic numbers in particular include [33, 70], Chapter V of [95], and Chapter XII
of [111].

ii



Contents

1 Metrics and absolute value functions 1
1.1 Metrics, ultrametrics, and quasimetrics . . . . . . . . .. ... .. 1
1.1.1  Ultrametrics . . . . . . . .. ... 1

1.1.2 Quasimetrics . . . . . . . . . ... 2

1.1.3 Positive powers of quasimetrics . . . . . . .. ... .. .. 2

1.2 Absolute value functions . . . . . . .. ... ... ... ... .. 2
1.2.1  Ultrametric absolute value functions . . . . . . ... . .. 3

1.2.2  The p-adic absolute value . . . . ... ... ... . .... 3

1.3 Quasimetric absolute value functions . . . . . .. ... ... ... 3
1.3.1 Defining quasimetric absolute value functions . . . . . . . 4

1.3.2 Associated quasimetrics . . . . ... ... ... ... ... 4

1.4 Some helpful inequalities . . . . . . .. . ... ... L. 5
1.4.1 More on positive powers . . . . . . .. ... L. 5

1.4.2 Some estimates for finite sums . . . . . ... ... ... 6

1.5 The archimedean property . . . . . . ... .. ... ... .... 6
1.5.1 Starting with the non-archimedean property . . . . . . .. 7

1.6 More on the triangle inequality . . . . . .. ... ... ... ... 8
1.6.1 Some corollaries . . . . ... ... ... L. 9

1.7 Openandclosed balls . . . ... ... ... ... .. ....... 10
1.71 Using d(-,)% a>0 . .. ... ... ... . ..., 10

1.7.2  Some remarks about ultrametrics . . . . . .. ... ... 11

1.8 Equivalent absolute value functions . . . . . . ... ... ... .. 11
1.8.1 Topological equivalence . . . . . ... ... .. ... ... 12

1.8.2 The same open unit balls . . . . . .. ... .. ... ... 12
1.8.3 Comparing relative sizes of |- |y and |- |2. . . . . . . . .. 12

1.9 Nontrivial absolute value functions . . . . . ... ... ... ... 13
1.9.1 Some other helpful properties . . . . . .. ... ... ... 13

1.9.2  When |- |; is the trivial absolute value function . . . . . . 13
1.9.3 When |- |y isnontrivial . . . .. ... L 13

1.10 Getting equivalence of absolute values . . . . .. ... ... ... 14
1.10.1 Showing that |x|o <|z|§ . . . . . ... ... .. 15
1.10.2 Showing that |z, < |z[3/* . . . ... ... ... ... ... 15

1.11 Absolute value functionson Q . . . . . . . . ... ... ... .. 16

1.11.1 The archimedean case . . . . . . . . . . . . . ... .... 17

il



iv

2

CONTENTS

1.12 The non-archimedean case . . . . . . .. ... ... ... ..... 18
1121 Backtok=Q . . . .. . .. 19

1.13 Some remarks about uniform continuity . . . ... ... ... .. 19
1.13.1 Uniform continuity and Cauchy sequences . . . . . . . .. 20
1.13.2 Extensions of uniformly continuous mappings . . . . . . . 20
1.13.3 Isometric embeddings and completions . . . . . . . .. .. 21

1.14 Continuity of field operations . . . . . . ... .. ... ... ... 22
1.14.1 Uniform continuity of field operations . . . . . ... ... 22

1.15 Completing fields with absolute values . . . . . . .. .. ... .. 23
1.15.1 Isometric embeddings and absolute values . . . . . . . .. 23
1.15.2 Extensions of isometric embeddings . . . . . ... .. .. 23
1.15.3 Completions of k with respect to |-| . . . . ... ... .. 24
1.15.4 The field of p-adic numbers . . . . . ... ... ... ... 24
Norms and ultranorms 26
2.1 Norms on vector Spaces . . . . . . . . . . e 26
2.1.1 Some examples of norms . . . . . . ... ... 27

2.2 Somenormson k™ . .. .. ... 27
2.2.1 The definition of |[vfloc « « - -« . o oo 27
2.2.2  The definition of |[v||,, 0 <r<oo . . ... ... ..... 28
2.2.3 Thecase where r <1 . . ... ... ... ... . ..... 28
2.24 Moreonthesenorms . . . . . ... ... ... ....... 28

2.3 Products of two vector spaces . . . . .. .. ... ... ... ... 29
2.3.1 SomenormsonV xW . ... ............... 29
2.3.2 Some properties of these norms . . . . . .. ... ... .. 29
2.3.3 Some remarks about scalar multiplication . . . . . . . .. 30
2.3.4 Positive powers of norms . . . .. ... ... L. 30

2.4 Completions and isometric linear mappings . . . . . . . .. ... 30
2.4.1 Using a completionof & . . . .. .. ... ... ... ... 31
2.4.2 Isometric linear mappings . . . . . . . . . . .. ... ... 31
2.4.3 Extensions of isometric linear mappings . . . . . . . . .. 31
2.4.4 Completions of vector spaces with norms . . . .. .. .. 31

2.5 Equivalent norms . . . . . ... ... L 32
2.5.1 Open balls centered at 0 . . . . . ... ... ... ..... 32
2.5.2 Dilations of open balls centered at 0 . . . . . .. ... .. 33
2.5.3 Completeness and finite dimension . . . . . . .. ... .. 33

2.6 Moreon normson k™ . .. .. ... e 34
2.6.1 When k is complete with respect to |-| . . ... ... .. 34

2.7 Corollaries about uniqueness and completeness . . . . . .. . .. 35
2.7.1 Completeness and finite extensions . . . . . . .. ... .. 36

2.8 Another uniqueness argument . . . . . . ... ... 37
2.8.1 Absolute values that are trivial on a subfield . ... . .. 38

2.9 More on completeness . . . . .. ... 38
2.9.1 A related normon k™ . . ... ... 39

2.10 Infinite series . . . . . . . . . . . .. 40

2.10.1 Cauchy sequences of partial sums . . . . . . .. ... ... 41



CONTENTS

2.10.2 Absolute convergence . . . . . . ... ...
2.10.3 When N is an ultranormon V- . . . . . ... ...
2.11 Rearrangements of infinite series . . . . . . . .. ... ... ...
2.11.1 Rearrangements and absolute convergence . . . . . . . ..
2.11.2 Comparing partial sums of the two series . . . . ... ..
2.11.3 Getting the same sum with absolute convergence . . . . .
2.11.4 Rearrangements and ultranorms . . . . ... ... .. ..
2.12 The valuation group . . . . . . . . . . ... .o
2.12.1 Discreteness of absolute value functions . . . ... .. ..
2.12.2 Discreteness implies non-archimedean . . . . .. ... ..
2.12.3 Valuation groups of subfields . . . . ... ... ... ...
2.13 Vector-valued functionsonsets . . . .. ... ... ... .....
2.13.1 Some norms on coo(X,V) . . ..o
2.13.2 Monotonicity inr . . . .. ... oo
2.14 Bounded linear mappings . . . . . . . . .. ..o
2.14.1 Boundedness on balls in V centered at 0 . . . . . . . . ..
2.14.2 Operator norms . . . . . .« . ot ii
2.14.3 Extending some bounded linear mappings . . . . . . . . .
2.15 Some remarks about completeness . . . . ... ... oL L.
2.15.1 Cauchy sequences in coo(X, W) . . . . . . ... ... ..
2.15.2 Infinite sets X . . . . . . ... oo

Some metrics, norms, and algebras
3.1 Bounded sets and functions . . . ... .. ... ...
3.1.1 The supremum metric . . . . . . . .. ... ... .. ...
3.1.2 Pointwise and uniform convergence . . . . . ... ... ..
3.1.3 Completeness of B(X,Y) . .. ... ... ... ....
3.2 Bounded vector-valued functions . . . . . ... ... .. ... ..
3.2.1 The supremum norm . . . . . . . . ...
3.3 Some linear mappings . . . . . . ... ...
3.3.1 A necessary condition for T, to be bounded . . . . . . ..
3.3.2 Boundedness of T, with respect to |||l . . . ... .. ..
3.3.3 Boundedness of T, when Ny is an ultranorm . . . . . . .
3.4 Some weighted norms . . . . . . ... ... L.
3.4.1 Weighted ¢*° spaces . . . . .. .. ... ... . ......
3.4.2 Completeness of £5°(X,Z) . . . . .. ...
3.4.3 More on these weighted norms and spaces . . . . . . ...
3.5 Weights and some linear mappings . . . . . . .. ... ... ...
3.5.1 A necessary condition for the boundedness of T, . . . . .
3.5.2  Some sufficient conditions for the boundedness of T, . . .
3.6 Bilinear mappings . . . . . . .. ...
3.6.1 Bounded bilinear mappings . . . . .. ... .. ... ...
3.6.2 Some related continuity properties . . . . . .. ... ...
3.6.3 Boundedness on products of ballsin V- xW . .. ... ..
3.6.4 Extending some bounded bilinear mappings . . . . . . . .
3.7 Some bilinear mappings . . . . . .. ... L

41
41
42
42
42
43
43
44
44
45
45
45
46
47
47
47
48
49
49
50
50



vi CONTENTS

3.7.1 Using Z-valued functionson X xY . ... ... .....
3.7.2 Using weightson X, Y . . . . . ... ... ... ... ...
3.7.3 A necessary condition for the boundedness of B, . . . . .
3.7.4 Some sufficient conditions for the boundedness of B, . . .
3.8 Algebras in the strict sense . . . . . . .. ...
3.8.1 Subalgebras . . . ... ... ... ...
3.8.2 Algebra homomorphisms . . . . . . ... ... ... ....
3.8.3 Opposite algebra homomorphisms . . . .. ... ... ..
3.9 Normsonalgebras . . . ... ... .. ... ... .. ...
3.9.1 Some examples of submultiplicative norms . . . . . . . ..
3.9.2 Completions of algebras with norms . . . . ... ... ..
3.10 Norms on associative algebras . . . . . . ... ... ... ... ..
3.10.1 A criterion for invertibility . . ... ... ... ... ...
3.11 More on the archimedean property . . .. ... .. ... .. ...
3.11.1 Getting the standard absolute valueon Q . . . . . . . ..
3.11.2 Some remarks about complex numbers . . . . . . ... ..
3.12 Algebras over the complex numbers . . . . . . .. ... ... ...
3.13 The case where there is no square root of —link . . . . .. ...
3.14 Left and right multiplication operators . . . . . . ... ... ...
3.14.1 When A is associative . . . . . .. ... ... ... ....
3.14.2 Usinganormon A . . . . .. ... ... ...
3.15 Cauchy products . . . . . .. ... ..o
3.15.1 Sums of nonnegative real numbers . . . . . ... ... ..
3.15.2 When Bisbounded . ... ... ..............
3.15.3 Approximating > ' _qZn - - -« oo e e
3.15.4 Using ultranorms . . . . . . . ... ... oL

4 Formal series and other matters
4.1 Formal polynomials and power series . . . . . . . ... ... ...
4.1.1 Formal polynomialsin 7". . . . . ... ... .. ......
4.1.2 Coefficients in an algebra . . . . ... .. ... ... ...
413 Moreon A[[T]] . . . . .« . o i
4.2 TInvertibility in A[[T]] . . . . . . . . . o o
4.2.1 More on invertibility in A[[T]]. . . . . .. ... ... ...
4.3 Some more formal series . . . . . ... ...

5.1 More on ultrametric absolute value functions . . . .. ... ...

6 More on formal polynomials and power series
6.1 Formal polynomials. . . . . . ... ... ... ... ..

7.1 Some remarks about field extensions . . . . . ... ... ... ..

Bibliography

76
76
7
7
78
78
79
79

80
80

81
81

82
82

83



CONTENTS vii

Index 96



viii CONTENTS



Chapter 1

Metrics and absolute value
functions

1.1 Metrics, ultrametrics, and quasimetrics

Let X be a set, and let d(x,y) be a nonnegative real-valued function defined
for z,y € X. We say that d(-,-) is a metric if it satisfies the following three
conditions, as usual. First,

(1.1.1) d(z,y) =0 if and only if x = y.
Second,
(1.1.2) d(z,y) = d(y,z)

for every x,y € X. Third,
(1.1.3) d(z,z) < d(z,y) +d(y, 2)

for every x,y,z € X, which is known as the triangle inequality.

1.1.1 Ultrametrics
If d(-, ) satisfies (1.1.1), (1.1.2), and

(1.1.4) d(z, z) < max(d(z,y),d(y, 2))

for every x,y,z € X, then d(-,-) is said to be an ultrametric on X. Note that
(1.1.4) implies (1.1.3), so that an ultrametric is a metric in particular.

The discrete metric is defined on X by putting d(z,y) equal to 1 when x # y,
and to 0 when x = y. One can check that this is an ultrametric on X. The
standard Fuclidean metric on the real line R is not an ultrametric.
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1.1.2 Quasimetrics
Let us say that d(-,-) is a quasimetric on X if it satisfies (1.1.1), (1.1.2), and
(1.1.5) d(x, z) < C(d(x,y) + d(y, 2))

for some nonnegative real number C' and all z,y,z € X. Equivalently, this
means that there is a nonnegative real number Cj such that

(1.1.6) d(z, z) < Cy max(d(z,y),d(y, z)).

More precisely, (1.1.6) implies (1.1.5), with C' = Cy. Similarly, (1.1.5) implies
(1.1.6), with
(1.1.7) Co=2C.

Of course, a metric on X is a quasimetric in particular.

1.1.3 Positive powers of quasimetrics
Let a be a positive real number. If d(-,-) satisfies (1.1.1) and (1.1.2), then
(1.1.8) d(z,y)”

has the same properties.
If d(-,-) is an ultrametric on X, then it is easy to see that

(1.1.9) d(-,-)* is an ultrametric on X

too. Similarly, if d(-,-) is a quasimetric on X that satisfies (1.1.6) for some
nonnegative real number Cp, then (1.1.8) is a quasimetric on X, with

(1.1.10) d(z,2)* < C§ max(d(z,y)?,d(y,z)*)

for all z,y,z € X.
If d(-,-) is the standard Euclidean metric on the real line and a > 1, then
one can check that (1.1.8) is not a metric on R.

1.2 Absolute value functions

Let k be a field, and let |z| be a nonnegative real-valued function defined for
x € k. We say that | - | is an absolute value function on k if it satisfies the
following three conditions. First, for each x € k,

(1.2.1) |z| = 0 if and only if z = 0.
Second,

(1.2.2) [z y| = |zl |y|

for all x,y € k. Third,

(1.2.3) [z +y| < |z|+ ly|

for all z,y € k, which is another version of the triangle inequality.
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1.2.1 Ultrametric absolute value functions

If | - | satisfies (1.2.1), (1.2.2), and

(1.2.4) |+ y| < max(|z], [y])
for every x,y € k, then | -| is said to be an ultrametric absolute value function
on k. This implies that |- | is an absolute value function on k in particular.

The trivial absolute value function is defined on k by putting |z| = 1 when
x # 0, and of course |0] = 0. It is easy to see that this is an ultrametric absolute
value function on k.

The standard absolute value functions on R and the field C are absolute
value functions in the sense defined here, and not ultrametric absolute value
functions.

This definition of an absolute value function corresponds to the definition of
an absolute value in Definition 2.1.1 on p21 of [70], and on p283 of [111]. This
also corresponds to a real valuation in Definition 1 on p211 of [95]. An ultra-
metric absolute value function is said to be non-archimedean in [70, 111], and
the term valuation is also used in [111]. We shall use the term non-archimedean
in a slightly different way here that turns out to be equivalent, essentially as in
Definition 3 on p213 of [95]. This will be discussed further in Section 1.5.

1.2.2 The p-adic absolute value

Let p be a prime number. The p-adic absolute value |x|, of a rational number
z is defined as follows. Of course, 0, = 0. If x = p’ (a/b) for some integers a,
b, and j such that a,b # 0 and neither a nor b is a multiple of p, then

(1.2.5) |z, =p 7.

One can check that this defines an ultrametric absolute value function on the
field Q of rational numbers. This corresponds to (c¢) on p2 of [33], with v = 1/p,
as mentioned on p3 of [33]. This also corresponds to Definition 2.1.4 on p24 of
[70] and Example (2) on p211 of [95], and it is mentioned on p284 of [111]. This
is mentioned on p287 of [124] as well, using slightly different terminology.

1.3 Quasimetric absolute value functions

Let k be a field, and let | - | be a nonnegative real-valued function defined on &
again. If | - | satisfies (1.2.1) and (1.2.2), then

(1.3.1) |1l =1,
where 1, is the multiplicative identity element in k, and 1 = 1gr is the multi-

plicative identity element in R. This follows from the fact that 13 = 1y, so that
1kl = [1Z] = 1]
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If x € k satisfies ™ = 1, for some positive integer n, then
(1.3.2) x| =1,
because |z|" = |2"| = 1. In particular,
(1.3.3) | — 1] =1,

because (—1;)% = 1;.

1.3.1 Defining quasimetric absolute value functions

Let us say that |- | is a quasimetric absolute value function on k if it satisfies
(1.2.1) and (1.2.2), and if there is a positive real number C; such that

(1.3.4) |z +y| < C1 max(|=z|, y)

for all 2,y € k. One can check that (1.3.4) is equivalent to asking that for every
z € k with
(1.3.5) lz| <1,

we have that
(1.3.6) 1 + 2| < Cy

under these conditions.

In fact, (1.3.6) corresponds to the condition (iii) in the definition of a valu-
ation on pl2 of [33]. Note that this holds with C; = 1 exactly when |- | is an
ultrametric absolute value function on k, as in the first part of Lemma 1.3 bis
on pl5 of [33]. This corresponds to the non-archimedean property in Definition
1.3 on pl5 of [33].

If there is a positive real number C5 such that

(1.3.7) |z 4yl < Co (|| + Jy|)
for every z,y € k, then (1.3.4) holds, with
(1.3.8) Cy =20,

In particular, if | - | is an absolute value function on k, then |- | is a quasimetric
absolute value function on k, with C; = 2. Conversely, (1.3.4) implies (1.3.7),
Wlth CQ = 01.

1.3.2 Associated quasimetrics

If | - | is a quasimetric absolute value function on k, then

(1.3.9) d(z,y) = [z —y|

defines a quasimetric on k. More precisely, one can take C in (1.1.5) equal to
Cy in (1.3.7), or Cp in (1.1.6) equal to C; in (1.3.4).
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If | - | is an absolute value function on k, then (1.3.9) is a metric on k. If | - |
is an ultrametric absolute value function on k, then (1.3.9) is an ultrametric on
k. If | - | is the trivial absolute value function on k, then (1.3.9) is the discrete
metric on k.

If k=R or C and |- | is the standard absolute value function, then (1.3.9)
is the standard Euclidean metric. If £ = Q and p is a prime number, then the
ultrametric

(1.3.10) dp(@,y) = |z —ylp

associated to the p-adic absolute value function |-| is known as the p-adic metric
on Q.
1.4 Some helpful inequalities

Let a be a positive real number with a < 1. If » and ¢ are nonnegative real
numbers, then it is well known that

(1.4.1) (r+1)% < r* 4%

To see this, observe first that

(1.4.2) max(r,t) < (r® + )1/,

This implies that

(1.4.3) 74t <max(r,t)' ™ (r* + 1) < (r* 4 t0)((1ma)/a)+1 — (pa 4 qayl/a,

This is equivalent to (1.4.1).

1.4.1 More on positive powers

If dx is a metric on a set X, then it follows that

(1.4.4) dx(-,-)* is a metric on X.

Similarly, if | - | is an absolute value function on a field k, then
(1.4.5) | -|* is an absolute value function on k.

This corresponds to the first part of Exercise 1 on p214 of [95].

If dx is any quasimetric on a set X, then there is a positive real number §
and a metric px on X such that dx(-,-)° and px(-,-) are each bounded by a
constant multiple of the other on X. This corresponds to Proposition 14.5 on
pl10 of [77], and it is also mentioned in the proof of Theorem 2 on p261 of [120].

If | - | is a quasimetric absolute value function on a field &, then the corollary
on pl4 of [33] says that |-|* is an absolute value function on k for some positive
real number a. We shall say more about this in Subsection 1.6.1.
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If | - | is an ultrametric absolute value function on k, then
(1.4.6) | -|* is an ultrametric absolute value function on k

for every a > 0. This corresponds to the second part of Lemma 1.3 bis on pl5
of [33], Problem 69 on p43 of [70], and the second part of Exercise 1 on p214 of
[95].

If | - | is a quasimetric absolute value function on k with a constant C7 > 0
as in (1.3.4), then
(1.4.7) |z +y|* < CF max(|z|®, [y|*)

for all z,y € k. This means that | - |* is a quasimetric absolute value function
on k as well, as in Lemma 1.1 on pl13 pf [33]. If | - | is the standard absolute
value function on R or C and a > 1, then it is easy to see that | - |* is not an
absolute value function on R or C, as appropriate.

1.4.2 Some estimates for finite sums

Suppose that |- | is a quasimetric absolute value function on k with constant
Cy as in (1.3.4) again. Let ! be a nonnegative integer, and let x1,...,zo be
elements of k. One can check that

21

PO

j=1

(1.4.8) < O max |z,

1< <2

using induction on . This corresponds to an argument used in part (ii) of the
proof of Lemma 1.2 on p13 of [33]. Of course, there is an analogous statement
for a quasimetric on any set.

Let L be a positive integer, and let x1,...,z be elements of k. There is a
unique nonnegative integer [ such that

(1.4.9) 2=t <« L <2
and we can put x; = 0 when L < j < 2'. Using (1.4.8), we get that
L

PO

Jj=1

(1.4.10) < ope bt

max, |-

This corresponds to another part of part (ii) of the proof of Lemma 1.2 on pl3
of [33].
1.5 The archimedean property

Let k be a field, and let n be a positive integer. If x € k, then let n - = be the
sum of n z’s in k. Equivalently,

(1.5.1) n-z=(n-1g)z.
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It is well known and easy to see that n +— 1; extends to a ring homomorphism
from the ring Z of integers into k.
Let | - | be a quasimetric absolute value function on k. If

(152) |TLO . ]-k:‘ >1
for some positive integer ng, then
(1.5.3) |n€) Ay = [(no - 16)?| = |no - 1) = 400 as j — oo.

One may say that | - | is archimedean on k under these conditions, as on p29 of
[70]. The archimedean property is defined in Definitiohn 3 on p213 of [95] in
terms of (1.5.2).

Thus we may say that |- | is non-archimedean on k if the set of nonnegative
real numbers |n - 1|, where n is an element of the set Z of positive integers,
has an upper bound in R. Equivalently, this means that

(1.5.4) In-1, <1

for every n € Z . This is the way that the property of being non-archimedean
is defined on p213 of [95]. If | - | is an ultrametric absolute value function on k,
then it is easy to see that | - | is non-archimedean on k in this sense.

1.5.1 Starting with the non-archimedean property

Conversely, if |- | is non-archimedean on k in this sense, then |-| is an ultrametric
absolute value function on k. This corresponds to Lemma 1.5 on p16 of [33]. If
|-] is an absolute value function on k, then this corresponds to Theorem 2.2.2 on
p28 of [70] and Theorem 2 on p213 of [95], and it is also mentioned on p285 of
[111]. In fact, the proof in [33] is given for absolute value functions, and another
result is used to reduce to this case. Let us suppose for simplicity that |- | is an
absolute value function on k, and consider quasimetric absolute value functions
afterwards.
Let z,y € k and n € Z be given, and note that

n

(1.5.5) @y =% <7;) i

=0

by the binomial theorem. Of course,

(1.5.6) (?) i = ((Zl) AP

for each j, as in (1.5.1). This implies that

(1.5.7) ’(?) cqd i

< ol [y~
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for each j, because of (1.5.4). It follows that

(158)  Jetyl" = l@+yr <> <”) 2l
j=0 J
< > Pyl < (n+ 1) max(|a, [y])"-
=0
Using this, we get that
(1.5.9) |z +y| < (n+ 1)Y™ max(|z].|y|).

One can take the limit as n — oo on the right side to obtain the ultrametric
version of the triangle inequality.

One could also start here with only the hypothesis that |n - 15| be bounded,
instead of (1.5.4). This would lead to an additional constant factor on the right
sides of (1.5.7) and (1.5.9). One would also get the nth root of this constant
factor on the right side of (1.5.9), which would not affect the limit as n — oco.

Suppose now that | - | is a quasimetric absolute value function on k with
constant C7 > 0, as in Subsection 1.3.1. In this case, we would get an extra

factor of
(1.5.10) Oing(n+1)+1

on the right side of (1.5.8), using (1.4.10) with L = n + 1 in the second step.
This means that we would get an extra factor of

(1.5.11) Cf{logz(n+1)+1)/n

on the right side of (1.5.9). This would not affect the limit as n — oo, as before.

1.6 More on the triangle inequality

Let k be a field. If

(1.6.1) | - | is an absolute value function on k,
then
(1.6.2) |z +y| <2 max(|z|, |y|)

for all z,y € k, as in Subsection 1.3.1. Conversely, if |-| is a quasimetric absolute
value function on k with constant 2, so that (1.6.2) holds, then (1.6.1) holds.
This corresponds to Lemma 1.2 on p13 of [33].

As a refinement of this, let | - | be a quasimetric absolute value function on
k with constant C4, and suppose that there is a positive real number C5 such
that

for every positive integer n. Under these conditions, one can show that (1.6.1)
holds, using the same argument as in [33].
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Before getting to that, note that (1.6.2) implies (1.6.3), with C3 = 2, as in
[33]. This follows from (1.3.1) and (1.4.10), with L = n and z; = 1; for each
j=1,...,n. Of course, (1.6.1) implies (1.6.3), with C3 = 1.

Let |- | be a quasimetric absolute value function on &k with constant Cy, and
let z,y € k and n € Z be given. Observe that

o[l [)

for each j =0,1,...,n, by (1.5.6). If (1.6.3) holds, then we get that

(1.6.5) ’(?) Y < Cy (?) jzf? "~

for each j.
‘We also have that

ol [y[" 7

(1.6.6) |z+y" = |(z+1y)"| < CrE DT pax

0<j<n ’

()4
J

using the binomial theorem and (1.4.10), with L = n + 1. Tt follows that

n logy (n+1)+1 n J |y|n—i
.0. <
(1.6.7) &4y < Ch Ca g () el .
by (1.6.5).
This implies that

n n , 4

(1.6.8) o4y < 0Pt oy N (J) ol [y
=0

This means that

n log,(n n
(1.6.9) o+ y|" < OOy (2] + Jy))"
by the binomial theorem.

Equivalently,
(1.6.10) o+ y| < OBV CL gy

for every positive integer n. One can take the limit as n — oo on the right side
to get the usual version of the triangle inequality for |- | on k.

1.6.1 Some corollaries

If | - | is a quasimetric absolute value function on k with constant Cy and a is
a positive real number, then |- |* is a quasimetric absolute value function on &
with constant CY, as in Subsection 1.4.1. If

(1.6.11) o <2,
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then
(1.6.12) | -|* is an absolute value function on k,

as before. This holds when a is sufficiently small, as in the corollary on p14 of
[33].

Suppose that k has characteristic 0, so that there is a natural embedding of
the field Q of rational numbers into k. If | - | is a quasimetric absolute value
function on k, then we get an induced quasimetric absolute value function on
Q. Of course, if (1.6.1) holds, then we get an absolute value function on Q.
Conversely, if | -| is a quasimetric absolute value function on k, and the induced
quasimetric absolute value function on Q is an absolute value function on Q,
then (1.6.3) holds with C5 = 1. This implies that (1.6.1) holds, as before.

1.7 Open and closed balls

Let X be a set, and let d(-, ) be a quasimetric on X. If z € X and r is a positive
real number, then the open ball in X centered at x with radius r» with respect
to d(-,-) is defined by

(1.7.1) B(z,r) = By(z,r) ={y € X : d(z,y) < r},

as usual. Similarly, if 7 is a nonnegative real number, then the closed ball in X
cenetered at x with radius r with respect to d(-,-) is defined by

(1.7.2) B(z,r) = Ba(z,7) = {y € X : d(z,y) <r}.

A subset U of X is said to be an open set with respect to d(-,) if for every
x € U there is an r > 0 such that

(1.7.3) B(z,r) C U,

as usual. This defines a topology on X, by standard arguments.

1.7.1 Using d(,)% a >0

If a is a positive real number, then d(-,-)® is a quasimetric on X too, as in
Subsection 1.1.3. Observe that

(1.7.4) Bga(z,r%) = Bg(z,1)
for every x € X and r > 0, and similarly that
(1.7.5) Bga(z,7%) = Bg(x,r)

for every r > 0. In particular, the topology determined on X by d(-,-)* is the
same as the topology determined by d(,-).
If d(-,-) is a metric on X, then

(1.7.6) open balls in X with respect to d are open sets,
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and
(1.7.7) closed balls in X with respect to d are closed sets,

by standard arguments. This also works when d(-, -)® is a metric on X for some
a > 0, by the remarks in the preceding paragraph. A quasimetric associated to
a quasimetric absolute value function on a field is of this type, as in the previous
section.

1.7.2 Some remarks about ultrametrics

Suppose now that d(-,-) is an ultrametric on X. If r is a positive real number,
then it is easy to see that

(1.7.8) d(z,y) <r

defines an equivalence relation on X. The corresponding equivalence classes in
X are the same as the open balls in X of radius r with respect to d(-,-). In
particular, the complement of an open ball in X of radius 7 is a union of open
balls in X of radius r. This implies that

(1.7.9) open balls in X are closed sets in X.
Similarly, if 7 is a nonnegative real number, then
(1.7.10) d(z,y) <r

defines an equivalence relation on X. The corresponding equivalence classes in
X are the same as the closed balls in X of radius r with respect to d(,-).

Of course, if > 0, then (1.7.8) implies (1.7.10). This means that equivalence
classes in X with respect to (1.7.10) are partitioned into equivalence classes in X
with respect to (1.7.8). Equivalently, closed balls in X of radius r are partitioned
into open balls of radius r. It follows that

(1.7.11) closed balls in X of positive radius are open sets in X.

1.8 Equivalent absolute value functions

Let k be a field, and let |- |1, | - |2 be quasimetric absolute value functions on
k. Let us say that |- |; and | - |2 are equivalent on k if there is a positive real
number a such that

(1.8.1) |z|2 = |z|

for every x € k. Of course, this is the same as saying that
(1.8.2) lz]1 = |z|5

for every = € k. This corresponds to Definition 1.2 on p13 of [33].
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1.8.1 Topological equivalence

Note that (1.8.1) implies that

(1.8.3) [z =yl = [z —yl{

for all x,y € k. It follows that the corresponding quasimetrics
(1.8.4) |z —y|1 and |z — y|2 determine the same topology on k,

as in the previous section.

1.8.2 The same open unit balls
It is easy to see that w € k satisfies |w|; < 1 if and only if
(1.8.5) w! — 0 as j — 0o

with respect to the topology determined by |z — y|;. Of course, the analogous
statement for | - |3 holds for the same reason. If (1.8.4) holds, then we get that

(1.8.6) {wek:|wh <1} ={wek:|w <1}
It is easy to see that (1.8.6) holds if and only if
(1.8.7) {zek:|zh >1}={z€k:|z|2 > 1},

by taking w = 1/z. In this case, we also have that
(1.8.8) {lu€k:|juy=1}={uek:|ulp =1}
It is well known that
(1.8.9) (1.8.6) implies that |- |; and |- |2 are equivalent on k,

and we shall say more about this in Section 1.10. This means that the equiv-
alence of |- |; and |- |2 on k is equivalent to each of (1.8.4) and (1.8.6). This
corresponds to Lemma 3.2 on p20 of [33], and to Lemma 3.1.2 on p42 of [70].
In fact, equivalence of absolute value functions is defined in Definition 3.1.1 on
p42 of [70] in terms of (1.8.4).

1.8.3 Comparing relative sizes of |- |; and |- |2
If (1.8.6) holds, then it is easy to see that for every u,v € k,
(1.8.10) lul; > |v]1 if and only if |uls > |v]s.

This is clear when v = 0, and otherwise one can take w = u/v. Conversely,
(1.8.10) implies (1.8.6), by taking u = 1;. Equivalence of absolute value func-
tions is defined (using different terminology) in Definition 2 on p212 of [95]
in terms of (1.8.10). Theorem 1 on p212 of [95] states that this implies the
equivalence of |- |; and |- |2 as defined here.

One may also say that | -|; and |- |2 are dependent on k if (1.8.4) holds, as
on p283 of [111]. Otherwise, one may say that |- |1 and |- |2 are independent, as
in [111].
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1.9 Nontrivial absolute value functions

Let k be a field, and let |- | be a quasimetric absolute value function on k. Note
that | - | is not the trivial absolute value function on k if and only if there is an
xo € k such that zg # 0 and |zg| # 1. This implies that there are yo, 20 € k
such that

(1.9.1) 0 < |yo] <1 and |zo| > 1,

using z¢ and 1/xg.
In particular, _ ‘
(19.2) 1WA = [yl = 0 as j — o

in this case. It follows that the topology determined on k by the quasimetric
| — y| is not the discrete topology under these conditions.

Conversely, if | - | is the trivial absolute value function on k, then |z — y| is
the discrete metric on k, as in Subsection 1.3.2, and the corresponding topology
on k is the discrete topology.

1.9.1 Some other helpful properties

Suppose that | - | is nontrivial on k again, and let yo € k be as in (1.9.1). If
x € k, then the first part of Exercise 4 on p214 of [95] states that |z| < 1 if and
only if

(1.9.3) lyo ™| < 1

for every n € Z.
Similarly, |z| = 1 if and only if x # 0 and (1.9.3) holds for every n € Z.

1.9.2 When |- |; is the trivial absolute value function

Let |- |1, | - |2 be quasimetric absolute value functions on k. If | - |; is the trivial
absolute value function on k and (1.8.6) holds, then it is easy to see that

(1.9.4) | - |2 is the trivial absolute value function on k

as well, using the remarks at the beginning of the section. This could also be
obtained from (1.8.8). This means that (1.8.1) holds for every a > 0.

1.9.3 When |- |; is nontrivial

Suppose now that | - |1 is not the trivial absolute value function on k. Suppose
also that for every w € k,

(1.9.5) |w]y < 1 implies that |w|s < 1.
Note that (1.9.5) holds when

(1.9.6)  the topology determined on k by |z — y|; is at least as strong as
the topology determined on k by |z — yls.
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Indeed, if this condition holds, and (1.8.5) holds with respect to the topology
determined on k by |z — y|1, then (1.8.5) holds with respect to the topology
determined on k by |z — yla.

Using (1.9.5), we get that for every z € k,

(1.9.7) |z]1 > 1 implies that |z|]o > 1,

by taking w = 1/z.
We would like to show that for every u € k,

(1.9.8) |uly =1 implies that |u|s =1,

which is another part of Exercise 4 on p214 of [95]. This can be obtained from
the characterization of this condition mentioned earlier. An analogous argument
is used in the first part of the proof of Lemma 3.1 on p18 of [33].

This means that (1.8.6), (1.8.7) and (1.8.8) hold, as in [33]. If one can show
that |- |1 and |- |2 are equivalent on k when (1.8.6) holds, then it follows that
|- |1 and |- |2 are equivalent on k when | - |; is nontrivial on & and (1.9.5) holds,
as in Exercise 4 on p214 of [95]. This is the same as Lemma 3.1 on p18 of [33].

Alternatively, (1.9.7) is the same as saying that for each z € k,

(1.9.9) |z|]2 < 1 implies that |z|; < 1.

Although this seems to be less precise at first, one can use (1.9.5), (1.9.7), and
(1.9.9) to get that |-|; and |- |2 are equivalent on k& when |- |; is nontrivial on k,
as in the proof of Proposition 1 on p283 of [111]. This is discussed in the next
section.

1.10 Getting equivalence of absolute values

Let k be a field, and let | - |; and | - |2 be quasimetric absolute value functions
on k. We would like to show that |-|; and |- |2 are equivalent on k when (1.8.6)
holds, as mentioned in Subsection 1.8.2.

If | - |1 is the trivial absolute value function on k, then |- |2 is the trivial
absolute value function on k as well, as mentioned in the previous section. Thus
we suppose from now on in this section that |-|; is not the trivial absolute value
function on k.

In this case, it suffices to ask that (1.9.5) hold, instead of (1.8.6). This
corresponds to Lemma 3.1 on pl8 of [33], part of Exercise 4 on p214 of [95],
and Proposition 1 on p283 of [111]. Note that (1.9.5) implies that | - | is also
nontrivial on k. Although (1.9.5) implies (1.8.6) under these conditions, as in
the previous section, it will be enough to use (1.9.5), (1.9.7), and (1.9.9) here.
This corresponds to the argument in [111], as before.

Because | - |1 is nontrivial on k, there is a z1 € k such that

(1.10.1) |21|1 > 1,
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as in (1.9.1). This implies that

(1.10.2) |21]2 > 1,

as in (1.9.7). It follows that there is a unique positive real number a such that
(1.10.3) |z1l2 = |27

We would like to show that (1.8.1) holds for all € k. This is clear when z = 0,
and so we may suppose that x # 0.

1.10.1 Showing that |z|, < |z|{

There is a unique real number « such that
(1.10.4) || = |17,
because of (1.10.1). Let m, n be integers with
(1.10.5) a<m/n
and n > 0. This implies that

(1.10.6) el < |27,
so that |z"]1 = |z|} < |z1|7* = |27"|1, and thus
(1.10.7) |z™/27"]1 < 1.

It follows that
(1.10.8) |z" /212 < 1,

by (1.9.5), so that |z|5 < |z1]5", and thus
(1.10.9) EPRENIE

This means that
(1.10.10) 2]z < |21]3 = |zlT " = |21,

using (1.10.3) in the second step, and (1.10.4) in the third step.

1.10.2 Showing that |z|; < |z[*
Similarly, there is a unique real number £ such that
(1.10.11) 2|2 = |25,
because of (1.10.2). Let m, n be integers with

(1.10.12) B <m/n
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and n > 0, although one could ask that the inequality be strict here as well.
This implies that

(1.10.13) jfa < [zl5",
so that |z™|s = |z|5 < |21|5* = |27%|2, and thus
(1.10.14) |z™/27"]2 < 1.

Using (1.9.9), we get that
(1.10.15) 2" /2y < 1,

so that |z|? < |z1]5", and thus
(1.10.16) ey < |zl

It follows that
(1.10.17) 21 < |zlf = |aly/ = |2y,

using (1.10.3) in the second step, and (1.10.11) in the third step.
Of course, (1.8.1) follows from (1.10.10) and (1.10.17).

1.11 Absolute value functions on Q

Let | - | be an absolute value function on Q. A famous theorem of Ostrowski
states that either

(1.11.1) | - | is the trivial absolute value function on Q,

or

(1.11.2) |-| is equivalent to the standard absolute value function on Q,
or

(1.11.3) | - | is equivalent to the p-adic absolute value on Q

for some prime number p.

This corresponds to Theorem 2.1 on p16 of [33], and to Theorem 3.1.3 on p44 of
[70]. Note that the standard absolute value function on Q is sometimes denoted
| |oos as in Example 1 on p22 of [70].

More precisely, if | - | is an archimedean absolute value function on Q, then
(1.11.2) holds, as in Theorem 3 on p214 of [95]. If |- | is a nontrivial ultrametric
absolute value function on Q, then (1.11.3) holds.

Note that one can just as well state Ostrowski’s theorem for quasimetric
absolute value functions on Q, as in [33]. One can reduce to the case of ordinary
absolute value functions, as in Subsection 1.6.1.
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1.11.1 The archimedean case

If | - | is archimedean on Q, then |n| > 1 for some positive integer n, and one
can take ng to be the smallest positive integer such that

(1.11.4) |ng| > 1,
as on p44 of [70]. Let a be the unique positive real number such that
(1.11.5) [ng| = ng.

One would like to show that
(1.11.6) |z] = |x|%

for every x € Q, where |z| is the standard absolute value of z, as before. It
suffices to do this when z is a positive integer.
One can first show that there is a positive real number C such that

(1.11.7) |n| < Cn?

for every positive integer n. Note that |n| < 1 when n < ng, by construction.
In order to get (1.11.7), one can express any positive integer n as

l
(1.11.8) n="> a;nj,
=0

where [ is a nonnegative integer, a; is a nonnegative integer less than ng for
each j, and a; # 0, as on p44 of [70]. More precisely, [ is the unique nonnegative
integer such that

(1.11.9) nh <n < nft,

as in [70].
Using (1.11.7), we get that

(1.11.10) [n|" = In"| < Cn*"
for all positive integers n and r. This means that
(1.11.11) In| < CY"no

for all n, r. It follows that
(1.11.12) [n| < n®

for all n > 1, by taking the limit as r — oo on the right side of (1.11.11), as in
[70].
To get the oppositve inequality, we observe that

(11113) - ng Y = [0 < [nftt —n| + [n] < (0" =) +
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using (1.11.12) in the third step. One can use this to get that there is a positive
real number ¢ such that
(1.11.14) en® < |nf

for every positive integer n, as in [70]. This implies that

(1.11.15) en®” < |In"| = |n|"

for all positive integers n and r, and one can use this to obtain that
(1.11.16) n? < |n|

for all n, as before. This shows that (1.11.6) holds for all z € Z, and thus for
all x € Q.

The non-archimedean case will be discussed in the next section, after some
preliminary remarks about ultrametrics.

1.12 The non-archimedean case

Let X be a set, and let d(-,-) be an ultrametric on X. If z,y,z € X and

(1.12.1) d(z,y) < d(y, 2),
then

(1.12.2) d(z,z) = d(y, 2).
Indeed,

(1.12.3) d(z,z) < d(y, 2)

when d(z,y) < d(y,z). If (1.12.1) holds, then one can use the ultrametric
version of the triangle inequality

(1.12.4) d(y, z) < max(d(y,x),d(z, 2))
to get that
(1.12.5) d(y,z) < d(z, 2).

The fact that (1.12.1) implies (1.12.2) may be described by saying that “all
triangles are isosceles”, as in Corollary 2.3.4 on p32 of [70].

Let k be a field, and let | - | be an ultrametric absolute value function on k.
If u,v € k and
(1.12.6) lu| < v,
then
(1.12.7) lu —v| = |v,

as before. This also corresponds to Lemma 1.4 on pl5 of [33], and to the first
part of Exercise 2 on p214 of [95].
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1.12.1 Back to k=Q

Suppose now that | - | is an ultrametric absolute value function on Q, so that
|n| < 1 for every n € Z,. If |n| = 1 for every n € Z_, then it is easy to see
that |- | is the trivial absolute value function on Q. Suppose that |- | is not the
trivial absolute value function on Q, so that

(1.12.8) |n| <1
for some n € Z. Let p be the smallest positive integer such that
(1.12.9) Ip| < 1.

It is easy to see that p is a prime number under these conditions.
There is a unique positive real number a such that

(1.12.10) |p| =p~°.

We would like to show that
(1.12.11) |z| = |:v|;

for every x € Q. It suffices to show that this holds when z is a positive integer.
More precisely, it is enough to check that

(1.12.12) In| =1

when n is a positive integer that is not a multiple of p. Note that this holds
when n < p, by construction.
If n is not a multiple of p, then

(1.12.13) n=pl+r
for some integers [, » with [ > 0 and 1 < r < p. Observe that
(1.12.14) Ipl] = ol Il < 1,

and |r| = 1, as before. Using this, one can obtain (1.12.12) as in (1.12.7). This
is the argument on p46 of [70], which corresponds to the proof of (ii) on pl8 of
[33]. This is also basically the same as the proof of Theorem 4 on p215 of [95],
with some differences in the way that it is explained.

1.13 Some remarks about uniform continuity

Let (X,dx(-,-)) be a metric space, and let E be a subset of X. Of course, the
restriction of dy (z,w) to x,w € E is a metric on E. If

(1.13.1) dx(-,-) is an ultrametric on X,

then
(1.13.2) the restriction of dx(-,-) to E is an ultrametric on E.
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Suppose for the moment that E is a dense set in X. If (1.13.2) holds, then
one can check that (1.13.1) holds.
If X is complete as a metric space with respect to dx, and if

(1.13.3) E is a closed set in X,
then one can check that
(1.13.4)  E is complete with respect to the restriction of dx to E.

Conversely, (1.13.4) implies (1.13.3) in any metric space. Indeed, if {x;}52, is
a sequence of elements of E' that converges to an element z of X, then {z;}32,
is a Cauchy sequence in X. This implies that {z; };";1 is a Cauchy sequence in
E, so that {x; };";1 converges to an element of E, by hypothesis. It follows that
x € E, because the limit of a convergent sequence in a metric space is unique.

1.13.1 Uniform continuity and Cauchy sequences

Let (Y,dy) be another metric space, and suppose for the moment that f is a
uniformly continuous mapping from X into Y. If {z; };";1 is a Cauchy sequence
in X, then one can check that

(1.13.5) {f(x;)}52, is a Cauchy sequence in Y.

In particular, if Y is complete as a metric space with respect to dy, then it
follows that

(1.13.6) {f(z;)}52, converges to an element of Y.

Suppose for the moment that {z;}32, and {w;}32, are sequences of elements
of X such that

(1.13.7) lim dx (z;,w;) = 0.

J—00

One can verify that
(1.13.8) lim dy (f(x;), f(w;)) = 0.

j—o0
In fact, this property characterizes uniform continuity.
If either {x;}52; or {w;}72; is a Cauchy sequence in X, then it is easy to
see that the other is a Cauchy sequence too. In this case, if Y is complete, then
(1.13.8) implies that

(1.13.9) lim f(z;) = lim f(w;).
Jj—o0 Jj—o0
1.13.2 Extensions of uniformly continuous mappings

Suppose that E is a dense subset of X again, and that

(1.13.10) f is a uniformly continuous mapping from FE into Y,
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with respect to the restriction of dx to E. If Y is complete, then it is well
known that

(1.13.11) there is a unique extension of f to a

uniformly continuous mapping from X into Y.

More precisely, the uniqueness part only uses the continuity of the extension,
and does not involve the completeness of Y.

To get the existence part of the extension, let 2 € X be given, and let {x; }3";1
be a sequence of elements of E that converges to x. It is well known and easy
to see that {z;}52, is a Cauchy sequence in X, and we may consider it as a
Cauchy sequence in E. It follows that (1.13.6) holds, as before. If = € E, then
{f(z;)}52; converges to f(z) in Y, because f is continuous at z. Otherwise,

one would like to define f(z) to be the limit of {f(z;)}32; in Y.

If {w;}72, is another sequence of elements of £ that converges to z, then it
is easy to see that (1.13.7) holds. This implies that (1.13.9) holds, so that this
definition of f(x) does not depend on the particular sequence of elements of E
that converges to x.

The uniform continuity of f on E means that for every € > 0 there is a
d(e) > 0 such that for every u,v € E with

(1.13.12) dx (u,v) < 0(e),

we have that
(1.13.13) dy (f(u), f(v)) <e.

If u,v € X satisfy (1.13.12), then one can check that this extension of f to X
has the property that

(1.13.14) dy (f(u), f(v)) <e.

This implies that this extension of f to X is uniformly continuous as well.

1.13.3 Isometric embeddings and completions

A mapping ¢ from X into Y is said to be an isometric embedding if

(1.13.15) dy (¢(z), p(w)) = dx (z, w)

for every x,w € X. This implies that ¢ is uniformly continuous and one-to-one
on X. If

(1.13.16) H(X) =Y,

then the inverse of ¢ is an isometry from Y onto X. If F is a dense subset of
X and Y is complete, then

(1.13.17)  an isometric embedding of E into Y has a unique extension

to an isometric embedding of X into Y.
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If X is complete and ¢ is an isometric embedding of X into Y, then
(1.13.18) ¢(X) is a closed set in Y.
More precisely, if X is complete, then
(1.13.19) ¢(X) is complete with respect to the restriction of dy to ¢(X).
This implies (1.13.18), as before. If
(1.13.20) #(X) is dense in Y,

then it follows that (1.13.16) holds.
A completion of X may be defined as

(1.13.21) an isometric embedding of X onto a dense set

in a complete metric space.

It is well known that such a completion always exists. The remarks in the
previous paragraphs may be used to show that completions are unique up to a
suitable isometric equivalence. Note that a completion of an ultrametric space
is an ultrametric space, as in (1.13.1).

1.14 Continuity of field operations

Let k be a field with an absolute value funtion | -|. It is well known that the
field operations on k are continuous with respect to the metric associated to |- |.
This corresponds to Problem 43 on p30 of [70], and to Exercise 1 on p221 of
[95].

More precisely, this means that addition and multiplication are continuous
as mappings from k x k into k, with respect to a suitable product metric on
k x k, obtained from the metric on k associated to |- |. Similarly,

(1.14.1) e

is continuous as a mapping from k\ {0} onto itself, with respect to the restriction
to k\ {0} of the metric on k associated to | - |.

The space k? = k x k of ordered pairs of elements of k may be considered as
a two-dimensional vector space over k, with respect to coordinatewise addition
and scalar multiplication. One can define suitable norms on this space with
respect to |- | on k, and we shall discuss this further in Section 2.2. These norms
determine metrics on k£ x k, and we may use such a metric as in the preceding
paragraph.

1.14.1 Uniform continuity of field operations

In fact, it is easy to see that addition on k defines a uniformly continuous
mapping from k£ X k into k, with respect to such a metric on k x k. If ¢t € k,
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then multiplication by ¢ is uniformly continuous as a mapping from k into itself.
One can also check that multiplication on k defines a mapping from &k x k into
k whose restriction to any bounded set in k x k is uniformly continuous with
respect to such a metric.

If r is a positive real number, then one can also verify that (1.14.1) is uni-
formly continuous as a mapping from

(1.14.2) {rek:|z|>r}
into k, with respect to the metric on k associated to | - | and its restriction to
this set.

1.15 Completing fields with absolute values

Let k be a field with an absolute value function |- |. If kg is a subfield of k,
then the restriction of | - | to kg is an absolute value function on kg. If | - |
is an ultrametric absolute value function on k, then its restriction to kg is an
ultrametric absolute value function on kq.

If ko is a dense set in k with respect to the metric associated to | - |, and if
the restriction of | - | to ko is an ultrametric absolute value function on kg, then

(1.15.1) | - | is an ultrametric absolute value function on k,

as in the analogous remarks for metric spaces near the beginning of Section
1.13. However, the characterization of ultrametric absolute value functions as
non-archimedean absolute value functions in Section 1.5 implies that this works
without asking that kg be dense in k. This corresponds to Corollary 1 to Lemma
1.5 on pl6 of [33].

1.15.1 Isometric embeddings and absolute values

Let k1 be another field with an absolute value function |- |1, and let ¢ be an
embedding of k£ as a field into ky. If

(1.15.2) |¢(2)1 = ||

for every = € k, then one may say that ¢ is an isometric embedding from k
into k1 with respect to these absolute value functions. This means that ¢ is an
isometric embedding with respect to the corresponding metrics, as in Subsection
1.13.3.

1.15.2 Extensions of isometric embeddings

Suppose that kg is a subfield of & that is dense in k& with respect to the metric
associated to | - |. Suppose also that ¢g is an embedding of k¢ as a field into k;
that is an isometry with respect to the restriction of | - | to ko and |- |1 on kj.
If k1 is complete with respect to the metric associated to | - |1, then ¢ has a
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unique extension to an isometry from k into k; as metric spaces, with respect to
the metrics associated to their absolute value functions, as in Subsection 1.13.2.
One can check that

(1.15.3)  this extension is also an embedding of k as a field into kq,

using the continuity of the field operations, as in the previous section.

1.15.3 Completions of k with respect to |- |

Suppose that k; is complete with respect to the metric associated to |- |1. If ¢
is an embedding of k as a field into ky that is an isometry, and if

(1.15.4) ¢(k) is dense in ky

with respect to the metric associated to | - |1, then k1 may be considered as
a completion of k with respect to ¢ and these absolute value functions. In
particular, this is a completion of k as a metric space with respect to the metric
associated to | - |, and using the metric on k; associated to |- |1, as in Subsection
1.13.3. Sometimes one may wish to have k be a subfield of k1, and anyway one
may identify k with ¢(k).

One way to get a completion of k in this sense is to start with a completion
of k as a metric space, and to show that the field operations may be extended
to the completion. The absolute value function on the completion may be
defined as the distance to 0, although one should also verify that this satisfies
the appropriate properties. This is the approach used in the proof of Theorem
4.1 on p24 of [33]. One can use the uniform continuity properties of the field
operations mentioned in the previous section here, as well as the results about
extensions of uniformly continuous mappings mentioned in Subsection 1.13.2.

A standard way to obtain a completion of a metric space is to use a space
of equivalence classes of Cauchy sequences in the metric space. Using this
construction, the extension of the field operations to the completion can be
obtained more directly. This is outlined in Exercise 1 on p31 of [33], and this is
the approach used in Section 3.2 of [70], Section 4 of Chapter V of [95], and in
the proof of Proposition 2 on p286 of [111]. More precisely, the space of Cauchy
sequences in k may be considered a commutative ring in a suitable way, and the
space of sequences of elements of k£ that converge to 0 is an ideal in this ring.
The completion of k¥ may be obtained as the quotient of this ring by this ideal.

A completion of k is unique up to a suitable isomorphic isometric equiva-
lence. This can be obtained from some of the previous remarks about extending
isometric embeddings into a complete field with an absolute value function.

Of course, R may be considered as the completion of Q with respect to the
standard absolute value function.

1.15.4 The field of p-adic numbers

If p is a prime number, then the field Q, of p-adic numbers may be obtained
by completing Q with respect to the p-adic absolute value | -|,. We consider Q
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as a subfield of Q,, and the corresponding extension of | - |, to an ultrametric
absolute value function on Q,, is also denoted |-|,, and called the p-adic absolute
value on Q). The associated metric is called the p-adic metric on Q.
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Norms and ultranorms

2.1 Norms on vector spaces

Let k be a field with an absolute value function |- |, and let V' be a vector space
over k. A nonnegative real-valued function N on V is said to be a norm on V'
with respect to | - | on k if it satisfies the following three conditions. First, for
eachv €V,

(2.1.1) N(v) =0 if and only if v = 0.

Second, if v € V and t € k, then

(2.1.2) N(tv) = |t| N(v).
Third, if v,w € V, then

(2.1.3) N(v+w) < N(v)+ N(w).

Of course, this is the usual definition of a norm when & = R or C, with
the standard absolute value function. This definition of a norm corresponds to
Definition 2.1 on pll5 of [33] when k and |- | are arbitrary. This is also the
same as Definition 5.1.1 on pl133 of [70], although some additional conditions
on k and |- | are considered there.

In the definition of a norm on p287 of [111], (2.1.2) is replaced with

(2.1.4) N(tv) <|t| N(v).
This implies that N(0) = 0 when ¢t = 0, and if ¢ # 0, then we have that
(2.1.5) N(v) = Nt (tv)) < [t| ' N(tv).

This means that
(2.1.6) [t| N(v) < N(tv),

so that (2.1.2) holds. Note that |-| is asked to be nontrivial on & in the definition
of a norm in [111].

26
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A nonnegative real-valued function N on V is said to be an ultranorm on V'
with respect to |- | on k if it satisfies (2.1.1) and (2.1.2), and if

(2.1.7) N(v+ w) < max(N(v), N(w))

for every v,w € V. Clearly (2.1.7) implies (2.1.3), so that an ultranorm is a
norm in particular. If N is a norm on V and V # {0}, then one can use (2.1.2)

with v # 0 to get that | - | is an ultrametric absolute value function on k.
If N is a norm on V, then it is easy to see that
(2.1.8) dn(v,w) = N(v—w)

is a metric on V. If V is an ultranorm on V, then (2.1.8) is an ultrametric on
V.

2.1.1 Some examples of norms

We may consider k as a one-dimensional vector spaces over itself, and |- | as a
norm on k with respect to itself. This is an ultranorm when |-| is an ultrametric
absolute value function on k.

If k; is a field that contains k as a subfield, then k1 may be considered as a
vector space over k. If |- |; is an absolute value function on k; that is equal to
|| on k, then |-|; may be considered as a norm on k; with respect to |- | on k. If
| - |1 is an ultrametric absolute value function on ki, then it may be considered
as an ultranorm on k; as a vector space over k. Remember that this happens
exactly when | - | is an ultrametric absolute value function on k, as mentioned
near the beginning of Section 1.15.

If k is any field, then we can take || to be the trivial absolute value function.
Similarly, if V' is any vector space over k, then the trivial ultranorm may be
defined by putting N(v) =1 when v # 0, and N(0) = 0. It is easy to see that
this is an ultranorm on V' with respect to the trivial absolute value function on
k. The corresponding ultrametric (2.1.8) is the same as the discrete metric on
V.

2.2 Some norms on k"

Let & be a field with an absolute value function |-|, and let n be a positive integer.
Also let k™ be the space of n-tuples of elements of k, considered as a vector space
over k with respect to coordinatewise addition and scalar multiplication.

2.2.1 The definition of ||v||
If v=(vy,...,v,) € k™, then put

(2.2.1) [[v]|co = max(|v1], ..., |vpn])-
One can check that this defines a norm on k™ with respect to | - | on k.
If | - | is an ultrametric absolute value function on k, then this defines an

ultranorm on k™ with respect to | - | on k.



28 CHAPTER 2. NORMS AND ULTRANORMS

2.2.2 The definition of ||v],, 0 <7 < 0o

If r is a positive real number, then put

2:22) ol = (X lor)”

for every v € k™. It is easy to see that this satisfies the first two conditions in
the definition of a norm. It is also easy to see that this satisfies the triangle
inequality when r = 1.

Suppose for the moment that £k = R, with the standard absolute value
function. If r = 2, then (2.2.2) is the standard Euclidean norm on R™. If
1 < r < oo, then it is well known that (2.2.2) satisfies the triangle inequality,
and is thus a norm. This is Minkowski’s inequality for finite sums.

One can use this to get that (2.2.2) satisfies the triangle inequality on k"
when r > 1, for arbitrary k and |- |. This means that (2.2.2) defines a norm on
k™ when r > 1.

Of course, if n = 1, then (2.2.1) and (2.2.2) are the same as the absolute
value function on k. If n > 2, then one can check that (2.2.2) does not satisfy
the triangle inequality on k™ when r < 1.

2.2.3 The case where r < 1

Ifr<1andv,we k™, then

(2.2.3) o+ wl?

Z|U] +w;|" < Z vj| =+ [w;])"

M: i

(los " + [w; ") = vl + lwlly,

<
Il
—_

where the third step is as in Section 1.4. One can use this to get that
(2.2.4) o - wl

defines a metric on k™.

Note that | - |" is an absolute value function on k in this case as well. In
fact, || - ||- is a norm on k™ with respect to | - |” on k. This is the same as the
analogue of (2.2.2) with » =1 using | - |” in place of | - |.

2.2.4 More on these norms

Observe that
(2.2.5) [0]lso < [lvllr < 07 [0]| oo

for every v € k™ and r > 0.
Open and closed balls in k™ with respect to the metric associated to || - ||oo
correspond exactly to products of open and closed balls in k& with the same
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radius with respect to the metric associated to | - |, respectively. One can use
this to check that the topology determined on k™ by the metric associated to
| - [|oo is the same as the product topology, using the topology determined on &
by the metric associated to | - |.

If » > 1, then the topology determined on k™ by the metric associated to
I - || is the same as the topology determined by the metric associated to ||« ||oo,
because of (2.2.5). Similarly, if » < 1, then this is the same as the topology
determined on k™ by (2.2.4).

2.3 Products of two vector spaces

Let k be a field with an absolute value function |- |, and let V', W be vector
spaces over k with norms Ny, Ny with respect to | - | on k, respectively. The
Cartesian product V x W of V and W may be considered as a vector space over
k as well, with respect to coordinatewise addition and scalar multiplication.
This corresponds to the direct sum of V' and W, as a vector space over k.

2.3.1 Some norms on V x W

If v € V and w € W, then put
(2.3.1) (v, )|V xWw,0co = max(Ny (v), Ny (w)).

One can check that this defines a norm on V' x W with respect to |- | on V. If
Ny and Ny are ultranorms on V and W, respectively, then this is an ultranorm
onV xW.

If r is a positive real number, then

(2.3.2) (v, w)[lvxw,r = (Nv ()" + N (w)")/"

satisfies the first two conditions in the definition of a norm. It is easy to see
that this satisfies the triangle inequality when r = 1. If > 1, then this can be
obtained from the triangle inequality for (2.2.2) on R?.

We also have that

(2.3.3) (0, ) [ xwioo < N[0, 0)[[v xwir < 27 [[(0, 0) ][V w00

for every r > 0.

2.3.2 Some properties of these norms

Open and closed balls in V' x W with respect to the metric associated to (2.3.1)
corresponds exactly to products of open and closed balls in V and W with the
same radius with respect to the metrics associated to Ny and Ny, respectively.
This implies that the topology determined on V x W by the metric associated
to (2.3.1) is the same as the product topology, using the topologies on V and
W determined by the metrics associated to Ny and Ny, respectively.
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This is the same as the topology determined on V' x W by the metric asso-
ciated to (2.3.2) when r > 1, becase of (2.3.3).

In particular, we can take V' = W and Ny = Ny, to get some norms and
metrics on V x V. It is easy to see that addition on V is uniformly continuous
as a mapping from V x V into V', with respect to such a metric, and the metric
on V associated to Ny .

2.3.3 Some remarks about scalar multiplication

Similarly, we can get some norms and metrics on k X V', using |- | on k. One
can check that scalar multiplication on V' defines a mapping from k& x V into V
that is uniformly continuous on bounded subsets of k x V' with respect to such
a metric.

If v € V, then it is easy to see that

(2.3.4) tstv

is uniformly continuous as a mapping from k into V', with respect to the metrics
associated to | - | and Ny. Similarly, if ¢t € k, then

(2.3.5) v = to

is uniformly continuous as a mapping from V into itself, with respect to the
metric associated to Ny .

2.3.4 Positive powers of norms

Let a be a positive real number with ¢ < 1, and remember that | - |* is an

absolute value function on k, as in Subsection 1.4.1. One can check that Ny (-)*
is a norm on V with respect to | - |* on k.

If |-| is an ultrametric absolute value function on k, then |-|* is an ultrametric
absolute value function on k for every a > 0, as before. If Ny is an ultranorm
on V with respect to | - | on k, then Ny (-)® is an ultranorm on V' with respect
to |- |* on k for every a > 0.

2.4 Completions and isometric linear mappings

Let k be a field with an absolute value function | - |, let V be a vector space
over k, and let Ny be a norm on V with respect to | -| on k. If V; is a linear
subspace of V, then the restriction of Ny to Vj is a norm on V[ with respect to
|-]on k. If

(2.4.1) Ny is an ultranorm on V,
then
(2.4.2) the restriction of Ny to V4 is an ultranorm on Vj.

If Vj is dense in V with respect to the metric associated to Ny, then one
can check that (2.4.2) implies (2.4.1). This is analogous to a remark about
ultrametrics at the beginning of Section 1.13.
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2.4.1 Using a completion of &

Suppose for the moment that V' is complete with respect to the metric associated
to Ny. If k is not already complete with respect to the metric associated to |- |,
then one can get a completion of k£ as in Subsection 1.15.3.

One can show that scalar multiplication on V' can be extended to the com-
pletion of k, so that V' may be considered as a vector space over the completion
of k, and Ny may be considered as a norm on V with respect to the extension of
| -] to the completion of k. To do this, one can first observe that for each v € V|
(2.3.4) can be extended to a uniformly continuous mapping from the completion
of k into V. This extends scalar multiplication on V to the completion of k,
and one can check that this extension has the appropriate properties.

2.4.2 Isometric linear mappings

Let W be another vector space over k with a norm Ny . A linear mapping T
from V into W is said to be isometry if

(2.4.3) Nw (T(v)) = Ny (v))

for every v € V. This implies that T is an isometric embedding with respect to
the corresponding metrics, as in Subsection 1.13.3.

2.4.3 Extensions of isometric linear mappings

Let Vj be a linear subspace of V' that is dense in V' with respect to the metric
associated to Ny . Also let Ty be an isometric linear mapping from V4 into W,
with respect to the restriction of Ny to Vy. If W is complete with respect to
the metric associated to Ny, then Ty has a unique extension to an isometry
from V into W, with respect to the metrics associated to their norms, as in
Subsection 1.13.3. One can check that this extension is a linear mapping too,
using the continuity of the vector space operations on V and W, as in the
previous section.

2.4.4 Completions of vector spaces with norms

Suppose that W is complete with respect to the metric associated to Ny. If T'
is an isometric linear mapping from V into W, and if

(2.4.4) T(V) is dense in W

with respect to the metric associated to Ny, then W may be considered as a
completion with respect to T and these norms. Of course, this is a completion
of V as a metric space in particular, with respect to the metric assocuated to
Ny, and using the metric on W associated to Ny. Sometimes one might like to
have V' be a linear subspace of W, and one can identify V' with T'(V') anyway.

If V' is complete with respect to the metric associated to Ny, then V is said
to be a Banach space with respect to Ny . Otherwise, one can get a completion
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that is also a vector space over k with a norm with respect to | - | on k. As
before, one can start with a completion of V' as a metric space, and show that
the vector space operations on V' can be extended to the completion. The norm
on the completion may be defined as the distance to 0, and one can verify that
this has the appropriate properties.

Alternatively, one can show that the space of Cauchy sequences in V is a
vector space over k in a suitable way, and that the space of sequences of elements
of V' converging to 0 is a linear subspace of this vector space. The completion of
V' may be defined initially as a vector space over k as the corresponding quotient
space, and it is not too difficult to define a norm on this quotient in a suitable
way.

One can show that a completion of V' is unique up to a suitable isometric
linear equivalence, using some of the previous remarks about extending isometric
linear mappings on a dense linear subspace of a vector space with a norm into
a Banach space.

2.5 Equivalent norms

Let k be a field with an absolute value function |- |, and let V' be a vector space
over k. Also let Ny and N2 be norms on V with respect to | - | on k. We say
that Ny and Ny are equivalent as norms on V if there are positive real numbers
Cl,g, 02’1 such that

(2.5.1) Nl(U) S 01,2 NQ(U)
and
(2.5.2) NQ(U) S 0271 Nl(v)

for every v € V. This corresponds to Definition 2.2 on p116 of [33]. This also
corresponds to Definition 5.1.3 on pl35 of [70], and it is mentioned on p287
of [111] as well, although the discussions in [70, 111] include some additional
conditions on | - | on k.

Let dn,, dn, be the metrics on V' corresponding to N1, Na, respectively, as
in Section 2.1. Note that (2.5.1) is the same as saying that

(2.5.3) dn, (v, w) < Cradn, (v, w)

for every v,w € V. This implies that the topology determined on V by dy;, is
at least as strong as the topology determined by dy,. Similarly, (2.5.2) is the
same as saying that

(2.5.4) dn, (v,w) < Cy1dn, (v, w)

for every v,w € V. This implies that the topology determined on V by dy, is
at least as strong as the topology determined by dp,.

2.5.1 Open balls centered at 0

Let us use By, (v,r) and Bp,(v,r) for the open balls in V centered at v € V
with radius » > 0 with respect to dy, and dy,, respectively. If the topology
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determined on V' by dy, is at least as strong as the topology determined by
dn,, then there is a positive real number 79 such that

(2.5.5) Bn,(0,72) € Bn, (0,1).

Similarly, if the topology determined on V' by dy, is at least as strong as the
topology determined by dy,, then there is an r; > 0 such that

(2.5.6) By, (0,71) € By, (0,1).

2.5.2 Dilations of open balls centered at 0
If t € k and E C V, then put

(2.5.7) tE={tv:vekE}

If t # 0 and r is a positive real number, then

(2.5.8) t By, (0,7) = By, (0, |t] r),

and similarly for Ny. Thus (2.5.5) implies that

(2.5.9) By (0, t]72) € By, (0, ),

and (2.5.6) implies that

(2.5.10) By, (0, [t] r1) € B, (0,]¢]).

Suppose for the moment that | - | is not the trivial absolute value function
on k. If (2.5.5) holds, then one can use (2.5.9) to get that (2.5.1) holds for
some C72 > 0. Similarly, if (2.5.6) holds, then one can use (2.5.10) to get
that (2.5.2) holds for some C31 > 0. In particular, if dy, and dy, determine
the same topology on V, then it follows that N; and Ns are equivalent on V.
This corresponds to Problem 194 on p135 of [70], and to part of the proof of
Proposition 3 on p288 of [111].

2.5.3 Completeness and finite dimension

Suppose that k is complete with respect to the metric associated to |- |. If V
has finite dimension over k, then it is well known that

(2.5.11) any two norms on V with respect to |- | on k are equivalent.
We also get that
(2.5.12) V is complete with respect to the metric associated to any norm.

This corresponds to Lemma 2.1 on p116 of [33], Theorem 5.2.1 on p137 of [70],
and Proposition 3 on p288 of [111]. More precisely, (2.5.12) corresponds to part
of Proposition 4 on p291 of [111], and its proof.
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If the dimension of V' is equal to one, then any norm on V with respect to
| - | on k is a positive multiple of any other norm. It is easy to see that V is
complete with respect to the metric associated to any norm on this case, because
k is complete, by hypothesis.

We can reduce to the case where V' = k™ for some positive integer n, using
a basis for V. The rest of the proof uses induction on n, and is discussed in the
next section.

2.6 More on norms on k"
Let & be a field with an absolute value function | - |, let n be a positive integer,
and let N be a norm on k™ with respect to | - | on k. Also let eq,...,e, be the

standard basis vectors in k™. This means that the Ith component of e; is equal
to 1 when j =1, and to 0 when j # [. If v € k™, then

(2.6.1) v=Y uje;
j=1

so that .

(2.6.2) N(v) <> |v;| N(ej).
j=1

If N is an ultranorm on k", then

(2.6.3) N(v) < max (fo;| N(e)))

Using (2.6.2), we get that
(2.6.4) NE) < (D NE) ol
j=1

where ||v||oo is as in Subsection 2.2.1. If N is an ultranorm on k™, then

(2.6.5) N©) < (max Nej)) o],

1<j<n

because of (2.6.3).

2.6.1 When k is complete with respect to |- |

Suppose from now on in this section that k is complete with respect to the

metric associated to | - |. We would like to show that there is a positive real
number C' such that
(2.6.6) [vlls < CN(v)

for every v € V.
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It is easy to see that
(2.6.7) k™ is complete with respect to the metric associated to || - ||oo-
One can use this to get that
(2.6.8) k" is complete with respect to the metric associated to N,

once we have (2.6.6).
We may as well suppose that n > 2, as in the previous section. We can use
the induction hypothesis to get that there is a positive real number Cj such that

(2.6.9) llo0 < Co N(v)
for every v € k™ with v, = 0. We also get that
(2.6.10) {vek™: v, =0}

is a complete as a metric space, with respect to the metric associated to the
restriction of N to this subspace. This is the same as the restriction to this
subspace of the metric on k™ associated to N.

One can use the completeness of (2.6.10) with respect to the restriction of
the metric on k™ associated to IV to get that

(2.6.11)  (2.6.10) is a closed set in k™ with respect to this metric.

This corresponds to a remark near the beginning of Section 1.13. This implies
that there is a positive real number ¢ such that

(2.6.12) N(u—e,) >c

for every u € k™ with u, = 0. Equivalently, this means that
(2.6.13) N(w) > ¢

for every w € k™ with w,, = 1. It follows that

(2.6.14) N(v) > c|vy,]

for every v € k™.

One can use (2.6.9) and (2.6.14) to get that (2.6.6) holds for some C' > 0.
This means that N is equivalent to || - ||c on k™, because of (2.6.4). It follows
that any two norms on k" are equivalent.

2.7 Corollaries about uniqueness and complete-
ness

Let ko be a field, and let | - |1, | - |2 be absolute value functions on kg. Suppose
that there is a positive real number C 2 such that

(2.7.1) |z]1 < Ch2]z|2
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for every x € kg. This implies that

(2.7.2) 2|} = |a"|1 < Cr2|2"2 = Crz2 |23
for every = € kg and positive integer n, so that

(2.7.3) 2l < Oy |l

It follows that
(2.7.4) |21 < |x2

for every x € kg, by taking the limit as n — oo on the right side of (2.7.3). Of
course, the same type of argument was used in Subsection 1.11.1.
Similarly, if there is a posiitve real number C5 ; such that

(2.7.5) |z]2 < Co1 ||y

for every x € kg, then
(2.7.6) |z[2 < |z)1

for every x € ko. If there are positive real numbers C; 5 and Cy; such that
(2.7.1) and (2.7.5) hold for every z € ko, then we get that

(2.7.7) 2]y = |zl

for every x € ky. This is analogous to the discussion of equivalent absolute value
functions starting in Section 1.8, with stronger hypotheses and some simplifica-
tions.

2.7.1 Completeness and finite extensions

Let k be a field with an absolute value function |- |, and suppose that k is
complete with respect to the metric associated to |-|. Also let k; be a field that
contains k as a subfield, and suppose that k; is a finite extension of k, so that
k1 has finite dimension as a vector space over k.

Under these conditions,

(2.7.8) there is at most one absolute value function on k;

that agrees with |- | on k.

This is Corollary 1 on p118 of [33], and part of the uniqueness part of Proposition
4 on p291 of [111]. This corresponds to Corollary 5.3.2 on p143 of [70] when
k = Q, for some prime number p, with the p-adic absolute value function.

Indeed, an absolute value function on k; that agrees with |- | on k& may be
considered as a norm on ki, as a vector space over k, with respect to | - | on k.
Any two such absolute value functions on k; are equivalent as norms, as in the
previous two sections. This implies that these two absolute value functions are
the same on k1, by the remarks at the beginning of the section.
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Of course, if | - | is the trivial absolute value function on k, then the trivial
absolute value function on k; is equal to |- | on k. In this case, we get that any
absolute value function on k; that is equal to the trivial absolute value function
on k is the trivial absolute value function on k1. Another approach to this will
be mentioned in the next section.

If | - | is nontrivial on k, then the uniqueness of an extension of | - | to an
absolute value function on k; is part of Theorem 15 on p258 of [95] as well.
The argument used there is somewhat different in some ways, and this will be
discussed further in Section 2.9.

One could also use the fact that

(2.7.9)  the metrics associated to any two absolute value functions on k;

that are equal to | - | on k determine the same topology on ki,

because they are equivalent as norms on k; with respect to | - | on k, as before.
This implies that they are equivalent as absolute value functions on &, as men-
tioned in Subsection 1.8.2. One can use this to get that the two absolute value
functions on k; are the same when | -| is nontrivial on k, and otherwise one can
observe that they are both equivalent to the trivial absolute value function on
k1.

Let | - |1 be an absolute value function on k; that is equal to | - | on k. Note
that
(2.7.10) k; is complete with respect to the metric associated to |- |1,

as in the previous two sections. This is Corollary 2 on p118 of [33], and part of
Proposition 4 on p291 of [111]. If | - | is nontrivial on k, then this is the same
as the consequence (2) on p258 of [95] of Lemma 1 on p257 of [95], and it is
mentioned again in Theorem 17 on p262 of [95]. This also corresponds to part
of Proposition 5.3.1 on pl42 of [70] when k = Q, for some prime number p,
with the p-adic absolute value function.

2.8 Another uniqueness argument

Let k be a field with an ultrametric absolute value function |-|, and let 21, ..., z,
be finitely many elements of k such that

(2.8.1) >z =0.
j=1

Under these conditions, the second part of Exercise 2 on p214 of [95] states that
(28.2) 2] = |

for some j # l. Otherwise, one could show that

n

2.

j=1

(2.8.3)

= max(|x1|, cees |xn‘),

using a remark in Section 1.12.
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2.8.1 Absolute values that are trivial on a subfield

Now let k1 be a field, let kg be a subfield of k1, and let |- |; be an absolute value
function on k;. Suppose that the restriction of |- |1 to kg is the trivial absolute
value function on kg. This implies that | - |; is non-archimedean on kq, so that
| - |1 is an ultrametric absolute value function on ki, as in Section 1.5.

Suppose that « € ki is algebraic over kg, so that z satisfies a nontrivial
polynomial equation with coefficients in kq. This means that there are a positive
inetger m and elements ag, a1, ..., a, of ky such that

(2.8.4) Zaj z) = 0.
§=0

We would like to check that
(2.8.5) lz]1 =1

when z # 0.

If we leave out the terms on the left side of (2.8.4) where a; = 0, then we
get a sum of n terms of the form a; 27 that is equal to 0 for some n < m. The
remark at the beginning of the section implies that

(2.8.6) la; 27]; = |a; 2|y
for some j, [ with j # [ and a;, a; # 0. This implies that
(2.8.7) zl] = |z|t,

because |a;|1 = |a;l1 = 1, by hypothesis. It follows that (2.8.5) holds when
x # 0.

Suppose that k1 is an algebraic extension of kg, so that every element of &y
is algebraic over ko. In this case, we get that |- |; is the trivial abslute value
function on k; as well. This is Exercise 3 on p214 of [95].

2.9 DMore on completeness

Let k be a field with an absolute value function |- |, and suppose that k is
complete with respect to the metric associated to | -|. Also let k1 be a field
that contains k as a subfield, and let | - | be an absolute value function on k
that agrees with | - | on k. Remember that k1 may be considered as a vector
space over k, and let uq, ..., u, be finitely many elements of k; that are linearly
independent in ki, as a vector space over k.

Let {v; }j‘;l be a sequence of elements of the linear span of uq,...,u, in kq,
as a vector space over k. Thus

n

(2.9.1) v = Zvj’l Uy

=1
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for each j, where v;; € k for { = 1,...,n are uniquely determined by v;. If | - |
is nontrivial on k, then Lemma 1 on p257 of [95] states that

(2.9.2) {v;}52; is a Cauchy sequence in ki

with respect to the metric associated to | - |1 if and only if

(2.9.3) {v;1}52, is a Cauchy sequence in k for each [ =1,...,n,

with respect to the metric associated to | - |.

2.9.1 A related norm on k"

Note that

(2.9.4) P(w) =Y ww
=1

defines a one-to-one linear mapping from k™ into k1, as vector spaces over k.
Using this, it is easy to see that

(2.9.5) N(w) = |p(w)h
is a norm on k™ with respect to |- | on k. We also have that N is equivalent to
the usual norm || - ||« on k™, as in Section 2.6.

Let {wj}]?’il be a sequence of elements of k™. The equivalence of N and
|l on k™ implies that

(2.9.6)  {w;}72, is a Cauchy sequence with respect to the metric on k"

associated to the norm || - ||o0
if and only if

(2.9.7)  {w;}72; is a Cauchy sequence with respect to the metric on k"

associated to V.
This means that (2.9.6) holds if and only if

(2.9.8) {#(w;)}52, is a Cauchy sequence in k1 with respect to

the metric associated to | - |;.

This is equivalent to the conclusion of Lemma 1 on p257 of [95].
Similarly,

(2.9.9) {w;}52¢ converges to 0 with respect to the metric on k"

associated to || - ||oo
if and only if

(2.9.10) {w;}52, converges to 0 with respect to the metric on k"

associated to V.
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This means that (2.9.9) holds if and only if

(2.9.11) {#(w;)}52, converges to 0 in k; with respect to

the metric associated to | - |1.

The “if” part of this statement corresponds to the consequence (1) on p258 of
[95] of Lemma 1 on p257 of [95].

Suppose now that kq is a finite extension of k, so that we can take uy,...,u,
to be a basis for ki, as a vector space over k. In this case, consequence (2) on
p258 of [95] of Lemma 1 on p257 of [95] says that k; is complete with respect to
the metric associated to |- |1, as mentioned in Subsection 2.7.1. Alternatively,
k™ is complete with respect to the metric associated to || - ||oo, as mentioned in
Section 2.6, so that £™ is complete with respect to the metric associated to N.
This implies that ky is complete with respect to the metric associated to | - |1,
because ¢(k™) = k1 under these conditions, as before.

The uniqueness of |- |; on ky is part of Theorem 15 on p258 of [95], as
mentioned in Subsection 2.7.1. The proof uses consequence (1) of Lemma 1 on
p257 of [95] mentioned earlier. The proof uses some other properties of field
extensions too, and we shall return to those later.

2.10 Infinite series

Let k be a field with an absolute value function |- |, and let V' be a vector space
over k with a norm N with respect to |- | on k. An infinite series Z;’;l v;
of elements of V is said to converge with respect to N if the corresponding
sequence of partial sums

(2.10.1) > v
j=1

converges in V with respect to the metric associated to N. In this case, the sum
of the series is defined as an element of V' by

o n
(2.10.2) z;vj = nh_{rgoz;vj,
i= j=

as usual.
If t € k, then it is easy to see that Z;i1 tv; converges as well, with

(2103) it’l)j =1 i@j.
Jj=1 j=1

If Zj’;l w; is another convergent series of elements of V', then Z;il(vj + wjy)
converges too, with

(oo} oo oo
(2.10.4) St w) = v+ w;

j j=1 j=1

Jj=1
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2.10.1 Cauchy sequences of partial sums

It is easy to see that the sequence of partial sums (2.10.1) is a Cauchy sequence
in V' with respect to the metric associated to N if and only if for every ¢ > 0
there is a positive integer L such that

n

(2.10.5) N(Zvj) <e

j=l
when n > 1 > L. A necessary condition for this to hold is that

(2.10.6) lim N(v;) =0,

j—o0
by taking [ = n in (2.10.5). This is the same as saying that {v;}32; converges
to 0 in V, with respect to the metric associated to N. Note that

n

(2.10.7) N(Zvj) < zn:N(vj)
j=l

J=l

foralln>1>1.

2.10.2 Absolute convergence

If
(2.10.8) > N(vy)

j=1

converges as an infinite series of nonnegative real numbers, then Z;’il v; 18

said to converge absolutely with respect to IN. This implies that the sequence
of partial sums (2.10.1) is a Cauchy sequence in V with respect to the metric
associated to N, because of the remarks in the previous paragraph.

If V is a Banach space with respect to NN, then it follows that Z‘;il vj
converges in V. Under these conditions, we also have that

o0

(2.10.9) N(Zvj) < iN(uj).

Jj=1

2.10.3 When N is an ultranorm on V

Suppose now that N is an ultranorm on V with respect to |-| on k. This means
that

n
2.10.10 N(Dv) < max Ny,
( ) ZUJ = lrgnjagxn (v5)

7=l
for all n > 1 > 1. If (2.10.6) holds, then it is easy to see that the sequence
of partial sums (2.10.1) is a Cauchy sequence in V with respect to the metric
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associated to N, using (2.10.10) and the earlier characterization in terms of
(2.10.5). If V is also a Banach space respect to N, then we get that >°2, v;
converges in V.

Of course, if Z;‘;l v; converges in V, then the corresponding sequence of
partial sums is a Cauchy sequence, so that (2.10.6) holds. If N is an ultranorm
on V, then

(2.10.11) N(;uj) < max N (v;).

because of (2.10.10). More precisely, the maximum on the right is automatically
attained when (2.10.6) holds. Indeed, if v; # 0 for some j, then the maximum
on the right side may be reduced to the maximum of finitely many terms.

2.11 Rearrangements of infinite series

Let k be a field with an absolute value function |- |, and let V' be a vector space
over k with a norm N with respect to |- | on k. Also let Z;’;l v; be an infinite
series of elements of V| and let m be a one-to-one mapping from Z onto itself.
The infinite series

(2.11.1) > vai)
j=1
is said to be a rearrangement of Z;}; ;.

2.11.1 Rearrangements and absolute convergence

If Z;’il a; is an infinite series of nonnegative real numbers, then it is well known
and not difficult to show that

(2.11.2) Z a; converges if and only if Z ar(;) converges,
j=1 j=1

in which case the values of the two sums are equal. It follows that Z;’il v;
converges absolutely with respect to N, as in Subsection 2.10.2, if and only if
Z;il Vr(j) converges absolutely with respect to N, in which case

(oo} (oo}

(2.11.3) D N(w) =Y N(vs(p)-

J=1 J=1

2.11.2 Comparing partial sums of the two series

Let n be a positive integer, and observe that

n n

(2.11.4) Dvi=dvegi= D v Y. ey

j=1 j=1 1<j<n 1<j<n
w(G)>n w(H>n
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More precisely, the sums on the right are taken over all positive integers j with
7(j) > n. This implies that

n

(2.11.5) N(Z’Ujfsz(j)) < ) N@)+ > N(vag))

j=1 1<i<n 1<j<n
©(G)>n =G >n

2.11.3 Getting the same sum with absolute convergence
Let ly be a positive integer, and suppose that

(2.11.6) max(mw(1l),...,7(lp)) < n.

If 3772, v; converges absolutely with respect to N, then (2.11.5) implies that

(2.11.7) N(Zuj - Zuﬁ(j)) < 3 N(u).
j=1 j=1 I=lo+1
The right side is as small as we want when [y is sufficiently large, because
Y21 N(v;) converges, by hypothesis.
If either 3°°%, v; or (2.11.1) converges in V, then it follows that both series

converge, with
(2.11.8) > ovi=va)-
j=1 j=1

Remember that absolute convergence of a series implies convergence of the series
when V is a Banach space with respect to N, as in Subsection 2.10.2.

2.11.4 Rearrangements and ultranorms

One can check that

(2.11.9) lim N(v;) = 0 if and only if lim N(v,;) = 0.
j—o0 j—o0

Suppose now that N is an ultranorm on V', so that

1<j<n
w(3)>n m(j)>n

(2.11.10) N(Zvj — Zvﬂ(j)) < max ( max N(v;), max N(v,r(j))>,
=1 = Gr>n

by (2.11.4). If Iy satisfies (2.11.6) and the equivalent conditions in (2.11.9) hold,
then it follows that

n n
(2.11.11) N(;vj —z;uﬁ(j)) < max N (u).
J= J=

The right side is as small as we want when [ is sufficiently large, by hypothesis.

If either Zj’;l vj or (2.11.1) converges in V, then we get that both series
converge, and that (2.11.8) holds. Of course, the convergence of the sequence of
norms to 0 is necessary for the convergence of the corresponding infinite series,
as in Subsection 2.10.1. The converse holds when N is an ultranorm on V and
V is a Banach space with respect to IV, as in Subsection 2.10.3.
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2.12 The valuation group
Let k be a field, and let | - | be an absolute value function on k. Observe that
(2.12.1) {lz| : z € k, x # 0}

is a subgroup of the multiplicative group R4 of positive real numbers. This
may be called the valuation group or the value group associated to |- | on k, as
on p42 of [33], p222 of [95], and p297 of [111]. This term is used in a slightly
different and essentially equivalent way in Problem 29 on p24 of [70].

Clearly (2.12.1) is the trivial subgroup {1} of R4 if and only if | - | is the
trivial absolute value function on k.

Put
(2.12.2) p1 =sup{|z|: z €k, |z] <1},

and note that
(2.12.3) 0<p <1

We also have that p; = 0 if and only if | - | is the trivial absolute value function
on k.

If
(2.12.4) p1 =1,
then
(2.12.5) 1 is a limit point of (2.12.1),

with respect to the standard Euclidean metric on R. It is easy to see that the
converse holds too. If (2.12.4) holds, then one can verify that (2.12.1) is dense
in R, with respect to the standard Euclidean metric.

2.12.1 Discreteness of absolute value functions

If
(2.12.6) pr <1,
then | - | is said to be discrete on k, as on p42 of [33]. If | - | is nontrivial on k

as well, so that p; > 0, then it is not too difficult to show that (2.12.1) is the
same as
(2.12.7) {p1eZ}.

In particular, this implies that the supremum on the right side of (2.12.2)
is attained when (2.12.6) holds. Of course, if the supremum on the right side
of (2.12.2) is attained, then (2.12.6) holds automatically. This corresponds to
Lemma 1.2 on p42 of [33], and to part of Problem 63 on p39 of [70]. More
precisely, in [33, 70], | - | is asked to be an ultrametric absolute value function
on k, and this is used to consider other versions of these properties, which we
do not need at the moment.

If
(2.12.8) 0<p1 <1,
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then we get that (2.12.1) is an infinite cyclic group, because it is the same as
(2.12.7). Conversely, if (2.12.1) is a nontrivial cyclic group, then the supremum
on the right side of (2.12.2) is attained and positive, so that (2.12.8) holds.
Discreteness is defined on p222 of [95] and on p305 of [111] in terms of the
valuation group (2.12.1) being cyclic.

2.12.2 Discreteness implies non-archimedean

Suppose for the moment that | - | is archimedean on k, as in Section 1.5. It
is easy to see that this implies that k& has characteristic 0. This means that k
contains a copy of Q. It follows that |- | induces an archimedean absolute value
function on Q.

The induced absolute value function on Q is equivalent to the standard
absolute value function on Q, by Ostrowski’s theorem, as in Section 1.11. This
means that the induced absolute value function on Q is not discrete, because
the standard absolute value function on Q is not discrete. This implies that | - |
is not discrete on k.

2.12.3 Valuation groups of subfields

Let ko be a subfield of k, and consider the valuation group
(2.12.9) {lz| : € ko, = # 0}

of the restriction of | - | to ko. Note that this is a subgroup of (2.12.1).

If | - | is an ultrametric absolute value function on k, and kg is dense in k
with respect to the corresponding ultrametric, then (2.12.1) is equal to (2.12.9).
This follows from a remark near the beginning of Section 1.12.

2.13 Vector-valued functions on sets

Let k be a field, let V' be a vector space over k, and let X be a noonempty set.
The space ¢(X, V) of all V-valued functions on X is a vector space over k with
respect to pointwise addition and scalar multiplication.

If f €c¢(X,V), then the support may be defined as the subset of X where f
is nonzero, i.e.,

(2.13.1) supp f = {z € X : f(z) # 0}.

Let coo(X, V) be the space of V-valued functions on X whose support has only
finitely many elements. This is a linear subspace of ¢(X, V), as a vector space
over X. Of course, if X has only fnitely many elements, then coo(X, V) is the
same as ¢(X, V).

If f€coo(X,V), then

(2.13.2) > f@)

zeX



46 CHAPTER 2. NORMS AND ULTRANORMS

may be defined as an element of V' in a simple way. More precisely, this may be
defined as the sum of the values of f over any nonempty finite subset of X that
contains the support of f. It is easy to see that this defines a linear mapping
from cgo(X, V) into V, as vector spaces over k.

2.13.1 Some norms on ¢y (X, V)

Let | - | be an absolute value function on k, and let Ny be a norm on V' with
respect to |- | on k. If f € coo(X, V), then put

(2.13.3) 1£lloc = max Ny (f(2))-

One can check that this defines a norm on cgo(X, V) with respect to | - | on k.

If Ny is an ultranorm on V, then this is an ultranorm on ¢ (X, V).
If r is a positive real number, then put

(213.4) 17 = (X Mu@r)”

reX

This satisfies the first two conditions in the definition of a norm, as in Section
2.1, and it is easy to see that it satisfies the triangle inequality when r = 1. If
1 < r < 0o, then one can verify that this satisfies the triangle inequality, using
Minkowski’s inequality for finite sums, as in Subsection 2.2.2. Thus this defines
a norm on coo(X, V) with respect to |- | on k when r > 1.

If r <1, then one can check that

(2.13.5) L+ gl < 1+ gl

for all f, g € coo(X,V), using an argument like the one in Subsection 2.2.3. This
implies that
(2.13.6) 1f = glly

defines a metric on ¢go(X, V), as before.

Remember that | - |” is an absolute value function on k when r < 1, as in
Subsection 1.4.1, and that Ny (-)" is a norm on V with respect to | -|" on k, as
in Subsection 2.3.4. As in Subsection 2.2.3, || - ||l is a norm on ¢go(X, V) with
respect to |- |” on k, and this is the analogue of (2.13.3) with r =1 and Ny (-)"
in place of Ny .

Note that
(2.13.7) Ny (Y r@) < £l

zeX

for every f € coo(X,V). If Ny is an ultranorm on V, then

(2.13.8) Ny (Y 1@) < Il

zeX

for every f € coo(X, V).
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2.13.2 Monotonicity in r

If f € Coo(X, V), then
(2.13.9) [flloe < IIf1l»

for every r > 0, as in Subsection 2.2.4. If 0 < r; < ry < 400, then

(213.10) [IfI72 = D" N (f@@)= < (IfFI™ Y Nv(f(@)

zeX zeX

A5 NI < A1

This implies that
(2.13.11) [ llre < f 1l

N

2.14 Bounded linear mappings

Let k be a field, and let V', W be vector spaces over k. The space of all linear
mappings from V into W may be denoted L(V,W), or L (V,W), to indicate
the role of k. This is a linear subspace of the space of all W-valued functions
on V, as a vector space over k with respect to pointwise addition and scalar
multiplication.

Let |- | be an absolute value function on k, and let Ny, Ny be norms on V|
W, respectively, with respect to | -| on k. A linear mapping T from V into W
is said to be bounded if there is a nonnegative real number C such that

(2.14.1) Ny (T(v)) < C Ny (v)

for every v € V.
Note that (2.14.1) implies that

(2.14.2) Nw(T(u) —T(v)) = Nw(T(u—v)) < C Ny (u—v)

for all u,v € V. In particular, this means that 7 is uniformly continuous as a
mapping from V into W, with respect to the metrics associated to Ny, Ny,
respectively.

2.14.1 Boundedness on balls in V centered at 0

If v € V and r is a positive real number, then let By (v,r) be the open ball
in V centered at v with radius r with respect to the metric associated to Ny,
as in Section 1.7. Similarly, if » > 0, then let By (v,7) be the closed ball in
V centered at v with radius r with respect to the metric associated to Ny . If
t € k, then it is easy to see that

(2.14.3) t By (0,r) = By (0, [t|r)

for every r > 0. The analogous statement for open balls was mentioned in
Subsection 2.5.2.
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If T is a bounded linear mapping from V into W, then
(2.14.4) Ny (T(v)) is bounded on By (0,7)
for every r > 0. In particular,

(2.14.5) Nw (T'(v)) is bounded on By (0,10)

for every ro > 0. If T is any mapping from V into W, then (2.14.4) implies
(2.14.5) automatically, with ro = r. We also have that (2.14.5) implies (2.14.4)
automatically for each r < rg. If T is continuous at 0, then (2.14.5) holds for
some 1o > 0.

Suppose for the moment that |- | is not the trivial absolute value function on
k. If T is a linear mapping from V into W that satisfies (2.14.4) for some r > 0,
or equivalently (2.14.5) for some ro > 0, then it is not too difficult to show that

(2.14.6) T is bounded as a linear mapping from V into W.

This uses the remarks at the beginning of Section 1.9, and it is analogous to an
argument mentioned in Subsection 2.5.2.

2.14.2 Operator norms

Let BL(V,W) be the space of all bounded linear mappings from V into W
with respect to Ny, Ny, respectively. This may also be denoted BL(V, W) to
indicate the role of k, as before. One can check that this is a linear subspace of
L(V,W), as a vector space over k.

If T € BL(V,W), then put

(2.14.7) I Tlop = I Tllopvw = inf{C >0 (2.14.1) holds}.

One can check that the infimum on the right is automatically attained, so that

(2.14.8) Nw (T (v)) < [T lop,vw Nv (v)

for every v € V. One can also verify that this defines a norm on BL(V, W) with
respect to |- | on k. If Ny is an ultranorm on W, then

(2.14.9) IT|lop is an ultranorm on BL(V, W).

Let Z be another vector space over k with a norm Nz with respect to | - |
on k. If 71 is a bounded linear mapping from V into W, and 715 is a bounded
linear mapping from W into Z, then their composition 75 o T3 is a bounded
linear mapping from V into Z, with

(2.14.10) T2 0 Thllop,vz < | Tillop,vw | T2llopwz-
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2.14.3 Extending some bounded linear mappings

Let V4 be a linear subspace of V', and suppose that Vj is dense in V', with respect
to the metric associated to Ny . Also let Ty be a bounded linear mapping from
Vo into W, with respect to the restriction of Ny to V. Thus Tj is uniformly
continuous with respect to the metrics associated to these norms, as mentioned
near the beginning of the section. If W is complete with respect to the metric
associated to Ny, then there is a unique extension of Ty to a uniformly contin-
uous mapping 7" from V into W, as in Subsection 1.13.2. One can check T is a
bounded linear mapping from V into W under these conditions, with operator
norm equal to the operator norm of T on Vj.

2.15 Some remarks about completeness

Let us continue with the same notation and hypotheses as in the previous sec-
tion. If W is complete with respect to the metric associated to Ny, then

(2.15.1) BL(V,W) is complete

with respect to the metric associated to the operator norm. Indeed, let {7}}32,
be a Cauchy sequence in BL(V, W) with respect to the metric associated to the
operator norm. Thus, for each ¢ > 0, there is a positive integer L(e) such that

(2.15.2) |75 — Tillop < €
when 7,1 > L(e). This implies that
(2.15.3) N (Tj(0) — Ti(0)) < € Ny (v)

for all v € V and 7,1 > L(e).
In particular, this means that

(2.15.4) {T;(v)}52, is a Cauchy sequence in W

for each v € V, with respect to the metric associated to Ny . It follows that
{T}j(v)}32, converges to an element of W for each v € V, and we put

(2.15.5) T(v) = lim T}(v).
j—o0
It is easy to see that this defines a linear mapping from V into W.
One can check that
(2.15.6) N (T'(v) - Ty()) < € Ny (v)

for every v € V, € > 0, and | > L(e). One can use this for any € > 0 to get
that T is bounded as a linear mapping from V into W, because T; is a bounded
linear mapping for each [, by hypothesis. We also get that

(2.15.7) IT = Tillop < €

for every € > 0 and [ > L(e), so that {1;}7°, converges to T with respect to the
metric on BL(V, W) associated to the operator norm.
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2.15.1 Cauchy sequences in cqoo(X, W)

Let X be a nonempty set, and let coo(X, W) be as in Section 2.13. Also let
0 <7 < 0o be given, and let {f;}32; be a Cauchy sequence in coo(X, W) with
respect to the metric associated to || - ||, when » > 1. If 0 < r < 1, then one can
use the metric (2.13.6).

If x € X, then it is easy to see that

(2.15.8) {fi(z)}52; is a Cauchy sequence in W,

with respect to the metric associated to Ny,. If W is complete with respect to
this metric, then {f;(z)}52; converges to an element of W for each x € X, and
we put
(2.15.9) f(z) = lim f;(x).
j*}OO
Of course, this defines a W-valued function on X.
If X has only finitely many elements, then it is easy to see that {f;}72;

converges to f with respect to the metric associated to || - ||,-. This implies that
coo(X, W) is complete with respect to the metric associated to || - ||, in this
case. Note that || - ||, is less than or equal to (#X)'/" times || - ||oo in this case,

where #X is the number of elements of X. This corresponds to a remark in
Subsection 2.2.4 when W =k and Ny = | - |.

2.15.2 Infinite sets X

If X has infinitely many elements, then the support of f may not be finite.
More precisely, if there are nonzero elements of W with arbitrarily small norm,
then it is not too difficult to show that there Cauchy sequences in cgo(X, W)
whose pointwise limit does not have finite support. Note that there are nonzero
elements of W with arbitrarily small norm when W # {0} and | - | is not the
trivial absolute value function on k.

Otherwise, if there are no nonzero elements of W with arbitrarily small norm,
then Cauchy sequences in coo(X, W) with respect to the metric associated to
|l - || are eventually constant, and thus converge.



Chapter 3

Some metrics, norms, and
algebras

3.1 Bounded sets and functions

Let (Y, dy) be a nonempty metric space. A subset E of Y is said to be bounded
in Y with respect to dy if E is contained in a ball in Y. Equivalently, this
means that the set of distances dy (y, z) with y,z € F is bounded as a set of
nonnegative real numbers.

Let X be a nonempty set, and let f be a function on X with values in Y.
We say that f is bounded on X if

(3.1.1) f(X) is a bounded set in Y.

3.1.1 The supremum metric

Let
(3.1.2) B(X,Y)
be the space of bounded mappings from X into Y. If f,g € B(X,Y), then put
(3.1.3) 0(f.9) = sup dy (f(z),9(x)).
xre

It is well known and not difficult to show that this defines a metric on B(X,Y),
known as the supremum metric associated to dy .

If dy is an ultrametric on Y, then one can check that the supremum metric
is an ultrametric on B(X,Y).

3.1.2 Pointwise and uniform convergence

Let {f; }3)0:1 be a sequence of mappings from X into Y, and let f be another
mapping from X into Y. We say that {f;}52, converges to f pointwise on X if
{fi(x)}52, converges to f(z) in Y for every z € X.

o1
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We say that {f; };";1 converges to f uniformly on X if for every ¢ > 0 there
is a positive integer L(¢) such that

(3.1.4) dy (f(z), fi(x)) <€

for each z € X and j > L(e). Note that uniform convergence implies pointwise
convergernce.

If f; is bounded for each j, and {f;}32, converges to f uniformly on X, then
one can check that
(3.1.5) f is bounded on X.

More precisely, this works when (3.1.4) holds for some j and € > 0.

If f; is bounded on X for each j, and (3.1.5) holds, then one can verify that
{fi}521 converges to f uniformly on X if and only if {f;}72; converges to f
with respect to the supremum metric.

3.1.3 Completeness of B(X,Y)

If Y is complete as a metric space with respect to dy, then it is well known that
(3.1.6) B(X,Y) is complete

with respect to the supremum metric. To see this, let {f;}32; be a sequence of
bounded mappings from X into Y that is a Cauchy sequence with respect to
the supremum metric. This means that for each € > 0 there is a positive integer
L(e) such that

(3.1.7) 0(fj. fi) <e
when 7,1 > L(e). If z € X, then it follows that

(3.1.8) dy (fj(z), fi(z)) <e

when j,1 > L(e). This implies that {f;(x)}32; is a Cauchy sequence in Y with
respect to dy.

If Y is complete, then we get that {f; 521 converges pointwise to a mapping
f from X into Y. One can check that

(3.1.9) dy (f(x), fi(z)) <€

for every x € X, € > 0, and I > L(e). This means that {f;}32, converges to
f uniformly on X with respect to dy. It follows that f is bounded on X with
respect to dy, as before. Equivalently,

(3.1.10) 0(f f) <€

for every e > 0 and I > L(e), so that { f; 524 converges to f with respect to the
supremum metric.
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3.2 Bounded vector-valued functions

Let k be a field with an absolute value function | - |, let W be a vector space
over k with a norm Ny, with respect to |- | on k, and let X be a nonempty set.
Let us say that a W-valued function f on X is bounded with respect to Ny on
W if

(3.2.1) N (f(2))

is bounded as a nonnegtive real-valued function on X. This is the same as
saying that f is bounded as a mapping from X into W, as a metric space with
respect to the metric associated to Ny, as in the previous section. If f has
finite support in X, then f is automatically bounded with respect to Ny on
w.

Let
(3.2.2) (X, W) =03 (X, W)

w

be the space of all W-valued functions on X that are bounded with respect to
Ny . This is the same as the space B(X, W) of all bounded mappings from X
into W as a metric space, as in the previous section again. One can check that
this is a linear subspace of the space ¢(X, W) of all W-valued functions on X,
as a vector space over k. Note that the space coo(X, W) of W-valued functions
on X with finite support is a linear subspace of £°° (X, W).

3.2.1 The supremum norm

If f € £°(X, W), then put

(3:2.3) [[flloe = I fllsup = [ flle=cxwy = [ fllege, cxw) = sup Nw (f(x))-

This is the same as in Subsection 2.13.1 when f has finite support in X.

One can check that (3.2.3) defines a norm on ¢*°(X, W), as a vector space
over k, with respect to | - | on k. This is known as the supremum norm on
£°(X, W), with respect to Ny on W. If Ny is an ultranorm on W, then one
can verify that the supremum norm is an ultranorm on ¢°°(X, W). The metric
associated to the supremum norm is the same as the supremum metric, with
respect to the metric on W associated to Ny, as in the previous section.

If W is complete with respect to the metric associated to Ny, then £°° (X, W)
is complete with respect to the supremum metric, as before. This means that
£>(X, W) is a Banach space with respect to the supremum norm.

3.3 Some linear mappings
Let &k be a field, and let W be a vector space over k. Also let X be a nonempty

set, and let coo(X, k) and coo(X, W) be as in Section 2.13. If a is any W-valued
function on X and f € coo(X, k), then a f defines a W-valued function on X
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with finite support. Put

(3.3.1) To(f) =Y a(x) f(x),

zeX

where the sum on the right is as in Section 2.13. This defines a linear mapping
from coo(X, k) into W, as vector spaces over k.

If y € X, then let §, be the k-valued function on X such that d§,(z) is equal
to 1 when y = z, and to 0 otherwise. It is easy to see that the collection of d,’s,
y € X, is a basis for coo(X, k), as a vector space over k.

Observe that

(3.3.2) Ta(0y) = aly)

for each y € X. If T' is any linear mapping from cgo (X, k) into W, then

(3.3.3) a(y) = ar(y) = T(dy)

defines a W-valued function on X. This is the unique W-valued function on X
such that

(3.3.4) T=T,
on Coo(X, k’)

3.3.1 A necessary condition for 7, to be bounded

Let |- | be an absolute value function on k, let Ny be a norm on W with respect
to | -] on k, and let a be a W-valued function on X. If 0 < r < oo, then let
Il - ||~ be as in Subsection 2.13.1, with V =k and Ny = |- |. Note that

(3.3.5) 16, = 1

for every y € X and r > 0.

Suppose for the moment that T, is bounded as a linear mapping from
coo(X, k) into W, with respect to || - || on coo(X, k). More precisely, we should
ask that » > 1 here, so that || - ||, is a norm on cgo(X, k), although there are
analogous statements when r < 1. Let

(3.3.6) 1 Tallop,r
be the operator norm of T, with respect to || - ||, on ¢oo(X, k) and Ny on W.
If y € X, then

(3~3-7) NW(a(y)) = NW(Ta(§y)) < HTaHOP,T ||5y||r < HTaHOP,T'

This means that a is bounded on X with respect to Ny, with

(3.3.8) llalle x,wy < || Tallop,r-
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3.3.2 Boundedness of T, with respect to || - |

Suppose now that a is bounded on X with respect to Ny, and let f € coo(X, k)
be given. Observe that

(339)  Nw(Tu(f) < Y Nw(a(@))|f(@)] < lalle=cxwy 1 /11

zeX

This means that Ty is bounded as a linear mapping from coo(X, k) into W, with
respect to || - ||1 on coo(X, k) and Ny on W, with

(3.3.10) [ Tallop.1 < llallesx,w)-

It follows that
(3.3.11) [Tallop,1 = llalle= x.w),
because of (3.3.8).

3.3.3 Boundedness of 7, when Ny, is an ultranorm

If Ny is an ultranorm on W, then
(3:3.12)  Nw(Ta(f)) < max(Nw (a(x)) |f(@)]) < llalle=cx,w) 1 flloo

for every f € coo(X, k). This implies that T, is bounded as a linear mapping
from coo(X, k) into W, with respect to || - ||oo o1 coo(X, k) and Ny on W, with

(3.3.13) HTa||0p-,oo < ”a”Z‘X’(X,W)o
In fact,
(3.3.14) HTa”oP,oo = ||a||€°°(X,W)a

because of (3.3.8).

3.4 Some weighted norms

Let k be a field with an absolute value function |- |, and let Z be a vector space
over k with a norm Nz with respect to | -| on k. Also let X be a nonempty set,
and let w be a positive real-valued function on X. If r is a positive real number
and f is a Z-valued function on X with finite support, then put

(3.4.1) 1l = (D2 Nz(f(x))rw(x)r)l/r.

rzeX

This is the same as ||f||, in Subsection 2.13.1 when w =1 on X.

As before, (3.4.1) satisfies the first two conditions in the definition of a norm
in Section 2.1, and it is easy to see that it satisfies the triangle inequality when
r=1 If1 < r < oo, then one can check that (3.4.1) satisfies the triangle
inequality, using Minkowski’s inequality for finite sums, as in Subsection 2.2.2.
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If » < 1, then one can verify that

(3.4.2) I+ 9ll7w < NI w + 1917

for all f,g € coo(X, Z), as in Subsections 2.2.3 and 2.13.1. This implies that

(3.4.3) 1f = 9l

defines a metric on cgo(X, Z), as in the previous situations.

Remember that |-|" is an absolute value function on k when » < 1, and that
Nz(-)" is a norm on Z with respect to | - |" on k, as in Subsections 1.4.1 and
2.3.4. We also have that || - [|7., is a norm on coo(X, Z) with respect to |- |" on
k, and that this is the analogue of (3.4.1) with » = 1 and Nz(:)" in place of Nz,
as in Subsections 2.2.3 and 2.13.1.

3.4.1 Weighted (> spaces

Let
(3.4.4) 12(X, 7) :KﬁNZ(X, Z)

be the space of Z-valued function on X such that
(3.4.5) Nz(f(z)) w(z)

is bounded as a nonnegative real-valued function on X. Of course, this is the

same as in Section 3.2 when w = 1 on X. One can check that (X, 7Z) is

a linear subspace of the space ¢(X,Z) of all Z-valued functions on X. If f

has finite support in X, then (3.4.5) has finite support in X too, and is thus

bounded on X. This means that coo(X, Z) is a linear subspace of £5°(X, Z).
If fetP(X,Z), then put

(3.4.6) | flloo,w = I fllee(x,2) = ||f|\z§NZ(x,z) = Sgg(Nz(f(x))w(x)),

which is also the same as in Section 3.2 when w = 1 on X. If f has finite support
in X, then the supremum on the right side of (3.4.6) reduces to the maximum
over any nonempty finite subset of X that contains the support of f.

One can check that (3.4.6) defines a norm on ¢ (X, Z), as a vector space
over k, with respect to |-| on k. If Nz is an ultranorm on Z, then one can verify
that (3.4.6) is an ultranorm on ¢3°(X, Z).

3.4.2 Completeness of (2°(X, 7)

If Z is complete with respect to the metric associated to Nz, then
(3.4.7) 2°(X, Z) is complete

with respect to the metric associated to (3.4.6). This is analogous to the argu-
ment in Subsection 3.1.3.
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Let {f;}32, be a Cauchy sequence of elements of £3°(X, Z) with respect to
the metric associated to (3.4.6). This means that for each ¢ > 0 there is a
positive integer L(e) such that

(348) ||f] - leoo,w <e€
when j,1 > L(e). If z € X, then it follows that
(3.4.9) Nw (fj(z) = fi(z)) w(z) <e

when j,1 > L(e). This implies that {f;(z)}72; is a Cauchy sequence in W with
respect to the metric associated to Nyy.

If W is complete with respect to the metric assocuated to Ny, then this
sequence converges to an element of W, that we shall express as f(z). One can
check that
(3.4.10) N (f(2) — fi(a) w(z) < e
for every € X, e > 0, and I > L(e). One can use this for any € > 0 to get that

(3.4.5) is bounded on X, because of the analogous condition on f; for each [, by
hypothesis. We also have that

(3.4.11) 1f = filloow < €

for every € > 0 and [ > L(e), so that {f;};°, converges to f with respect to the
metric associated to (3.4.6).

3.4.3 More on these weighted norms and spaces

Suppose for the moment that f is a Z-valued function on X whose support
has infinitely many elements. In this case, it is not difficult to see that there
are positive real-valued functions w on X such that (3.4.5) is not bounded.
This means that coo(X, Z) is the same as the intersection of all of the spaces
2(X, Z), over all positive real-valued functions w on X.

If w is any positive real-valued function on X again, and 0 < r; < ry < 00,
then

(3.4.12) vz < 1 llry o

for all f € cgo(X,Z). This can be seen in essentially the same way as in
Subsection 2.13.2, or by reducing to the previous version using (3.4.5) as a
real-valued function on X in place of f.

Suppose that wy, ws are posiitve real-valued functions on X such that

(3.4.13) w1 < Cwa

on X for some nonnegative real number C'. This implies that
(3.4.14) 1l < C 1l

for all f € cpo(X,Z) and r > 0. We also get that

(3.4.15) Lo (X, Z) Cly (X, Z),
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with
(3.4.16) [flloowr < C N1 f 1l
for all f € 03 (X, 2).

3.5 Weights and some linear mappings

Let k be a field with an absolute value function | - |, let X be a nonempty set,
and let w be a positive real-valued function on X. If f is a k-valued function
on X with finite support and 0 < r < oo, then let ||f||, be as in the previous
section. This means that & is considered as a one-dimenionsal vector space over
itself, with | - | as a norm on k. Observe that

(3.5.1) 10y [0 = w(y)

for every y € X and r > 0, where §, is as in Section 3.3.

3.5.1 A necessary condition for the boundedness of T,

Let Z be a vector space over k with a norm Nz with respect to |- | on k, and let
a be a Z-valued function on X. Also let T, be the corresponding linear mapping
from cgo(X, k) into Z, as in Section 3.3.

Suppose for the moment that 7T, is bounded as a linear mapping from
coo(X, k) into Z, with respect to || - || on coo(X, k). As in Subsection 3.3.1,
we should ask that r > 1 here, so that || - ||, is & norm on coo(X, k), and there
are analogous statements when r < 1. Let

(3.5.2) 1 Tallop,rw
be the operator norm of Ty, with respect to || - ||, on coo(X, k) and Nz on Z.
If y € X, then

(3.5.3) Nz(a(y)) = Nz(Ta(dy)) < [ Tallop.r.w |0yllraw = | Tallop,rw w(y)-

This means that
(3.5.4) a€ éf‘jw(X, Z),

in the notation of the previous section, with

(3.5.5) ”aHijw(X,Z) < ||T11||0P7T'7’UJ'

3.5.2 Some sufficient conditions for the boundedness of T,
Suppose now that (3.5.4) holds, and let f € coo(X, k) be given. Note that

(3.5.6) Nz(a(z)) < llalle, (x.2) w(®)

for every z € X.
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Under these conditions, we have that

Nz(Tu(f)) < Y Nz(a(x))|f(2)]

zeX

IN

(3.5.7) ‘@Hef;jw X,Z) Z |f(z = HaHe‘;jw X,Z)
reX

This implies that T, is bounded as a linear mapping from cgo (X, k) into Z with
respect to || - [|1,w on coo(X, k) and Nz on Z, with

(358) ||T ||op 1w < Ha||ff7w(X7Z)'
In fact,
(359) ||Ta||0p,l,’w = Hane‘;‘/’w(X,Z)’

because of (3.5.5).
If Nz is an ultranorm on Z, then

Nz(Tu(f)) < max(Nz(a(z))|f()])
(3.5.10) < llallegs, x,2) max(|f(z)| w(z)) = llalless, (x.2) 1 flloo,w

for all f € coo(X, k). This means that T, is bounded as a linear mapping from
coo(X, k) into Z, with respect to || - |loo,w o1 coo(X, k) and Nz on Z, with

(3~5-11) HT HOP,OO w > ”aHEOC W(X:2)"

More precisely,
(3512) HT Hop,oo w — ||a’H€°C

l/w(X’Z))

because of (3.5.5).

3.6 Bilinear mappings

Let k be a field, and let V, W, and Z be vector spaces over k. A mapping B
from V x W into Z is said to be bilinear if B(v,w) is linear as a function of
v € V for each w € W, and linear as a function of w € W for each v € V. We
may also say that B is bilinear over k in this case, to indicate the role of k.

The space of all bilinear mappings from V' x W into Z over k may be denoted
LV, W;Z), or Li(V,W;Z), to be more precise. This is a linear subspace of the
space of all Z-valued functions on V' x W, as a vector space over k with respect
to pointwise addition and scalar multiplication.

3.6.1 Bounded bilinear mappings

Let | - | be an absolute value function on k, and let Ny, Ny, and Nz be norms
on V, W, and Z, respectively, with respect to |-| on k. We say that B is bounded
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on V x W with respect to these norms if there is a nonnegative real number C'
such that
(3.6.1) Nz(B(v,w)) < C Ny (v) Nw(w)

for every v € V and w € W.

In this case, for each w € W, B(v,w) defines a bounded linear mapping
from V into Z, with operator norm less than or equal to C' Ny (w). Similarly,
for each v € V, B(v,w) defines a bounded linear mapping from W into Z, with
operator norm less than or equal to C Ny (v).

Let BL(V,W; Z) = BL,(V,W; Z) be the space of all bounded bilinear map-
pings from V x W into Z over k with respect to Ny, Ny, and Nz. One can
check that this is a linear subspace of L(V,W;Z), as a vector space over k.

If Be BL(V,W;Z), then put

(362) ||BHBL',(V7W;Z) = ||BHBL‘,1C(V,W;Z) = 1nf{C’ Z 0: (361) hOldS}
One can verify that the infimum on the right is automatically attained, so that
(3.6.3) Nz(B(v,w)) < [|Bllsev,wiz) Nv(v) Nw (w)

for every v € V and w € W. One can also check that (3.6.2) defines a norm on
BL(V,W; Z) with respect to |- | on k. If Nz is an ultranorm on Z, then this is
an ultranorm on BL(V,W; Z).

If Z is complete with respect to the metric associated to Nz, then it is not
too difficult to show that BL(V,W; Z) is complete with respect to the metric
associated to (3.6.2). This is analogous to the argument for spaces of bounded
linear mappings in 2.15.

3.6.2 Some related continuity properties

Remember that V' x W may be considered as a vector space over k, and that
we can use Ny and Ny to get norm on V' x W as in Section 2.3. Using these
norms, we get metrics on V' x W, as before. If B is bounded on V x W then
it is easy to see that B is continuous at (0,0), as a mapping from V x W into
Z, with respect to any of these metrics on V x W.

If v,v' € V and w,w’ € W, then

(3.6.4) B(v,w) — B(v',w") = B(v —v',w) + B(v',w — w’).
If B is bounded, then it follows that
Nz(B(v,w) — B(tv',w")) < Nz(B(v—v",w))+ Nz(B(v',w—w"))
(3.6.5) < CNy(v—2")Nw(w)+ C Ny (') Ny (w—w'),
where C'is as in (3.6.1).

This implies that B is uniformly continous on bounded subsets of V x W,
with respect to the metric on Z associated to Nz, and a metric on V' x W asso-

ciated to a suitable norm as before. It follows in particular that B is continuous
onV x W.
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3.6.3 Boundedness on products of balls in V x W

If v € V and 7 is a positive real number, then let By (v,r) and By (v,r) be the
open and closed balls in V' centered at v with radius r with respect to the metric
associated to Ny, as in Section 1.7 and Subsection 2.14.1. Similarly, if w € W
and r > 0, then let By (w,r) and By (w,r) be the open and closed balls in W
centered at w with radius r with respect to the metric associated to Ny .

If B is bounded on V' x W, then

(3.6.6) Nz(B(v,w)) is bounded on By (0,7y) x By (w,rw)
for all ry,rw > 0. In particular,
(3.6.7) Nz(B(v,w)) is bounded on By (v,7{,) X Bw (w,ry)

for all r{,, 7}, > 0. If B is any mapping from V' x W into Z, then (3.6.6) implies
(3.6.7) automatically, with r{, = ry and 7/, = ry. Similarly, (3.6.7) implies
(3.6.6) automatically when ry < r{, and rw < r};,. If B is continuous at (0, 0),
then it is easy to see that (3.6.7) holds for some 7{,,ry, > 0.

Suppose for the moment that | - | is not the trivial absolute value function
on k. Suppose also for the moment that B is a bilinear mapping from V x W
into Z that satisfies (3.6.6) for some ry,ry > 0, or equivalently (3.6.7) for some
i,y > 0. Under these conditions, it is not too difficult to show that B is
bounded as a bilinear mapping from V x W into Z. This is analogous to a
remark about linear mappings in Subsection 2.14.1.

3.6.4 Extending some bounded bilinear mappings

Let Vi, Wy be linear subspaces of V', W, respectively, that are also dense sets
with respect to the metrics associated to the corresponding norms. Suppose that
By is a bounded bilinear mapping from Vy x Wy into Z, using the restrictions
of Ny, Nw to Vy, Wy, respectively. If Z is complete with respect to the metric
associated to Nz, then there is a unique extension of By to a bounded bilinear
mapping from V x W into Z. More precisely, one can first use the remarks
in Subsection 1.13.2 to get a unique extension of By to a mapping B from
V x W into Z that is uniformly continuous on bounded sets, and continuous
in particular. One can check that this extension is bilinear and bounded as a
bilinear mapping, with the same constant as for By on Vi x Wj.

Alternatively, one can use the analogous statement for bounded linear map-
pings in Subsection 2.14.3, one variable at a time. That is to say, one can extend
By to a bounded bilinear mapping from V' x Wy into Z, by considering By (v, w)
as a bounded linear mapping from Vj into Z for each w € Wy, and extending
this to a bounded linear mapping from V into Z. This may be extended to a
bounded bilinear mapping from V' x W into Z in the same way, by considering
it as a bounded linear mapping from W into Z for each v € V.
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3.7 Some bilinear mappings

Let k be a field, let Z be a vector space over k, and let X, Y be nonempty
sets. Thus the Cartesian product X x Y of X and Y is a nonempty set as well,
consisting of all ordered pairs (z,y) with x € X amd y € Y. If ¢(z,y) is a
Z-values function on X x Y with finite support, then

(3.7.1) > o)

(z,y)EX XY

may be defined as an element of Z as in Section 2.13.
In this case, we may consider ¢(z,y) as a Z-valued function of z € X with
finite support for each y € Y, so that

(3.7.2) > b(x.y)

zeX

may be defined as an element of Z. This is a Z-valued function of y € Y with
finite support, so that

(3.7.3) > (X élew)

yeY zxeX

may be defined as an element of Z as well. It is not too difficult to see that this
is the same as (3.7.1).

Similarly, ¢(x,y) may be considered as a Z-valued function of y € Y for
each z € X, so that
(3.7.4) > o(x,y)

yey
may be defined as an element of Z. This is a Z-valued function of x € X with
finite support, so that
(3.7.5) > (X otww)
zeX yeyY

may also be defined as an element of Z. It is not too difficult to see that this is
the same as (3.7.1), as before. In particular, this is the same as (3.7.1).

3.7.1 Using Z-valued functions on X x Y

If a(x,y) is a Z-valued function on X X Y, f € coo(X, k), and g € coo(Y, k),
then

(3.7.6) a(z,y) f(x) 9(y)

defines a Z-valued function on X x Y with finite support. Put

(3.7.7) Bu(f,9)= >, alz,y) f(z)g(y),
(z,y)EXXY

where the sum on the right is as in Section 2.13. This defines a bilinear mapping
from coo(X, k) X coo(Y, k) into Z over k.
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Let 0x.40, Ov,y, be the k-valued functions on X, Y that are equal to 1 at
xg € X, yo € Y, respectively, and to 0 otherwise, as in Section 3.3. Observe
that

(378) Ba((sX,:cm 5Y,yo) = a(x07 yO)

for every xg € X and yo € Y. If B is any mapping from cgo(X, k) x coo(Y, k)
into Z that is bilinear over k, then

(3.7.9) a(zo,Y0) = ap(zo,yo) = B(dx,z0,6v,y0)

defines a Z-valued function on X x Y. This is the unique Z-valued function on
X XY such that
(3.7.10) B =B,

on Coo(X, k‘) X COO(K k‘)

3.7.2 Using weights on X, Y

Let | - | be an absolute value function on k, let 0 < rx,ry < oo be given, and
let wy, wy be positive real-valued functions on X, Y, respectively. If f, g are
k-valued functions on X, Y, respectively, with finite support, then let

(3711) ||f||COO(X,k?),TX,wX7 ||g||coo(Y,k),Ty,wY

be as in Section 3.4. Note that

(3712) HaX,:ro”(:OO(X,k),rX,wX = U))((.’Eo), H(sY,yo||Coo(Y7k)ﬂ”Y7wy = 'wy(yo)

for every x¢p € X and yg € Y, as in Section 3.5.
Put

(3.7.13) wxxy (2,y) = wx (z) wy (y)

for every z € X and y € Y, so that wx «y is a positive real-valued function on
X xY.

3.7.3 A necessary condition for the boundedness of B,

Let Nz be a norm on Z with respect to |- | on k, let a be a Z-valued fnction on
X xY again, and let B, be the corresponding napping from coo(X, k) X coo (Y, k)
into Z that is bilinear over k, as before. Suppose for the moment that B, is
bounded as a bilinear mapping with respect to (3.7.11). As in Subsection 3.5.1,
we should ask that rx,ry > 1 here, so that these are norms on coo(X, k) and
coo(Y, k), respectively, and there are analogous statements when rx < 1 or
ry < 1. Let

(3714) ||Ba||B£(V,W;Z),Tx,wx7ry,wy

be as in the previous section, using (3.7.11) on V' = coo(X, k), W = coo(Y, k),
respectively.
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If zg € X and yo € Y, then

NZ(a<x07 yO)) = NZ(Ba(é—X@o ) 6Y>y0))
(3.7.15)

IN

||Ba”BE(V,W;Z),TX,wx,ry,wy

X110 20 ll oo (X, 5),rx wx 10%,50 leon(¥,k) ry w0y

HBa||B£(V,W;Z),rx,wx,ry,wy wXXY(xO’yO)'

This implies that
(3.7.16) a €03 (X xY,2),

1/wxxy
in the notation of Subsection 3.4.1, with

(3.7.17) lall s

1/wXXY<XxY,Z) < HBa||BL(V,W;Z),T»X7MX,7-Y7wy.

3.7.4 Some sufficient conditions for the boundedness of B,

Suppose that (3.7.16) holds, and let f € coo(X, k), g € coo(Y, k) be given. Note
that
(3.7.18) Nz(a(z,y)) < llalle

vl (X XY,Z) wx (z) wy (y)
WX XY

forevery r € X and y € Y.
Using this and the remarks at the beginning of the section, we get that

Nz(Ba(f,9)) < > Nzla(z,y)|f(@)llg(v)l

(z,y)eEX XY
(3.7.19) < ales, xxviey D 1@]wx (@) lg(y) wy ()
X XY
(z,y)EX XY
= Malles, xxv.2) [flleoo ), 1,0 19 coo vy 1y -

This implies that B, is a bounded bilinear mapping, with respect to (3.7.11) on
V = coo(XEk), W = coo(Y, k), respectively, with rx = ry = 1, and that

(3.7.20) 1Ballsev,w:z)1wx 1wy < llalles,  (xxv.2)-

More precisely,

(3.7.21) | BallBov,w; 2y, wx 1wy = ||G||e;>7 (XXY,Z)>
WX XY

because of (3.7.17).
If Nz is an ultranorm on Z, then

Nz(Ba(f,9)) < max (Nz(a(z,y))[f (@) g(y)])

(z,y)eX XY
(3.7.22) lalles
WX XY

IN

pexvz) | mox (@) wx (@) o) wr )

llallex

1/Wx><Y(X><Y’Z) ||f||000(X7k‘)7007wx ||g||c00(Y,k'),oo,wy-
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This means that B, is a bounded bilinear mapping, with respect to (3.7.11) on
V = coo(X, k), W = cpo(Y, k), respectively, with rx = ry = oo, and that

(3.7.23) | BallBo(v,w:2),00,wx 00wy < Ha||e<1>7wxw(ny,Z)-

As before, we have that

(3.7.24) 1BallBev.w:2).00 wx co.wy = llalles (XxY,2)»
WX XY

because of (3.7.17).

3.8 Algebras in the strict sense

Let k& be a field, and let A be a vector space over k. If A is also equipped with
a bilinear mapping from A x A into A over k, then A is said to be an algebra
in the strict sense over k. This corresponds to an F-algebra with F' = k on p4
of [86], a not necessarily associative algebra on p225 of [94], an A-algebra with
A =k on pl06 of [111], and a k-algebra on p2 of [172]. We may express this
bilinear mapping as

(3.8.1) (a,b) — ab,

although other notation may also be used, when appropriate.
Of course, A is said to be associative if

(3.8.2) (ab)e=a(bc)
for every a,b,c € A. Similarly, A is said to be commutative if
(3.8.3) ab=ba

for every a,b € A.
We say that e = ey € A is the multiplicative identity element in A if

(3.8.4) eqa=aeyq =a

for every a € A. Note that this is unique when it exists.

If X is a nonempty set, then the space c¢(X, k) of all k-valued functions
on X is a commutative associative algebra over k, with respect to pointwise
multiplication of functions. The function 1x equal to the multiplicative identity
element 1 in k at every point in X is the multiplicative identity element in
(X, k).

Let V be a vector space over k, and let £L(V) = L(V,V) be the space of
all linear mappings from V into itself. This may also be expressed as L(V),
to indicate the role of k. This is an associative algebra over k, with respect
to composition of linear mappings. The identity mapping I = Iy on V is the
multiplicative identity element in £(V).
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3.8.1 Subalgebras

Let A be an algebra over k in the strict sense, and let Ay be a linear subspace
of A. If
(3.8.5) abe A

for every a,b € Ay, then A is said to be a subalgebra of A. Of course, this
implies that Ay is an algebra over k in the strict sense too, with respect to the re-
striction of the binary operation on A to Ay. If A is associative or commutative,
then Ay has the same property.

If X is a nonempty set again, then the space ¢(X,.A) of all A-valued func-
tions on X is an algebra over k in the strict sense, with respect to pointwise
multiplication of functions. This algebra is commutative or associative when A
is. The space of constant .A-valued functions on X is a subalgebra of ¢(X,.A).
If A has a multiplicative identity element e, then the constant function on X
equal to e at every point is the multiplicative identity element in ¢(X,.A). If
Ay is a subalgebra of A, then ¢(X, Ap) is a subalgebra of ¢(X, A).

3.8.2 Algebra homomorphisms

Let A, B be algebras in the strict sense over k, and let ¢ be a linear mapping
from A into B, as vector space over k. If

(3.8.6) ¢(aa’) = ¢(a) $(a)

for every a,a’ € A, then ¢ is said to be an algebra homomorphism from A into
B. Of course, this implies that ¢(.A) is a subalgebra of B.

If A, B have multiplicative identity elements e 4, eg, respectively, then one
may also wish to ask that
(3.8.7) ¢(€A) = €B.

If A has a multiplicative identity element e4 and ¢(.A) = B, then it is easy to
see that ¢(e4) is the multiplicative identity element in B.

If ¢ is a one-to-one algebra homomorphism from A onto B, then ¢ is said to
be an algebra isomorphism, as usual. In this case, the inverse mapping ¢! is
an isomorphism from B onto A.

3.8.3 Opposite algebra homomorphisms

Similarly, if
(3.8.8) plad’) = p(a’) (a)

for every a,a’ € A, then ¢ is said to be an opposite algebra homomorphism
from A into B. This is the same as an algebra homomorphism when A or B is
commutative. This also implies that ¢(A) is a subalgebra of 5.

If A, B have multiplicative identity elements e 4, eg, respectively, then one
may wish to ask that (3.8.7) hold too. If A has a multiplicative identity element
es and ¢(A) = B, then ¢(e4) is the multiplicative identity element of B, as
before.
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If ¢ is a one-to-one oppositive algebra homomorphism from A onto B, then
¢ is said to be an opposite algebra isomorphism. This implies that ¢~ ! is an
opposite algebra isomorphism from B onto A.

3.9 Norms on algebras

Let k be a field with an absolute value function | - |, let A be an algebra in the
strict sense over k, and let N4 be a norm on A with respect to | - | on k. Let
us say that N4 is quasi-submultiplicative on A if there is a nonnegative real
number C' such that

(3.9.1) Ny(aa') < C Nala) Na(a')

for every a,a’ € A. Equivalently, this means that multiplication on 4 is bounded
as a bilinear mapping from A x A into A with respect to N4, as in Subsection
3.6.1. If this condition holds with C' = 1, then N 4 is said to be submultiplicative
on A.

If A has a multiplicative identity element e 4, then (3.9.1) implies that
(3.9.2) Na(ea) = Naleaeq) < CNA(B_A)Q.

Note that A = {0} when e4 = 0. Otherwise, if e 4 # 0, then N(e4) > 0, and
we get that

(3.9.3) 1< C Nyleq).

Sometimes one asks that
(3.9.4) NA(eA) =1.

3.9.1 Some examples of submultiplicative norms

If X is a nonempty set, then the space £>°(X, k) of bounded k-valued functions
on X is a subalgebra of the space ¢(X, k) of all k-valued functions on X. More
precisely, if f, g € £>°(X, k), then one can check that

(3.9.5) 1/ 9llco < 1£1loo 19lloo-

We also have that ||1x|lc = 1.

Let V be a vector space over k with a norm Ny with respect to |- | on k.
The space BL(V) = BL(V, V) of all bounded linear mappings from V into itself
with respect to Ny is a subalgebra of the algebra £(V') of all linear mappings
from V into itself. This subalgebra may also be denoted BLj(V), to indicate
the role of k, as usual. The corresponding operator norm || - |[op = || - [lop,vv
is submultiplicative on BL(V), as in Subsection 2.14.2. Note that the identity
mapping Iy on V is automatically bounded, with || Iy ||, = 1 when V # {0}.
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3.9.2 Completions of algebras with norms

Let A be an algebra over k in the strict sense, with a quasi-submultiplicative
norm N4 again. If A is not already complete with respect to the metric asso-
ciated to N 4, then one can get a completion of A as a vector space over k with
a norm as in Subsection 2.4.4.

One can extend multiplication on A to the completion as in Subsection 3.6.4.
This extension is also quasi-submultiplicative, with the same constant as on A.

If A is commutative or associative, then the completion of A has the same
property. If A has a multiplicative identity element e 4, then e4 corresponds to
the multiplicative identity element in the completion.

More precisely, a completion of 4 may be defined as an isometric algebra
isomorphism onto a dense subalgebra of an algebra over k in the strict sense
with a quasi-sumbmultiplicative norm, and where this algebra is complete with
respect to the metric associated to the norm. This is unique up to a suitable
isometric isomorphic equivalence, as usual.

3.10 Norms on associative algebras

Let k be a field with an absolute value function | - | again, and let .4 be an
associative algebra over k with a quasi-submiltiplicative norm N 4 with respect
to |- | on k.

If N 4 is submultiplicative on A, and A is complete with respect to the metric
associated to N 4, then A is said to be a Banach algebra over k with respect to
N 4. Sometimes one may also ask that A have a multiplicative identity element
e with Na(eq) = 1.

3.10.1 A criterion for invertibility

Suppose that A has a multiplicative identity element e 4, and let a € A be given.
Let n be a nonnegative integer, and note that

(3.10.1) (eAfa)zn:aj:(iaj)(eAfa):eAfa"”Ll,
§=0

j=0
by a standard argument, where a is interpreted as being equal to e_4, as usual.

If e4 — a has a multiplicative inverse in A, then

n

(3.10.2) Z @l =(eq—a)t(ega—a"™) =(eqs —a" ™) (eqa —a)"t
j=0

It is easy to see that
(3.10.3) Na(a') < 71 Ny(a)
for every positive integer [, where C'is as in (3.9.1). If

(3.10.4) CNa(a) <1,
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then it follows that
(3.10.5) lim N4(a') = 0.

l—o0

If e4 — a is invertible in A, then (3.10.2) implies that

(3.10.6) > d
§=0

converges in A, with

(3.10.7) Zaj =(eq —a)t.
=0

More precisely, (3.10.4) implies that (3.10.6) converges absolutely with re-
spect to N4, because of (3.10.3). If A is complete with respect to the metric
associated to N4, then it follows that (3.10.6) converges in A, as in Subsection
2.10.2. In this case, one can use (3.10.1) to get that e 4 — a has a multiplicative
inverse in A, as in (3.10.7).

3.11 More on the archimedean property

Let k be a field with an absolute value function |- |, and suppose that | - | is
archimedean on k, as in Section 1.5. Note that this implies that k& has charac-
teristic 0. This means that there is an embedding of Q into k, as usual. This
leads to an absolute value function on Q, corresponding to |- | on k.

It is easy to see that this absolute value function on Q is archimedean too.
This implies that this absolute value function on Q is equivalent to the standard
absolute value function on Q, as in Section 1.11.

3.11.1 Getting the standard absolute value on Q

If a is any positive real number, then |-|* is a quasimetric absolute value function
on k, as in Subsection 1.4.1. We can choose a so that |- |* corresponds exactly
to the standard absolute value function on Q with respect to the standard
embedding of Q into k, as in the preceding paragraph. This implies that | - |
is an absolute value function on k, as in Subsection 1.6.1. This shows that | - |
is equivalent to an absolute value function on %k such that the corresponding
absolute value function on Q is the standard absolute value function.

Suppose now that the absolute value function on Q induced by |- | on k is
the standard absolute value function on Q. Suppose also that k is complete
with respect to the metric associated to | - | on k. Under these conditions, the
standard embedding from Q into k has a unique extension to an embedding from
R into k such that |-| on k corresponds to the standard absolute value function
on R with respect to this embedding, as in Subsection 1.15. This corresponds
to some remarks after the statement of Theorem 1.1 on p33 of [33], and at the
beginning of the proof of Theorem 16 on p260 of [95].
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Another famous theorem of Ostrowski states that either this embedding of
R into k is surjective, or otherwise k is isomorphic to C, in such a way that |-| on
k corresponds to the standard absolute value function on C. This corresponds
to Theorem 1.1 on p33 of [33], and Theorem 16 on p260 of [95]. This also
corresponds to the corollary on p291 of [111], where one starts with a field with
an absolute value function that contains R, and where the restriction of the
absolute value function on the larger field to R is the standard absolute value
function on R. Note that the fact that an archimedean absolute value function
on Q is equivalent to the standard absolute value function on Q is mentioned
on p285 of [111].

3.11.2 Some remarks about complex numbers

Observe that the standard absolute value function on C is the only absolute
value function on C that agrees with the standard absolute value function on
R, as in Subsection 2.7.1. This corresponds to Lemma 2.1 on p34 of [33], and
to a remark near the top of p261 of [95].

If k is as before and k contains an element whose square is —1, then the
previous embedding of R into k may be extended to an embedding of C into k.
The remark in the preceding paragraph implies that the absolute value function
on k corresponds to the standard absolute value function on C with respect to
this embedding.

In this case, Ostrowski’s theorem is related to a well-known result about
complex Banach algebras, and this will be discussed further in the next section.

3.12 Algebras over the complex numbers

Let A be an associative algebra over the complex numbers with a nonzero mul-
tiplicative identity element e, and let N4 be a submultiplicative norm on A
with respect to the standard absolute value function on C. If a € A, then it
is well known that there is a A € C such that Aey — a is not invertible in A.
This is normally stated for complex Banach algebras, and one can reduce to
that case using a completion of A.

Otherwise, if Aey — a is invertible in A for every A € C, then one can show
that
(3.12.1) (Neg —a)™?

is holomorphic as an A-valued function of A on the complex plane. In particular,
if u is a bounded linear functional on A, then

(3.12.2) p((he—a)7")

is a holomorphic complex-valued function of A € C. One can also show that
these functions then to 0 as |A\| — oo. This implies that

(3.12.3) w((Neqa —a) ™) =0
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for every A € C, by standard results in complex analysis.

It is well known that the bounded linear functionals on A separate points,
because of the Hahn-Banach theorem. Thus (3.12.3) implies that (3.12.1) is
equal to 0 for every A € C. However, (3.12.1) is nonzero for every A, because
e # 0, by hypothesis.

If every nonzero element of A is invertible, then it follows that every element
of A is of the form Aey for some A € C. This is a famous theorem of Gelfand
and Magzur. This is also normally stated for complex Banach algebras, although
completeness does not seem to be needed here.

This implies Ostrowski’s theorem in the case where the field contains an
element whose square is —1, as in the previous section. This is related to some
remarks beginning on p39 of [33]. See also [98, 175, 195].

See also Lemma 3.1 on p38 of [33] and the proof of Theorem 16 on p260 of
[95] for Ostrowski’s theorem in this case,

Of course, A may be considered as an associative algebra over the real num-
bers as well. Suppose now that N4 is a norm on A as a vector space over the
real numbers, and that N 4 is submultiplicative on A. If A is commutative, then
Theorem 1 on p289 of [111] states that for every a € A there is a A € C such
that A\ e4 —a is not invertible in A, as before. The proof, due to Tornheim, does
not use complex analysis.

3.13 The case where there is no square root of
—1in k&

To finish the proof of Ostrowski’s theorem from Section 3.11, one should consider
the case where there is no element of k£ whose square is equal to —1. One would
like to show that the natural embedding from R into %k discussed previously is
surjective under these conditions.

To do this, one can adjoin a square root of —1 to k, and try to show that this
larger field is equivalent to C. In the proof of the corollary on p290 of [111], a
submultiplicative norm is defined on the extension, considered as a commutative
algebra over the real numbers. Theorem 1 on p289 of [111] can be used to get
that the extension is equivalent to C, so that k is equivalent to R.

Alternatively, Lemma 2 on p259 of [95] states that the absolute value func-
tion on k can be extended to an absolute value function on the extension of k
mentioned earlier.

Lemma 2.3 on p37 of [33] says that the absolute value function on & can
be extended to a quasimetric absolute value function on the extension of k
mentioned before, which works here too.
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3.14 Left and right multiplication operators

Let k be a field, and let A be an algebra in the strict sense over k. If a,z € A,
then put

(3.14.1) L.(x) =ax, Ry(z) = za.

These define L,, R, as linear mappings from A into itself, as a vector space over
k. These are the left and right multiplication operators associated to a € A,
respectively. Note that

(3.14.2) a— Ly
and
(3.14.3) a R,

are linear mappings from 4 into the space L(A) of linear mappings from A into
itself, as a vector space over k.
If A has a multipiicative identity element e 4, then
(3.14.4) Le,=R., =14,
the identity mapping on A. We also have that

(3.14.5) Lo(ea) = Rolea) =a

for every a € A. This implies that (3.14.2) and (3.14.3) are injective.

3.14.1 When A is associative

Suppose for the moment that A is an associative algebra over k. If a,a’,x € A,
then

(3.14.6) Ly(Ly(2)) =a(d' 2) = (ad )z = Lyo ()
and
(3.14.7) Ry (Re(2)) = (xa)ad =z (ad') = Ry o ().

Equivalently, this means that

(3.14.8) L,oLy =Lgu
and
(3.14.9) Ry oR, = Ry q-

It follows that (3.14.2) is an algebra homomorphism from A into £(A), and that
(3.14.3) is an opposite algebra homomorphism.
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3.14.2 Using a norm on A

Let | - | be an absolute value function on k, and let N4 be a norm on A with
respect to | - | on k. Suppose that N4 is quasi-submultiplicative on A, with
constant C, as in Section 3.9. This means that

(3.14.10) Nu(Ly(x)), No(Ro(z)) < C Ng(a) Na(zx)

for every a,z € A. It follows that L., R, are bounded linear mappings from .4
into itself with respect to N4, with

(3.14.11) [ Lallop, [[Ballop < C' Na(a)

for every a € A. This implies that (3.14.2) and (3.14.3) are bounded linear
mappings from A into BL(A), with operator norms less than or equal to C.
If A has a multiplicative identity element e 4 again, then

(31412) NA(G) < HLaHop NA(eA)a HRa”OP NA(e.A)

for every a € A, because of (3.14.5). In particular, if C =1 and N4(e4) = 1,
then we get that (3.14.2) and (3.14.3) are isometric linear mappings from 4 into
BL(A).

3.15 Cauchy products

Let k be a field, and let A be an algebra over k in the strict sense. Also let
> o aj and >2;° by be infinite series with terms in A, and put

(3.15.1) =3 ajbn;

=0

for each nonnegative integer n. The corresponding series > 7, ¢, is called the
Cauchy product of the series Z;io aj and Y ;o by.

Similarly, let V', W, and Z be vector spaces over k, and let B be a bilinear
mapping from V' x W into Z. Also let Z;io v; and Z?io w; be infinite series
of elements of V' and W, respectively, and put

(3.15.2) Zn =Y B(vj,w,_;)
j=0

for each nonnegative integer n. The series Y - 2, may be described as the
Cauchy product of 7% v; and 7% w; with respect to B. Of course, this
includes the previous version, with V.= W = Z = A, and B equal to the
appropriate bilinear mapping associated to A.

If v; = 0 for all but finitely many j, and w; = 0 for all but finitely many I,
then one can check that z, = 0 for all but finitely many n, and that

(3.15.3) izn :B(ivj,iwl).
n=0 =0

=0
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3.15.1 Sums of nonnegative real numbers

Suppose for the moment that Z;’;O aj and y_,°, b, are series of nonnegative
real numbers. and let ¢, be as in (3.15.1) for each n > 0. If N is a nonnegative
integer, then it is easy to see that

N

(3.15.4) icn < (Zaj) (zijl) < %cn.
n=0 =0 n=0

=0

If 3272 g a; and 37)° by converge in R, then it follows that Y7 ; ¢, converges
too, with

(3.15.5) icn - (iaj) (ibl).
n=0 §=0 1=0

Conversely, if ZZOZO cn, converges, a; > 0 for some j, and b; > 0 for some [,
hen Y27 ja; and >, b, converge
then » ;—,a; 1=0 0l ge-

3.15.2 When B is bounded

Let | - | be an absolute value function on k, and let Ny, Ny, and Nz be norms
on V, W, and Z, respectively, with respect to | - | on k. Suppose that B is
bounded with respect to these norms, with constant C' > 0, as in Subsection
3.6.1. If z, is as in (3.15.2), then

n

(3156) Nz(zn) S ZNZ(B(Uj,wn—j)) S C ZN\/(U]‘) Nw(wn_j)
j=0 7=0

for each n > 0.

The sum on the right side of (3.15.6) is the nth term of the Cauchy product
of the series Z;io Ny (v;) and ;2 Ny (w;). If these series converge, then it
follows that > ° | Nz(z,) converges, with

(3.15.7) Y Nz(z) < C’Z(ZNV(vj)NW(wn_j))

=0 n=0 ;=0
= O(iNv(vj)) (iNW(wz)>,
=0 1=0

as before.

3.15.3 Approximating > 2,
If N is a nonnegative integer, then

N N N
(3.15.8) B(Zvj,2w5> — Zzn = Z B(v;,w;),
§=0 0 n=0

= = 3 lSN
JHI>N
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where more precisely the sum on the right is taken over all nonnegative integers
j, | satisfying the indicated conditions. This implies that

N N N
(3.15.9) Ny (B(Zvj, Zwl> — Z Zn> <C Z Nv(vj) Nw(wl).
j=0  1=0 n=0 N
Observe that
N N
> Ny(vy) Nw(w) < ( > NV(UJ')) (ZNW(UH))
JI<N J=[N/2]+1 1=0

(3.15.10) -‘r(zN:NV(’Uj))( EN: Nw(wz)),
J=0 I=[N/2]+1

where [N/2] is the integer part of N/2. It is easy to see that the right side tends
to 0 as N — oo when 3772 Ny (v;) and 37,2, Nw (w;) converge. This implies
that the left side of (3.15.9) tends to 0 as N — oo under these conditions.
Suppose that Y 7% v; and 7% w; also converge in V, W, respectively,
which holds automatically when V' and W are Banach spaces, as in Subsection
2.10.2. In this case, we get that Y.~ z, converges in Z, with sum as in (3.15.3).

3.15.4 Using ultranorms

If N is an ultranorm on Z, then

(3.15.11) Nz(zn) < max Nz(B<’Uj7’wn7j)) < C max (Nv(’l}j)Nw(wn,j))
0<j<n 0<j<n

for each n > 0. One can use this to get that

(3.15.12) Nz(z,) - 0asn — oo

when
(3.15.13) Ny (vj) = 0as j — oo and Ny (w;) = 0 as [ — oo.

‘We also have that

(3.15.14) Ny (B(i_v:vj, f:wl) _ f: zn>

= n=0
< Cmax{Ny(v;) Nw(w;) :j,l <N, j+1> N}

for every nonnegative integer N in this case. One can verify that the right side
tends to 0 as N — oo when (3.15.13) holds.

If Z;io v; and Z?io w; converge in V' and W, respectively, then it follows
that 3> 2z, converges in Z, and that (3.15.3) holds. Remember that the
convergence of Z;io vj and Y2 w; imply (3.15.13), as in Subsection 2.10.1. If
Ny, Ny are ultranorms, and V, W are Banach spaces, then (3.15.13) implies
the convergence of 372, v; and >3 2wy, as in Subsection 2.10.3.



Chapter 4

Formal series and other
matters

4.1 Formal polynomials and power series

Let k be a field, let V' be a vector space over k, and let T be an indeterminate.
We shall normally try to use upper-case letters for indeterminates, and lower-
case letters for elements of fields, vector spaces, algebras, etc., as in [33, 70]. A
formal power series in T with coefficients in V may be expressed as

(4.1.1) FT)=>" f19,
j=0

where f; € V for each j.

The space of all of these formal power series may be denoted V[[T]], which
may be defined more precisely as the space ¢(Z; U{0},V) of all V-valued func-
tions on the set Z; U {0} of nonnegative integers, as in Section 2.13. This is
a vector space over k with respect to termwise addition and scalar multipli-
cation, which corresponds to pointwise addition and scalar multiplication on
e(Zy U{0},V).

If f(T) € V[[T]] is as in (4.1.1) and r is a nonnegative integer, then

(4.1.2) FOT =Y [T =" f T
7=0 j=r
is another element of V[[T]]. This defines an injective linear mapping from

V[[T]] into itself.
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4.1.1 Formal polynomials in T

A formal polynomial in T with coefficients in V may be expressed as

n

(4.1.3) F(T) =3 1T,
§=0
where n is a nonnegative integer and f; € V for each j = 0,1,...,n. This may

be considered as a formal power series in 1" as well, with f; =0 for j > n.

The space V[T] of all formal polynomials in 7" with coefficients in V' may be
considered as a linear subspace of V[[T]]. This may be defined more precisely
as the space coo(Z4 U {0}, V) of all V-valued functions on Z4 U {0} with finite
support, as in Subsection 2.13 again.

Note that (4.1.2) is an element of V[T for every r > 0 when f(T) € V[T].

We can identify v € V with the formal polynomial in 7" such that the coeffi-
cient of TV is equal to v, and the coefficient of 77 is equal to 0 when j > 1. Of
course, V corresponds to a linear subspace of V[T] in this way.

4.1.2 Coefficients in an algebra

Let A be an algebra in the strict sense over k, as in Section 3.8. Thus A is
a vector space over k in particular, so that A[[T]] may be defined initially as
a vector space over k as before. We can define multiplication on A[[T]] using
Cauchy products, as in Section 3.15, as follows.

Let f(T),9(T) € A[[T]] be given, with f(T) as in (4.1.1), and similarly
g(T) =>72oqT". Put

(4.1.4) hn =Y fign—;

j=0
for each nonnegative integer n, so that h,, is defined as an element of A. Equiv-
alently,

7,120
Jjt+l=n

where more precisely the sum is taken over all pairs of nonnegative integers 7,
I with j+1=n.
Thus -
(4.1.6) WT) =Y h,T"
n=0

is an element of A[[T]], and we put
(4.1.7) J(T) g(T) = H(T).

It is easy to see that A[[T]] is an algebra over k in the strict sense with respect
to this definition of multiplication of formal power series. We also have that
A[T] is a subalgebra of A[[T]], and that A corresponds to a subalgebra of A[T],
using the identification mentioned in the previous subsection.
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4.1.3 More on A[[T]]

If A has a multiplicative identity element ey, then the corresponding formal
polynomial is the multiplicative identity element in A[[T7]].

One can check that
(4.1.8) f(T) = fo

defines an algebra homomorphism from A[[T]] onto A.
If f(T),9(T) € A[[T]] are as before and ry, o are nonnegative integers, then
one can verify that

(4.1.9) (f(T)T™) (9(T)T™) = (F(T) g(T) T ">

If A is commutative or associative, then one can check that A[[T]] has the
same property.

4.2 Invertibility in A[[T]]

Let k be a field, let A be an associative algebra over k with a nonzero multi-
plicative identity element e, and let T' be an indeterminate again. Also let
a(T) € A[[T]] be given, and consider

n n

(4.2.1) > (T T) = Z a(T)’ T?

§=0 j=0
for each nonnegative integer n. Here
(4.2.2) (a(T)T) = a(T) T7

is interpreted as being equal to e4 when j = 0.

If  is a nonnegative integer, then the coefficient of 7! in (4.2.2) is equal to
0 when j > [. This means that the coefficient of 7' in (4.2.1) does not depend
on n when n > [. We also have that

n n
(ea—a(D)T) YD) TY = (3 (@(T)TY) (ea—a(T)T)
j=0 j=0
(4.2.3) = ea—(a(T)T)"*
for every nonnegative integer n, as in Subsection 3.10.1.
We can define - -

(4.2.4) S (T TY = a(T) 17

Jj=0 j=0
as an element of A[[T]] by taking the coefficient of T' to be the same as in
(4.2.1) when n > I, for each nonnegative integer . It is easy to see that

oo

(4.25) (ea—a(D)T) > (a(T)T) = (Z(a(T) T)j) (ea—a(T)T) =ea,
j=0

J 7=0
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using (4.2.3). This shows that eq — a(T) T is invertible in A[[T]], with inverse
as in (4.2.4).
4.2.1 More on invertibility in A[[T]]

If f(T) € A[[T]] is as in (4.1.1), and fo is invertible in A, then f(7') may be
expressed as

(4.2.6) f(T) = folea—a(T)T)
for some a(T') € A[[T]]. Tt follows that f(T) is invertible in A[[T]], with
(127 T = (ea—a(T)T) ™ fi .

Conversely, if f(T') is invertible in A[[T]], then it is easy to see that fy is invert-
ible in A, using the homomorphism (4.1.8).

In particular, we can take A = k here. Thus f(T) € k[[T]] is invertible in
E[[T]] if and only if fy # 0.

4.3 Some more formal series

Let k be a field, let V' be a vector space over k, and let T' be an indeterminate.
Consider the space V((T)) of formal series of the form

oo

(4.3.1) fT)=> T,

J=Jo
where jo € Z and f; € V for each j > jo. More precisely, V((T)) may be
defined as the space of all V-valued functions on Z that are equal to 0 for all
but finitely many negative integers. If f(T) € V/((T')) is as in (4.3.1), then we
put f; =0 when j < jo, so that f; is defined as an element of V' for all integers
j. We may also express f(T') as

(4.3.2) fmy= > T,

Jj>>—00

as in [33], to indicate that f; = 0 for all but finitely many negative integers j.
We may consider V((T")) as a vector space over k with respect to termwise
addition and scalar multiplication, which corresponds to pointwise addition and
scalar multiplication of the associated V-valued functions on Z. We may also
identify V[[T]] with the linear subspace of V((T')) consisting of formal series
f(T') with f; =0 for all j < 0.
If f(T) € V((T)) and r is any integer, then

(43.3) fO)T = 3 [T =3 T
Jj>>—00 Jj>>—00

defines an element of V((T")) as well. Note that this agrees with the analogous
definition on V[[T]] in Section 4.1 when r > 0. This defines a one-to-one linear
mapping from V((T')) onto itself for each r € Z.



Chapter 5

5.1 More on ultrametric absolute value func-
tions

Let k be a field with an ultrametric absolute value function |- |. If x € k and r
is a positive real number, then let B(x,r) = By (z,r) and B(z,r) = By(z,r) be
the corresponding open and closed balls in &k centered at x with radius r with
respect to the ultrametric associated to |- |. Observe that

(5.1.1) By(0,7) and Bj(0,7) are subgroups of k,

as a commutative group with respect to addition,

for each » > 0.
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Chapter 6

More on formal polynomials
and power series

6.1 Formal polynomials

If n is a positive integer, then a multi-index of length n is an n-tuple a =
(aq,...,qy) of nonnegative integers. In this case, we may put

n
(6.1.1) || 220@.
j=1

Let A be a ring, and let T1, ..., T, be n distinct commuting indeterminates,
which are also considered to commute with the elements of A. If « is a multi-
index, then

(6.1.2) T =717 T

is the corresponding formal monomial in T1, ..., T,. If 8 is another multi-index,
then we put

(6.1.3) ToTP = TP,
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Chapter 7

7.1 Some remarks about field extensions

Let k be a field, and let k; be a field that contains k; as a subfield.
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