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Chapter 1

Semimetrics and seminorms

1.1 Semimetrics and semi-ultrametrics

Let X be a set, and let d(x,y) be a nonnegative real-valued function defined
for z,y € X. As usual, d(-,) is said to be a semimetric on X if it satisfies the
following three properties. First,

(1.1.1) d(z,x) =0 for every z € X.

Second,

(1.1.2) d(z,y) = d(y,z) for every z,y € X.
Third,

(1.1.3) d(z,z) <d(z,y)+d(y,z) forevery z,y,z € X,

which is the triangle inequality. If we also have that
(1.1.4) d(z,y) >0 for every z,y € X with x # y,

then d(-,-) is said to be a metric on X. The discrete metric is defined on X by
putting d(z,y) equal to 1 when x # y, and equal to 0 when z = y.

Similarly, d(-,-) is said to be a semi-ultrametric on X if it satisfies (1.1.1),
(1.1.2), and

(1.1.5) d(z, z) < max(d(z,y),d(y,z)) for every z,y € X.

Note that (1.1.5) implies (1.1.3), so that a semi-ultrametric on X is a semimetric
in particular. If a semi-ultrametric d(-,-) on X satisfies (1.1.4) too, then d(-,-)
is said to be an wultrametric on X. It is easy to see that the discrete metric on
X is an ultrametric.

If a is a positive real number with a < 1, then it is well known that

(1.1.6) (r+1)% <7 4 ¢°

1



2 CHAPTER 1. SEMIMETRICS AND SEMINORMS

for all nonnegative real numbers r, t. To see this, observe first that
(1.1.7) max(r, t) < (r® + t%)/¢

for every a > 0 and r,t > 0. If a < 1, then it follows that

(1.1.8) r+t < max(r, t)! 7% (r® + 1) < (ro 4 t2)1-/atl — (pa 4 yayl/a

for every r,t > 0. This implies (1.1.6), as desired.
If d(z,y) is a semimetric on X, then it is easy to see that

(1.1.9) d(z,y)®

is a semimetric on X when 0 < a < 1, using (1.1.6). If d(z,y) is a semi-
ultrametric on X, then (1.1.9) is a semi-ultrametric on X for every a > 0.

Let d(z,y) be a semimetric on X again, and let ¢ be a positive real number.
One can verify that

(1.1.10) di(z,y) = min(d(z, y),t)

also defines a semimetric on X. If d(z,y) is a semi-ultrametric on X, then
(1.1.10) defines a semi-ultrametric on X too.

If di(x,y),...,d,(x,y) are finitely many semimetrics on X, then one can
check that

(1.1.11) d(z,y) = Zdj(x,y)

and
(1.1.12) d(z,y) = max. dj(z,y)

are semimetrics on X too. If d;(x,y) is a semi-ultrametric on X for each j =
1,...,n, then (1.1.12) is a semi-ultrametric on X as well. Observe that

(1.1.13) d(z,y) < d'(z,y) <nd(z,y)

for every z,y € X.
Let I be a nonempty set, let X; be a set for each j € I, and consider their
Cartesian product
(1.1.14) X =]]x;
JeI
If x € X and [ € I, then let x; be the [th coordinate of x in X;. Suppose that
di(z,y;) is a semimetric on X; for some ! € I, and put

(1.1.15) di(z,y) = di(x, 1)

for every z,y € X. It is easy to see that this defines a semimetric on X, which
is a semi-ultrametric when d;(x;,y;) is a semi-ultrametric on Xj.
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1.2 Open and closed balls

Let X be a set, and let d(-, -) be a semimetric on X. The open ball in X centered
at € X with radius r > 0 with respect to d(-,-) is defined as usual by

(1.2.1) B(z,r) = Ba(z,r) ={y € X : d(z,y) <r}.

Similarly, the closed ball in X centered at x with radius » > 0 with respect to
d(-,-) is defined by

(1.2.2) B(z,7) = Ba(z,7) = {y € X : d(z,y) <r}.

We may also use the notation By (z,r) = Bx 4(z,r) for (1.2.1), and Bx (x,r) =
Bx q(z,r) for (1.2.2).

Suppose for the moment that d(-,-) is a semi-ultrametric on X. If z,w € X
satisfy d(w,z) < r for some r > 0, then one can check that

(1.2.3) B(w,r) = B(z, 7).
Similarly, if d(w,x) < r for some r > 0, then
(1.2.4) B(w,r) = B(xz,7).

Suppose now that d(z,y)* is a semimetric on X for some a > 0. Observe
that
(1.2.5) Bya(z,7%) = By(z,7)

for every x € X and r > 0, and that

(1.2.6) Be(x,r%) = Ba(x, )

for every x € X and r > 0.
Let ¢t > 0 be given, and let d(-,-) be defined on X as in (1.1.10). If z € X,
then it is easy to see that

(1.2.7) By, (z,r) = Bg(x,r) whenr <t
= X when r > ¢.
Similarly,
(1.2.8) By, (z,7) = Bg(x,r) whenr <t
= X when r > ¢.
Let dy,...,d, be finitely many semimetrics on X, and remember that their

maximum defines a semimetric d on X as well, as in (1.1.12). It is easy to see
that

(1.2.9) Ba(x,r) = (1) Ba,(x,7)
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for every x € X and r > 0, and that
(1.2.10) Ba(z,7) = () Ba, (x,7)
j=1

for every x € X and r > 0.
Let X31,...,X, be finitely many sets, and let X = H?=1 X be their Carte-
sian product. Suppose that d; is a semimetric on X; for each j = 1,...,n, so

that g](:v,y) = d;(x;,y;) defines a semimetric on X for every j =1,...,n, as
in (1.1.15). Thus

(1.2.11) d(z,y) = max d;(z,y) = max d;(z;,y;)

defines a semimetric on X, which is a metric on X when d; is a metric on X

for each j = 1,...,n. It is easy to see that
n
(1.2.12) Bx q(z,r) = H Bx; 4, (x5,7)
j=1

for every x € X and r > 0, and that
(1.2.13) Bx.a(z,r) = [[ Bx,.a,(x,7)

for every x € X and r > 0.

Let d(-, ) be a semimetric on a set X again, and let Y be a subset of X. Note
that the restriction of d(z,y) to z,y € Y defines a semimetric on Y, which is a
metric or semi-ultrametric when d(-,-) has the same property on X. If z € Y,
then
(1.2.14) By (z,r) = Bx(z,r)NY

for every r > 0, and -
(1.2.15) By (z,7) = Bx(z,r)NY

for every r > 0.

1.3 Absolute value functions

Let k be a field. A nonnegative real-valued function | - | on k is said to be an
absolute value function on k if it satisfies the following three conditions. First,

(1.3.1) |z] =0 if and only if z=0.
Second,

(1.3.2) |zy| = |z||y| for every z,y € k.
Third,

(1.3.3) |z +y| < |z|+|y| for every x,y € k.
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It is well known that the standard absolute value functions on the real numbers
R and the complex numbers C satisfy these conditions. The trivial absolute
value function may be defined on any field k& by putting |z| equal to 1 when
x # 0, and to 0 when x = 0.

If | - | is an absolute value function on k, then it is easy to see that |1| = 1,
where more precisely the first 1 is the multiplicative identity element in k, and
the second 1 is the multiplicative identity element in R. Similarly, if z € k
satisfies ™ = 1 for some positive integer n, then |z| = 1. One can check that

(1.3.4) d(z,y) = |z —y

defines a metric on k, using the fact that | — 1| = 1 to get that this is symmetric
in x and y.

A nonnegative real-valued function |- | on k is said to be an ultrametric
absolute value function on k if it satisfies (1.3.1), (1.3.2), and

(1.3.5) |z + y| < max(|z|, |y|) for every z,y € k.

Of course, (1.3.5) implies (1.3.3), so that ultrametric absolute value functions
are absolute value functions in particular. If |- | is an ultrametric absolute value
function on k, the (1.3.4) is an ultrametric on k. It is easy to see that the trivial
absolute value function on k is an ultrametric absolute value function, for which
the associated ultrametric is the discrete metric.

If p is a prime number, then the p-adic absolute value |x|, of a rational
number x is defined as follows. This is equal to 0 when z = 0, and otherwise
x = p’ (a/b) for some integers a, b, and j, where a,b # 0 and neither a nor b is
an integer multiple of p. In this case, we put

(1.3.6) 2|, =p~7,

and one can check that this defines an ultrametric absolute value function on
the rational numbers Q.

If k is a field with an absolute value function |- |, and % is not complete with
respect to the associated metric (1.3.4), then one can pass to a completion, by
standard arguments. More precisely,

(1.3.7)  the completion of k is a field, | - | extends to an absolute value

function on the completion of k, and k is dense in its completion,

with respect to the associated metric. The completion of k is also unique, up
to a suitable isomorphic equivalence. If p is a prime number, then the field Q,
of p-adic numbers is obtained by completing Q using the p-adic absolute value
function.

If | - | is an absolute value function on a field %k, and if 0 < @ < 1, then
it is easy to see that |z|® defines an absolute value function on k too, using
(1.1.6). If | - | is an ultrametric absolute value function on k, then | -|* defines
an ultrametric absolute value function on k for every a > 0. A pair |- |q, |- |2 of
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absolute value functions on k are said to be equivalent if there is a positive real
number a such that
(1.3.8) |z]2 = |z|§

for every x € k. One can check that the metrics associated to |- |1 and |- |2
determine the same topology on k in this case. Conversely, it is well known that
|- ]1 and |- |2 are equivalent on k& when their associated metrics determine the
same topology on k.

If £ is a field, z € k, and n is in the set Z, of positive integers, then let
n - x be the sum of n 2’s in k. An absolute value function |- | on k is said to be
archimedean if there are n € Z, such that |n - 1| is arbitrarily large. Thus | - |
is non-archimedean on k if |n - 1|, n € Z, is bounded. If | - | is an ultrametric
absolute value function on k, then |n - 1| <1 for every n € Zy, so that |- | is
non-archimedean on k. Conversely, it is well known that

(1.3.9) non-archimedean absolute value functions

are ultrametric absolute value functions.

If k is a field, | - | is an absolute value function on k, and ko is a subfield
of k, then the restriction of |z| to x € ko defines an absolute value function on
ko. If | -| is an ultrametric absolute value function on kg, then its restriction
to ko is an ultrametric absolute value function on kg. More precisely, | - | is
non-archimedean on k if and only if its restriction to kg is non-archimedean.

A famous theorem of Ostrowski states that an absolute value function on Q is
either the trivial absolute value function, or equivalent to the standard Euclidean
absolute value function on Q, or equivalent to the p-adic absolute value function
on Q for some prime number p. Let k be a field with an archimedean absolute
value function |- |, and suppose that k is complete with respect to the associated
metric. Another famous theorem of Ostrowski states that & is isomorphic to R
or C, in such a way that | - | corresponds to an absolute value function on R or
C that is equivalent to the standard absolute value function.

Let k be field with an absolute value function | - | again, and observe that

(1.3.10) {|z] : z € k\ {01}

is a subgroup of the multiplicative group Ry of positive real numbers. If 1 is
not a limit point of (1.3.10) with respect to the standard topology on the real
line, then |- | is said to be discrete on k. In this case, it is not too difficult
to show that (1.3.10) consists of the integer powers of a positive real number,
which is equal to 1 exactly when | - | is trivial on k. One can also show that
discrete absolute value functions are ultrametric absolute value functions.

1.4 Seminorms

Let k be a field with an absolute value function |- |, and let V' be a vector space
over k. A nonnegative real-valued function N on V is said to be a seminorm
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on V with respect to |- | on k if

(1.4.1) N(tv) =|t| N(v) foreveryte€kandv eV,
and

(1.4.2) N+ w) < N(v) + N(w) for every v,w € V.

If we also have that
(1.4.3) N(v) >0 forevery v € V with v # 0,

then N is said to be a norm on V with respect to |-| on V. If N satisfies (1.4.1)
and
(1.4.4) N(v+ w) <max(N(v), N(w)) for every v,w €V,

then N is said to be a semi-ultranorm on V with respect to | - | on k. Clearly
(1.4.4) implies (1.4.2), so that a semi-ultranorm on V is a seminorm in particular.
A semi-ultranorm on V that satisfies (1.4.3) is said to be an ultranorm on V.
Note that | - | may be considered as a norm on k, as a one-dimensional vector
space over itself, which is an ultranorm when |-| is an ultrametric absolute value
function on k.

If N is a seminorm on V with respect to |- | on k, then

(1.4.5) d(v,w) =dy(v,w) = N(v—w)

is a semimetric on V', which is a metric when N is a norm. Similarly, (1.4.5)
is a semi-ultrametric on V when N is a semi-ultranorm on V, and (1.4.5) is an
ultrametric on V' when N is an ultranorm on V.

Suppose for the moment that | - | is the trivial absolute value function on
k. Consider the nonnegative real-valued function N defined on V by putting
N(v) equal to 1 when v # 0, and to 0 when v = 0. It is easy to see that this
defines an ultranorm on V', which may be called the trivial ultranorm on V.
The corresponding ultrametric (1.4.5) is the same as the discrete metric on V.

If N is a semi-ultranorm on V' with respect to |-| on k& and N(v) > 0 for
some v € V, then it is easy to see that | -| is an ultrametric absolute value
function on V. If N is a seminorm on V with respect to || on k and 0 < a < 1,
then one can verify that
(1.4.6) N(v)®

is a seminorm on V' with respect to |-|* as an absolute value function on k, using
(1.1.6). Similarly, if |- | is an ultrametric absolute value function on k, and N is
a semi-ultranorm on V' with respect to |-| on &, then (1.4.6) is a semi-ultranorm
on V with respect to |- |* as an ultrametric absolute value function on & for
every a > 0.

Let n be a positive integer, and consider the space k™ of n-tuples of elements
of k, which is a vector space over k with respect to coordinatewise addition and
scalar multiplication. If v € k™, then put

n
(1.4.7) ol = lojl
j=1
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and
(1.4.8) lolloe = max fv;].
One can check that these define norms on k™ with respect to |- | on k. If | - |

is an ultrametric absolute value function on k, then (1.4.8) is an ultranorm on
k™. We also have that
(1.4.9) [vlloc < lolls < 7 flvfloo

for every v € k™.

1.5 Formal series

Let k be a field, and let T be an indeterminate. As in [4, 11], we shall normally
use upper-case letters for indeterminates, and lower case letters for elements of
k or related spaces. Let k((T')) be the space of formal series of the form

(1.5.1) FT)=>" £19,

Jj=Jjo

where jp is in the set Z of integers, and f; € k for every integer j > jo. More
precisely, we can take f; =0 when j < jo, and define k((T)) to be the space of
k-valued functions on Z that are equal to 0 for all but finitely many j < 0. As
in [4], an element of k((7")) may be expressed as

(1.5.2) f(T) = Z fT

j>>—00

to indicate that f; = 0 for all but finitely many j < 0.

We may consider k((T)) as a vector space over k with respect to termwise
addition and scalar multiplication, which corresponds to pointwise addition and
scalar multiplication of k-valued functions on Z. The space k[[T]] of formal
power series in T with coefficients in £ may be identified with the linear subspace
of k((T)) consisting of f(T") as in (1.5.1) with jo > 0. Similarly, the space k[T
of formal polynomials in T with coefficients in & may be identified with the
linear subspace of k[[T']] consisting of f(7') as in (1.5.1) with jo > 0 and f; =0
for all but finitely many j.

Let f(T) and

(1.5.3) o1y = S g

I>>—00
in k((T)) be given, and put
(1.5.4) ho=Y_ fign
j=—o00

for every n € Z. More precisely, one can check that all but finitely many of the
terms in the sum on the right are equal to 0, so that the sum defines an element
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of k. One can also verify that for all but finitely many n < 0, all of the terms
on the right side of (1.5.4) are equal to 0, so that h,, = 0. Thus

(1.5.5) WT)= > h,T"

n>>-—oo

defines an element of k((T")), and we put

(1.5.6) F(T)g(T) = M(T).

Tt is well known and not difficult to check that k((7')) is a commutative associa-
tive algebra over k with respect to this definition of multiplication. Of course,
kE[T] and k[[T]] are subalgebras of k((T")). If we identify elements of k with
formal polynomials with the given coefficient of 77 when j = 0 and all other
coefficients equal to 0, then the multiplicative identity element 1 of k is the
multiplicative identity element in k((T")) as well.

If a(T) € k[[T]], then > ;2 a(T)' T" can be defined as an element of k[[T7]]
in a standard way, where a(7T)! is interpreted as being equal to 1 when [ = 0.
One can check that

(1.5.7) 1-a(T)T) > a(T) T =1,
1=0
so that 1 — a(T) T is invertible in k[[T]], with

(1.5.8) 1—a(T)T) ! = ia(T)l T
=0

One can use this to show that k((T")) is a field.

More precisely, if f(T') € k[[T]], then f(T) is invertible in k[[T]] if and only if
fo # 0. This also uses the fact that f(T') — fq defines an algebra homomorphism
from k[[T]] onto k.

1.6 Absolute values on k((7))

Let us continue with the same notation and hypotheses as in the previous sec-
tion. If f(T) =30 [ T7 is a nonzero element of k((T)), then there is an
integer jo(f (7)) such that

(1.6.1) Fiotre) # 05 f5 = 0 when j < jo(f(T)).

We can interpret jo(f(T")) as being +o0o when f(T") = 0. It is easy to see that
(1.6.2) Jo(f(T)g(T)) = Jo(f(T))+jo(g(T)),

(1.6.3) Jo(f(T) +9(T)) = min(jo(f(T)),Jo(f(T)))

for every f(t),g(T) € k((T)), with suitable interpretations when either f(7') or
9(T) is 0.
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Let r be a positive real number with » < 1, and put
(1.6.4) |F(T)|, = rPo (1)
when f(T) € k((T)) and f(T) # 0, and |0], = 0. Observe that
(1.6.5) [F(T) 9(T)l- [F(D)] 19 (Tl
(1.6.6) [F(T)+ (D) < max(|f(T)]r, l9(T)]r)

for every f(T),g(T) € k((T)), by (1.6.2) and (1.6.3). Thus ||, is an ultrametric
absolute value function on k((T")), which is the trivial absolute value function
when r = 1. If a is a positive real number, then 0 < r* <1 and

(1.6.7) (D)7 = 1 (T)lra

for every f(T') € k((T)).
Suppose from now on in this section that r < 1. If n € Z, then

(1.6.8) TTE([TN) = {f(T)T" = f(T) € K[[T]]}

is the same as the closed ball in k((T")) centered at 0 with radius r™ with
respect to the ultrametric associated to | - |,. We can also identify (1.6.8) with
the Cartesian product of a family of copies of k, indexed by integers j > n.
One can check that the topology determined on (1.6.8) by the restriction of the
ultrametric on k((T')) associated to | - |, to (1.6.8) is the same as the product
topology, using the discrete topology on k.

It is not too difficult to show that

(1.6.9) kE((T)) is complete with respect to

the ultrametric associated to | - |,..

More precisely, any Cauchy sequence in k((T)) with respect to the ultrametric
associated to |- |, is bounded, which means that there is an n € Z such that the
terms of the Cauchy sequence are contained in (1.6.8). One can verify that for
each integer j > n, the coefficients of TV of the terms of the Cauchy sequence
are eventually constant. The eventual constant values of the coefficients of T7,
j > mn, can be used to define an element of (1.6.8). The given Cauchy sequence
converges to this element of (1.6.8) with respect to the metric associated to ||,
by the remark in the preceding paragraph.

Note that |- |, may be considered as a norm on k((T)), as a vector space over
k, with respect to the trivial absolute value function on k. Of course, (1.6.8) is
a linear subspace of k((T")) for every n € Z, as a vector space over k.

1.7 Translation-invariant semimetrics

Let G be a group, and let d(-,-) be a semimetric on G. We say that d(-,-) is
invariant under left translations on G if

(1.7.1) d(az,ay) = d(z,y)
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for every a,z,y € G. Similarly, d(,-) is said to be invariant under right trans-
lations on G if
(1.7.2) d(za,ya)=d(z,y)

for every a,z,y € G. Of course,
(1.7.3) Aty

is a semimetric on G too. It is easy to see that d(-,-) is invariant under left
or right translations on G if and only if (1.7.3) is invariant under right or left
translations on G, respectively.

If d(-,-) is invariant under either left or right translations on G, then one
can check that
(1.7.4) d(xz,e) =d(z™1 e)

for every x € G, where e is the identity element in G. If d(-, -) is invariant under
both left and right translations on G, then one can verify that

(1.7.5) d(z,y) =d(z" " y™h)

for every xz,y € G. If d(-,-) is invariant under either left or right translations on
G and (1.7.5) holds, then it follows that d(-,-) is invariant under both left and
right translations on G.

If a,b € G and A, B C G, then put

(1.7.6) aB = {ay:y€ B},

(1.7.7) Ab = {xb:xe€ A},

(1.7.8) AB = {zy:z€A ye B}

(1.7.9) A = {a7tixe A}

Equivalently,

(1.7.10) AB=|JaB=] Ab.
acA beB

If A= A~!, then A is said to be symmetric about e in G. If d(-,-) is invariant
under left or right translations on G, then open and closed balls in G centered
at e with respect to d(-,-) are symmetric about e, by (1.7.4).

If d(-,-) is invariant under left translations on G, then

(1.7.11) aB(z,r) = B(az,r)
for every a,x € G and r > 0, and

(1.7.12) aB(x,r) = Blaz,r)
for every a,x € G and r > 0. We also have that

(1.7.13) dle,zy) < d(e,z) + d(z,zy) = d(e,z) + d(e,y)
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for every x,y € G in this case. This implies that
(1.7.14) B(e,r) B(e,t) C Ble,r + 1)
for every r,t > 0, and

(1.7.15) B(e,r) B(e,t) C B(e,7 + 1)

for every r,t > 0.
Similarly, if d(-,-) is invariant under right translations on G, then

(1.7.16) B(z,r)a = B(za,r)

for every a,x € G and r > 0,

(1.7.17) B(z,7)a= B(za,r)

for every a,x € G and r > 0, and

(1.7.18) dle,xy) < d(e,y)+d(y,xy) = d(e,x) + d(e,y)

for every z,y € G. This means that (1.7.14) and (1.7.15) hold too, as before.
Suppose now that d(-,-) is a semi-ultrametric on G. If d(-,-) is invariant
under left translations on G, then

(1.7.19)  d(e,xy) <max(d(e,x),d(z,zy)) = max(d(e, z),d(e,y))

for every x,y € G. Similarly, if d(-,-) is invariant under right translations on G,
then
(17.20)  d(e,wy) < max(d(e, ), d(y, vy)) = max(d(e, 2), d(e, y).

In both cases, we get that

(1.7.21) open and closed balls in G centered at e
with respect to d(-,-) are subgroups of G.

This also uses the fact that these balls are symmetric about e, as before.

If d(-, -) is a semimetric on G that is invariant under left or right translations
on G, then B(e,0) is a subgroup of G. This follows from (1.7.15) and the fact
that B(e,0) is symmetric about e in G.

1.8 Conjugations and subgroups
Let G be a group again, and put
(1.8.1) Co(z) =axa™?

for every a,x € G, which defines conjugation by a on G. Let us say that a
semimetric d(-,-) on G is invariant under conjugations on G if

(1.8.2) dlara tayat) = d(z,y)



1.8. CONJUGATIONS AND SUBGROUPS 13

for every a,z,y € G. This implies that open and closed balls in G centered
at e with respect to d(-,-) are invariant under conjugations on G. If d(-,-) is
invariant under left and right translations on G, then d(-,-) is invariant under
conjugations on G. If d(-,-) is invariant under left or right translations on G,
and if d(+,-) is invariant under conjugations on G, then d(-,-) is invariant under
both left and right translations on G.

If d(-, -) is a semi-ultrametric on G that is invariant under left or right trans-
lations on G, then open and closed balls in G centered at e with respect to d(-, )
are subgroups of G, as in the previous section. If d(-,-) is invariant under left
and right translations on G, and thus conjugations on G, then it follows that

(1.8.3) open and closed balls in G centered at e with

respect to d(-,-) are normal subgroups of G.
If d(-,-) is a semimetric on G and a € G, then
(1.8.4) do(x,y) =d(aza aya™?)

is a semimetric on G as well, and a semi-ultrametric on G when d(-,-) is a semi-
ultrametric on G. If d(-,-) is invariant under left or right translations on G,
then one can check that (1.8.4) has the same property. Note that

(1.8.5) Bg,(x,7) =a 'Bg(aza™',r)a
for every x € G and r > 0, and
(1.8.6) By, (v,r)=a 'Bylaza t,7)a

for every x € G and r > 0.
Let A be a subgroup of G, and for each z,y € G, put

(1.8.7) di(z,y) =dar(r,y) = 0 whenzA=yA
= 1 whenzA#yA

and

(1.8.8) dr(z,y) =dar(z,y) = 0 when Ax=Ay

= 1 when Az # Ay.

One can check that these define semi-ultrametrics on G. It is easy to see that
(1.8.7) is invariant under left translations on G, and that (1.8.8) is invariant
under right translations on G. We also have that (1.8.7) is invariant under
right translations on G by elements of A, and that (1.8.8) is invariant under left
translations on G by elements of A.

One can verify that

(1.8.9) dar(z,y) =dar(@y™")
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for every z,y € G. By construction, the open balls in G centered at e with
radius r < 1 with respect to (1.8.7) and (1.8.8) are equal to A, as are the closed
balls in G centered at e with radius » < 1 with respect to (1.8.7) and (1.8.8).

If A is a normal subgroup of G, then (1.8.7) and (1.8.8) are the same. Their
common value may be denoted d 4 (z,y) in this case, which is a semi-ultrametric
on G that is invariant under both left and right translations.

Let dy,...,d, be finitely many semimetrics on G, and remember that their
sum d’ and maximum d define semimetrics on G as well, as in Section 1.1. If
d; is invariant under left translations on G for each j = 1,...,n, then d and
d' are invariant under left translations too. Similarly, if d; is invariant under
right translations on G for every j = 1,...,n, then d and d’ are invariant right
translations on G.

Let Aq,..., A, be finitely many subgroups of G, so that

(1.8.10) A= (4,

is also a subgroup of G. It is easy to see that

(1.8.11) max da; r(z,y) = dar(z,y)
1<j<n
(1812) 11%1]ag)(ndAj7R(x,y) = dA7R(.Z‘,y)

for every z,y € G.

1.9 Sequences of semimetrics

Let X be a set, and let dy,do,ds, ... be a sequence of semimetrics on X. Also
let a1, as,as, ... be a sequence of positive real numbers, so that
(1.9.1) dj(x,y) = min(d;(z,y), a;)

defines a semimetric on X for every j > 1, as in Section 1.1. If x € X and r > 0,
then

J

(1.9.2) Ba/ (z,r) = Bg,(xz,r) whenr <gq;

= X when r > a;
for every j > 1, as in Section 1.2. Similarly, if » > 0, then

(1.9.3) Ed;_(a:,r) = Bg,(z,r) whenr <a;

= X when r > a;

for every j > 1. Remember that (1.9.1) is an ultrametric on X when d; is an
ultrametric on X.
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Suppose that the a;’s are bounded in R, and put

(1.9.4) d(z,y) = supdj(z,y)
j=1

for every x,y € X. One can check that this defines a semimetric on X too, and
a semi-ultrametric on X when d; is a semi-ultrametric on X for every j > 1.
Observe that

(1.9.5) By(z,r) =

5

Ed; (z,7)

j=1

for every x € X and r > 0. If X is a group and d; is invariant under left
translations for every j, then d; is invariant under left translations for every
j, and d is invariant under left translations as well. Of course, the analogous
statement for invariance under right translations holds as well.

Let us say that the collection of d;’s, j > 1, is nondegenerate on X if for
every z,y € X with z # y, we have that d;(z,y) > 0 for some j. This implies
that the collection of d;’s, j > 1, is also nondegenerate on X. In this case, it is
easy to see that d is a metric on X.

Suppose now that
(1.9.6) lim a; =0,

j—)OO
which implies in particular that the a;’s are bounded. One can check that the
supremum on the right side of (1.9.4) is attained for every z,y € X under these
conditions. It follows that

(1.9.7) Bu(x,1) = (] Bay (@, 7)

for every x € X and r > 0. Note that the intersections on the right sides of
(1.9.5) and (1.9.7) can be reduced to finite intersections, because of (1.9.2) and
(1.9.3).

Let G be a group, and let Ay, As, Az, ... be a sequence of subgroups of G.
If ﬂ;’il Aj = {e}, then the sequences of semimetrics d4,,1, and da, r defined in
the previous section for 7 > 1 are nondegerate.

1.10 Subadditive functions

Let G be a group, and let NV be a nonnegative real-valued function on G. Let
us say that N is subadditive on G if

(1.10.1) N(zy) < N(z)+ N(y)
for every z,y € G. Similarly, let us say that N is ultra-subadditive on G if

(1.10.2) N(zy) < max(N(x), N(y))
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for every z,y € G. Thus ultra-subadditivity implies subadditivity. If
(1.10.3) N(z™') = N(x)

for every z € G, then we say that N is symmetric on G. We shall normally be
concerned with subadditive functions that satisfy

(1.10.4) N(e) = 0.

If N(z) > 0 when x # e, then we say that N is nondegenerate.

If N is subadditive and symmetric on G and satisfies (1.10.4), then one can
check that
(1.10.5) dnr(z,y) = Nz~ 'y) = N(y ' 2)

is a semimetric on G that is invariant under left translations, and that
(1.10.6) dn r(z,y) =N(zy™ :N(yofl)

is a semimetric on G that is invariant under right translations. These are semi-
ultrametrics when N is ultra-subadditive, and metrics when N is nondegerate.
Conversely, if d(-,-) is a semimetric on G that is invariant under left or right
translations, then

(1.10.7) Ny(x) = d(z,e)

is subadditive, symmetric, and equal to 0 at e. Moreover, Ny is ultra-subadditive
when d(+, -) is a semi-ultrametric that is invariant under left or right translations,
and Ny is nondegenerate when d(-,-) is a metric.

If NV is subadditive on G, then

(1.10.8) N(z)*

is subadditive on G for 0 < a < 1, because of (1.1.6). If N is ultra-subadditive
on G, then (1.10.8) is ultra-subadditive for every a > 0. Of course, if N is
symmetric on G, satisfies (1.10.4), or is nondegenerate, then (1.10.8) has the
same property.

If N is subadditive on G, then it is easy to see that

(1.10.9) Ni(z) = min(N(x),t)

is subadditive on G for every ¢ > 0. Similarly, if N is ultra-subadditive, symmet-
ric, satisfies (1.10.4), or is nondegenerate, then (1.10.9) has the same property.
Let k be a field with an absolute value function |- |, and let V' be a vector space
over k. If N is a seminorm on V with respect to |- | on k, then N is subadditive
and symmetric on V, as a commutative group with respect to addition. If |- | is
the trivial absolute value function on k, then (1.10.9) is a seminorm on V' too.
Otherwise, we have that

(1.10.10) Ni(av) < Ni(v)

for every v € V and « € k with |a| < 1. In particular,

(1.10.11) Ni(av) = Ni(v)
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for every v € V and « € k with |a| = 1.
If A is a subgroup of G and = € GG, then put

(1.10.12) Na(z) = 0 whenze A
= 1 whenz ¢ A.

It is easy to see that N4 is ultra-subadditive and symmetric on G, and of course
N4(e) = 0. In this case, (1.10.5) and (1.10.6) are the same as (1.8.7) and (1.8.8),
respectively.

If Ny,...,N; are finitely many subadditive functions on G, then their sum
and maximum are subadditive as well. If N; is ultra-subadditive for each j =
1,...,l, then

(1.10.13) N(z) = 112;3% N;(z)
is ultra-subadditive on G. If N; is symmetric on G for each j = 1,...,n, or
Nj(e) = 0 for each j = 1,...,n, then the sum and maximum have the same

property. Let Ay, ..., A; be finitely many subgroups of G, so that A = ﬂ;zl A
is a subgroup of G too. Observe that
(1.10.14) Na(z) = 112;1%% Ny, ()
for every = € G.
To say that IV is invariant under conjugations on G means that

(1.10.15) N(aza™') = N(z)
for every a,z € G. One can check that this is equivalent to the condition that
(1.10.16) N(zy)=N(yx)

for every z,y € . This is the same as saying that the right sides of (1.10.5)
and (1.10.6) are the same. If A is a subgroup of G, then N4 is invariant under
conjugations on G exactly when A is a normal subgroup of G.

1.11 Bounded linear mappings

Let k be a field with an absolute value function | - |, let V, W be vector spaces
over k, and let Ny, Ny be seminorms on V', W, respectively, with respect to
|-] on k. A linear mapping T from V into W is said to be bounded with respect
to ]\fv7 NW if

(1.11.1) Nw(T'(v)) < C Ny (v)

for some C' > 0 and every v € V. In this case, the operator seminorm of T is

defined by
(1.11.2) ITllop = 1T |lop,vw = inf{C > 0: (1.11.1) holds}.

One can check that the space BL(V, W) of bounded linear mappings from
V into W is a vector space over k with respect to pointwise addition and scalar
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multiplication, and that ||T||,, defines a seminorm on BL(V, W) with respect to
|-| on k. Similarly, ||T||,p is a norm on BL(V, W) when Ny is a norm on W, and
IIT|op is & semi-ultranorm on BL(V, W) when Ny is a semi-ultranorm on W. If
Ny is anorm on W, and W is complete with respect to the metric associated to
Ny, then BL(V, W) is complete with respect to the metric associated to || - ||op,
by standard arguments.

Let Z be another vector space over k, with a seminorm Ny with respect to
|-| on k. If Ty is a bounded linear mapping from V into W, and T5 is a bounded
linear mapping from W into Z, then their composition 75 o T is bounded as a
linear mapping from V into Z, with

(1.11.3) 172 0 Tillop,vz < ([Tt llop,yw 1 T2lop,w z-
Let n be a positive integer, and let us take V' = k™ for the moment. Let
e1,...,en be the standard basis vectors in k™, which means that the jth coor-

dinate of ¢; is 1 when j =1, and 0 when j # [. If T is any linear mapping from
k™ into W, then

(1.11.4) Zn: |vi| Nw (T'(ex))

for every v € k™. If we take k™ to be equlpped with the norm |jv||; in (1.4.7),
then T is bounded, with

(111.5) [Tl = puies Nov (7).

More precisely, (1.11.4) implies that T" is bounded, with ||T’||op less than or equal
to the right side, and the opposite inequality can be verified directly. If Ny, is
a semi-ultranorm on W, then

(L1L6) N (T(0) < max (Jon| N (T(e0)

for every v € k™. If we take k™ to be equipped with the norm ||v||o in (1.4.8),
then we get that 7' is bounded again, and that (1.11.5) holds.

Let V be any vector space over k with a seminorm Ny with respect to |-| on k
again, and let BL(V) = BL(V, V) be the space of bounded linear mappings from
V into itself. This is an associative algebra over k, with respect to composition
of linear mappings. Note that the identity mapping I = Iy on V is bounded,
with
(L.11.7) 1 llop = 1
when Ny (v) > 0 for some v € V.

A linear mapping T from V into W is said to be an isometry if

(1.11.8) Ny (T(v)) = Ny (v)

for every v € V. This implies that T is injective when Ny is a norm on V. A
one-to-one linear mapping 7' from V onto W is an isometry if and only if 7" and
T~ are bounded, with

(1.11.9) 1T Nlop,vws 1T Hopwy < 1.
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If T is an isometric linear mapping from V into W, and T3 is an isometric
linear mapping from W into Z, then T 0T} is an isometric linear mapping from
V into Z. The collection of one-to-one isometric linear mappings from V' onto
itself is a subgroup of the group of invertible elements of BL(V).

1.12 Submultiplicativity
Let A be a ring, and let N be a nonnegative real-valued function on A that

is subadditive and symmetric on A, as a commutative group with respect to
addition. This means that

(1.12.1) N(z+y) < N(z)+ N(y)
and
(1.12.2) N(—z) = N(z)

for every z,y € A, and we ask that N(0) = 0 too. Suppose that
(1.12.3) N(zy) < N(z) N(y)

for every x,y € A, so that N is submultiplicative on A. Let us also suppose
from now on in this section that A has a multiplicative identity element e, and
observe that N(e) < N(e)?, by (1.12.3). It follows that either N(e) = 0, which
implies that N(z) = 0 for every x € A, or N(e) > 1.

If z,y € A are invertible, then

(1.12.4) ety t=a (y—a)y
and hence
(1.12.5) Nz ' =y H <N )Ny HN@-y).

In particular,

(1.12.6) Ny < N H+Naz't-y
< N@)+N@ )N -y) Ny,
so that
(112.7) (1- N@ ™) N(@ - y) Ny™) < N™),
It
(1.12.8) N )N -—y) <1,

then we get that
(1.12.9) Ny H<(A-N@YHYN@—y) ' Na).
This implies that

(1.12.10) N(z 7' =y ) < (1 -=N@ HN@—y) ' Nz 2Nz —y)
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when (1.12.8) holds, by (1.12.5).
Suppose for the moment that N is ultra-subadditive on A, as a commutative
group with respect to addition, so that

(1.12.11) N(u+v) < max(N(u), N(v))
for every u,v € A. This implies that

(1.12.12) Ny~ max(N(z 1), N(@@™ —y™1)

maX(N(x_l), N(l’_l) N(z —y) N(y_l))v

IAINA

because of (1.12.5). It follows that

(1.12.13) N(y ") < N(z™)

when (1.12.8) holds. Thus

(1.12.14) N ' —y ) <N@ ') Nax—y)

when (1.12.8) holds, by (1.12.5).
Let us suppose from now on in this section that

(1.12.15) N(e) = 1.
Let G(A) be the group of invertible elements of A, and put
(1.12.16) U(A) =Un(A) = {z € G(A) : N(z), N(z™*) < 1}.

It is easy to see that this is a subgroup of G(.A). More precisely, if z € U(A),
then

(1.12.17) N(z) =Nzt =1,

because N(e) < N(z) N(z~1).
If a € U(A), then one can check that

(1.12.18) N(az) = N(za) = N(x)

for every x € A. This means that the semimetric

(1.12.19) dn(z,y) = N(z —y)

on A is invariant under left and right multiplication by a on A. It follows

that the restriction of (1.12.19) to z,y € U(A) is invariant under left and right
translations on U(A), as a group with respect to multiplication.
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1.13 Completeness and invertibility

Let A be a ring with a multiplicative identity element e again, and let N be
a nonnegative real-valued function on 4 that is subadditive and symmetric on
A, as a commutative group with respect to addition, as in the previous section.
Suppose that N(0) = 0 and that N is nondegenerate on A, so that (1.12.19) is
a metric on A, and that N is submultiplicative on A. In this section, we also
ask that A be complete with respect to this metric.

If a € A, then

aj) (e—a)=e—a""!

(1.13.1) (e—a) > ol = (

n
=0 Jj=0

for every nonnegative integer n, where o’ is interpreted as being e when j = 0.
Note that ' 4

(1.13.2) N(a’) < N(a)’

for every j > 1. Suppose that

(1.13.3) N(a) <1,

so that N(a?) — 0 as j — oo, and Z;‘io N(a’) converges as an infinite series
of nonnegative real numbers. One can check that the sequence of partial sums
Z?:o a’ is a Cauchy sequence in A with respect to the metric associated to
N, using the analogous property of Z?:o N(a’) in the real line. This means
that this sequence converges in A with respect to the metric associated to IV,
because A is complete, by hypothesis. Let Z;io a’ be the limit of the sequence
of partial sums in A, as usual, and observe that

(1.13.4) (e —a) Zaj: (Zaj) (e—a)=e,
§=0 §=0
by (1.13.1). This implies that e — a is invertible in A, with
(1.13.5) (e—a)™' =) d.
§=0

Suppose now that = € A is invertible, and that y € A satisfies (1.12.8). Thus

(1.13.6) Nt (z—y) < N@@)N@—-y) <1,
and
(1.13.7) y=z—(r—y)=z(e—z'(z—y)).

It follows that y is invertible in A, because e —x~! (z —y) is invertible in A, as in
the preceding paragraph. In particular, the group G(A) of invertible elements
of A is an open set with respect to the metric associated to N.

If C is a nonnegative real number, then one can check that

(1.13.8) {reG(A): Nz~ < C}
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is a closed set in .A with respect to the metric associated to N. Indeed, if {z;}32,
is a sequence of elements of this set that converges to x € A with respect to
the metric associated to N, then it is easy to see that {x;l 521 is a Cauchy
sequence, using (1.12.5). Tt follows that {a:j_1 221 converges to an element of A,

because A is complete, by hypothesis. One can verify that the limit of {xj_l Go1
is the multiplicative inverse of z in A.

Suppose that N(e) =1, and let U(A) be as in (1.12.16). This is a closed set
in A with respect to the metric associated to N, by the remarks in the previous
paragraph. Suppose that N is ultra-subadditive on A as a commutative group
with respect to addition. If x € U(A), y € A, and N(z —y) < 1, then y is
invertible in A, as before. We also have that y € U(.A) under these conditions,

by (1.12.11) and (1.12.13).

1.14 Invertible linear mappings

Let k be a field with an absolute value function |- |, let V, W be vector spaces
over k with seminorms Ny, Ny, respectively, with respect to | - | on k, and let
T be a linear mapping from V into W. We may be interested in situations in
which there is a positive real number ¢ such that

(1.14.1) ¢ Ny (v) < Ny (T'(v))

for every v € V. If T is a one-to-one mapping from V onto W, then (1.14.1) is
the same as saying that 77! is bounded as a linear mapping from W into V,
with
(1.14.2) 1T op.wv < 1/c.
If Ny is a norm on V, then (1.14.1) implies that T is injective. Of course, if V'
and W are finite-dimensional vector spaces over k of the same dimension, then
injective linear mappings from V into W are automatically surjective.

Suppose that (1.14.1) holds, and let R be a linear mapping from V into W
such that R — T is bounded, with

(1.14.3) |R—Tlop,vw < c.
Observe that

(1.14.4) Nw (T(v)) Nw (R(v)) + Nw (R(v) — T(v))

<
< Nw(R(U)) + HR_T”opJ/W NV(U)

for every v € V. This implies that

(1.14.5) (¢ = [R = Tllop,yw) Nv(v) < Nw (R(v))

for every v € V. If Ny is a semi-ultranorm on W, then

(1146)  Nw(T(v)) < max(Nw(R()), Ny (R(v) — T(v)))

< max(Nw (R(v)), | R = Tllop,yw Ny (v))
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for every v € V. In this case, one can check that
(1.14.7) ¢ Ny (v) < Nw(R(v))

for every v € V.

Suppose that T is an isometric linear mapping from V into W, so that T is
a bounded linear mapping with ||T||op,vw < 1, and (1.14.1) holds with ¢ = 1.
If Ny is a semi-ultranorm on W, and if R is a bounded linear mapping from
V into W that satisfies (1.14.3) with ¢ = 1, then (1.14.7) holds with ¢ = 1. We
also have that

(1.14.8) [1Rllop < max(| R = Tllopyw: I T]lopvw) <1,

because || - ||lop,vw is a semi-ultranorm on BL(V,W), as in Section 1.11. This
means that R is an isometric linear mapping from V into W too under these
conditions.

Let us now take V.= W, Ny = Ny, and let G(BL(V)) be the group of
invertible elements in the algebra BL(V') of bounded linear mappings from V'
into itself, as in Section 1.12. Put

(1.14.9) UBL(V)) ={T € GBLV)) : [Tllop, 1T~ [lop < 1},

as before. This is the same as the group of one-to-one isometric linear mappings
from V onto itself, as in Section 1.11.

Suppose for the rest of the section that V' is finite-dimensional as a vector
space over k, and that Ny isanormon V. If T € G(BL(V)) and R € BL(V)
satisfy
(1.14.10) IR = Tllop < LI lops

then R is injective on V, by the earlier argument. More precisely, R is a one-
to-one linear mapping from V onto itself with bounded inverse, and

(11411) R oy < (A/IT M lop) = IR = Tllop) ™"
= (A= IT op IR = Tllop) = 1T lop-

If Ny is a ultranorm on V', then we get that
(114.12) IR oy < 1T ope

In particular, if T € U(BL(V)), R € BL(V), and
(1.14.13) |R—T|op <1,

then R € U(BL(V)) when Ny is an ultranorm on V.

1.15 Rings of matrices

Let A be a ring, and let n be a positive integer. The space M, (A) of n x n
matrices with entries in A is also a ring, with respect to entrywise addition of
matrices, and matrix multiplication.
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Let N be a nonnegative real-valued function on A, and suppose that N is
symmetric and ultra-subadditive on A as a commutative group with respect to
addition, that N is submultiplicative on A, and that N(0) = 0. Let a = (a;;)
be an element of M, (A), so that a;; € A for every j,l =1,...,n, and put

(1.15.1) Ny(a) = 1g%§nN(aj’l).

This defines a nonnegative real-valued function on M, (A), and one can check
that IV, is symmetric and ultra-subadditive on M, (.A) as a commutative group
with respect to addition, that NN, is submultiplicative on M, (A) with respect to
matrix multiplication, and that A,(0) = 0. If N is nondegenerate on A, then
N, is nondegenerate on M, (A).

Suppose that A has a multiplicative identity element e, and let I = I,, be
the identity matrix in M, (A), with diagonal entries equal to e and all other
entries equal to 0. This is the multiplicative identity element in M,,(A). The
group G(M,,(A)) of invertible elements in M, (A) is also denoted G L, (A).

Observe that
(1.15.2) A ={x e A: N(z) <1}

is a subring of A. Suppose that N(e) =1, so that e € A;. It is easy to see that
x € A, is invertible in A; if and only if z is invertible in A, with N(z~!) < 1.
Thus the subgroup U(A) of the group G(A) of invertible elements of A defined
in (1.12.16) is the same as the group G(A;) of invertible elements of A;.

Of course, the ring M, (A1) of n x n matrices with entries in .4; may be
considered as a subring of M, (A). In fact,

(1.15.3) My (A1) = {a € Mn(A) : Ny(a) < 13,

by the definition of N,,. The subgroup Uy, (M,,(A)) of G(M,(A)) = GL,(A)
defined as in (1.12.16) is the same as the group G(M,(A;)) = GL,(A;) of
invertible elements in M,,(A;), as in the preceding paragraph.

Suppose that A is a commutative ring, so that the determinant deta of
a € M,(A) can be defined as an element of A in the usual way. It is well
known that a is invertible in M,,(A) if and only if det a is invertible in A. If
a € M, (A,) satisfies
(1.15.4) Ny(a—1I) <1,

then one can check that
(1.15.5) N(deta —e) < 1.

Suppose now that A is a field k, and that NV is an ultrametric absolute value
function | - | on k. In this case, A; consists of € k such that |z| < 1, and the
group of invertible elements of A; consists of € k with |z| = 1. In particular,
one can verify that x € k satisfies |x| = 1 when |z — 1] < 1.



Chapter 2

Semimetrics and topologies

2.1 Collections of semimetrics

Let X be a set, and let M be a nonempty collection of semimetrics on X. A
subset U of X is said to be an open set with respect to M if for every z € U

there are finitely many elements di,...,d, of M and positive real numbers
r1,...,T, such that
(2.1.1) () B, (z,7) CU.

j=1

One can check that this defines a topology on X. Of course, if M consists of a
single semimetric, then this is the usual topology determined by that semimetric.

In particular, if U C X is an open set with respect to any element of M,
then U is an open set with respect to M. It is well known that open balls are
open sets with respect to a semimetric. Using this, it is easy to see that the
open balls in X with respect to elements of M form a sub-base for the topology
determined by M.

If M consists of finitely many semimetrics, then the topology determined
on X by M is the same as the topology determined by the sum or maximum of
the elements of M. If M consists of an infinite sequence of semimetrics, then
one can get a single semimetric that determines the same topology on X as in
Section 1.9.

Let us say that M is nondegenerate on X if for every z,y € X with x # y
there is a d € M such that d(x,y) > 0. In this case, one can check that X is
Hausdorff with respect to the topology determined by M.

One can check that closed balls with respect to a semimetric are closed
sets with respect to the topology determined by that semimetric. It is easy
to see that closed balls of positive radius with respect to a semi-ultrametric
are open sets with respect to that semi-ultrametric. One can also verify that
open balls with respect to a semi-ultrametric are closed sets with respect to the
semi-ultrametric.

25
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Let us say that a topological space Y is reqular in the strict sense if for every
y € Y and closed set E C Y with y € E there are disjoint open sets U,V C Y
such that y € U and F C V. Equivalently, this means that for every y € Y and
open set W C Y with y € W there is an open set U C Y such that y € U and
the closure U of U in Y is contained in W. If Y is regular in the strict sense and
satisfies the first or zeroth separation condition, then Y is regular in the strong
sense. It is easy to see that this implies that Y is Hausdorff. If the topology on
Y is determined by a nonempty collection of semimetrics, then one can check
that Y is regular in the strict sense.

If Y is a subset of X, then the restriction to Y of a semimetric on X is a
semimetric on Y. Let M be a nonempty collection of semimetrics on X, and
let My be the collection of the restrictions to Y of the elements of M. One can
check that the topology determined on Y by My is the same as the topology
induced on Y by the topology determined on X by M.

2.2 Topological groups

Let G be a group that is also equipped with a topology. We say that G is a
topological group if the group operations are continuous. More precisely, this
means that z — 2~ ! is continuous as a mapping from G into itself, and that
multiplication on G is continuous as a mapping from G x G into G, using the
associated product topology on G x G. If e is the identity element in G, then
the condition that {e} be a closed set is sometimes included in the definition of
a topological group.

If G is a topological group, then it is easy to see that left and right trans-
lations on G are continuous. In fact, they are homeomorphisms from G onto
itself, because the inverse of a left or right translation on G is a left or right
translation too, respectively. If {e} is a closed set, then it follows that G satisfies
the first separation condition. It is well known that G is Hausdorff in this case.
More precisely, topological groups are regular in the strict sense, as in Section
2.4.

If there is a local base for the topology of G at e with only finitely or count-
ably many elements, then a famous theorem states that there is a semimetric
on G that is invariant under left translations and determines the same topology.
Equivalently, there is a semimetric on G that is invariant under right trans-
lations and determines the same topology. If {e} is a closed set, then these
semimetrics are metrics. Otherwise, if G is any topological group, then there is
a nonempty collection of semimetrics on G that determines the same topology
and whose elements are invariant under left translations. Of course, there is
also a nonempty collection of semimetrics that determines the same topology
whose elements are invariant under right translations.

If G is equipped with the topology determined by any nonempty collection of
semimetrics that are invariant under left translations, then left translations on
G are automatically continuous, and one can check that the group operations on
G are continuous at e, as in Section 1.7. In order for G to be a topological group
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with respect to this topology, it would be enough to know that right translations
are continuous as well. In particular, this holds when x — 2~ is continuous with
respect to this topology. If conjugations on G are continuous, then continuity
of right translations is equivalent to continuity of left translations. Of course,
there are analogous statements for collections of semimetrics that are invariant
under right translations.

If G is equipped with the topology determined by a nonempty collection of
semimetrics that are invariant under both left and right translations, then G
is a topological group. In this case, there is a local base for the topology of G
at e consisting of open sets that are invariant under conjugations. Conversely,
if G is a topological group, and if there is a local base for the topology of G
at e that consists of open sets that are invariant under conjugations, then it
is well known that there is a nonempty collection of semimetrics on G that
determines the same topology, and whose elements are invariant under both left
and right translations. If there is a local base for the topology of G at e with
only finitely or countably many elements too, then there is a semimetric on G
that determines the same topology and is invariant under both left and right
translations.

Of course, any group is a topological group with respect to the discrete
topology. It is easy to see that a subgroup of a topological group is a topological
group as well, with respect to the induced topology. One can verify that the
closure of a subgroup of a topological group is a subgroup too.

If I is a nonempty set and G is a group for each j € I, then the Cartesian
product G =[] jer G is a group too, where the group operations are defined
coordinatewise. If G; is a topological group for each j € I, then one can check
that G is a topological group with respect to the product topology. Suppose
that d; is a semimetric on G; for some [ € I, and consider d;(x,y) = d;(z;, y;)
on G, as in Section 1.1. If d; is invariant under left or right translations on G,
then it is easy to see that d; has the same property on G.

2.3 Nice families of subgroups

Let G be a group. If G is a topological group and U is an open subgroup of
G, then U is a closed set, because the complement of U can be expressed as
a union of translates of U. If the topology on G is determined by a collection
of semi-ultrametrics that are invariant under left or right translations, then
there is a local base for the topology of G at the identity element e consisting
of open subgroups of G. If the topology on G is determined by a collection
of semi-ultrametrics that are invariant under both left and right translations,
then there is a local base for the topology of G at e consisting of open normal
subgroups of G.

Conversely, if there is a local base for the topology of G at e consisting
of open subgroups, then one can get collections of semi-ultrametrics that are
invariant under either left or right translations and determine the same topology
on G, using the semimetrics defined in Section 1.8. Similarly, if there is a local
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base for the topology of G at e consisting of open normal subgroups of G, then
one can get a collection of semi-ultrametrics that are invariant under both left
and right translations and determine the same topology. In both cases, if the
local base has only finitely or countably many elements, then one can get a
single semi-ultrametric that determines the same topology, as in Section 1.9.
One could also start with a local sub-base for the topology of G at e consisting
of open subgroups.

If B is any nonempty collection of subgroups of GG, then we can define topolo-
gies 71,(B), Tr(B) on G such that B is a local sub-base at e, and either left or
right translations are continuous, respectively. More precisely, a subset U of G
is an open set with respect to 7, (B) if for every x € U there are finitely many
elements Aq,..., A, of B such that

(2.3.1) (n](x Aj) CU.

Similarly, U is an open set with respect to 7(B) if for every & € U there are
finitely many elements Ay, ..., A, of B such that

(2.3.2) (n] (A;z) CU.

It is easy to see that these define topologies on G with the properties mentioned
before. In particular, note that

(2.3.3) B - TL(B), TR(B).
If
(2.3.4) T.(B) = Tr(B),

then one can check that G is a topological group with respect to this topology.
This condition is also necessary for G to be a topological group with respect to
7.(B) or Tr(B). Let us say that B is nice when (2.3.4) holds. One can verify
that this happens if and only if for every z € G and A € B there are finitely
many elements Ay, ..., A, of B such that

(2.3.5) (4 CzAxt.
j=1

If the elements of B are normal subgroups of GG, then B is automatically nice.
Let us say that B is nondegenerate if (.3 A = {e}. One can check that G
is Hausdorff with respect to 7, (B) and 7(B) in this case.

2.4 Regularity and topological groups

Let G be a topological group, and let A, B be subsets of G. If a,b € G and A,
B are open sets, then Ab and a B are open sets, by continuity of translations.
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If A or B is an open set, then A B is an open set, because it is a union of open
sets. If A is an open set, then A~! is an open set too.

If W is an open subset of G that contains the identity element e, then there
are open subsets U, V of G such that e € U,V and

(2.4.1) UvCcw,

because of continuity of multiplication. More precisely, we can reduce to the
case where U =V, by replacing U, V with their intersection.

Let z € G and E C G be given, and observe that x is an element of the
closure E of F in G if and only if for every open set Uy C G with = € Uy, we
have that
(2.4.2) (Uoz) N E # 0.

It is easy to see that (2.4.2) holds if and only if

(2.4.3) re Uy E.
Thus -
(2.4.4) E= ﬂ{UE : U C G is an open set, with e € U},

and similarly

(2.4.5) E= ﬂ{EV : V C G is an open set, with e € V'}.
In particular, if U, V are as in (2.4.1), then

(2.4.6) U,V CW.

One can use this and continuity of translations to get that G is regular in the
strict sense.

Let K be a compact subset of G, let W be an open subset of G, and suppose
that K C W. If x € K, then ! W is an open subset of G that contains e, and
there is an open subset U(z) of G such that e € U(z) and

(2.4.7) Ux)U(x) Cx ' W,

as in (2.4.1). The open sets U(x) z, x € K, form an open covering of K, and so
there are finitely many elements z1, ..., z, of K such that

by compactness. Note that
(2.4.9) U=()U(z)
j=1

is an open subset of G that contains e, and that

N

(2.4.10) UK g LnJ UU(J?])J?] LnJ U(l‘]) U(J?j)l‘j Q Ww.
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Similarly, there is an open subset V of G such that e € V and
(2.4.11) KV CW,

which could also be obtained from the previous statement and continuity of
S

Let A be a subset of G that contains e and is symmetric about e, which can
always be arranged by replacing A with its intersection with A=1. Put A! = A
and A7T! = A7 A for each j € Z, so that A’ consists of products of j elements
of A. It is easy to see that
(2.4.12) AT Al C ATH

for every j,I > 1, and that _ _
(2.4.13) (ANt = A

for every j > 1. This implies that
(2.4.14) 4/
j=1

is a subgroup of G. If A is an open subset of G, then (2.4.14) is an open set as
well.

2.5 U-Separated sets

Let G be a topological group, and suppose that U is an open subset of G that
contains the identity element e. A pair A, B of subsets of G is said to be
left-invariant U -separated if

(2.5.1) (AU)N B = 0.

Equivalently, this means that

(2.5.2) AN(BUY) =0.

Similarly, A, B are right-invariant U-separated if

(2.5.3) (UANB=0,

which is the same as saying that

(2.5.4) An(U'B)=0.

We also have that (2.5.3) holds if and only if

(2.5.5) (AtuHnBt =4,

which means that A=!, B~! are left-invariant U ~!-separated.



2.5. U-SEPARATED SETS 31

Let U; be an open subset of G such that e € U; and
(2.5.6) UL, Ut Cu.
If A, B are left-invariant U-separated, then
(2.5.7) (AU, U HYNB = 0.
Equivalently, this means that
(2.5.8) (AUL)N(BUy)

0.

It follows in particular that o
(2.5.9) ANB =10,

by (2.4.5). If A is compact, B is a closed set, and
(2.5.10) ANB =10,

then there is an open subset U of G such that e € U and A, B are left-invariant
U separated sets, because of (2.4.11).

If A is compact and open, then there is an open subset U of G such that
e €U and
(2.5.11) AU C A.

This can be obtained from the remarks in the preceding paragraph, or directly
from (2.4.11).

Suppose that A, U are subsets of G such that e € U, U is an open set, and
(2.5.11) holds. We may also suppose that U is symmetric about e, by replacing
it with ints intersection with U~!. It is easy to see that

(2.5.12) AU C A
for every j € Z, where U7 is as in the previous section, using (2.5.11). Put
(2.5.13) Uo=J U7,
j=1
so that
(2.5.14) AUy C A,
by (2.5.12). More precisely,
(2.5.15) AUy = A,

because e € U, so that A C AU C AUy. Remember that U, is an open
subgroup of G under these conditions, as in the previous section. If e € A, then

(2.5.16) Uy C A,

by (2.5.14).

In particular, if there is a local base for the topology of G at e consisting
of compact open sets, then there is a local base consisting of open subgroups.
More precisely, these open subgroups are also compact in this case, because they
are closed sets contained in compact sets.
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2.6 Totally bounded sets

Let X be a set with a semimetric d(z,y). As usual, a subset E of X is said to
be totally bounded with respect to d(-,-) if for every r > 0, E is contained in the
union of finitely many open balls in X of radius r. In particular, this happens
when FE is compact with respect to the topology determined on X by d(-,-).
Now let G be a topological group, and let E be a subset of G. Let us say
that F is left-invariant totally bounded in G if for every open subset U of G that

contains the identity element e, there are finitely many elements aq,...,a, of
G such that
n
(2.6.1) Ec | 0).
j=1

Similarly, we say that E is right-invariant totally bounded in G if for every open
subset U of G with e € U there are finitely many elements by, ...,b, of G such
that

(2.6.2) EC O (U by).

Of course, left and right-invariant total boundedness are the same when G is
commutative.
One can check that

(2.6.3) L' is left-invariant totally bounded in G if and only if
E~! is right-invariant totally bounded in G.

If F is compact, then one can verify that E is both left and right-invariant
totally bounded in G.

Suppose for the moment that the topology on G is determined by a semi-
metric d(-,-). If d(-,-) is invariant under left translations, then one can verify
that

(2.6.4) E is left-invariant totally bounded if and only if
E is totally bounded with respect to d(-,-).

Similarly, if d(-,-) is invariant under right translations, then

(2.6.5) E is right-invariant totally bounded if and only if
E is totally bounded with respect to d(-, ).

If d(-,-) is invariant under both left and right translations, then it follows that
left and right-invariant total boundedness are equivalent.

Let ¢ be a homomorphism from G into another topological group. If ¢ is
continuous at e, then one can check that ¢ is continuous at every point, using
continuity of translations. In this case, if E is left or right-invariant totally
bounded, then one can verify that ¢(F) has the same property.
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If E is symmetric about e, then
(2.6.6) left and right-invariant total boundedness of E are equivalent,

and we may simply refer to the total boundedness of E. If G is totally bounded,
then
(2.6.7) every open subgroup of G has finite index in G.

If there is a local base B for the topology of G at e consisting of open subgroups
of GG, then

(2.6.8) G is totally bounded if and only if

every element of B has finite index in G.

If Ay, As are subgroups of G and A; has finite index in G, then one can
check that A; N Ay has finite index in As. If A has finite index in G as well,
then it follows that A; N Ay has finite index in G.

If A is any subgroup of G, then the intersection of all of the conjugates of A
in G is a normal subgroup of G. If A has finite index in G, then one can verify
that there are only finitely many distinct conjugates of A in G. This implies
that the intersection of the conjugates of A in G has finite index in G, as in the
preceding paragraph.

If A is an open subgroup of G, then the conjugates of A in G are open
subgroups. If A also has finite index in G, then it follows that the intersection
of all of the conjugates of A in G is an open subgroup.

If G is totally bounded, and there is a local base for the topology of G at e
consisting of open subgroups, then there is a local base for the topology of G at
e consisting of open normal subgroups.

If A is a closed subgroup of G of finite index, then A is an open set, because
the complement of A is the union of finitely many translates of A.

2.7 Equicontinuous families of conjugations

Let G be a topological group, and note that Cy(x) = axa~! is a homeomor-

phism from G into itself for each a € G. If F is a subset of G, then we say
that
(2.7.1) C(E)={C,:a€E}

is equicontinuous at the identity element e if for every open subset W of G that
contains e there is an open subset V' of GG such that e € V and

(2.7.2) Co(V) S W

for every a € E. If FE has only finitely many elements, then this can be obtained
from the continuity of conjugations on G. If A is a subgroup of GG, and there is
a local base for the topology of G at e consisting of open sets that are invariant
under conjugations by elements of A, then C(A) is equicontinuous at e.
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Conversely, if A is a subgroup of G, and C(A) is equicontinuous at e, then
there is a local base for the topology of G at e consisting of open sets that are
invariant under conjugations by elements of A. To see this, let an open subset
W of G that contains e be given, and let V' be an open subset of G such that
e € V and (2.7.2) holds for every a € A. This means that

(2.7.3) VCa'Wa

for every a € A. Note that

(2.7.4) ()(a' Wa)

acA

is automatically invariant under conjugations by elements of A. This set con-
tains e and is contained in W, by construction. More precisely, V' is contained
in (2.7.4), by (2.7.3), which implies that V" is contained in the interior of W. Of
course, the interior of W is invariant under conjugations by elements of A too,
as desired. If W is an open subgroup of G, then (2.7.4) is an open subgroup of
G as well, because it contains V.

Suppose now that FE is a right-invariant totally bounded subset of G, and
let us verify that C(F) is equicontinuous at e. If W is an open subset of G
that contains e, then there are open subsets Uy, Uy, Us of GG that contain e and
satisfy

(2.7.5) U, U Us CW.

This implies that

(2.7.6) yUsy ' CW

for every y € Uy NU; 1. Using the hypothesis that E be right-invariant totally
bounded, we get that there are finitely many elements by, ..., b, of G such that

(2.7.7) EC U (UL N U5 by).

j=1

Observe that

(2.7.8) V=" Uzb))
j=1

is an open subset of G that contains e. If x € E, then x = yb; for some
yelUn U;l and 1 < j < n. It follows that

(2.7.9) zVal=yb; Vb;1 ytCylUyy P CW,

as desired.

If A is a subgroup of G that is totally bounded, then C(A) is equicontinuous
at e, as in the preceding paragraph. This implies that there is a local base for
the topology of G at e that is invariant under conjugations by elements of A, as
before.
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2.8 Small sets

Let X be a set with a semimetric d(x,y). Let us say that a subset A of X is
r-small with respect to d(-,-) for some r > 0 if

(2.8.1) d(z,y) <r
for every z,y € A. Equivalently, this means that
(2.8.2) A C By(w,r)

for every w € A. It is easy to see that open balls in X of radius r with respect
to d(-,-) are 2r-small, and r-small if d(-, -) is a semi-ultrametric on X. It follows
that a subset E of X is totally bounded with respect to d(-,-) if and only if for
every r > 0, F is contained in the union of finitely many r-small sets.

Let dy,...,d, be finitely many semimetrics on X, and let d be their maxi-
mum, which is also a semimetric on X. A subset A of X is r-small with respect
to d if and only if A is r-small with respect to d; for each j =1,...,n. If A; is
an r-small subset of X with respect to d; for each j =1,...,n, then ﬂ;;l Aj is
r-small with respect to d. Of course, if a subset E of X is totally bounded with
respect to d, then E is totally bounded with respect to d; for every j =1,...,n.
One can check that the converse holds too, using the previous remark about
intersections of r-small sets.

Let G be a topological group, and suppose for the moment that the topology
on G is determined by a nonempty collection M of semimetrics. If the elements
of M are invariant under left translations, then a subset E of G is left-invariant
totally bounded if and only if F is totally bounded with respect to each element
of M. This uses the fact that if F is totally bounded with respect to each
element of M, then F is totally bounded with respect to the maximum of any
finite subset of M, as in the preceding paragraph. Similarly, if the elements
of M are invariant under right translations, then E is right-invariant totally
bounded if and only if E is totally bounded with respect to every element of
M.

Let U be an open subset of G that contains the identity element e. Let us
say that a subset A of G is left-invariant U-small if

(2.8.3) ACaU

for every a € A, which is the same as saying that a=' A C U for every a € A.
Similarly, let us say that A is right-invariant U-small if

(2.8.4) ACUa

for every a € A, which means that Aa~! C U for every a € A. Equivalently, A
is left-invariant U-small when

(2.8.5) ATtACU,
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and A is right-invariant U-small when
(2.8.6) AAT CU

Thus A is left-invariant U-small if and only if A~ is right-invariant U-small.
It is easy to see that A~™' A and A A~! are automatically symmetric about e.
This implies that A is left or right-invariant U-small if and only if A is left or
right-invariant U ~!-small, respectively.

If V is an open subset of G that contains e, is symmetric about e, and
satisfies
(2.8.7) VV CU,

then V is both left and right-invariant U-small. This implies that left translates
of V are left-invariant U-small, and right translates of V' are right-invariant U-
small. If a subset E of G is left or right-invariant totally bounded, then E can be
covered by finitely many left or right translates of V', and thus by finitely many
left or right-invariant U-small sets, respectively. Conversely, if E can be covered
by finitely many left or right-invariant U-small sets, then E can be covered by
finitely many left or right translates of U, respectively. This means that E is
left or right-invariant totally bounded if and only if for every open subset U
of G that contains e, E can be covered by finitely many left or right-invariant
U-small sets, respectively.

2.9 Total boundedness and submultiplicativity

Let A be a ring, and let N be a nonnegative real-valued function on A that
is subadditive and symmetric on A, as a commutative group with respect to
addition, and also submultiplicative. Thus N(x —y) defines a semimetric on A,
and one can check that multiplication on A is continuous as a mapping from
A x A into A, with respect to the topology determined on A by N(z — y) and
the associated product topology on A x A. Suppose from now on in this section
that A has a multiplicative identity element e, and let G(.A) be the group of
invertible elements in A, as before. One can verify that x +— z~! is continuous
with respect to the topology induced on G(.A) by the topology determined on A
by the semimetric associated to IV, using some of the remarks in Section 1.12.
It follows that G(A) is a topological group with respect to this topology.
If a € A and B is a subset of A, then put

(2.9.1) aB={ab:be B}, Ba={ba:be B}.

Note that  — a2 and x — x a define continuous mappings from A into itself,
with respect to the topology determined by the semimetric associated to N. If
a € G(A), then these mappings are homeomorphisms from A onto itself.

In the following, we let B(x,r) be the open ball in A centered at z € A with
radius r > 0 with respect to the semimetric associated to N. Note that the sets
B(e,r)NG(A), r > 0, form a local base at e for the topology induced on G(.A)
by the topology determined on A by the semimetric associated to N.
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A subset E of G(A) is left-invariant totally bounded in G(A) if and only if

for every r > 0 there are finitely many elements z1,...,z, of G(A) such that
(2.9.2) EC | Bler).

j=1
Similarly, E is right-invariant totally bounded in G(.A) if and only if for every
r > 0 there are finitely many elements x1, ..., x, of G(A) such that
(2.9.3) EC U B(e,r) x;.

j=1

Note that it suffices to consider small 7 here.
Let us suppose for the rest of the section that N(e) > 0, so that N(z) > 0
for every z € G(A). If a € A satisfies N(a) > 0, then

(2.9.4) aB(e,r), B(e,r)a C B(a,r N(a))
for every r > 0. Note that
(2.9.5) B(a,r N(a)) € B(0,(1+7)N(a))

for every r > 0. If F is left or right-invariant totally bounded in G(.A), then it
follows that IV is bounded on E.

If E is left or right-invariant totally bounded in G(A), then we can take
Z1,..,2n € G(A) in (2.9.2) or (2.9.3), as appropriate, to be elements of
E. This can be obtained from the characterization of total boundedness in
terms of U-small sets in the previous section. In particular, this means that
N(z1),...,N(z,) are bounded, as in the preceding paragraph. Alternatively,
we may ask that E intersects z; B(e,r) or B(e,r)x;, as appropriate, for each
j=1,...,n. This can be used to get an uppoer bound for N(z;) when r < 1.

If E is left or right-invariant totally bounded in G(A), then FE is totally
bounded in A, with respect to the semimetric associated to N. This follows
from (2.9.4) and the fact that we can take the z;’s in (2.9.2) or (2.9.3), as
appropriate, with N(z;) bounded. If we use the second argument mentioned in
the previous paragraph, then we can take r < 1/2 here.

If ye G(A)Nn B(e,r), 0 <r < 1/N(e), then

(2.9.6) N(y™") < (1—N(e)r)~" N(e),
as in Section 1.12. If F is left or right-invariant totally bounded in G(A), then it
follows that NV is bounded on E~1, by taking r = 1/2 N(e) in (2.9.2) or (2.9.3),

as appropriate.
If x € G(A), then

(2.9.7) v ' B(x,t), B(z,t)x~* C Ble,t N(z™1))
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for every t > 0. This implies that
(2.9.8) B(z,t) C2B(e,t N(z™Y)), B(e,t N(z™)) z

for every t > 0.

If F is totally bounded in A with respect to the semimetric associated to
N, and if N is bounded on E~!, then E is both left and right-invariant totally
bounded in G(.A). To see this, let ¢ > 0 be given, so that there are finitely many
elements z1,...,xz, of A such that

(2.9.9) O B(z;,t)

More precisely, we can take x1,...,z, € F, using the characterization of total
boundedness in terms of coverings by small sets in the previous section. In
particular, z1,...,x, € G(A), so that

n

(2.9.10) U Ble,t N(z; 1)), | Ble,t N(aj ) ay,

J=1

by (2.9.8). One can use this to get that E is left and right-invariant totally
bounded in G(A), because N (z7'),..., N(z;!) are bounded.

2.10 Local total boundedness conditions

A topological space is said to be locally compact if every point is contained in
an open set that is contained in a compact set. Let us say that a set X with a
semimetric d(-,-) is locally totally bounded if for every x € X there is an r > 0
such that B(z,r) is totally bounded. If X is locally compact with respect to
the topology determined by d(-,-), then X is locally totally bounded, because
compact subsets of X are totally bounded.

Now let GG be a topological group. If the identity element e is contained in
an open set that is contained in a compact set, then it is easy to see that G
is locally compact, because of continuity of translations. Let us say that G is
locally totally bounded if there is an open subset U of G that contains e and is
either left or right-invariant totally bounded. In this case, U N U~! is an open
set that contains e and is both left and right-invariant totally bounded. If G is
locally compact, then G is locally totally bounded, because compact subsets of
G are both left and right-invariant totally bounded.

Let k be a field with an absolute value function |- |. We shall refer to a
subset E of k as being totally bounded if FE is totally bounded with respect
to the metric associated to | - |, which is the same as saying that E is totally
bounded in k as a commutative topological group with respect to addition and
the topology determined by this metric. Similarly, k is locally totally bounded
as a metric space or a commutative topological group with respect to addition
if and only if B(0,r) is totally bounded for some r > 0.
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Put
(2.10.1) tE={tx:zecE}

for every t € k. If E is compact, then t FE is compact for every ¢t € k, because
multiplication by ¢ is continuous as a mapping from k into itself. If E is totally
bounded, then it is easy to see that ¢t E is totally bounded for every t € k too.
Observe that

(2.10.2) t B(0,r) = B(0, |t|r)

for every r > 0 when t # 0, and
(2.10.3) t B(0,7) = B(0, |t|r)

for every r > 0.

Suppose for the moment that | - | is not the trivial absolute value function
on k, so that there is an x € k with x # 0 and |z| # 1. This implies that there
are y,z € k with 0 < |y| < 1 and |z| > 1, using z and 1/z. Thus

(2.104) v/ =yl =0 and || =z} = 0

as j — oo. If B(0,7g) is compact for some ro > 0, then it follows that B(0,r) is
compact for some arbitrarily large values of r, because of (2.10.3). This implies
that all subsets of k that are both closed and bounded are compact. Similarly,
if B(0,79) is totally bounded for some ro > 0, then B(0,r) is totally bounded
for some arbitrarily large values of r, which implies that all bounded subsets of
k are totally bounded. Of course, if k is complete with respect to the metric
associated to | - |, then subsets of k that are both closed and totally bounded
are compact.

2.11 Residue fields

Let k be a field with an ultrametric absolute value function |- |. In this case,
B(0,r) is a subgroup of k as a commutative group with respect to addition for
every r > 0, and B(0,7) is a subgroup for every » > 0. In fact, B(0,1) is a
subring of k, and B(0,7), B(0,r) are ideals in B(0,1) when r < 1. Thus the
quotients

(2.11.1) B(0,1)/B(0,7)
and
(2.11.2) B(0,1)/B(0,7)

are defined as commutative rings when 0 < r < 1. It is easy to see that B(0,1)
is totally bounded if and only if (2.11.1) has only finitely many elements for
every 0 < r < 1, which happens if and only if (2.11.2) has only finitely many
elements for every 0 < r < 1.

It is well known that the quotient

(2.11.3) B(0,1)/B(0,1)
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is a field, which is known as the residue field associated to |- | on k. More
precisely, nonzero elements of (2.11.3) come from z € B(0,1) with |z| = 1,
which means that 1/z € B(0,1) too. If | - | is the trivial absolute value function
on k, then the residue field reduces to k.

Put
(2.11.4) p1 =sup{|z| 1z € k, |z| < 1},

and note that 0 < p; < 1. One can verify that p; = 0 if and only if | - | is the
trivial absolute value function on k, and that p; < 1 if and only if | - | is discrete
on k, in which case the supremum is attained. If 0 < p; < 1, then one can check
that the positive values of |- | on k are the same as the integer powers of p;. If
B(0,1) is totally bounded in k, then one can verify that p; < 1, so that |- | is
discrete on k.

Suppose for the moment that | - | is nontrivial and discrete on k, so that
0 < p1 < 1. This means that B(0,1) = B(0, p1), so that the residue field is
the same as (2.11.1), with » = p;. If the residue field has only finitely many
elements, then B(0, 1) is the union of finitely many closed balls of radius p;. If
J € Z, then it follows that any closed ball in k of radius p} can be expressed as
the union of the same number of closed balls of radius p{“. Ifl € Z, then it
follows that any closed ball of radius p{ can be expressed as the union of finitely
many closed balls of radius pl ™, so that B(0,1) is totally bounded.

Let a be a positive real number, so that |- |* also defines an ultrametric
absolute value function on k. Of course, open and closed balls in k£ of radius r
with respect to the metric associated to | - | are the same as open and closed
balls of radius r* with respect to the metric associated to |-|*. In particular, the
open and closed unit balls in k& with respect to these metrics are the same. This
implies that the residue field associated to |- |* is the same as the one associated
to |- |-

2.12 p-Adic integers

Let k be a field with an absolute value function |-|. If z € k and n is a
nonnegative integer, then

(2.12.1) (1-x)> 2l =1—a"",
§=0
so that
n
. 1— xn+1
2.12.2 ==
(2.12.2) gx -

when x # 1. This implies that

. 1
2.12.3 J—
2129 I
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as n — oo when |z| < 1, with respect to the metric associated to | - |.

Let p be a prime number, and let | - |, be the p-adic absolute value on Q,.
If y € Z and = = py, then |z|, = |y|,/p < 1, and the remarks in the preceding
paragraph imply that 1/(1—x) can be approximated by integers with respect to
the p-adic metric. Suppose now that w € Q satisfies |w|, < 1, so that w = a/b
for some a,b € Z with b # 0 and b not an integer multiple of p. This implies
that there are ¢,y € Z such that be =1 — py, so that

(2.12.4) w=ac/bc=ac(l—py) L

It follows that w can be approximated by integers with respect to the p-adic
metric, as before.
Note that

(2.12.5) Z,={ze€Q,:|z|, <1}

is a subring of Q,, as in the previous section. The elements of Z, are called
p-adic integers. Of course, Z C Z,,, and Z,, is a closed set in Q,,. Let z € Z, be
given, and let us check that z can be approximated by integers with respect to
the p-adic metric. Remember that Q is dense in Q,, by construction. If w € Q
and |z — w|, < 1, then |w|, < 1, by the ultrametric version of the triangle
inequality. This implies that w can be approximated by integers with respect to
the p-adic metric, as before. It follows that z can be approximated by integers
with respect to the p-adic metric, by first approximating z by w € QNZ,. This
means that Z, is the same as the closure of Z in Q,,.

If j € Z, then p’ Z,, C Q,, can be defined as in (2.10.1). This is the same as
the closed ball in Q,, centered at 0 with radius p~7. Note that if z € Q,, and
x # 0, then |z|, is an integer power of p. This can be verified using the fact
that Q is dense in Q,.

If j € Z,, then p’ Z, is an ideal in Z,, as in the previous section, and thus
the quotient

(2.12.6) Z,/v’ Z,

is defined as a commutative ring. The composition of the natural inclusion
of Z in Z, with the quotient mapping from Z, onto (2.12.6) defines a ring
homomorphism from Z into (2.12.6). One can check that this homomorphism
is surjective, because Z is dense in Z,. The kernel of this homomorphism is

(2.12.7) Zn (' Z,) =p Z.

This leads to a ring isomorphism from Z/p’ Z onto (2.12.6).

2.13 Total boundedness and products

Let G be a topological group, and let Uy, ..., U, be finitely many open subsets
of G that contain the identity element e. Put U = ﬂ;;l U;, which is also an
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open set that contains e. If A; is a subset of G that is left-invariant Uj-small
for each j = 1,...,n, then it is easy to see that

(2.13.1) () 4
j=1

is left-invariant U-small. Similarly, if A; is right-invariant Uj-small for each
j=1,...,n, then (2.13.1) is right-invariant U-small.

Let I be a nonempty set, and let G; be a topological group for each j € I.
Thus G =] jer G is a topological group with respect to the product topology,
where the group operations are defined coordinatewise. Let E; be a subset of G
for each j € I, and put E =[] jer E;. Suppose that F; is left-invariant totally
bounded for each j, and let us check that E is left-invariant totally bounded as
well.

If U is an open subset of G that contains the identity element, then we would
like to show that E can be covered by finitely many left-invariant U-small sets.
It suffices to consider open sets U in a local base for the product topology on G
at the identity element.

If I € I, then let m; be the standard coordinate projection from G onto Gj.

Let l4,...,l, be finitely many elements of I, and let U;, be an open subset of
G, that contains the identity element for each » =1,...,n. Thus WI:I(UZT.) is
an open subset of G that contains the identity element for each r = 1,...,n.
Consider
n
(2.13.2) U= "U,),
r=1

which is also an open subset of the identity element. Note that open subsets of
G of this type form a local base for the product topology at the identity element.

Of course, E;, can be covered by finitely many left-invariant U; _-small sub-
sets of G for each r = 1,...,n, because Fj _ is left-invariant totally bounded,
by hypothesis. If 4;, is a left-invariant U, -small subset of G;,., then it is easy to
see that Wl:l(Alr) is ﬂl:l(UlT)-small in G. If this happens for each r =1,...,n,
then it follows that

(2.13.3) ()7 (A)
r=1

is left-invariant U-small in G, as before. One can verify that E can be covered
by finitely many sets of this type, using the analogous coverings of E;  for
each r = 1,...,n. This implies that F is left-invariant totally bounded, because
open sets as in (2.13.2) form a local base for the product topology at the identity
element.

Similarly, if F; is right-invariant totally bounded in G for every j € I, then
FE is right-invariant totally bounded in G.

If F is any left or right-invariant totally bounded subset of G, then m;(E)
has the same property in G; for every | € I, because 7; is a continuous group
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homomorphism from G onto G;. Of course,

(2.13.4) EC[[m(B).

2.14 Profinite groups

A topological space X is said to be zero dimensional at a point x € X if
there is a local base for the topology of X consisting of open sets that are also
closed. If this holds at every point in X, then X is said to be zero dimensional.
Equivalently, this means that there is a base for the topology of X consisting of
open sets that are closed as well.

As usual, X is said to be totally disconnected if the only connected subsets
of X have at most one element. If X is zero dimensional and Hausdorff, then it
is easy to see that X is totally disconnected. If X is locally compact, Hausdorff,
and totally disconnected, then it is well known that X is zero dimensional. In
this case, it follows that there is a local base for the topology of X at each point
consisting of compact open sets.

Let G be a topological group, and suppose that {e} is a closed set, so that
G is Hausdorff as a topological space. If G is locally compact and totally
disconnected, then there is a local base for the topology of G at e consisting of
compact open sets, as in the preceding paragraph. This implies that there is a
local base for the topology of G at e consisting of compact open subgroups, as
in Section 2.5.

Note that Q is a commutative topological group with respect to addition
and the topology induced by the standard topology on R. It is easy to see that
Q is zero dimensional as a topological space. However, one can check that Q is
the only open subgroup of itself.

A compact topological group G is said to be profinite if {e} is a closed set,
and the open subgroups of G form a local base for the topology at e. Note
that open subgroups of G have finite index, because G is compact. This implies
that open subgroups have only finitely many conjugates, whose intersection is
an open normal subgroup. It follows that the open normal subgroups form a
local base for the topology at e.

Of course, finite groups may be considered as profinite groups, with respect
to the discrete topology. One can check that the Cartesian product of any
nonempty family of profinite groups is profinite, with respect to the product
topology. In particular, the product of a nonempty family of finite groups is
profinite. One can also verify that closed subgroups of profinite groups are
profinite, with respect to the induced topology.

Suppose now that G is a totally bounded topological group, and that the
open subgroups of G form a local base for the topology at e. As before, open
subgroups of GG have finite index, and thus only finitely many conjugates. The
intersections of their conjugates are open normal subgroups, so that the open
normal subgroups form a local base for the topology at e.
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Let B be a local sub-base for the topology of G at e consisting of open normal
subgroups. If A € B, then A has finite index in G, as before, so that G/A is
a finite group. Let us consider G/A as a topological group with respect to the
discrete topology. It is easy to see that the quotient mapping g4 from G onto
G /A is continuous, because A is an open set.

Put
(2.14.1) K =[] (G/4),

AeB

which is a compact Hausdorff topological group with respect to the product
topology, and where the group operations are defined coordinatewise, as usual.
If A € B, then let m4 be the coordinate mapping from K onto G/A, which is
a continuous group homomorphism. There is a natural group homomorphism ¢
from G into K such that

(2.14.2) TAOq=(qa

for every A € B. Note that ¢ is continuous, because (2.14.2) is continuous for
every A € B.
Suppose that {e} is a closed set, so that G is Hausdorff, and

(2.14.3) () A={e},

AeB

because B is a local sub-base for the topology of G at e. This means that
the kernel of ¢ is trivial, so that ¢ is injective. Ome can check that ¢ is a
homeomorphism from G onto ¢(G), with respect to the topology induced on
q(G) by the product topology on K.

The closure ¢(G) of ¢(G) in K is a profinite group, as before. Of course, if
G is compact, then ¢(G) is compact, and thus closed, because K is Hausdorff.

2.15 Invertible matrices

Let A, B be rings with multiplicative identity elements e 4, eg, respectively, and
let ¢ be a ring homomorphism from 4 into B such that

(2.15.1) d(ea) = ep.

Under these conditions, the restriction of ¢ to the group G(A) of invertible
elements of A is a group homomorphism into G(B). Of course, if G(B) has only
finitely many elements, then the kernel of ¢ in G(A) has finite index.

Let n be a positive integer, and let M, (A), M, (B) be the rings of n x n
matrices with entries in A, B, respectively, with respect to matrix multiplication.
Using ¢, we get a mapping ¢,, from M, (A) into M, (B), defined by evaluating
¢ at the entries of an element of M, (A). It is easy to see that ¢, is a ring
homomorphism from M, (A) into M, (B), which sends the identity matrix in
M, (A) to the identity matrix in M, (B). Thus the restriction of ¢,, to GL,(A) =
G(M,,(A)) is a group homomorphism into GL, (B). If B has only finitely many



2.15. INVERTIBLE MATRICES 45

elements, then M, (B) and thus GL,(B) have only finitely many elements, so
that the kernel of ¢,, in GL,(A) has finite index.

If A and B are commutative rings, then the determinant can be defined on
M, (A) and M, (B) in the usual way. In this case,

(2.15.2) det ¢ (a) = ¢(det a)

for every a € M, (A).

Now let k be a field with an ultrametric absolute value function |-|. Observe
that M, (k) is an associative algebra over k with respect to matrix multiplication,
and that

(2.15.3) N(a) = Np(a) = 12,%;(71 laji]
is an ultranorm on M, (k), as a vector space over k, with respect to |- | on k.

More precisely, N is submultiplicative on M, (k), as in Section 1.15, and the
norm of the identity matrix is equal to 1. It is easy to see that the determinant
is continuous as a mapping from M, (k) into k, with respect to the metrics
associated to | - | and N on k and M, (k), respectively. In particular,

(2.15.4) GL,(k) ={a € M,(k) : deta # 0}

is an open subset of M, (k).

Remember that the closed unit ball B(0,1) in k with respect to the metric
associated to | - | is a subring of k, so that M, (B(0,1)) is a subring of M, (k).
Equivalently,

(2.15.5) M, (B(0,1)) = {a € M, (k) : N(a) < 1},
nd
?2.15.6) GL,(B(0,1)) = {a € M,(B(0,1)) : |deta| =1},

because an element of B(0,1) is invertible in B(0,1) exactly when its absolute
value is equal to 1. If 0 < r < 1, then B(0,r) and B(0,r) are ideals in B(0,1),
so that the corresponding quotients are commutative rings too. Thus

(2.15.7) M, (B(0,1)/B(0,r))
and
(2.15.8) M, (B(0,1)/B(0,r))

are rings with respect to matrix multiplication. We also get ring homomor-
phisms from M, (B(0,1)) onto (2.15.7) and (2.15.8), from the corresponding
quotient homomorphisms on B(0, 1).

The restrictions of these ring homomorphisms to GL,,(B(0,1)) are group

homomorphisms from GL,,(B(0,1)) into

(2.15.9) GL,(B(0,1)/B(0,r))

and
(2.15.10) GL,(B(0,1)/B(0,7)),
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respectively. Of course, (2.15.8) and (2.15.10) have only one element when
r = 1. If B(0,1) is totally bounded in k with respect to the metric associated to
| -], then the quotients of B(0,1) by B(0,7) and B(0,r) have only finitely many
elements, as in Section 2.11. This implies that (2.15.7) and (2.15.8) have only
finitely many elements, so that (2.15.9) and (2.15.10) have only finitely many
elements. If B(0,1) is compact in k, then M, (B(0,1)) and GL,(B(0,1)) are
compact with respect to the metric associated to N.

As usual, (2.15.9) and (2.15.10) consist of elements of (2.15.7) and (2.15.8),
respectively, whose determinant is invertible in the appropriate quotient ring.
If + € B(0,1) maps to an invertible element of the quotient by B(0,r), then
one can check that |z| = 1. Similarly, if  maps to an invertible element of the

quotient by B(0,7) and r < 1, then || = 1. One can use this to check that the

group homomorphisms from GL,,(B(0,1)) into (2.15.9) and (2.15.10) mentioned
in the preceding paragraph are surjective. This also uses (2.15.2) and (2.15.6).
If a € M, (B(0,1)) satisfies N(a — I) < 1, then

(2.15.11) |deta — 1] < 1,

as in Section 1.15. This implies that |deta| = 1, so that a € GL,(B(0,1)).
It follows that the kernel of the group homomorphism from GL,(B(0,1)) onto
(2.15.9) mentioned earlier is equal to

(2.15.12) {a € Mo(B(0,1)): N(a—TI) < r}.

If r < 1, then the kernel of the group homomorphism from GL,,(B(0,1)) onto
(2.15.10) mentioned earlier is

(2.15.13) {a € M,(B(0,1)): N(a—1I) < r}.

Note that these are open sets with respect to the metric associated to N.



Chapter 3

Some filtrations of groups

3.1 Subgroups and subadditivity

Let G be a group, and let A be a subgroup of GG. Also let N4 be a nonnegative
real-valued function on A, and let p be a positive real number. Consider the
nonnegative real-valued function N defined on G by

(3.1.1) N(z) = Na(z) whenze A
= p when x ¢ A.

If N4 is subadditive on A and
(3.1.2) Na(z) <2p

for every x € A, then one can check that N is subadditive on G. Similarly, if
N4 is ultra-subadditive on A and

(3.1.3) Na(z) <p

for every x € A, then N is ultra-subadditive on G. Clearly N is symmetric
on G when Ny is symmetric on A, and N(e) = 0 when Ny(e) = 0. If N4 is
nondegenerate on A, then N is nondegenerate on G.

Now let A be a ring with a multiplicative identity element e, and let N4 be
a nonnegative real-valued function on A that is subadditive and symmetric on
A as a commutative group with respect to addition. Suppose that N4(0) = 0,
N4(e) =1, and that N4 is submultiplicative on A. Let G(A) be the group of
invertible elements of A, and let U(A) be the subgroup of G(A) consisting of
x € G(A) such that N4(z), Na(z™!) <1, as before. Remember that N4(z —y)
defines a semimetric on A that is invariant under left and right multiplication
by elements of U(A), as in Section 1.12. This means that the restriction of
N(z—y) to z,y € U(A) is invariant under left and right translations on U (A),
as a group with respect to multiplication, as before.

47
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Put
(3.1.4) NU(_A)(:L‘) = Ny(x —e)

for every x € U(A). It follows that Ny (4 is subadditive on U(A), as a group
with respect to multiplication, as in Section 1.7. Of course, it is easy to verify
this directly as well. Similarly, if N 4 is ultra-subadditive on .4, as a commutative
group with respect to addition, then Ny (4) is ultra-subadditive on U(A), as a
group with respect to multiplication. One can check that Ny (4) is symmetric
on U(A), as a group with respect to multiplication, because N4 is symmetric
on A, as a group with respect to addition. By construction,

If N4 is nondegenerate on A, then Ny 4) is nondegenerate on U(A). Note that
Ny (4 is invariant under conjugations on U(A), because N4 is invariant under
left and right multiplication by elements of U(A). We also have that

(3.1.6) NU(A)(x) S 2

for every x € U(A), and

for every z € U(A) when N4 is ultra-subadditive on A.
Let p be a positive real number again, and consider the nonnegative real-
valued function N defined on G(A) by

(3.1.8) N(z) = Ny(z) whenz e U(A)
= p when z € U(A).

If p > 1, then N is subadditive on G(A), as before. Similarly, if N4 is ultra-
subadditive on A, and p > 1, then N is ultra-subadditive on G(A). Observe
that IV is symmetric on G(A), because Ny (4) is symmetric on U(A), as in the
preceding paragraph. If N4 is nondegenerate on A, then NN is nondegenerate

on G(A).

3.2 Basic filtration functions

Let G be a group. Let us say that a function g on G with values in R U {400}
is a basic filtration function on G if it satisfies the following three conditions.
First,

(3.2.1) u(e) = +oo,

where e is the identity element in G. Second, u should be symmetric on G, so
that

(3.2.2) p(a) = u(x)

for every x € G. Third,

(3.2.3) p(xy) = min(u(z), w(y))
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for every z,y € G. This corresponds to conditions (1) and (3) in Definition 2.1
on p7 of [26]. If we also have that

(3.2.4) p(x) < 400

for every x € G with = # e, then we say that u is nondegenerate on G.
More precisely, condition (3) on p7 of [26] asks that

(3.2.5) p(zy™t) > min(u(z), u(y))

for every z,y € G. One can get (3.2.2) from (3.2.5), using (3.2.1). Once one
has (3.2.2), (3.2.5) is equivalent to (3.2.3).
Let p be a basic filtration function on G. If t € R, then

(3.2.6) Gi={zeG:pulx)>t}
and
(3.2.7) Gf ={reG:p(x) >t}

are subgroups of G, as on p7 of [26]. More precisely, one can also take ¢t = +00
in (3.2.6).
As usual, p is said to be invariant under conjugations on G if

(3.2.8) pluzu™t) = p(z)

for every u,x € G. Equivalently, this means that

(3.2.9) w(xy) = p(y )

for every z,y € G. In this case, (3.2.6) and (3.2.7) are normal subgroups of G.

Let A be a subgroup of G, and let 4 be a basic filtration function on A.
Also let 7 be a real number, and let u be the function defined on G with values
in RU {+00} by

(3.2.10) wx) = pa(zr) whenze A
= 7T when x & A.

If

(3.2.11) palz) >

for every & € A, then one can check that p is a basic filtration function on G.
If p4 is nondegenerate on A, then p is nondegenerate on G.
3.3 Connections with ultra-subadditivity

Let G be a group, and suppose that u is a basic filtration function on G. Also
let 7 be a positive real number strictly less than 1, and put

(3.3.1) N,(z) = N, ,(z) = r*@
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for every x € G, which is interpreted as being equal to 0 when p(z) = 4+o00. It is
easy to see that this defines a symmetric ultra-subadditive function on G, with

(3.3.2) N, (e) = 0.

If 1 is nondegenerate on G, then N, is nondegenerate too, in the sense that
N, (x) > 0 for every x € G with = # e.

Conversely, let N be a nonnegative real-valued function on G that is sym-
metric, ultra-subadditive, and satisfies N(e) = 0. If 0 < r < 1, then there is a
unique function p, = pn, on G with values in RU {+00} such that

(3.3.3) @) = N(x)

for every « € G, which means that u,(x) = +00 when N(z) = 0. One can check
that p, is a basic filtration function on G, which is nondegenerate when N is
nondegenerate.

Let a be a positive real number, and let 0 < r < 1 be given again, so that
0 <r® < 1. If pis a basic filtration function on G, then a p is a basic filtration
function too, and
(3.3.4) Noyr = Nygpa =Ny ..

Similarly, if N is as in the preceding paragraph, then N has the same properties,
and
(33.5) MN“,T = /,[,N)Ta = a//,[/N}T.

Let N, be asin (3.3.1) for some 0 < r < 1. If ¢t € R, then (3.2.6) and (3.2.7)
are the same as

(3.3.6) {x € G: N,(z) <r'}
and
(3.3.7) {x € G: N.(z) <r'},

respectively. If t = 400, then (3.2.6) corresponds to (3.3.7), with 7! interpreted
as being 0. Note that (3.3.7) and (3.3.6) are the same as the open and closed balls
of radius 7!, respectively, determined by the left and right-invariant semimetrics
on G associated to N, as in Section 1.10.

Of course, N, is invariant under conjugations exactly when p is invariant
under conjugations. Remember that this happens exactly when the left and
right-invariant semimetrics associated to N, are the same.

3.4 Regular filtration functions
Let G be a group. If z,y € G, then put

(3.4.1) =y lay

and
(3.4.2) (z,y) =2 "y " zy,
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which is the commutator of x and y in G. Thus x — z¥ is an automorphism of
G, and

(3.4.3) (x¥)? = a¥*
for every z,y,z € G, as on p6 of [26]. Note that
(3.4.4) (,9)"" = (y,2)

for every x,y € G.
Let p be a basic filtration function on G. Let us say that u is reqular on G
if it satisfies the following two additional conditions. First,

(3.4.5) w(z) >0

for every x € G. Second,

(3.4.6) p((z,y)) = () + p(y)

for every z,y € G. These conditions correspond to (2) and (4) in Definition 2.1
on p7 of [26].
If 1 is any basic filtration function on G, then

(34.7) p((z,y)) = min(u(z), n(y))
for every z,y € G. Consider the condition that
(3.4.8) p((2,y)) = max(u(z), u(y))

for every x,y € G. If p satisfies (3.4.6), and if u(z) > 0 for every x € G,
then (3.4.8) holds. Note that (3.4.6) and (3.4.8) hold automatically when G is
commutative, by (3.2.1).

Suppose that p satisfies (3.4.8), and let ,y € G be given. Thus

(3.4.9) plata) = p((z,y)) = plx).
This implies that

(3.4.10) u(a¥) > min(u(), p(o " 2)) = p(a).
Similarly, )

(3.4.11) u(a) = u((@*)") > p(a?),

It follows that p(z¥) = p(z), which is to say that p is invariant under conjuga-
tions.
Conversely, if u is invariant under conjugations, then

(3.4.12) p((z,y)) = plz™" 2¥) > min(u(z"), p(@¥)) = p(z).
Similarly,
(3.4.13) p((z,y) = p((y,z) > pu(y).

Thus (3.4.8) is equivalent to u being invariant under conjugations.
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3.5 Regularity and ultra-subadditivity

Let G be a group, and let 4 be a function defined on G with values in RU{+oo}.
If 0 < 7 < 1, then N(z) = r*(*) defines a nonnegative real-valued function on G,
with N(z) = 0 when p(z) = +00. Conversely, if N is a nonnegative real-valued
function on G, then we get a function p on G with values in R U {400} in this
way. Remember that basic filtration functions y correspond exactly to functions
N that are symmetric, ultra-subadditive, and satisfy N(e) = 0, as in Section
3.3. Under these conditions, y is regular if and only if

(3.5.1) N(z) <1

for every = € G, and
(35.2) N((z,y)) < N(z) N(y)

for every z,y € G.
If N is symmetric and ultra-subadditive on G, then

(3.5.3) N((x,y)) < max(N(z), N(y))
for every z,y € G, which corresponds to (3.4.7). The analogue of (3.4.8) is that
(3.5.4) N((z,y)) < min(N(z), N(y))

for every z,y € G. In particular, this holds when N satisfies (3.5.2), and
N(z) <1 for every x € G, as before. If G is commutative and N(e) = 0, then
(3.5.2) and (3.5.4) hold automatically. We also have that (3.5.4) holds if and
only if N is invariant under conjugations, as in the previous section.

Let A be a ring with a multiplicative identity element e, and let N4 be a
nonnegative real-valued function on A that is ultra-subadditive and symmetric
on A, as a commutative group with respect to addition. Suppose that N4(0) =
0, N4(e) = 1, and that N4 is submultiplicative on A. Let G(A) be the group
of invertible elements in A, and let U(A) be the subgroup of G(A) consisting of
z € G(A) with N4g(z), Na(z™1) <1, as in Section 1.12. If z € U(A), then put

(3.5.5) NU(A) (CL‘) = NA(CU — 6)7

as in Section 3.1. Remember that Ny (4) is ultra-subadditive, symmetric, and
invariant under conjugations on U(A), as a group with respect to multiplication.

Let p be a real number with p > 1, and let N be the nonnegative real-valued
function defined on G(A) by

(3.5.6) N(z) = Nyu(z) whenz e U(A)
= p when z & U(A),
as before. Remember that N is ultra-subadditive and symmetric on G(.A), and

that N(e) = Nya)(e) = 0. If 0 < r < 1, then there is a unique function x on
G(A) with values in R U {400} such that

(3.5.7) @) = N(x)
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for every x € G(.A), as usual. This defines a basic filtration function on G(.A),
as in Section 3.3. If N4 is nondegenerate on A as a commutative group with
respect to addition, then Ny (4 is nondegenerate on U(A) as a group with
respect to multiplication, which implies that N and p are nondegenerate on
G(A).

Of course, the restriction of p to U(.A) is a basic filtration function on U(.A).
The restriction of u to U(A) is also invariant under conjugations on U(A),
because N4 is invariant under conjugations on U(A). If z,y € U(A), then
(z,y) € U(A), and

(3.5.8) Nyay((z,y)) = Na(z™ 'yt ey —e) = Na(zy — yx),

because N 4 is invariant under multiplication by elements of U(.A), as in Section
1.12. Observe that

(3.5.9) (—e)y—e)—(y—e)(z—€)=ay—yx
for every z,y € A. It follows that
(3.5.10) Na(zy—yx) < Na(x —e) Na(y —e)

for every x,y € A, by ultra-subadditivity with respect to addition and submul-
tiplicativity of N4 on A. This means that

(3.5.11) Nuay(z,y)) < Nyay (@) Nuay(y)

for every x,y € U(A). This implies the analogous condition (3.4.6) for p on
U(A), as before.
Consider

(3.5.12) Uo(A) = {z € G(A) : Na(z —¢) < 1}.

If € Up(A), then Na(z) < 1 by ultra-subadditivity of N4 with respect to
addition on A. We also have that Na(z~!) < 1, as in Section 1.12. This
implies that Up(A) is contained in U(A), so that

(3.5.13) UO(A) = {.7; S U(A) : NU(_A)(CC) < 1}.

This is a subgroup of U(A), because Ny (4) is ultra-subadditive and symmetric
on U(A). The restriction of p to Up(A) is a regular filtration function, because
of (3.5.11). This is related to Theorem 4.1 on p9 of [26].

Remember that
(3.5.14) Ay ={zx e A: Ny(z) <1}

is a subring of A, as in Section 1.15. It is easy to see that
(3.5.15) Ag={z € A: Ny(z) <1}

is a two-sided ideal in Aj, so that the quotient 4;/Ay is a ring too. Note
that e € A;, and that the image of e in A;/Ap under the natural quotient
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mapping is the multiplicative identity element in A;/Ag. Remember that U(A)
is the same as the group G(A;) of invertible elements in Aj, as in Section 1.15.
Let G(A;1/Ap) be the group of invertible elements of A;/Ap, as usual. The
restriction of the natural quotient mapping from A; onto A;/Ap to G(A;) is a
group homomorphism from G(A;) into G(A;1/Ap). It is easy to see that Uy(A)
is the same as the kernel of that group homomorphism.

3.6 Regularity and matrices

Let k be a field with an ultrametric absolute value function |-|, and let 0 < r < 1
be given. Thus there is a function v on k with values in R U {400} such that

(3.6.1) (@) = |z

for every x € k, with v(0) = +oo. This may be considered as a basic filtration
function on k as a commutative group with respect to addition, and we also
have that

(3.6.2) v(zy) =v(z) +v(y)

for every x,y € k. Remember that the closed unit ball B(0,1) in k is a subring
of k, and that B(0,t) and B(0,t) are ideals in B(0,1) when 0 < ¢ < 1.

Let n be a positive integer, and remember that the space M, (k) of n x n
matrices with entries in k is an associative algebra over k with respect to matrix
multiplication. If a = (a;;) € M,(k), then put

(3.6.3) lla|l = max |a;,l,

1<5,l<n

which defines a submultiplicative ultranorm on M, (k) with respect to |- | on k,
as in Section 2.15. Thus

(3.6.4) My (B(0,1)) = {a € My(k) : [|a]| <1},

which is a subring of M, (k), and the group G L, (B(0,1)) of invertible elements

in M,,(B(0,1)) consists of a € M,,(B(0,1)) such that | det a| = 1, as before. If we
take A = M, (k) and N 4 to be (3.6.3), then G(A) = GL,(k), and U(A) C G(A)

is the same as GL,(B(0,1)). In particular,
(3.6.5) lla = I]|

is the same as (3.5.5) here, and is ultra-subadditive, symmetric, nondegenerate,
and invariant under conjugations on GL,,(B(0,1)), as a group with respect to
matrix multiplication.

If a € M,,(k), then put

(3.6.6) vp(a) = min v(a;,),

1<j,l<n
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which defines v, as a function on M, (k) with values in R U {+oc}. This may
be considered as a basic filtration function on M, (k), as a commutative group
with respect to addition, and one can check that

(3.6.7) Vn(abd) > vp(a) + vy (D)
for every a,b € M, (k). Equivalently,
(3.6.8) (@ = g

for every a € M, (k). If a € GL,(B(0,1)), then put

(3.6.9) pla) = vp(a—1),
so that
(3.6.10) M) = o — 1]

This defines a nondegerate basic filtration function on GL,(B(0,1)) that is

invariant under conjugations. If a,b € GL,(B(0,1)), then
(3.6.11) 1(a,b) = I|| < lla = I/ {|b— 11,

as in (3.5.11). Equivalently, this means that

(3.6.12) p((a,b)) = p(a) + p(b)
for every a,b € GL,(B(0,1)).
Consider
(3.6.13) G ={a € M,(B(0,1)) : |la—I| < 1}.

If a € G, then |deta — 1| < 1, so that [deta| = 1, as in Sections 1.15 and
2.15. This means that G is contained in GL,(B(0,1)), and in fact it is a normal
subgroup. Remember that the quotient mapping from B(0, 1) onto its quotient

by B(0,1) leads to a group homomorphism from GL, (B(0,1)) onto

(3.6.14) GL,(B(0,1)/B(0,1)),

as in Section 2.15. The kernel of this homomorphism is G, as before. Equiva-
lently, G consists of a € GL,(B(0,1)) such that u(a) > 0. It follows that the
restriction of u to G is a regular filtration function, as in Theorem 4.1 on p9 of
[26].

3.7 Some remarks about invertibility

Let A be a ring with a multiplicative identity element e. Suppose that x € A
has left and right multiplicative inverses in A, so that there are a,b € A such
that

(3.7.1) ar=zb=ec.
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Under these conditions,
(3.7.2) a=a(xb)=(ax)b=0,

so that x is invertible in A.

Suppose now that there are y,z € A such that yx and x z are invertible in
A. This means that
(3.7.3) () tyr=az(x2)"t=e,
so that x has left and right inverses in A. It follows that x is invertible in A,
with
(3.7.4) vl =(ya) ty =z (x2)7 Y,
as in the preceding paragraph.

Let N4 be a nonnegative real-valued function on A that is symmetric and
ultra-subadditive on A as a comutative group with respect to addition, submul-
tiplicative on A, and satisfies N4(0) = 0 and N4(e) = 1. Suppose that if a € A
satisfies
(3.7.5) Na(a—e) <1,
then a is invertible in .A. Remember that this happens when N 4 is nondegener-
ate on A, and A is complete with respect to the metric associated to N4, as in

Section 1.13. This also holds with A = M,, (k) and N4 = || - || as in the previous
section.

If a € A satisfies (3.7.5), then
(3.7.6) Na(a™h) <1,

as in Section 1.12. Note that N4(a) <1 in this case.
If there are y, z € A such that

(3.7.7) Nalyz —e), Na(xz—e) <1,

then yx and x z are invertible in A, by hypothesis. This implies that = is
invertible in A, as before. We also have that

(3.7.8) Na((yz)™"), Na((z2)7") <1,
as in (3.7.6). It follows that

(3.7.9) Na(z™!) < Na(y), Na(2),
by (3.7.4).

Let Ao and A; be the open and closed unit balls in A with respect to N 4,
as in (3.5.14) and (3.5.15). Thus A, is a subring of A, and A is a two-sided
ideal in Aj, as before, so that A;/Ag is a ring as well. If z € Ay is mapped
to an invertible element of A; /Ao, then there are y, z € A; that satisfy (3.7.7).
This implies that x is invertible in A, as before. More precisely,

(3.7.10) zte Ay,
by (3.7.9).
If A= M,(k) and Ng = | - | are as in the previous section, then 4; =

M,(B(0,1)) and Ay = M, (B(0,1)). In this case, A;/Ag is isomorphic to
M, (B(0,1)/B(0,1)) in a natural way, as associative algebras over k.
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3.8 Some identities

Let G be a group, with identity element e. If 2,y € G, then we put ¥ =y~ 2y

and (z,y) = x 'y lwy, as in Section 3.4. Remember that (z¥)* = x¥* for
every z € G, and that (z,y)~! = (y,x). We also have that

(3.8.1) zy=yz¥=yuz(z,vy)

and

(3.8.2) z¥ =z (z,y),

as in (1) on p6 of [26].
Let us check that

(383) (xvyz) = (Z‘,Z) (x’y)z
and
(3.8.4) (zy,z) = (2,2)" (y, 2),

as in (2) and (2’) on p6 of [26], respectively. To get (3.8.3), observe that
(3.8.5) x(r,yz)=aY*=(2¥)* = (z(z,y))*
= z°(z,y)* =z (z,2) (z,y)°.
Similarly,
(3.86) zy(zry,2)=(zy)” = 2°y°
= (2(,2) (y(y,2)) = 2y (x,2)" (y, 2),

which implies (3.8.4). One could also obtain (3.8.4) from (3.8.3).
Now let us verify that

(387) (xua(yaz)) (yz’(zax)) (va(yax)) =6

as in (3) on p6 of [26], and restated at the top of p7. Observe that

(3:8.8) (@, (y.2) = y e lyly. )ty ey (y,2)
= y ety ly T zyy ey ey
= yilaflyz*ly*lzxz*lyz.
Put
(3.8.9) u=rzrz tyz, v=xzyxr lzz, w=yzy lxy,
so that
(3.8.10) (z¥, (y,2)) = w ',

by (3.8.8). One can check that
(3.8.11) (" (52) =u o, (% (52) =0 w,

by permuting z, y, z cyclically. This implies (3.8.7), as desired.
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If A, B are subsets of GG, then we let A B be the set of products ab, with
a € Aand b € B, as usual. If A or B is invariant under conjugations, then it is

easy to see that
(3.8.12) AB=BA.

If A and B are subgroups of G, at least one of which is normal, then A B is a
subgroup of G too. If A and B are normal subgroups of G, then A B is a normal
subgroup as well.

If A and B are subgroups of G, then we let (A, B) be the subgroup of G
generated by the commutators (a,b) with a € A and b € B. If A and B are
normal subgroups of G, then it is easy to see that (A4, B) is a normal subgroup.
If A, B, and C are normal subgroups of GG, then one can verify that

(3.8.13) (A,(B,C)) C(B,(C,A)(C,(A,B)),

using (3.8.7). This corresponds to some remarks on p7 of [26].

3.9 Lie algebras

Let k be a commutative ring with a multiplicative identity element, and let A,
B be modules over k. A module homomorphism from A into B is also said to
be linear over k.

Let A be a commutative group, with the group operations expressed addi-
tively. If a € A and n € Z,, then we let n - a be the sum of n a’s in A. If we
put 0-a=0and (—n)-a = —(n-a), then A becomes a module over Z. If B is
another commutative group, then any group homomorphism from A into B is
linear over Z.

Let k be a commutative ring with a multiplicative identity element again,
and let A, B, and C' be modules over k. A mapping S from A x B into C is
said to be bilinear over k if 5(a,b) is linear over k in each variable.

Let 8 be a bilinear mapping from A x A into C. If

(3.9.1) B(a,b) = B(b,a)

for every a,b € A, then S is said to be symmetric on A x A. If
(3.9.2) B(a,b) = —B(b,a)

for every a,b € A, then f is said to be antisymmetric on A x A. If
(3.9.3) Bla,a) =0

for every a € A, then one can check that 8 is antisymmetric on A x A, by
considering B(a + b,a + b) for each a,b € A. If 5 is antisymmetric on A x A,
and 1+ 1 has a multiplicative inverse in k, then (3.9.3) holds for every a € A.
A module A over k is said to be an algebra in the strict sense over k if it
is equipped with a mapping from A x A into A that is bilinear over k. If this
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bilinear mapping is symmetric, then A is said to be commutative as an algebra
over k. Similarly, if this bilinear mapping satisfies the associative law, then A
is said to be associative as an algebra over k.

Let A be a module over k, and let [a,b] be a mapping from A x A into A
that is bilinear over k. Suppose that

(3.9.4) [a,a] =0

for every a € A, and that

(3.9.5) [a, [b, c]] + [b, [e,al] + ¢, [a, b]] = 0

for every a,b,c € A, which is known as the Jacobi identity. Under these con-
ditions, (A, [-,-]) is said to be a Lie algebra over k, as in Definition 1 on p2 of
[26].

Let A be an associative algebra over k, where multiplication of a,b € A is
expressed as ab, as usual. One can check that A is a Lie algebra with respect
to the commutator bracket [a,b] = ab — ba, as in Example (iii) on p2 of [26].

3.10 The quotients G;/G;

Let G be a group, and let p be a regular filtration function on G, as in Section
3.4. If t is a nonnegative real number, then put

(3.10.1) Gy = {zeG:pulz)>t}
(3.10.2) Gf = {zeG:pulx) >t}

as on p7 of [26]. These are subgroups of G, as in Section 3.2. More precisely,
these are normal subgroups, because p is invariant under conjugations, as in
Section 3.4.

Of course, Gf C G} for every t > 0. Put

(3.10.3) gr,G = G, /Gf

for every ¢ > 0, as in Definition 2.2 on p7 of [26]. This is a group for each ¢ > 0,
because G is normal as a subgroup of Gy in particular. Note that G = G,
by the definition of a regular filtration function, so that (3.10.3) has only one
element when ¢ = 0.

If z,y € G, then it is easy to see that

(3.10.4) p((2,y)) > min(u(z), u(y)),

because p is a regular filtration function on G. In particular, if z,y € G, for
some t > 0, then
(3.10.5) (z,y) € Gf.

This implies that

(3.10.6) gr,G is commutative for every ¢t > 0,
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as in the first part of Proposition 2.3 on p7 of [26].
More precisely, if z,y € G, then

(3.10.7) u((z,y)) > max(p(z), u(y)),

because p is a regular filtration function on G. This implies that
(3.10.8) (3.10.5) holds when z € G; for some ¢t > 0 and y € G.

If x € Gy and y € G, then a¥ € G¢, because G; is a normal subgroup of G, as
before. In fact,

(3.10.9) x and x¥ are mapped to the same element of gr,G

by the natural quotient mapping, because z~!z¥ is an element of G, as in

(3.10.8). This is the second part of Proposition 2.3 on p7 of [26].
If r is another nonnegative real number, x € G, and y € G;, then

(3.10.10) (x,y) € Grys,
because p is a regular filtration function on G. Similarly,
(3.10.11) (u,y) € Gy

when u € G;f, and
(3.10.12) (z,v) € GF,

when v € Gj. Let ¢, be the mapping from G, x G} into G, defined by

(3.10.13) cri(,y) = (2,9).

This leads to a mapping from G, x Gy into gr,,, G, by composing c,; with
the natural quotient mapping from G, onto gr,,, G. Part of the third part of
Proposition 2.3 on p8 of [26] is that this induces a mapping from (gr, G) x (gr; G)
into gr, ., G.

To see this, we use the fact that

(3.10.14) (zuy) = (z,9)" (w,y),
(3.10.15) (,yv) = (z,v)(z,9)",

as in Section 3.8. If u € G;F, then it follows that (z u,y) and (z,y)* are mapped
to the same element of gr.., G, because of (3.10.11). Note that (x,y) and
(x,y)" are mapped to the same element of gr, , G too, as before. This means
that (zu,y) and (z,y) are mapped to the same element of gr,,, G. Similarly,
if v € G, then (x,yv) and (z,y) are mapped to the same element of gr..G.
This shows that we get a well-defined mapping ¢, from (gr, G) x (gr, G) into
gr,,; G, as in the preceding paragraph. More precisely, the composition of ¢, ;
with the natural quotient mappings from G,, Gy onto gr, G, gr, G, respectively,
is the same as the composition of ¢, ; with the natural quotient mapping from
Gryt onto gr,., G.
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Another part of the third part of Proposition 2.3 on p8 of [26] is that ¢, is
bilinear over Z, as a mapping from (gr, G) x (gr, G) into gr,,, G. Let 2’ € G,
and 3’ € G; be given, and observe that

(3.10.16) (@a'y) = (z.9)" (@,y),
(3.10.17) (z,9'y) = (z,9)(z,y)",

as in Section 3.8 again. Remember that (z,y) and (x,y)””/ are mapped to the
same element of gr,,, G, and that (z,y’) and (x,y’)Y are mapped to the same
element of gr, ,; G, as before. This implies that (z2’,y) and

(3.10.18) (z,y) (2",y)

are mapped to the same element of gr, , G, and similarly that (z,y'y) and

(3.10.19) (z,9) (2,9)

are mapped to the same element of gr,,, G. It follows that €, ; is bilinear over
Z, as desired.

3.11 Regularity and Lie algebras

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Let gr G be the direct sum of gr, G over ¢ > 0, as a direct sum of commu-
tative groups. One may wish to use additive notation for the group structure
on gr G, even if we use multiplicative notation for the group structure on G.

If r,t > 0, then we may consider gr. G, gr; G, and gr,.,, G as subgroups of
gr G. Tt is easy to see that there is a unique mapping ¢ from (gr G) x (gr G) into
gr G that is bilinear over Z, and which agrees with ¢,; on (gr, G) x (gr, ; G).
The fourth part of Proposition 2.3 on p8 of [26] states that gr G is a Lie algebra
over Z with respect to c.

Let € € grG be given, so that £ can be expressed as the sum of finitely
many terms of the form & € gr, G, t > 0. We would like to check that ¢(¢, )
is the identity element in gr G. To do this, it suffices to verify that c(&;,&;) is
the identity element for each ¢ > 0 in the sum, and that ¢(&,,&;) is the inverse
of ¢(&;,&,) for all r,¢ > 0 in the sum. This is the same as saying that ¢ (&, &)
is the identity element in gr,, G for every ¢t > 0 in the sum, and that ¢, (&, &)
is the inverse of ¢, (&, &) in gr, ., G for every r,t > 0 in the sum.

Let us choose x; € Gy so that x; is mapped to & by the natural quotient
mapping from G; onto gr, G for each ¢ > 0 in the sum. Of course, the com-
mutator (x4, x) is the identity element in G for each ¢ > 0 in the sum. By
construction, (x¢, ;) is mapped to ¢ (&, &) by the natural quotient mapping
from Go4 onto gry, G for every ¢t > 0 in the sum. This means that ¢ (&, &) is
the same as the identity element in gry, G for every ¢t > 0 in the sum.

Similarly, the commutators (z,,x;) and (z,z,) are mapped to & (&, &)
and ¢ ,(&;,&,), respectively, by the natural quotient mapping from G,1; onto
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gr,.; G for every r,t > 0 in the sum. Of course, (z,,x;) is the inverse of (z, x,)
in G for every 7, t > 0 in the sum. This implies that ¢, (&, &) is the inverse of
Cr(&, &) in gr, G for every r,t > 0 in the sum.

Now let &, 1, € gr G be given. To show that the Jacobi identity holds, we
want to check that the combination of

(3.11.1) (& c(n,Q)),
(3.11.2) c(n, (¢, §)),
(3.11.3) (¢ e(&m))

is the identity element in gr G. Because of the linearity over Z in &, 1, and (
of these expressions, we can reduce to the case where ¢ € gr, G, n € gr,, G,
and ¢ € gry, G for some nonnegative real numbers t1, t2, and t3. Let us now
choose z € Gy, y € Gy, and z € Gy, so that they are mapped to &, 7,
and (, respectively, by the natural quotient mappings from Gy, onto gry, G for
j=1,2,3. Put

(3.11.4) t=1t +1t2+13,

and note that (3.11.1), (3.11.2), and (3.11.3) are elements of gr, G.
Of course,

(3.11.5) (z,(y,2)),

(3.11.6) (y, (2, 7)),

(3.11.7) (2, (7,9))

are elements of G;. Observe that (3.11.5), (3.11.6), and (3.11.7) are mapped to
(3.11.1), (3.11.2), and (3.11.3), respectively, by the natural quotient mapping
from G; onto gr,G. Thus it suffices to show that the product of (3.11.5),
(3.11.6), and (3.11.7) is mapped to the identity element by the natural quotient
mapping from G; onto gr, G.

The product of

(3.11.8) (@, (y, 2)),
(3.11.9) (", (z,2)),
(3.11.10) (%, (z,9))

is the identity element in G, as in Section 3.8. Remember that x, y, and z are
mapped to the same elements of gry, G as zY, y*, and 2%, respectively, by the
natural quotient mapping from Gy, onto gry, G for j =1,2,3, as in the previous
section. This implies that (3.11.5), (3.11.6), and (3.11.7) are mapped to the
same elements of gr, G as (3.11.8), (3.11.9), and (3.11.10), respectively, by the
natural quotient mapping from G; onto gr, G. It follows that the product of
(3.11.5), (3.11.6), and (3.11.7) is mapped to the identity element by the natural
quotient mapping from G; onto gr, GG, as desired.
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3.12 Integral filtration functions

Let G be a group, and let p be a basic filtration function on G. Let us say that
 is integral on G if p takes values in Z U {+oo}. If n € Z, then

(3.12.1) Gn={z€G:u(x) >n}

is a subgroup of GG, as before. Note that

(3.12.2) Gn1 C Gy
for every n € Z, and that
(3.12.3) U e.=¢.

If 4 is invariant under conjugations on G, then G,, is a normal subgroup of G
for every n € Z, as before.

Conversely, suppose that G, is a subgroup of G for each n € Z, and that
these subgroups satisfy (3.12.2) and (3.12.3). Put p(z) equal to the largest
integer n such that € G, when there is such an n, and p(r) = 400 when
x € G, for every n € Z,. One can check that this defines a basic filtration
function on G, which corresponds to part of Proposition 3.1 on p8 of [26]. If
G, is also a normal subgroup of G for every n € Z, then pu is invariant under
conjugations on G.

Similarly, a regular filtration function p on G is said to be integral if it takes
values in Z U {+occ}. In particular,

(3.12.4) Gi1=G
in this case, which implies (3.12.3). We also get that
(3.12.5) (Gn,Gm) € Grim

for every n,m € Z,, where the left side is as defined in Section 3.8.
Conversely, suppose that G,, is a subgroup of G for every n € Z,, and that
these subgroups satisfy (3.12.2), (3.12.4), and (3.12.5). Let u be defined on G
as before, so that p now takes values in Z U {+o00}. One can verify that u is
a regular filtration function on G, as in Proposition 3.1 on p8 of [26].
As a basic class of examples, let us consider the descending or lower central
series, as on p9 of [26]. Thus we put G; = G, and define G,, for n > 2 by

(3.12.6) Gri1 = (G, G).

Note that G, is a normal subgroup of G for every n > 1, and that (3.12.2) holds
by construction. We would like to check that (3.12.5) holds for every n,m > 1.
Of course, (3.12.5) holds when n =1 or m = 1.

Let m > 1 be given, and suppose by induction that the analogue of (3.12.5)
with m replaced by m — 1 holds for every n > 1. Observe that

(3.12.7) (G, G) = (G, (Gin1,G)) € (Gt (G, G)) (G, (G, Grn1)),
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where the second step is as in Section 3.8. This implies that

(3.12.8) (GnyGm) € (Grm—1,Gnt1) (G, Gpim—1),

using the definition of G,, and the induction hypothesis. It follows that
(3.12.9) (Gn,Gm) € Grgm Gnim,

for the same reasons. This implies (3.12.5), because G4, is a subgroup of G.
Let K;y,K5,Ks3,... be a sequence of subgroups of G such that K1 = G,
K,11 C K, for every n > 1, and

(3.12.10) (Kn,G) C Kt
for every n > 1. Under these conditions,
(3.12.11) G, C K,

for every n > 1, as mentioned on p9 of [26]. Indeed, if this holds for some n > 1,
then

3.13 Rings and quotients

Let A be a ring with a multiplicative identity element e, and let N4 be a
nonnegative real-valued function on A that is symmetric and ultra-subadditive
on A, as a commutative group with respect to addition. Suppose also that
N4(0) =0, Ng(e) = 1, and that N4 is submultiplicative on A. Let G(A) be
the group of invertible elements of A, as before, and let U(.A) be the subgroup
of G(A) consisting of x € G(A) with N4(z), Na(x~!) <1, as in Section 1.12.
Remember that

(3131) NU(A)(I') = NA(x—e)

is ultra-subadditive, symmetric, and invariant under conjugations on U(.A), as
a group with respect to multiplication, as in Section 3.1.

Let r € (0,1) be given, and let u be the function on U(A) with values in
[0, 4+00] such that
(3.13.2) ) = Ny ()
for every x € U(A). This is the same as the restriction to U(A) of the function
defined on G(A) in Section 3.5. Thus y is a basic filtration function on U (.A) that

is invariant under conjugations, as before. If z,y € U(A), then (z,y) € U(A),
and we have seen that

(3.13.3) Nyay((z,y)) = Na(zy —yz) < Nyay(z) Nuay(y)-

Let B4 (z,t) and B4(w,t) be the open an closed balls in A centered at = € A
with radius ¢ with respect to the semimetric N4(y — z). Suppose from now on
in this section that

(3.13.4) Bu(e,1) C G(A),
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as in Section 3.7. Under these conditions, B4(e, 1) is the same as the subgroup
Uo(A) of U(A) defined in Section 3.5. In particular, the restriction of u to
B(e, 1) is a regular filtration function, as before.

Let us take G = Bu(e, 1), so that the subgroups Gy, G} can be defined as
in Section 3.10 for ¢ > 0. If £ > 0, then

(3.13.5) Gy = Buale,r),
(3.13.6) G = Buale, ),

by the definition of . If t = 0, then Gy, G; are the same as G. Remember that
Gy, G are normal subgroups of G for every ¢t > 0, and we put gr, G = G;/G; .
Thus

(3.13.7) er,G = By(e,m")/Ba(e, ")

when ¢t > 0.

Remember that open and closed balls in A centered at 0 are subgroups of A
as a commutative group with respect to addition. Let x,y € B4(0,7%) be given
for some t > 0, so that e + x,e +y € B4(e,r?). Similarly,

(3.13.8) (e+z)(le+y) =e+ax+y+ay

and e + x + y are elements of B4(e,r?), and

(3.13.9) Ny((e+x) (e +y) — (e+2+7y)) = Na(zy) < Na(z) Naly) < r?t.
This means that

(3.13.10) Nal(le+y) He+z) tet+az+y) —e) <r?l

because N4 is invariant under multiplication by elements of U(A) on A. It
follows that

(3.13.11) (e4+y) e+ x) e+ +y) € Bale,r*") C Byle,rt),

because t > 0.

Thus (3.13.8) and e + = + y are mapped to the same element of gr, G. This
shows that we get a group homomorphism from B 4(0,7!), as a commutative
group with respect to addition, into gr, G, by sending x € B4(0,7?) to e +
in B 4(e,r?), and mapping that into the quotient gr, G. This homomorphism is
surjective, because x + e+ z maps B 4(0,r!) onto B 4(e,r?). The kernel of this
homomorphism is B4(0,7?), so that we get a group isomorphism from

(3.13.12) Ba(0,7")/Ba(0,r"),

as a commutative group with respect to addition, onto gr, G.
Now let 2 € B4(0,7%) and y € B 4(0,72) be given for some t1,t5 > 0, and
observe that

(3.13.13) (e+me+y)=(e+z) ety (e+2z)(e+y) € Bale,r'tt'2),
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by (3.13.3). Clearly -
(3.13.14) e+axy—yx € Byle,r'tT2)

as well, and we would like to show that (e+z,e+vy) and e+ 2 —y x are mapped
to the same element of the quotient gr, ., G. Using the invariance of N4 under
multiplication by elements of U(A), we get that

(3.13.15) Na((e+mze+y) t(e+zy—yx)—e)
= Nallet+yet+z)(etazy—yx)—e)
= Nalle+y)(et+a)(etzy—yz)—(e+z)(e+ty)).
It is easy to see that
(313.16) (e+y)(eta)(e+ry—ya)—(e+z)(e+y)
= (e+ty+tztyz)(etzy—yz)—(etz+y+tay)
= (y+ztyr)(ry—yz)
This implies that (3.13.15) is less than or equal to

(31317) ptittz max(rtl,rtQ) < Tt1+t2,
as desired.

Of course, we may consider [z,y] = vy — y = as a mapping from
(3.13.18) BA(0,7) x B4(0,r")

into B4 (0,7 *%) that is bilinear over Z. We can compose this mapping with
the natural quotient mapping from B_4(0,r**%2) onto

(313.19) Ba(0.r'712)/Ba(0,r"12),

to get a mapping from (3.13.18) into (3.13.19) that is bilinear over Z. It is easy
to see that this leads to a mapping from

(3.13.20) (B4(0,7"1)/B4(0,7")) x (Ba(0,7%2)/BA(0,7'2))

into (3.13.19) that is bilinear over Z. More precisely, the previous mapping

from (3.13.18) into (3.13.19) is the same as the new mapping from (3.13.20) into

(3.13.19) composed with the appropriate quotient mapping in each variable.
We can also use (e + z,e + y) to get a mapping from (3.13.18) into

(3.13.21) B(e,r'r1t2),

as before. We can compose this mapping with the natural quotient mapping
from (3.13.21) onto gr, , G, to get a mapping from (3.13.18) into gr, ., G.
Remember that we have a group homomorphism from B 4 (0, r*1%2), as a group
with respect to addition, onto gr, ,,, GG, defined by adding e to map onto
(3.13.21), and composing with the natural quotient mapping from (3.13.21)
onto gr ., G. The earlier remarks show that the mapping from (3.13.18) into
gry, 14, G obtained from (e+x, e+y) is the same as the composition of the map-
ping obtained using [z,y] to map (3.13.18) into B 4(0,r"1 %) with the group
homomorphism from B 4(0,7**2) onto gr, ,, G just mentioned.
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3.14 Algebras and quotients

Let k be a field with an ultrametric absolute value function |- |, and let A be an
associative algebra over k with a multiplicative identity element e. Thus A is a
vector space over k in particular, and we let N4 be a semi-ultranorm on A with
respect to |- | on k that is submultiplicative and satisfies N 4(e) = 1. Of course,
A may be considered as a ring, and N 4 satisfies the conditions mentioned at the
beginning of the previous section. Let us continue with the same notation as
in the previous section, for open and closed balls in A in particular. If (3.13.4)
holds, then we have seen that some multiplicative groups are related to open
and closed balls in A centered at 0, as commutative groups with respect to
addition.

In this section, we can use scalar multiplication on A to relate open and
closed balls in A centered at 0 of different radii. If & € k and E C A, then put

(3.14.1) aFE={az:x€cFE}.

If @« # 0 and p > 0, then

(3.14.2) a B4(0,p) = Ba(0, || p)
and
(3.14.3) aBA(0,p) = Ba(0,]a| p).

More precisely, multiplication by « defines a group isomorphism from BA(0,p)
onto B4 (0, |a p), and from B4(0, p) onto B4(0,|a|p), as commutative groups
with respect to addition. This leads to a group isomorphism from

(3144) EA(0,0)/BA(O,p)
onto o
(3.14.5) Ba(0,]al p)/Ba(0, |af p).

If p = |B] for some S € k, then multiplication by / defines a group iso-
morphism from B 4(0, 1) onto B 4(0, p), as commutative groups with respect to
addition, which sends B4(0,1) onto B4(0,p). This leads to a group isomor-
phism from
(3.14.6) BA(0,1)/B(0,1)

onto (3.14.4), as commutative groups with respect to addition. Of course, if
there is no = € A such that N4(z) = p, then

(3.14.7) Ba(0,p) = Ba(0,p),
so that
(3.14.8) Ba(0,p)/Ba(0,p) = {0}.

In some cases, the values of N4 on A are the same as the values of |- | on k, so
that for every x € A there is an a € k such that N4(z) = |a|. This means that
(3.14.8) holds when there is no § € k such that p = |3
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If p1,p2 > 0, then [z,y] = xy — y = defines a mapping from

(3.14.9) BA(0,p1) x BA(0, p2)
into -
(3.14.10) B 4(0, p1 p2)

that is bilinear over k, as before. Similarly, if ay, s € k, ag, a9 # 0, then [z, y]
defines a mapping from

(3.14.11) B0, |a1] p1) x Ba(0, || p2)
into o
(3.14.12) Ba(0, |z |az| p1 p2)

that is bilinear over Z. Multiplication by o; defines a group isomorphism from
B4(0,pj) onto BA(0,|a;| pj), as commutative groups with respect to addition,
for j = 1,2, and multiplication by a; as defines a group isomorphism from
(3.14.10) onto (3.14.12). The composition of the mapping from (3.14.11) into
(3.14.12) with the mappings from B 4(0, p;) onto B (0, |o;| p;) defined by mul-
tiplication by o for j = 1,2 in each variable is the same as the composition
of the mapping from (3.14.9) into (3.14.10) with multiplication by ay as, as
a mapping from (3.14.10) onto (3.14.12). Of course, this leads to analogous
statements for mappings involving quotients as in (3.14.4).

Let n be a positive integer, and let us now take A to be the algebra M, (k)
of n X n matrices with entries in k. If N4 is the ultranorm on M, (k) defined
by taking the maximum of the absolute values of the entries of an element of
M, (k), then N4 is submultiplicative, and it takes values in the set of values of
| -] on k. Let B(0,p), B(0,p) be the open and closed balls in k centered at 0

with radius p > 0 with respect to the ultrametric associated to | -|. It is easy
to see that
(3.14.14) Ba(0,p) = Ma(B(0,p)),

where the right sides are the subsets of M, (k) consisting of matrices with en-
tries in B(0, p), B(0, p), respectively. Note that these are subgroups of M,,(k),
as a commutative group with respect to addition. Their quotient (3.14.4) cor-
responds to the space

(3.14.15) M, (B(0,p)/B(0, p))

of n x n matrices with entries in the quotient group B(0, p)/B(0, p), which is
a commutative group with respect to entrywise addition of matrices. This is
related to Exercise 1 on p10 of [26].

3.15 Multiplication and quotients

Let A be a ring with a multiplicative identity element e and a nonnegative
real-valued function N4 that is symmetric and ultra-subadditive on A, as a
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commutative group with respect to addition. As before, we also ask that N4
be submultiplicative on A, and that N4(0) = 0, Na(e) = 1. If p1,p2 > 0 and
zj € Ba(0,p;) for j =1,2, then

(3151) X1 T2, To X1 EEA(O,pl pg)

Thus multiplication on A in either order defines a mapping from

(3.15.2) BA(0,p1) x BA(0, p2)

into o

(3.15.3) B (0, p1 p2)

that is bilinear over Z. Similarly, [x1,22] = x1 2 — x2 21 defines a mapping

from (3.15.2) into (3.15.3) that is bilinear over Z, as before.
We can compose these mappings with the natural quotient mapping from
(3.15.3) onto the quotient group

(3.15.4) B4(0,p1 p2)/Ba(0, p1 p2)

to get mappings from (3.15.2) into (3.15.4) that are bilinear over Z as well. This
leads to mappings from

(3.15.5) (Ba(0,p1)/Ba(0,p1)) x (Ba(0,p2)/Ba(0,p2))

into (3.15.4) that are bilinear over Z. More precisely, the previous mappings
from (3.15.2) into (3.15.4) are the same as the new mappings from (3.15.5) into
(3.15.4) composed with the appropriate quotient mappings in each variable.
Remember that B4(0,1) is a subring of A, and that B4(0,1) is a two-sided
ideal in B4(0,1), so that the quotient

(3.15.6) Ba(0,1)/Ba(0,1)

is a ring. If p; = po = 1, then the previous bilinear mappings from (3.15.5) into
(3.15.4) can be defined in terms of the ring operations on (3.15.6).

Let k be a field with an ultrametric absolute value function |- | again, and
suppose now that A is an associative algebra over k with a multiplicative identity
element e. Also let N4 be a semi-ultranorm on A with respect to |- | on k that
is submultiplicative and satisfies N4(e) = 1, so that N4 satisfies the same
conditions as before on A as a ring. Suppose that p; = |3;| where 8; € k and
B; # 0 for j = 1,2, so that multiplication by 3, defines a group isomorphism
from B 4(0,1) onto B 4(0, p;), as commutative groups with respect to addition,
for j = 1,2. Multiplication by §; also maps B.4(0, 1) onto B4(0, p;) for j =1, 2,
which induces an isomorphism from (3.15.6) onto

(3.15.7) B4(0,p5)/BA0,p;),

as commutative groups with respect to addition, for j = 1,2. Similarly, multi-
plication by S; 2 defines a group isomorphism from B 4(0,1) onto (3.15.3) that
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maps B4(0,1) onto B4(0, p1 p2), which induces an isomorphism from (3.15.6)
onto (3.15.4), as commutative groups with respect to addition.
Consider the mapping from

(3.15.8) BA(0,1) x B4(0,1)

onto (3.15.2) defined by multiplication by (1 in the first coordinate, and mul-
tiplication by B2 in the second coordinate. The composition of this mapping
with any of the mappings from (3.15.2) into (3.15.3) defined by x; x2, 2 x1, Or
[71,22], is the same as the analogous mapping from (3.15.8) into B 4(0, 1) com-
posed with the mapping from B 4(0,1) onto (3.15.3) defined by multiplication
by 51 B2. We also get a mapping from

(3'15'9) (EA(Ov 1)/BA(O’ 1)) X (EA(Ov 1)/BA<07 1))

onto (3.15.5) using the group isomorphism from (3.15.6) onto (3.15.7) obtained
from multiplication by 3; in the jth coordinate for j = 1,2. The composition
of this mapping with any of the mappings from (3.15.5) into (3.15.4) associated
to x1 x2, T2 w1, Or [T1,x2] is the same as the analogous mapping from (3.15.9)
into (3.15.6) composed with the group isomorphism from (3.15.6) onto (3.15.4)
obtained from multiplication by (1 B2 as in the preceding paragraph. Of course,
the mappings from (3.15.9) into (3.15.6) associated to x1 x2, 2o 21, and [, x2)
can be defined in terms of the ring operations on (3.15.6), as before.

Let n be a positive integer, let A be the algebra M, (k) of n X n matrices
with entries in k, and let N4 be the ultranorm on M, (k) defined by taking the
maximum of the absolute values of the entries of an element of M, (k), as in the
previous section. Thus

(3.15.10) B4(0,1) = M,(B(0,1)),
(3.15.11) B4(0,1) = M,(B(0,1)),

as before. Their quotient is isomorphic as a ring to the ring
(3.15.12) M, (B(0,1)/B(0,1))

of nx n matrices with entries in the residue field B(0,1)/B(0,1). More precisely,
the natural quotient homomorphism from B(0, 1) onto B(0,1)/B(0,1) leads to
a ring homomorphism from (3.15.10) onto (3.15.12), as in Section 2.15. The
kernel of this homomorphism is clearly (3.15.11).



Chapter 4

Continuity conditions and
Haar measure

4.1 Uniform continuity and semimetrics

Let X, Y be sets with semimetrics dx, dy, respectively, and let f be a mapping
from X into Y. We say that f is uniformly continuous along a subset A of X if
for every € > 0 there is a d > 0 such that

(4.1.1) dy (f(z), f(w)) <€

for every € A and w € X with dx(z,w) < §. Equivalently, this means that

(4.1.2) f(Bx(x,6)) € By (f(x),€)

for every z € A. Of course, this implies that f is continuous at every element of
A, with respect to the topologies determined on X, Y by dx, dy, respectively.
If A = X, then we simply say that f is uniformly continuous on X. If f is
uniformly continuous along a subset A of X, then the restriction of f to A is
uniformly continuous, with respect to the restriction of dx to elements of A.
If A has only finitely many elements, and f is continuous at every point in A,
then it is easy to see that f is uniformly continuous along A.

Suppose that f is continuous at every point in a compact set A C X, and
let us check that f is uniformly continuous along A. Let € > 0 be given, and for
each a € A, let §(a) be a positive real number such that

(4.1.3) dy (f(a), f(w)) < ¢/2

for every w € X with dx(a,w) < d(a). The collection of open balls
(4.1.4) Bx(a,0(a)/2)

71
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in X with a € A forms an open covering of A, and so there are finitely many
elements aq,...,a, of A such that

(4.1.5) Ac | Bxl(a;,8(ay)/2),
j=1
by compactness. Put
(4.1.6) d = min (6(a;)/2),
1<j<n

andlet x € Aand w € X be given, with dx (z,w) < §. Thus dx (a;j,x) < 6(a;)/2
for some j € {1,...,n}, by (4.1.5). This implies that

(4.1.7) dx(aj,w) < dx(aj,z)+dx(z,w) < d(a;)/2+ 3§ < (a;),
by the definition of §. It follows that

(4.1.8) dy (f(az), f (), dy (f(az), f(w)) <€/2,
as in (4.1.3). This means that

(4.1.9) dy (f(z), f(w)) < dy (f(z), f(a;)) + dy (f(a;), f(w)) < €e/2+€/2 =,

as desired.

Let f be any mapping from X into Y that is uniformly continuous along a
set A C X. Also let Z be another set with a semimetric dz, and let g be a
mapping from Y into Z. If g is uniformly continuous along a set B C Y, and
f(A) C B, then it is easy to see that

(4.1.10) the composition g o f is uniformly continuous along A

as a mapping from X into Z.
If f is a uniformly continuous mapping from X into Y, and F C X is totally
bounded with respect to dx, then one can check that

(4.1.11) f(E) is totally bounded with respect to dy in Y.

More precisely, this also holds when f is uniformly continuous on F, with respect
to the restriction of dx to E. This can be verified using the characterization of
totally bounded sets in terms of small sets, as in Section 2.8.

Let 29 € X be given, and put

(4.1.12) fo(z) = dx (2, z0)
for every x € X. One can check that
(4.1.13) |fo(x) — fo(w)| < dx(z,w)

for every x,w € X, using the triangle inequality. This uses the standard ab-
solute value function on the real line on the left side, and it implies that fy
is uniformly continuous as a real-valued function on X, with respect to the
standard Euclidean metric on R.
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4.2 Uniform continuity and topological groups

Let G be a topological group, let Y be a set with a semimetric dy, and let f be
a mapping from G into Y. We say that f is left-invariant uniformly continuous
along a subset A of G if for every € > 0 there is an open subset U of G such
that U contains the identity element e and

(4.2.1) dy (f(a), f(az)) <e

for every a € A and x € U. This is the same as saying that

(4.2.2) f(aU) € By (f(a),€)

for every a € A. Similarly, f is right-invariant uniformly continuous along A if
for every € > 0 there is an open set U in G such that e € U and

(4.2.3) dy (f(a), f(za)) <e

for every a € A and x € U. This means that

(4.2.4) J(U ) € By (f(a), )

for every a € A, as before.

If f is left or right-invariant uniformly continuous along A, then f is con-
tinuous at every element of A, with respect to the topology determined on Y
by dy. If f is continuous at every element of A, and if A has only finitely
many elements, then one can check that f is left and right-invariant uniformly
continuous along A. If A is the whole group G, then we simply say that f is left
or right-invariant uniformly continuous on G, as appropriate. It is easy to see
that f is left-invariant uniformly continuous along a subset A of G if and only
if
(4.2.5) F@) = @)

is right-invariant uniformly continuous along A=*. Of course, if G is commuta-
tive, then left and right-invariant uniform continuity are the same.

If f is continuous at every point in A, and A is compact, then f is left
and right-invariant uniformly continuous along A. Let us check that f is left-
invariant uniformly continuous along A, the argument for right-invariant uni-
form continuity being analogous. One could also reduce to the left-invariant
case, using (4.2.5). Let € > 0 be given, and for each a € A, let U(a) be an open
subset of G such that e € U(a) and

(4.2.6) dy (f(a), f(ax)) <€/2

for every x € U(a). If a € A, then we can use continuity of multiplication on G
at e to get an open subset Uy (a) of G such that e € Uy (a) and

(4.2.7) Ui(a) Ui(a) C U(a).
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Thus A is covered by the open sets aUi(a), a € A. If A is compact, then

there are finitely many elements a1, ..., a, of A such that
(4.2.8) A - U a; Ul(aj).
j=1
Let us take N
(429) U= m Ul(aj)7
j=1

which is an open set that contains e. If a € A and x € U, then we would like to
verify that (4.2.1) holds.

Using (4.2.8), we get that
(4.2.10) a=aj;w

for some j € {1,...,n} and w € Uy(a;). It follows that
(4211) wx € Ul(aj) U C Ul(aj) Ul(aj) - U(Clj).

This implies that

(4.2.12) dy (f(ay), flaz)) = dy(f(a;), flajwz)) <e€/2.
Similarly,
(4.2.13) dy (f(a;), f(a)) = dy(f(ay), f(a; w)) < €/2,

because Ui (a;) C U(a;). This means that

(4.214)  dy(f(a), fax)) < dy(f(a),f(a;))+dy(f(a;), fax))
< €/24¢€/2=F¢,

as desired.

4.3 Some properties of uniform continuity

Let G be a topological group again, let Y be a set with a semimetric dy, and
let f be a mapping from G into Y. If E is a left-invariant totally bounded
subset of G, and f is left-invariant uniformly continuous on G, then it is easy
to see that f(F) is totally bounded in Y with respect to dy. Similarly, if F is
right-invariant totally bounded, and f is right-invariant uniformly continuous,
then f(FE) is totally bounded in Y.

Let Z be another set with a semimetric dz, and let g be a mapping from
Y into Z that is uniformly continuous along B C Y. Also let A be a subset
of G such that f(A) C B. If f is left-invariant uniformly continuous along A,
then one can check that g o f is left-invariant uniformly continuous along A as
a mapping into Z. Similarly, if f is right-invariant uniformly continuous along
A, then g o f is right-invariant uniformly continuous along A.
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Suppose for the moment that the topology on G is determined by a semimet-
ric d, and let A be a subset of G again. If d is invariant under left translations,
then one can verify that f is left-invariant uniformly continuous along A if and
only if f is uniformly continuous along A with respect to d. Similarly, if d is in-
variant under right translations, then f is right-invariant uniformly continuous
along A if and only if f is uniformly continuous along A with respect to d.

Suppose now that f is left-invariant uniformly continuous on G, and that
dy is a semi-ultrametric on Y. Let € > 0 be given, and let U be an open subset
of G such that e € U and (4.2.1) holds for every a € G and = € U. We may also
ask that U be symmetric about e, by replacing U with U NU ™!, if necessary. If
a € G and x1,...,z, € U for some positive integer n, then

(4.3.1) dy(flazy---zj-1), flaxy - xj_125)) <€

for every j = 1,...,n. It follows that

(4.3.2) dy (f(a), flaxy - --x,)) <e,

because dy is a semi-ultrametric on Y. Equivalently, this means (4.2.1) holds
for every a € G and x € U™, where U™ consists of products of n elements of U,
as in Section 2.4. Under these conditions,

(4.3.3) Uo=JUm
n=1

is an open subgroup of G, as before. Using (4.3.2), we get that (4.2.1) holds for
every a € G and x € Uj.

Similarly, if f is right-invariant uniformly continuous on G, then for each
€ > 0 there is an open subgroup Uy of G such that (4.2.3) holds for every a € G
and x € Uy. This can be shown using the same type of argument as in the
preceding paragraph, or by reducing to the previous case using (4.2.5).

4.4 Haar measures

Let X be a locally compact Hausdorff topological space, and let p be a nonneg-
ative Borel measure on X. Note that compact subsets of X are closed sets, and
thus Borel sets. If for every Borel set £ C X we have that

(4.4.1) p(E) =inf{u(U) : U C X is an open set, and E C U},

then p is said to be outer regular on X. We may also be concerned with the
iner reqularity condition

(4.4.2) w(E) =sup{u(K) : K C X is compact, and K C E}.

In particular, we may be interested in situations where this inner regularity
condition holds for open sets, and for Borel sets E such that u(E) < 4oc.
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Let G be a locally compact topological group such that {e} is a closed set,
which implies that G is Hausdorff, as before. A nonnegative Borel measure H,
on G is said to be a left-invariant Haar measure if it satisfies the following four
conditions. First,

(4.4.3) H,(U)>0

for every nonempty open subset U of G. Second,
(4.4.4) Hp(K) < 400

for every compact subset K of G. Third, Hy, is invariant under left translations,
in the sense that
(4.4.5) Hy(aFE)=H(E)

for every Borel subset F of G and a € G. Note that translates of Borel subsets of
G are Borel sets too, by continuity of translations. Fourth, Hj, is outer regular,
and the inner regularity condition (4.4.2) holds when FE is an open set, or a
Borel set with Hy (F) < +o0.

Similarly, a nonnegative Borel measure Hr on G is said to be a right-
mwvariant Haar measure if it satisfies the first, second, and fourth conditions
in the preceding paragraph, and is invariant under right translations. This
means that
(4.4.6) Hgi(Ea) = Hg(E)

for every Borel subset E of G and @ € G. One can check that Hy, is a left-
invariant Haar measure on G if and only if

(4.4.7) Hg(E) = HL(E™)

is a right-invariant Haar measure on G. Of course, left and right-invariant Haar
measures are the same when G is commutative. The product of a left or right-
invariant Haar measure by a positive real number is a left or right-invariant
Haar measure as well, respectively.

It is well known that left and right-invariant Haar measures on G exist, and
are unique, up to multiplication by a positive real number. If G is any group
equipped with the discrete topology, then counting measure on G is both a
left and right-invariant Haar measure. If G = R"™ for some positive integer n,
as a commutative topological group with respect to addition and the standard
topology, then n-dimensional Lebesgue measure is a Haar measure.

4.5 Haar integrals

If X and Y are topological spaces, then we let C'(X,Y) be the space of all
continuous mappings from X into Y. In particular, C(X,R) and C(X,C)
are the spaces of continuous real and complex-valued functions on X, using
the standard topologies on R and C. These are vector spaces over R and
C, respectively, with respect to pointwise addition and scalar multiplication of
functions. The support of a real or complex-valued function f on X is defined as
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usual to be the closure in X of the set of x € X such that f(z) # 0. The spaces
of continuous real and complex-valued functions on X with compact support
are denoted Ciom (X, R) and Ceom (X, C), respectively, and are linear subspaces
of C(X,R) and C(X, C), respectively.

Let G be a locally compact topological group such that {e} is a closed set.
A left-invariant Haar integral on G is a linear functional Ij, on Ceop (G, R) that
satisfies the following properties. First, I;, should be nonnegative, in the sense
that
(45.1) IL(f) > 0

for every f € Ceom(G,R) such that f(x) > 0 for every € G. More precisely,
if we also have that f(x) > 0 for some = € G, then we ask that

(4.5.2) IL(f) > 0.

In addition, I, should be invariant under left translations, in the following sense.
Ifa e Gand f € Ceom(G,R), then put

(4.5.3) (La(f)(x) = f(ax)

for every x € G. It is easy to see that
(4.5.4) Lo(f) € Ceom(G,R)

too, because of continuity of translations, and we ask that

(4.5.5) Ip(La(f)) = IL(f)-

Similarly, a right-invariant Haar integral on G is a linear functional I on
Ceom (G, R) that satisfies the same positivity condition as in the preceding para-
graph, and which is invariant under right translations, in the following sense. If
a € G and f € Ceom(G,R), then put

(4.5.6) (Ra(f)(2) = f(za)

for every x € GG, and observe that
(45.7) Ro(f) € Coom(G, R).

In this case, we ask that
(4.5.8) Ir(Ra(f)) = Ir(f).

Invariance under left and right translations are equivalent when G is commu-
tative. The product of a left or right-invariant Haar integral is a left or right-
invariant Haar integral too, respectively.

It is well known that left and right-invariant Haar integrals on G exist, and
are unique, up to multiplication by a positive real number. If Hy is a left-
invariant Haar measure on G, then

(4.5.9) IL(f) = /G JdH,
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defines a left-invariant Haar integral on G. Conversely, if I}, is a left-invariant
Haar integral on G, then there is a unique left-invariant Haar measure H;, on
G such that (4.5.9) holds for every f € Ceom (G, R), by the Riesz representation
theorem. Similarly, if Hg is a right-invariant Haar measure on G, then

(4.5.10) Ir(f) = /cdeR

defines a right-invariant Haar integral on G. Conversely, if Iy is a right-invariant
Haar integral on G, then there is a unique right-invariant Haar measure Hp on
G such that (4.5.10) holds for every f € Ceom (G, R), by the Riesz representation
theorem. B

If f € Coom(G,R), then it is easy to see that f(z) = f(z~!) defines an
element of Crom (G, R) as well. One can check that Iy, is a left-invariant Haar
integral on G exactly when B

(4.5.11) Ir(f) = 1L(f)

is a right-invariant Haar integral on G.

4.6 Left and right translations

Let G be a locally compact topological group such that {e} is a closed set, and
let Hr, be a left-invariant Haar measure on G. If b € G, then put

(4.6.1) Hp,(E)=Hp(ED)

for every Borel subset E of G. One can check that this also defines a left-

invariant Haar measure on GG. Thus the uniqueness of left-invariant Haar mea-

sure implies that Hp j can be expressed as a positive real number times Hy,.
Suppose that A is a Borel subset of G such that

(4.6.2) 0< Hp(A) < 40
and
(4.6.3) Hp(Ab) = Hi(A).

Under these conditions, the positive real number mentioned in the preceding
paragraph is equal to 1, so that

(4.6.4) Hp,=Hp.

Of course, Hr,(b=* Ab) = Hr(Ab), so that (4.6.3) is equivalent to
(4.6.5) Hp(b~*Ab) = HL(A).

In particular, this holds when

(4.6.6) b AL = A.
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If G is compact, then we get that (4.6.4) holds for every b € G. This means
that Hp is invariant under right translations, and thus may be considered as
right-invariant Haar measure on G too. We may refer to this simply as Haar
measure on G, and denote it H. In this case, it is customary to normalize Haar

measure by
(4.6.7) H(G)=1.

Suppose that G has a Haar measure H that is invariant under left and right
translations, such as when G is commutative or compact. Let us check that

(4.6.8) H(E™Y)Y=H(E)

for every Borel subset E of G. The uniqueness of Haar measure implies that
there is a positive real number ¢ such that

(4.6.9) H(E™YY=cH(E)

for every Borel subset of G, because H(E~1!) is also a Haar measure that is
invariant under left and right translations. To show that ¢ = 1, it suffices to
verify that (4.6.8) holds for some Borel set E with H(E) positive and finite.
Of course, (4.6.8) holds automatically when E is symmetric about e. If E has
nonempty interior and E is contained in a compact set, then H(FE) is positive
and finite. We can replace E with EUE ™! if necessary to get E to be symmetric
about e.

Of course, we could also have considered the effect of left translations on
a right-invariant Haar measure. There are analogous arguments for left and
right-invariant Haar integrals as well.

4.7 Some remarks about regularity conditions

Let X be a locally compact Hausdorff topological space, let 1 be a nonnegative
Borel measure on X, and suppose that

(4.7.1) u(K) < 400

for every compact subset K of X. If every Borel subset E of X satisfies the
inner regularity condition (4.4.2), then p is said to be inner regular on X. We
say that p is regular on X if p is both inner and outer regular on X.

A subset E of X is said to be o-compact if E can be expressed as the union
of a sequence of compact sets. If E is o-compact, then F is a Borel set, and F
satisfies the inner regularity condition (4.4.2). Indeed, if F is o-compact, then
it is easy to see that E can be expressed as the union of an increasing sequence
of compact sets, because the union of finitely many compact sets is compact as
well. The measures of these compact sets with respect to u tends to u(E) in
this case, by a standard argument.

If E is a Borel subset of X, then a milder inner reqularity condition is that

(4.7.2) w(E) =sup{u(A) : A C X is a closed set, and A C E}.
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If X is compact, then (4.7.2) implies (4.4.2), because closed subsets of X are
compact. If X is o-compact, then one can check that closed subsets of X are
o-compact as well. Using this, one can verify that (4.7.2) implies (4.4.2) in
this case too. If u(X) < +oo, then one can check that (4.7.2) holds for every
Borel subset E of X if and only if u is outer regular on X, by considering outer
regularity for X \ E.

A subset of X that can be expressed as the union of a sequence of closed
sets is said to be an F,, set. Note that o-compact sets are F, sets, and that F,
sets are Borel sets. More precisely, an F, F set can be expressed as the union
of an increasing sequence of closed sets, because finite unions of closed sets are
closed sets. The measures of these closed sets with respect to p tends to u(E),
as before, which implies that E satisfies (4.7.2). If X is o-compact, then F,
subsets of X are o-compact too.

Similarly, a subset of X that can be expressed as the intersection of a se-
quence of open sets is said to be a G§ set. Any Gs set is a Borel set, and G
sets in X are the same as the complements of F,, sets in X. If the topology on
X is determined by a metric d, then it is well known that every closed set in X
is a G set, so that open subsets of X are F, sets. More precisely, if A is any
subset of X, then
(4.7.3) U; = | Blx,1/§)

z€A

is an open subset of X that contains A for every j > 1, and one can check that

(4.7.4) A=

=5

U;.

j=1

This argument also works for semimetrics, although we are only considering
Hausdorff spaces in this section.

If every open subset of X is o-compact, then it is well known that p is
automatically regular on X, as in Theorem 2.18 on p50 of [21]. If X is o-
compact, and every open subset of X is an F, set, then it follows that every
open set in X is o-compact, as before. In particular, if the topology on X is
determined by a metric, and X is o-compact, then every open subset of X is
o-compact.

Suppose for the moment that there is a base for the topology of X with
only finitely or countably many elements. In this case, one can use Lindelof’s
theorem to get that X is o-compact, because X is locally compact. It is well
known that X is also regular as a topological space, because X is locally compact
and Hausdorff. One can use this and Lindelof’s theorem to get that every open
subset of X is o-compact. More precisely, if x is an element of an open subset
W of X, then there is an open subset U of X such that x € U, U C W, and U
is compact, because X is locally compact and regular.

It is well known that a separable metric space has a base for its topology with
only finitely or countably many elements, and that compact metric spaces are
separable. Similarly, one can check that o-compact metric spaces are separable.
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If a topological space has a base for its topology with only finitely or countably
many elements, and the space is regular in the strong sense, then there is a
metric on the space that determines the same topology, by famous theorems of
Urysohn and Tychonoff.

4.8 Products and product measures

Let G4, ..., Gy, be finitely many locally compact topological groups, and suppose
that the set containing only the identity element is a closed set in each Gj.
Observe that

(4.8.1) ¢=1]¢;
j=1

is a locally compact topological group in which the set containing only the
identity element is a closed set, with respect to the product topology, and where
the group operations are defined coordinatewise. If there is a base for the
topology of G, with only finitely or countably many elements for each j =
1,...,n, then there is a base for the product topology on G with only finitely
or countably many elements, consisting of products of elements of the bases for
the G;’s. In this case, one can get left or right-invariant Haar measures on G
from left or right-invariant Haar measures on the G’s, respectively, using the
standard product measure construction. More precisely, open subsets of G are
measurable with respect to the standard product measure construction under
these conditions, so that Borel subsets of G are measurable with respect to the
standard product measure construction as well.

Alternatively, one can get left or right-invariant Haar integrals on G from
left or right-invariant Haar integrals on the G’s, respectively. More precisely,
if f is a continuous real-valued function on G with compact support, then one
can define left or right-invariant Haar integrals of f using left or right-invariant
Haar integrals in each coordinate, respectively.

Suppose now that G is a compact topological group for each element j of
a nonempty set I, and that the set containing only the identity element is a
closed set in G;. This implies that

(4.8.2) ¢=]]¢c

jer

is a compact topological group in which the set containing only the identity
element is a closed set, with respect to the product topology, and where the
group operations are defined coordinatewise. If I is countably infinite, and
there is a base for the topology of each G; with only finitely or countably many
elements, then one can get a base for the topology of G with only finitely or
countably many elements as well. This base consists of products of open subsets
of the G;’s, where these open sets are equal to G; for all but finitely many j,
and the others are elements of the given bases for the G;’s. If j € I, then we



82 CHAPTER 4. CONTINUITY CONDITIONS AND HAAR MEASURE

can take H; to be the Haar measure on G that is invariant under left and right
translations and normalized so that

(4.8.3) Hi(G,) = 1.

One can use these measures to get Haar measure H on G, by a standard product
measure construction. As before, open subsets of G are measurable with respect
to this product measure construction, because they can be expressed as unions
of elements of the base for the topology of G mentioned earlier.

Alternatively, let I; be the Haar integral on G that is invariant under left
and right translations and normalized so that it is equal to 1 for the constant
function on G; equal to 1. If f is a continuous real-valued function on G, then
one can use these Haar integrals on f in the jth variable for any finite set
of j € I. To define the Haar integral of f, one can pass to a suitable limit.
Note that f is left and right-invariant uniformly continuous on G, because G
is compact. In particular, this implies that f approximately depends on only
finitely many coordinates.

These constructions can be simplified when G; has only finitely many ele-
ments for each j € I. This will be considered more broadly in the next section.

4.9 Haar measure on profinite groups

Let G be a compact topological group for which {e} is a closed set, and let H
be Haar measure on G normalized so that H(G) = 1, which is invariant under
both left and right translations in this case. If U is an open subgroup of G, then
H(U) is the reciprocal of the index of U in G, which is the number of left or
equivalently right cosets of U in G.

Suppose from now on in this section that G is profinite, so that the open
subgroups of G form a local base for the topology of G at e. More precisely, the
open normal subgroups of G form a local base for the topology of G at e, as in
Section 2.14.

Let A be the collection of all subsets of G that can be expressed as the
union of finitely many translates of open normal subgroups of G. Remember
that open subgroups of G are closed sets, which means that they are compact,
because G is compact. Of course, every open subset W of G can be expressed
as a union of translates of open normal subgroups, because the open normal
subgroups form a local base for the topology of G at e. If W is compact too,
then it follows that W can be expressed as the union of finitely many translates
of open normal subgroups. Thus A is the same as the collection of subsets of G
that are open and closed, because closed subsets of G are compact.

If Uy, ..., U, are finitely many open normal subgroups of G, then
(4.9.1) U=(U;
j=1

is an open normal subgroup of G too. Of course, U has finite index in G, and
thus in U; for each j = 1,...,n. This implies that U; can be expressed as the
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union of finitely many translates of U for each j = 1,...,n. It follows that
every element of A can be expressed as the union of finitely many translates of
a single open normal subgroup of G.

Of course, left and right translates of a normal subgroup are the same. Thus
the elements of A can be expressed as the union of finitely many left translates
of a single open normal subgroup of G. Remember that the left translates of
any subgroup are pairwise disjoint. This implies that the Haar measure of the
union of finitely many distinct left cosets of an open subgroup U is equal to the
number of cosets times H(U). This determines the Haar measure of elements
of A.

Let W be an open subset of G, let K be a compact subset of G, and suppose
that K C W. If z € K, then there is an open normal subgroup U of G such
that zU C W. Because K is compact, K is contained in the union of finitely
many such cosets. Equivalently, this means that there is an element of A that
contains K and is contained in W.

This shows that Haar measure is uniquely determined on open subsets of G,
because Haar measure is uniquely determined on A. More precisely, this uses
the inner regularity of Haar measure on open sets. It follows that Haar measure
is uniquely determined on G, by outer regularity.

Note that 4 is an algebra of subsets of G, which is to say that it contains G
and the empty set as elements, and it is closed under finite unions, intersections,
and complements. This follows from the earlier characterization of A as the
collection of subsets of G that are open and closed. Alternatively, if A, B € A,
then one can check that A and B can be expressed as the union of finitely many
left cosets of a single open normal subgroup of G. This implies that the union,
intersection, and complements of A and B can be expressed as the union of
finitely many left cosets of the same open normal subgroup of G.

One can define Haar measure directly on A as before, with the normalization
H(G) = 1. One can verify directly that Haar measure is finitely additive on
A. This uses the fact that pairs of elements of A can be expressed as finite
unions of left cosets of a single open normal subgroup of G, as in the preceding
paragraph.

Let A1, Ao, As, ... be an infinite sequence of pairwise-disjoint elements of A
such that U;’;l A; € A. Thus U;’il Aj; is compact, which implies that

(4.9.2) U4,=U 4,
j=1 j=1

for some positive integer n, because A; is an open set for each j. This means
that A; = () when j > n, so that

(4.9.3) H( [j Aj) = iH(Aj),
j=1 j=1

because H is finitely additive on A.
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Under these conditions, a famous theorem of E. Hopf implies that H can be
extended to a countably-additive measure on a o-algebra of subsets of G that
contains A in a natural way. More precisely, one can define an outer measure
on G associated to H on A, and use Carathéodory’s notion of measurable sets
with respect to that outer measure. This outer measure is invariant under left
and right translations on G, because of the analogous property of H on A. This
implies that the corresponding o-algebra of measurable sets is invariant under
left and right translations as well.

Suppose that there is a local base for the topology of G at e with only
finitely or countably many elements. This implies that there is a local base for
the topology of GG at e consisting of only finitely or countably many open normal
subgroups. It follows that there are only finitely or countably many cosets of
these open normal subgroups of GG, which form a base for the topology of G. In
particular, every open subset of G' can be expressed as the union of finitely or
countable many elements of A in this case.

4.10 Haar measure and absolute values

Let k be a field with an absolute value function |-|, and suppose that & is locally
compact with respect to the topology determined by the associated metric. Thus
k may be considered as a commutative locally compact topological group with
respect to addition.

If | - | is the trivial absolute value function on k, then the associated metric
is the discrete metric, and counting measure on k satisfies the requirements of
Haar measure. Let us suppose from now on in this section that |- | is not the
trivial absolute value function on k.

Remember that closed and bounded subsets of k are compact, because k is
locally compact and | - | is nontrivial on &, as in Section 2.10. In particular, this
implies that k is complete with respect to the metric associated to |-|. This uses
the well-known facts that a Cauchy sequence of elements of any metric space
is bounded, and that a Cauchy sequence of elements of a compact subset of a
metric space converges to an element of that subset.

If || is archimedean on k, then a famous theorem of Ostrowski implies that &k
is isomorphic to R or C, in such a way that |-| corresponds to an absolute value
function on R or C that is equivalent to the standard absolute value function, as
mentioned in Section 1.3. One-dimensional Lebesgue measure on R satisfies the
requirements of Haar measure. As a topological group with respect to addition,
C is the same as R?, on which two-dimensional Lebesgue measure satisfies the
requirements of Haar measure.

Suppose now that |- | is an ultrametric absolute value function on k. Let N
be the number of elements of the residue field B(0,1)/B(0,1), which is finite,
because B(0,1) is compact and thus totally bounded, as in Section 2.11. We
also have that |- | is discrete on k, so that there is a positive real number p; < 1
such that the positive values of | - | are the same as the integer powers of py, as

before. In particular, B(0,1) = B(0, p1) in this case.
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Remember that B(0, p{) is a subgroup of k, as a commutative group with
respect to addition, for every j € Z. It is easy to see that

(4.10.1) B(0,p1)/B(0,p1™)

is isomorphic to B(0,1)/B(0, p1) for each j, as a commutative group with respect
to addition. Thus (4.10.1) has exactly N elements for every j. It follows that

(4.10.2) B(0,p1)/B(0,p1™")

has exactly N! elements for every j € Z and [ € Z,.
Let H be Haar measure on k, normalized so that

(4.10.3) H(B(0,1)) = 1.

One can check that o ) .
(4.10.4) H(B(0,p7)) =N’

for every j € Z, using the remarks in the preceding paragraph. Of course, this
determines the Haar measure of all closed balls in k, because of invariance under
translations.

4.11 Automorphisms of topological groups

An automorphism of a topological group G is an automorphism « of G as a
group that is also a homeomorphism from G onto itself. It is easy to see that
the automorphisms of G form a group with respect to composition of mappings.
In particular, if @ € G, then conjugation by a defines an automorphism of G as
a topological group.

Suppose that G is a locally compact topological group such that {e} is
a closed set, and let Hy be a left-invariant Haar measure on G. If « is an
automorphism of G as a topological group, then one can check that Hp(a(E))
satisfies the requirements of left-invariant Haar measure on G as well. It follows
that there is a positive real number A(«) such that

(4.11.1) Hy(a(E)) = A(a) = HL(E)

for all Borel subsets E of GG, by uniqueness of left-invariant Haar measure. Of
course, there is an analogous statement for right-invariant Haar measure.
If Ey is a Borel subset of GG such that

(4.11.2) 0 < Hi(Ep) < 40
and

(4.11.3) Hy(a(Ey)) = HiL(Ey),
then

(4.11.4) Ala) = 1.
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Of course, (4.11.3) holds automatically when

In particular, (4.11.4) holds for every automorphism « of G as a topological
group when G is compact.
Let a € G be given, and suppose for the moment that

(4.11.6) alr)=azxa!
for every x € G. If E is a Borel subset of G, then
(4.11.7) Hp(a(E))=Hp(aEa )= HL(Ea™).

This corresponds to some of the remarks in Section 4.6.

Let k be a field with an absolute value function | - |. In particular, k& may
be considered as a commutative topological group with respect to addition. If
a € k and a # 0, then
(4.11.8) T ax

defines an automorphism of k as a commutative topological group with respect
to addition. Suppose that k is locally compact with respect to the topology
determined by the metric associated to |- |. Let H be Haar measure on k, as
a locally compact commutative topological group with respect to addition. If
a € k satisfies |a| = 1, then it is easy to see that H is invariant under (4.11.8).
This uses the fact that open and closed balls in k centered at 0 are invariant
under (4.11.8) when |a| = 1.

4.12 Some related examples

Let k be a field with an ultrametric absolute value function | - |, and suppose
that | - | is not the trivial absolute value function on k, and that k is locally
compact with respect to the metric associated to | - |. Also let n be a positive
integer, and let M, (k) be the algebra of n x n matrices with entries in k. If
a = (aj;) € My(k), then let ||a|| be the maximum of |a;;| over 1 < j,I < n,
which defines a submultiplicative ultranorm on M, (k), as before. It is easy to
see that the topology determined on M, (k) by the ultrametric associated to || -||
is the same as the product topology corresponding to the topology determined
on k by the ultrametric associated to | - |, where M, (k) is identified with the
Cartesian product of n? copies of k in the obvious way. In particular, M, (k)
may be considered as a commutative topological group with respect to addition,
which corresponds to the product of n? copies of k as a commutative topological
group with respect to addition.

Remember that the closed unit ball B(0,1) in k with respect to the ultra-

metric associated to | - | is a subring of k, so that M, (B(0,1)) is a subring of

M, (k). Equivalently, M,,(B(0,1)) is the closed unit ball in M, (k) with respect

to the ultrametric associated to ||-||. Note that M, (B(0, 1)) is compact and open
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in M, (k) with respect to the topology determined by this ultrametric, because
B(0,1) is a compact open subset of k with respect to the topology determined
by the ultrametric associated to | - |. Let H,, be Haar measure on M, (k), as a
commutative topological group with respect to addition.

If a € GL,(B(0,1)), then left and right multiplication by a define one-to-one
linear mappings from M,, (k) onto itself that send M, (B(0,1)) onto itself. More
precisely, left and right multiplication by a preserve ||-|| on M, (k), as in Section
1.12. In particular, left and right multiplication by a define automorphisms of
M, (k), as a commutative topological group with respect to addition. One can
use this to get that left and right multiplication by a preserve H,, on M, (k), as
in the previous section.

We may consider M, (B(0,1)) as a commutative topological group with re-
spect to addition as well, which is a compact open subgroup of M, (k). The
restriction of H,, to M, (B(0,1)) satisfies the requirements of Haar measure on
M, (B(0,1)).

Note that
(4.12.1) {rek:|z|=1}

is open and closed in k, with respect to the topology determined by the ultra-
metric associated to |- |. This follows from the fact that B(0,1) and B(0, 1) are
each open and closed in k.

Remember that GL,(B(0,1)) consists of a € M, (B(0,1)) with |deta| =
1. Observe that GL,,(B(0,1)) is open and closed as a subset of M, (B(0,1)),
because (4.12.1) is open and closed in k.

We may consider GL,,(B(0,1)) as a compact topological group with respect
to matrix multiplication, and the topology induced by the one on M, (B(0,1)).

The restriction of H, to GL,(B(0,1)) is invariant under left and right trans-

lations in GL,(B(0,1)), as before. It follows that the restriction of H, to
GL,(B(0,1)) satisfies the requirements of Haar measure on GL,,(B(0,1)).

Of course, this is all much simpler when n = 1. Clearly (4.12.1) is a subgroup
of k\ {0}, as a group with respect to multiplication. More precisely, (4.12.1)
is a compact topological group, with respect to the topology induced by the
topology determined on k by the ultrametric associated to | - |. This is also an
open set in k, as before. Let H be Haar measure on k, as a locally compact
commutative topological group with respect to addition. The restriction of H to
(4.12.1) satisfies the requirements of Haar measure on (4.12.1), as a topological
group with respect to multiplication. This uses the fact that H is invariant
under multiplication by a € k with |a| = 1, as in the previous section.

4.13 Quotient mappings

Let (X, 7x) be a topological space, let Y be a set, and let f be a mapping from
X onto Y. Under these conditions, the corresponding quotient topology on Y
is defined by saying that V' C Y is an open set if and only if f~1(V) is an
open set in X. It is easy to see that this defines a topology on Y, and that
E C Y is a closed set if and only if f~1(E) is a closed set in X. Note that f
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is continuous with respect to the quotient topology on Y, and that Y satisfies
the first separation condition with respect to the quotient topology if and only
if for every y € Y, f~1({y}) is a closed set in X.

Suppose now that (Y, 7y) is a topological space. A mapping f from X onto
Y is said to be a quotient mapping as a mapping between topological spaces if
Ty is the same as the quotient topology determined by 7x and f. This means
that f is continuous, and that V C Y is an open set when f~1(V) is an open
set in X. This is the same as saying that f is continuous, and that £ C Y is a
closed set when f~1(E) is a closed set in X.

Let (Z,77) be another topological space, and let g be a mapping from Y
into Z. If f is a quotient mapping from X onto Y, then it is easy to see that g
is continuous as a mapping from Y into Z if and only if g o f is continuous as a
mapping from X into Z.

Let f be any mapping from X onto Y, and observe that

(4.13.1) FET V) =V

for every V' C Y. Suppose that f is also an open mapping, so that for each
open set U C X, we have that f(U) is an open set in Y. If V C Y and f~1(V)
is an open set in X, then (4.13.1) implies that V is an open set in Y. If f is
continuous too, then it follows that f is a quotient mapping from X onto Y.

Similarly, suppose now that f maps closed subsets of X to closed subsets of
Y. If ECY and f~!(F) is a closed set in X, then FE is a closed set in Y, by
(4.13.1). This implies that f is a quotient mapping from X onto Y when f is
continuous as well.

If f is a continuous mapping from X onto Y, X is compact, and Y is
Hausdorff, then f is a quotient mapping. Indeed, if A C X is a closed set, then
A is compact, so that f(A) is compact, and thus closed in Y.

Let Yy be a subset of Y, and put Xo = f~1(Yy). Note that f(Xo) = Yo,
because f(X) =Y, by hypothesis. Suppose for the moment that f is a quotient
mapping from X onto Y. If Yj is an open or closed set in Y, then X has the
same property in X, because f is continuous. In both cases, it is easy to see
that the restriction of f to Xy is a quotient mapping from X, onto Yy, with
respect to the topologies induced on X and Yy by 7x and 7y, respectively.

Observe that

(4.13.2) F(ANX,) = f(A)NY,

for every A C X. If f is an open mapping from X onto Y, then it follows that
the restriction of f to Xy is an open mapping from X onto Yy, with respect to
the induced topologies on Xy and Yy. Similarly, if f maps closed subsets of X
to closed subsets of Y, then the restriction of f to Xy has the same property as
a mapping from X onto Y, with respect to the induced topologies. Of course,
if f is an open mapping, then the restriction of f to any open subset of X is
an open mapping as well. If f maps closed subsets of X to closed subsets of Y,
then the restriction of f to any closed set in X has the same property.
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4.14 Quotient mappings and topological groups

Let G be a topological group, and let ¢ be a homomorphism from G onto a
group H. If U C G, then

(4.14.1) ¢~ (o(U))

is the same as the union of the translates of U, on the left or on the right, by
elements of the kernel of ¢. If U is an open set, then it follows that (4.14.1) is
an open set as well. This implies that ¢ is an open mapping with respect to the
corresponding quotient topology on H.

One can check that H is a topological group with respect to the correspond-
ing quotient topology. Note that H satisfies the first separation condition with
respect to the quotient topology exactly when the kernel of ¢ is a closed set. If
B is a local base for the topology of G at the identity element, then it is easy
to see that
(4.14.2) {¢(U) : U € B}

is a local base for the quotient topology on H at the identity element.

If the open subgroups of GG form a local base for the topology at the identity
element, then it follows that the open subgroups of H form a local base for
the quotient topology at the identity element. Similarly, if the open normal
subgroups of G form a local base for the topology at the identity element, then
the open normal subgroups of H form a local base for the quotient topology at
the identity element.

Suppose now that G is compact, and that H is a topological group with
respect to some topology, where the set containing only the identity element in
H is a closed set. If ¢ is a continuous homomorphism from G onto H, then
¢ is a quotient mapping, because H is Hausdorff, as in the previous section.
It follows that ¢ is an open mapping under these conditions, as before. If G
is profinite, then we get that H is profinite as well, using the remarks in the
preceding paragraph.

Alternatively, let U be an open subgroup of G. Thus U is a closed set in G,
which implies that U is compact, because G is compact. It follows that ¢(U) is
compact in H, so that ¢(U) is closed in H, because H is Hausdorff. Note that
U has finite index in G, because G is compact. This implies that ¢(U) has finite
index in H, because ¢ maps G onto H. This is another way to get that ¢(U)
is an open set in H, because ¢(U) is a closed subgroup of H. If B is a local
base for the topology of G at the identity element consisting of open subgroups,
then it follows that (4.14.2) is a local base for the topology of H at the identity
element.



Chapter 5

Commutative topological
groups

5.1 The unit circle

Let
(5.1.1) T={ze€C:|z| =1}

be the unit circle in the complex plane C, using the standard absolute value
function on C. This is a subgroup of the group C \ {0} of nonzero complex
numbers, with respect to multiplication. More precisely, T is a compact topo-
logical group, with respect to the topology induced by the standard topology
on C.

Of course, the real line R is a commutative topological group with respect
to addition and the standard topology. Using the complex exponential function,
we get a continuous group homomorphism

(5.1.2) x> exp(2mix)

from R onto T. In fact, (5.1.2) is a local homeomorphism, and the kernel of
(5.1.2) as a group homomorphism is Z. Thus T may be identified with R/T,
as a topological group. One can also use this to get Haar measure on T from
one-dimensional Lebesgue measure.

We may consider Q as a subgroup of R, so that Q/Z is a subgroup of R/Z.
This corresponds to the subgroup

(5.1.3) {zeT:2"=1forsomen€Z,}
of T.

Consider
(5.1.4) {z € T:Rez> 0},

where Re z denotes the real part of a complex number 2. Note that (5.1.4) is
a relatively open subset of T that contains 1. If z is an element of (5.1.4) and

90
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z # 1, then one can check that there is a positive integer n such that z” is not
contained in (5.1.4). This implies that {1} is the only subgroup of T contained
in (5.1.4).

Let A be a group, and let ¢ be a homomorphism from A into T. Suppose
that Ag is a subgroup of A, and that

(5.1.5) Re ¢(ag) >0

for every ag € Ag. This means that ¢(Ap) is contained in (5.1.4), which implies
that

(5.1.6) ¢(Ag) = {1},
because ¢(Ap) is a subgroup of T. Equivalently,

(5.1.7) dlag) = 1

for every ag € Ayp.

Let A be a topological group, and suppose that the open subgroups of A form
a local base for the topology of A at the identity element. If ¢ is a continuous
homomorphism from A into T, then there is an open subgroup Ay of A such
that ¢(Ap) is contained in (5.1.4). This implies that (5.1.7) holds, as before.

If « € R, then

(5.1.8) Yo(r) = ax

is a continuous group homomorphism from R into itself. One can check that
every continuous group homomorphism from R into itself is of this form for a
unique a € R.

Using the complex exponential function again, we get that

(5.1.9) Pa(z) =exp(2miax)

is a continuous group homomorphism from R into T for every o € R. If p is
any continuous mapping from R into T such that

(5.1.10) p(0) =1,

then it is well known that there is a unique continuous mapping ¢ from R into
itself such that

(5.1.11) p(x) = exp(2miv(x))
for every z € R, and
(5.1.12) (0) = 0.

If p is a continuous group homomorphism from R into T, then it is not too
difficult to show that ¢ is a continuous group homomorphism from R into
itself. This means that p is of the form (5.1.9) for a unique « € R.

If j € Z, then
(5.1.13) x;(2) = 27
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defines a continuous homomorphism from T into itself. If y is any continuous
homomorphism from T into itself, then

(5.1.14) p(x) = x(exp(2mizx))

defines a continuous group homomorphism from R into T. This is the same as
(5.1.9) for a unique o € R, as before. One can use this to verify that x is of the
form (5.1.13) for a unique j € Z.

5.2 Dual groups

Let C be a commutative group, and let X be a nonempty set. The set CX of all
mappings from X into C is a commutative group, where the group operations
are defined pointwise.

If A is a commutative group too, then let Hom(A, C) be the collection of
group homomorphisms from A into C. It is easy to see that this is a subgroup
of C4.

Let A be a commutative topological group, where the set containing only
the identity element is a closed set. Consider the set A of all continuous group
homomorphisms from A into T. This is a subgroup of Hom(A, T). This group
is called the dual group of A, and may be denoted A. Of course, if A is equipped
with the discrete topology, then A consists of all group homomorphisms from A
into T.

Consider A = Z, as a commutative group with respect to addition. If ¢ € C,
then there is a unique group homomorphism ¢, from Z into C' such that

(5.2.1) de(1) = c.

Of course, if ¢ is any group homomorphism from Z into C, then ¢ = ¢., with
¢ = ¢(1). This defines an isomorphism between C and Hom(Z, C).

Remember that R is a commutative topological group with respect to addi-
tion and the standard topology, and that every continuous group homomorphism
from R into T can be expressed as p, in (5.1.9) for a unique o € R. Observe
that

(5.2.2) Pa+p = Pa Pp
on R for every «, 8 € R. This means that

(5.2.3) o Po

is a group isomorphism from R onto its dual group.
Remember that every element of T can be expressed as x; in (5.1.13) for a
unique j € Z. Clearly

(5.2.4) Xj+l = Xj Xi

on T for every j,l € Z, so that
(5.2.5) Je X
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defines a group isomorphism from Z onto the dual T of T.
Let A be a commutative group again, where the group operations are ex-
pressed additively. As usual, z € A is said to be a torsion element of A if

(5.2.6) n-x=0

for some n € Z . Remember that n-x is the sum of n 2’s in A. In this case, if ¢
is a homomorphism from A into C, then ¢(x) satisfies the analogous condition
in C.

If every element of A is a torsion element, then A is said to be a torsion
commutative group. If ¢ is a homomorphism from A into C, then it follows that
@(A) is a torsion subgroup of C. In particular, if ¢ is a homomorphism from A
into T = R/Z, then this implies that ¢(A) is contained in the subgroup (5.1.3)
of T corresponding to Q/Z.

Suppose now that A is a commutative topological group, where the set con-
taining only the identity element is a closed set, and the open subgroups of A
form a local base for the topology of A at the identity element. Let ¢ € A be
given, and let Ay be an open subgroup of A such that (5.1.7) holds. If go is
the natural quotient mapping from A onto A/A, then it follows that there is a
homomorphism ¢q from A/Ag into T such that

(5:2.7) ¢ = o ° qo.

Suppose that A is also totally bounded as a topological group, so that Ag
has finite index in A. In particular, this means that ¢(A) is a finite subgroup of
T. This implies that there is a positive integer n such that ¢(z)™ = 1 for every
x € A, so that
(5.2.8) " =1

in A. Thus every element of A is torsion under these conditions. This is related
to Example 4 on p3 of [25].

5.3 Topology on dual groups

Let A be a commutative topological group again, where the set containing only
the identity element is a closed set. One often considers the topology on the
dual group A that corresponds to uniform convergence on nonempty compact
subsets of A. It is easy to see that A is Hausdorff with respect to this topology,
and one can check that A is a commutative topoogical group with respect to
this topology. Here we shall be primarily concerned with the cases where A is
compact, or A is equipped with the discrete topology.

If A is compact, then the topology on A mentioned in the preceding para-
graph corresponds to uniform convergence on A, and can be defined using the
supremum metric. In fact, this topology reduces to the discrete topology on A.
More precisely, suppose that ¢, € A satisfy

(5.3.1) l¢(a) —(a)] <1
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for every a € A. This implies that p = ¢/v satisfies
(5.3.2) lp(a) — 1] < 1

for every a € A. In particular, this means that p(A) is contained in (5.1.4).
Observe that p(A) is a subgroup of T, because p € A. Tt follows that p(A) = {1},
as before, so that ¢ =1 on A.

If A is equipped with the discrete topology, then the only compact subsets of
A are finite sets. This means that uniform convergence on compact subsets of A
is the same as pointwise convergence on A. Let T4 be the space of all mappings
from A into T, as usual. This is the same as the Cartesian product of copies of T
indexed by A. The topology on T4 that corresponds to pointwise convergence
on A is the same as the product topology on this Cartesian product, using the
standard topology on T. Of course, T4 is compact with respect to the product
topology, by Tychonoff’s theorem. One can check that A is a closed set in TA
with respect to the product topology, which implies that A is compact in TA.
The topology induced on A by the product topology on T4 is the same as the
topology on A that corresponds to pointwise convergence on A.

Suppose that A = Z, as a commutative group with respect to addition, and
equipped with the discrete topology. If z € T, then

(5.3.3) b.(j) =2

defines a group homomorphism from Z into T. If w € T too, then

(5-3.4) Gzw = Pz ¢w

on Z. It is easy to see that every group homomorphism from Z into T is of the
form (5.3.3) for a unique z € T, so that

(5.3.5) 2 b,

is a group isomorphism from T onto the dual of Z, as in the previous section.
One can check that (5.3.5) is a homeomorphism from T onto the dual of Z with
respect to the topology on the dual of Z corresponding to pointwise convergence
on Z.

Suppose now that A = R, as a commutative topological group with respect
to addition and the standard topology. One can verify that the group isomor-
phism (5.2.3) from R onto its dual group is a homeomorphism, with respect
to the topology on the dual group that corresponds to uniform convergence on
compact subsets of R. R

Remember that (5.2.5) is a group isomorphism from Z onto the dual T of T.
This isomorphism is a homeomorphism with respect to the discrete topology on
Z, because the topology on T corresponding to uniform convergence on compact
subsets of T is the discrete topology, as before.

Let A be a commutative topological group, where the group operations are
expressed additively, and where {0} is a closed set in A. Suppose for the moment
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that € A is torsion, so that n -z = 0 for some positive integer n. If ¢ € 121\,
then it follows that

(5.3.6) p(x)" = 1.
Observe that R
(5.3.7) {wed:p@) =1

is a subgroup of A. More precisely, this is an open subgroup of A under these
conditions, because of (5.3.6). We also get that (5.3.7) has finite index in A, by
(5.3.6).

Suppose that A is equipped with the discrete topology, and that every ele-
ment of A is torsion. In this case, the open subgroups of the form (5.3.7) form a
local sub-base for the usual topology on A at the identity element. This means
that A is profinite under these conditions, because Ais compact, as before. This
is related to Example 4 on p3 of [25].

5.4 Direct products

Let I be a nonempty set, and let A; be a commutative group for each j € I.
The Cartesian product
(5.4.1) A=]]4,
Jjel

is a commutative group as well, where the group operations are defined coordi-
natewise. This is the direct product of the A;’s.

Let C be another commutative group. If [ € I and ¢; is a homomorphism
from A; into C, then

(5.4.2) &i(x) = pu(x1)

defines a homomorphism from A into C. Let [y, ..., l, be finitely many elements
of I, and for each » = 1,...,n, let ¢;, be a homomorphism from A; into C.
Thus &T can be defined as in (5.4.2) for r = 1,...,n, and is a homomorphism
from A into C. Using the group operation on C, one can combine qzll, ey (El“
to get another homomorphism from A into C.

If [ € I, then there is a natural injective homomorphism ¢; from A; into A,
which sends z; € A; to the element of A whose Ith coordinate is equal to z;,
and whose jth coordinate for j € I with j # [ is equal to the identity element
in A;. Let ¢ be any homomorphism from A into C, and put

(5.4.3) b =douy

for each | € I. This defines a homomorphism from A; into C, so that ¢~51
defined in (5.4.2) is a homomorphism from A into C. If I has only finitely many
elements, then ¢ is the same as the combination of 51 over [ € I, using the group
operation on C.

Suppose from now on in this section that A; is a commutative topological
group for each j € I, and that the set containing only the identity element is a



96 CHAPTER 5. COMMUTATIVE TOPOLOGICAL GROUPS

closed set in A; for every j € I. This implies that A is a commutative topological
group with respect to the product topology, in which the set containing only
the identity element is a closed set. We shall also take ¢' = T in the previous
remarks. If [ € I and ¢; € Al, then qSl defined in (5.4. 2) is an element of A. If
l1,...,l, are finitely many elements of I, and ¢;, € Alr for each r =1,...,n,
then %lr € A for every 7 = 1,...,n, so that their product

(5.4.4) 511(510) e azn (z)

is an element of A too. N

Conversely, let ¢ € A be given. If [ € I, then the homomorphism ¢; from A4;
into A mentioned earlier is continuous. This implies that ¢; defined in (5.4.3)
is an element of A, for every | € I. Tt follows that ¢; defined in (5.4.2) is an
element of A for every | € I.

Because ¢ is continuous, there is an open subset U of A such that U contains

the identity element and
(5.4.5) Rep(xz) >0

for every z € U. We may as well take U to be of the form
(5.4.6) v=]Jv
jeI
where U; C A; is an open set that contains the identity element for every j € I,
and U; = A; for all but finitely many j € I. If j € I, then put

and take B; to be the subset of A; that contains only the identity element
otherwise. Thus

(5.4.8) B=]]B
jel
is a subgroup of A contained in U.
By construction, ¢(B) is contained in (5.1.4). This implies that

(5.4.9) ¢(B) = {1},
as before. This means that ¢(z) depends on x; € A; for only finitely many

j € I. 1t follows that ¢ can be expressed as the product of al for finitely many
lel.

5.5 Direct sums

Let I be a nonempty set again, and let A; be a commutative group for each
j € I. Thus the direct product A of the A;’s can be defined as in the previous
section. The direct sum of the A;’s is the subgroup

(5.5.1) A% =P 4;

jeI
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of A consisting of € A such that x; is the identity element in A; for all but
finitely many j € I. Of course, this is the same as A when I has only finitely
many elements.

Let C' be a commutative group, and suppose that for each [ € I we have a
homomorphism ¢; from A; into C. If x € A®, then ¢;(z) is the identity element
in C for all but finitely many [ € I. This permits us to define

(5.5.2) ¢(z) € C,

by combining ¢;(x), | € I, using the group operation on C. It is easy to see
that this defines a homomorphism from A® into C.

Conversely, let ¢ be any homomorphism from A® into C. If | € I, then let
t; be the natural inclusion of A; into A®, as in the previous section, and put
¢ = ¢ oy, as before. Thus ¢; is a homomorphism from A; into C for every
I € I, and one can check that for every z € A®, ¢(z) is the same as the element
of C obtained by combining ¢;(x;), [ € I.

Let us now consider A; to be a commutative topological group with respect
to the discrete topology for each j € I. Let us take the direct sum A® to
be equipped with the discrete topology as well. The remarks in the previous
E;iragraphs show that there is a natural group isomorphism between the dual
A® of A® and the direct product

(5.5.3) 114

jeI
of the duals of the A;’s.

As in Section 5.3, we can take A% to be equipped with the topology that
corresponds to pointwise convergence of homomorphisms on A®. One can check
that this is the same as the topology that corresponds to pointwise convergence
on the subset

(5.5.4) U ua)

lel

of A® because A® is generated as a group by (5.5.4). Using this, one can
verify that the isomorphism between A% and (5.5.3) mentioned in the preceding
paragraph is a homeomorphism. This uses the topology on ;1; corresponding to
pointwise convergence on A; for each j € I, and the associated product topology
on (5.5.3).

Let A; be any commutative topological group for which the set containing
only the identity element is a closed set for each j € I, and let A be the direct
product of the A;’s, equipped with the product topology. The remarks in the
previous section show that there is a natural group isomorphism between the
dual A of A and the direct sum

(5.5.5) P4,

jelI
of the duals of the A;’s.
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Suppose for the moment that A; is compact for each j € I, so that A is
compact too. In this case, we use the discrete topology on ;1; for each j € I,
and the discrete topology on A\, as in Section 5.3. Let us take (5.5.5) to be
equipped with the discrete topology too, so that the isomorphism mentioned in
the preceding paragraph is a homeomorphism.

Suppose now that I has only finitely many elements, so that (5.5.3) and
(5.5.5) are the same. Let us take ;1; to be equipped with the topology corre-
sponding to uniform convergence on compact subsets of A;, and similarly for
E, as before. One can check that this topology on A corresponds exactly to
the associated product topology on (5.5.3). This uses the fact that products of
compact subsets of the A;’s are compact subsets of A, by Tychonoff’s theorem.
This also uses the fact that any compact subset of A is contained in the product
of its projections in the A;’s, which are compact subsets of the A;’s.

5.6 Separating points

Let X be a set, and let £ be a collection of functions on X. As usual, we say that
& separates points in X if for every x,y € X with x # y there is an f € £ such
that f(x) # f(y). If X is a group, and & is a collection of homomorphisms from
X into some other groups, then it suffices to check that the identity element in
X can be separated from other elements of X in this way. If A is Z, R, or T,
as a commutative topological group equipped with its usual topology, then one
can check that A separates points in A.

Let n be a positive integer, and consider A = Z/n Z, as a commutative group
with respect to addition, and equipped with the discrete topology. Group ho-
momorphisms from Z/nZ into T correspond exactly to group homomorphisms
from Z into T that send n to 1. If z € T, then ¢,(j) = 27 has this property
exactly when
(5.6.1) 2z =1.

This leads to an isomorphism between the subgroup
(5.6.2) {zeT:z"=1}

of T and the dual of Z/nZ. In particular, the dual of Z/nZ separates points
in Z/nZ.

Let I be a nonempty set, and let A; be a commutative topological group
for each j € I, where the set containing only the identity element is a closed
set. Thus A =] jer Aj is a commutative topological group with respect to the
product topology, and where the set containing only the identity element is a
closed set, as before. If A; separates points in A; for every j € I, then it is easy
to see that g\ separates points in A. This uses the elements of A associated to
elements of A;, [ € I, as in (5.4.2).

Suppose for the moment that A is a commutative group with only finitely
many elements, equipped with the discrete topology. It is well known that A
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is isomorphic to the direct sum of finitely many cyclic groups of finite order.
The dual of a cyclic group of finite order is a cyclic group of the same order,
as before. The dual of A corresponds to the direct sum of the duals of the
cyclic groups whose direct sum is A, as in the previous section. In particular,
A separates points in A, as in the preceding paragraph.

Let A be a commutative topological group, where the set containing only the
identity element is a closed set. If A is a subgroup of A, then A is a topological
group with respect to the induced topology. If ¢ € A, then the restriction of ¢
to Ap is an element of the dual Ao of Ag. In particular, if A separates points in
A, then Ao separates points in Ag.

The space C(A) = C(A, C) of all continuous complex-valued functions on
A is a commutative algebra over C with respect to pointwise addition and
multiplication of functions. Suppose that B is a subgroup of the dual A of A.
Let £(B) be the linear span of B in C'(A), as a vector space over C. It is easy
to see that £(B) is a subalgebra of C(A). If ¢ € B, then the complex conjugate
¢ of ¢ is the same as 1/¢, which is an element of B too. This implies that £(B)
is invariant under complex conjugation as well. Of course, £(B) contains the
constant functions on A, because B contains the constant function equal to 1
on A, which is the identity element in A.

Suppose that A is compact, so that the elements of C(A) are bounded on
A. The topology on C(A) that corresponds to uniform convergence on A is
the same as the topology determined by the supremum metric on C(A), which
is the metric associated to the supremum norm. If B separates points in A,
then £(B) separates points in A. This implies that £(B) is dense in C(A) with
respect to the supremum metric, by the Stone-Weierstrass theorem.

It is well known that A separates points in A when A is compact. It follows
that £(A) is dense in C'(A) with respect to the supremum metric, as in the
preceding paragraph.

Let us verify that A separates points in A when A is profinite. If z € A is
not the identity element, then there is an open subset U of A that contains x
and not the identity element, because A satisfies the first separation condition.
We can take U to be an open subgroup of A, because A is profinite. Note that
A/U is a finite commutative group in this case. Let ¢ be the natural quotient
mapping from A onto A/U, so that ¢(x) is not the identity element in A/U, by
construction. Thus there is a homomorphism ¢ from A/U into T such that

(5.6.3) oq(x)) # 1,

as before. One can check that ¢ o ¢ is continuous as a mapping from A into T,
because U is an open subgroup of A. This means that ¢ o g € A so that A
separates points in A.

5.7 Compact commutative groups

Let A be a compact commutative topological group, where the group operations
are expressed additively, and {0} is a closed set in A. Also let H be a Haar
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measure on A. If a € A and ¢ € A\, then

(5.7.1) /¢ dH (z /¢m+adH /¢> dH (z

using translation-invariance of Haar measure in the first step. It follows that

(5.7.2) /A¢dH =0

unless ¢(a) =1 for every a € A.

Let L?(A) be the usual space of square-integrable complex-valued functions
on A with respect to H. If f,g € L?>(A), then |f||g| is integrable on A with
respect to H, and we put

(5.7.3) (.9) = (f.9)r2ca) = /A fgdH.

This defines an inner product on L?(A), for which the corresponding norm
is the usual L? norm. It is well known that the space C(A) = C(A,C) of
continuous complex-valued functions on A is dense in L?(A), which is related
to the regularity properties of Haar measure.

Ifqu/JEA then ¢t = ¢/1/J€A and

(5.7.4) (6, 1) =0
when ¢ # 1, by (5.7.2). If H is normalized so that

(5.7.5) H(A) =1,

then it follows that the elements of A are orthonormal with respect to (5.7.3).
It is well known that A separates points in A, so that the linear span of A is
dense in C'(A) with respect to the supremum metric, as in the previous section.
This implies that the linear span of A is dense in L2(A), because C/(A) is dense
in L?(A), as in the preceding paragraph. This means that A is an orthonormal
basis for L2(A).

Let B be a subgroup of 2, and suppose that B separates points in A. This
implies that the linear span of B is dense in C'(A) with respect to the supremum
metric, as before, and in particular that the linear span of B is dense in L?(A).
If p € A is not in B, then ¢ is orthogonal to every element of B, as in (5.7.4).
This would imply that

(5.7.6) (¢,0) =0,

by approximating ¢ by elements of the linear span of B. This is a contradiction,
which means that .
(5.7.7) B=A.

Let Ag be a closed subgroup of A, so that Ag is a compact commutative
topological group too. If ¢ € A, then the restriction of ¢ to Ay is an element
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of ;15. Let By be the set of restrictions to Ag of the elements of E, which is a
subgroup of Ay. Using the fact that A separates points in A, we get that By
separates points in Ag. This implies that

(5.7.8) By = Ao,
as in (5.7.7).

5.8 An extension argument

Let C' be a commutative group, where the group operations are expressed addi-
tively. Suppose that C is divisible, in the sense that for every ¢ € C' and positive
integer n there is a ¢’ € C such that

(5.8.1) n-cd =c.

Note that Q/Z and T are divisible.

Let A be a commutative group, where the group operations are expressed
additively, and let B be a subgroup of A. Also let ¢ be a homomorphism from
B into C, let z € A be given, and let B; be the subgroup of A generated by
B and z. Under these conditions, it is well known that ¢ can be extended to a
homomorphism ¢, from Bj into C.

To see this, suppose first that n -z € B for some n € Z, and let ny be the
smallest positive integer with this property. Let us begin by choosing ¢, (z) € C
so that
(5.8.2) ny - ¢1(x) = ¢p(ny - x).

Note that every element of By can be expressed in a unique way as b+ r - z,
where b € B and r € {0,...,n1 — 1}. In this case, we put

(5.8.3) pr1(b+71r-z)=¢b)+1- d1(x).

One can check that this holds for every r € Z, because of (5.8.2), and hence
that ¢; defines a homomorphism from Bj into C.

Suppose now that n -z is not an element of B for any n € Z, so that every
element of B; can be expressed in a unique way as b 4 r - x for some r € Z.
In this case, we can take ¢1(x) to be any element of C, and define ¢; on Bj
as in (5.8.3) for every b € B and r € Z. One can verify that this defines a
homomorphism from B; into C, as desired.

If A is generated by B and only finitely or countably many elements of A,
then one can repeat the process to extend ¢ to a homomorphism from A into
C'. Otherwise, one can get such an extension using Zorn’s lemma or Hausdorff’s
maximality principle.

Let ag be an element of A, and let By be the subgroup of A generated by
ag. We can get homomorphisms ¢ from By into C' in the same way as before.
More precisely, if n-ag = 0 for some n € Z, then let ng be the smallest positive
integer with this property. If we take ¢o(ag) to be an element of C' that satisfies

(584) no - (bo(ao) = O7
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then we can put

(5.8.5) do(r - ag) =1 - ¢(ao)

when r =0,...,n9 — 1. Otherwise, if n-ag # 0 for every n € Z, then we can
take ¢g(ap) to be any element of C, and define ¢g on By as in (5.8.5) for every
r e Z.

If C # {0}, then we can take ¢g(ag) # 0 in the second case. In the first case,
if ag # 0, then we can choose ¢g(ag) # 0 when C' = Q/Z or T. In both cases,
we can extend ¢g to a homomorphism from A into C, as before.

5.9 Extensions and open subgroups

Let A be a commutative topological group, and suppose for the moment that
B is an open subgroup of A. Let ¢ be a continuous homomorphism from B
into T, with respect to the induced topology on B. Under these conditions, any
extension of ¢ to a homomorphism from a subgroup of A that contains B into
T is continuous, with respect to the induced topology on the domain.

Let Ay be an open subgroup of A, and suppose that a € A is not an element
of Ag. If go is the natural quotient homomorphism from A onto A/Ag, then
qo(a) # 0. It follows that there is a homomorphism g from A/Ag into T such
that

(5.9.1) Yo(qo(a)) # 1,

as in the previous section. Put

(5.9.2) ¥ =1 © qo,

which defines a homomorphism from A into T. Clearly 1 is continuous, because
Ay is an open subgroup of A.

Suppose now that the set containing only the identity element in A is a closed
set, and that the open subgroups of A form a local base for the topology of A
at the identity element. In this case, the argument in the preceding paragraph
implies that A separates points in A. This was mentioned earlier when A is
profinite.

Let By be a subgroup of A, considered as a topological group with respect
to the induced topology, and let ¢1 € By be given. We would like to show that
¢1 can be extended to an element of A. Observe first that there is an open
subgroup A; of A such that

(5.9.3) ¢1(A1 N By) = {1},

as in Section 5.1. This uses the fact that the intersections of B; with open
subgroups of A form a local base for the induced topology on B, at the identity
element.

Put
(5.9.4) By = A + By
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which is an open subgroup of A. We would like to extend ¢, to a homomorphism
¢2 from By into T, by putting

(5.9.5) $2(a1 +b1) = ¢1(b1)

for every a; € Ay and b; € By. It is easy to see that this is well defined, using
(5.9.3). By construction, ¢o(A;) = {1}, which implies that ¢, is continuous on
Bs, with respect to the induced topology. We can extend ¢, to a homomorphism
from A into T as in the previous section, and it follows that this extension is
continuous as well.

5.10 Dwual homomorphisms

Let A and B be commutative topological groups, where the subsets of A, B
containing only the identity element are closed sets, and let i be a continuous
homomorphism from A into B. If ¢ is a continuous homomorphism from B into
T, then

(5.10.1) h(¢)=doh

is a continuous homomorphism from A into T. This defines hasa mapping from
B into A, and it is easy to see that h is a group homomorphism. This is the
dual homomorphism associated to h. One can check that h is continuous with
respect to the usual topologies on A, B corresponding to uniform convergence
on compact subsets of A, B, respectively, because h maps compact subsets of
A to compact subsets of B.

Let C be another commutative topological group, where the set containing
only the identity element is a closed set, and let A’ be a continuous homomor-
phism from B into C. Thus the composition i’ o h of h and h’ is a continuous
homomorphism from A into C. If ¢ € C, then

(5.10.2) (W o h)(¥) = o h' o h = h((I)(v)).
This means that . L
(5.10.3) (W oh)=hoh,

as mappings from C into A. If kv is a group isomorphism from A onto B that is
also a homeomorphism, then hisa group isomorphism from B onto A that is a
homeomorphism too, with

(5.10.4) ()=t = (1)

as mappings from A onto B.
Suppose for the moment that A and B are equipped with the discrete topol-
ogy, and that h is injective. If ¢ € A, then

(5.10.5) po(h(z)) = (x)

defines a homomorphism from h(A) into T. This can be extended to a group
homomorphism ¢ from B into T, as in Section 5.8. By construction,

(5.10.6) h(¢) =poh=1.
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Thus h maps B onto A under these conditions.

Suppose for the moment now that A and B are compact, and that h is
injective. In this case, h defines a homeomorphism from A onto h(A) with
respect to the topology induced on h(A) by the topology on B, because A is
compact, B is Hausdorff, and thus h(A) is Hausdorff with respect to the induced
topology. If ¢ € A\, then (5.10.5) defines ¢ as a continuous homomorphism from
h(A) into T, with respect to the induced topology on h(A). It follows that ¢g
can be extended to a continuous group homomorphism ¢ from B into T, as
in Section 5.7. If B is profinite, then this can be obtained as in the previous
section. Of course, (5.10.6) holds by construction, as before. This shows that h
maps B onto A under these conditions as well. R

If h is any continuous homomorphism from A into B, then the kernel of h
consists of the ¢ € B such that h(A) is contained in the kernel of ¢. Of course,
if ¢ € B then the kernel of ¢ is a closed set in B, because ¢ is continuous.
This means that the kernel of h consists of the ¢ € B whose kernel contains the
closure h(A) of h(A) in B. If h(A) is a dense subset of B, then 1 is injective.

If b is any continuous homomorphism from A into B and ¢ € B , then the
kernel of h(¢) contains the kernel of h in A. Suppose that h maps A onto B,
and that the kernel of ¢ € A contains the kernel of h. This permits one to
define ¢ as a homomorphism from B into T as in (5.10.5). Of course, if B is
equipped with the discrete topology, then ¢¢ is automatically continuous.

Suppose that A is compact, and let us verify that ¢q is continuous on B. If
E is a closed subset of T, then it suffices to check that ¢;*(E) is a closed set
in B. Observe that

(5.10.7) ¢y ' (B) = h(y~1(E)),

by (5.10.5). Because 1) is continuous, 1)1 (E) is a closed set in A. This implies
that ¢~!(E) is compact, because A is compact. It follows that h(v~(E)) is
compact, because h is continuous. This means that h(y~1(E)) is a closed set
in B, because B is Hausdorff. The continuity of ¢ could also be obtained from
the remarks in Section 4.13.

5.11 Second duals

Let A be a commutative topological group, where the set containing only the
identity element is a closed set. Remember that the dual group A is a Hausdorff
commutative topological group, with respect to the topology that corresponds
to uniAform convergence on compact subsets of A, as in Section 5.3. Thus the

dual A of A can be defined in the same way as before.
If a € A, then let E, be the mapping from A into T defined by

(5.11.1) Ea(¢) = ¢(a)

for every ¢ € A This defines a group homomorphism from A into T. Clearly
E, is continuous on A with respect to the topology that corresponds to uniform
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convergence on compact subsets of A, because {a} is a compact subset of A.
This means that

)

(5.11.2) E, €

for every a € A.

Ifope 121\, then (5.11.1) is a homomorphism from A into T, as a function of
a. This means that

(5.11.3) a B,

defines a group homomorphism from A into A. This mapping is continuous
under suitable conditions, with respect to the same type of topology on @ as
before. In particular, if A is equipped with the discrete topology, then A is
compact, and we get the discrete topology on A.

If A is compact, then we get the discrete topology on A, as in Section 5.3.
This means that the topology on A that corresponds to uniform convergence on
nonempty compact subsets of A is the same as the topology that corresponds to

pointwise convergence on A. Of course, if ¢ € A, then (5.11.1) is continuous as
a function of a € A with values in T. This implies that (5.11.3) is continuous on

A with respect to the topology on A that corresponds to pointwise convergence
on A.

Note that (5.11.3) is injective as a mapping from A into A exactly when A
separates points in A. It is easy to see that

(5.11.4) {E,:ac A}

automatically separates points in A IfAis equipped with the discrete topology,

then A is compact, and it follows that (5.11.4) is E, as in Section 5.7. In this case,
A separates points in A, as in Section 5.8. Thus (5.11.3) is a group isomorphism

from A onto A when A is equipped with the discrete topology.

If A is compact, then (5.11.4) is a compact subset of A, because (5.11.3) is
continuous, as before. Remember that A separates points in A in this case, so
that (5.11.3) is injective. It follows that (5.11.3) is a homeomorphism from A
onto (5.11.4) under these conditions, with respect to the topology induced on

(5.11.4) by the usual topology on A. This uses the fact that A is Hausdorff with
respect to this topology, so that (5.11.4) is Hausdorff with respect to the induced
topology. More precisely, this also uses the well-known fact that a one-to-one
continuous mapping from a compact topological space onto a Hausdorff space
is a homeomorphism.

It is well known that (5.11.4) is equal to A when A is compact. We can show
this more directly when A is profinite, as in the next section.



106 CHAPTER 5. COMMUTATIVE TOPOLOGICAL GROUPS

5.12 Another dual

Let A be a commutative topological group again, where the set containing only
the identity element is a closed set. If ¢ € Aand ¥ € E, then put

(5.12.1) Ey(T) = W(g).

(5.12.2) E,€A
for every ¢ € A. We also have that

(5.12.3) b E

is a group homomorphism from A into A\, as before.
If A is compact, then A is equipped with the discrete topology, as in Section

5.3. This implies that (5.12.3) is a group isomorphism from A onto ;{7 as in the

previous section. In particular, every element of A is of the form (5.12.1) for
some ¢ € A in this case.

Suppose that A is profinite, so that A is torsion, as in Section 5.2. This
implies that Ais profinite, as in Section 5.3.

Let E be the subgroup (5.11.4) of A, which we would like to show is A. Note

-~

that E is a closed set in g, because E is compact, as in the previous section,
and A is Hausdorff. Thus it suffices to show that F is dense in A.

Let U be an open subset of A that contains the identity element. We would
like to verify that

(5.12.4) E+U = A.

This will imply that E is dense in ;1\, by the characterization of the closure of
FE in Section 2.4.

We may as well take U to be an open subgroup of A\, because A is profinite,
as before. This means that E + U is an open subgroup of A too.

We would like to show that the quotient of A by E+U has only one element.
Otherwise, there is a nontrivial homomorphism from the quotient into T, as in
Section 5.8.

T}}\e composition of this homomorphism with the natural quotient I/I\lapping
from A onto its quotient by E + U is a nontrivial homomorphism from Ainto T
whose kernel contains E + U. In particglar, this homomorphism is continuous,

because F + U is an open subgroup of A.
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Thus this homomorphism from A into T is an element of A. This means
that this homomorphism can be expressed as (5.12.1) for some ¢ € A, as before.

If a € A, then E, defined as in (5.11.1) is an element of A, and

(5.12.5) Ep(Ea) = Eu(9) = #(a).

This is equal to 1 for every a € A, because E is contained in the kernel of
Eg. This means that ¢ is the 1dent1ty element in A. It follows that &y is the

trivial homomorphism from A into T. This is a contradiction, because this

homomorphism is supposed to be nontrivial on A.

5.13 Torsion-free groups

Let A be a commutative group, where the group operations are expressed ad-
ditively. If n is a positive integer, then

(5.13.1) vp(z)=n-x

is a homomorphism from A into itself. If for every x € A with z # 0 and every
n € Z we have that n - x # 0, then A is said to be torsion free. Equivalently,
this means that v, is injective on A for every n € Z,. Note that A is divisible
exactly when v, maps A onto itself for every n € Z,..

Suppose now that A is a commutative topological group, and that {0} is a
closed set in A. If n € Z, then v, is continuous as a mapping from A into itself,
by continuity of addition on A. Thus the dual homomogphlsm Uy, is defined from
A into itself as in Section 5.10. More precisely, if ¢ € A and x € A, then

(5.13.2) (Tn(9)(x) = ¢(vn(z)) = ¢(n - ) = ¢(x)".
Equivalently,
(5.13.3) Un(¢) = ¢"

for every ¢ € A, ~

If v,(A) is dense in A, then 7, is injective on A, as in Section 5.10. This
means that if ¢ € A is not the identity element, then ¢" is not the identity
element in A. In particular, if A is divisible, then A is torsion free.

Suppose that v, is injective on A for some n € Z,. If A is equipped with
the discrete topology, or A is compact, then 7, maps A onto itself, as in Section
5.10. In particular, if A is torsion free, and A is either equipped with the discrete
topology or A is compact, then A is divisible.

5.14 Second duals of discrete groups

Let A be a commutative group, with the group operations expressed additively,
and equipped with the discrete topology. Also let ¥ be an element of the dual
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A of the dual A of A. Thus ¥ is a continuous homomorphism from A into T,
with respect to the topology on A that corresponds to pointwise convergence of
homomorphisms from A into T.

In particular, the set of ¢ € A such that

(5.14.1) Re¥(4) > 0

is an open subset of A that contains the identity element. This implies that
there are finitely many elements x1,...,x, of A such that (5.14.1) holds when
¢(z;) is sufficiently close to 1 for each j =1,...,n.

Put R
(5.14.2) B={pec A:¢(z;) =1foreach j=1,...,n},

which is a closed subgroup of A If ¢ € B, then (5.14.1) holds, as before. It
follows that

(5.14.3) U(B) = {1},

because W(B) is a subgroup of T, as in Section 5.1.

Let A; be the subgroup of A generated by z1,...,z,. This may be consid-
ered as a commutative topological group with respect to the discrete topology,
which is the same as the topology induced on A; by the discrete topology on A.
Let ¢1 be the natural inclusion mapping from A; into A, which is a continuous
group homomorphism. The dual homomorphism 77 from A into A1 is defined
by
(5.14.4) 0(9) = dou

for every ¢ € 27 as in Section 5.10. Observe that
(5.14.5) B={¢pcA:¢p(x)=1for every z € A},

which is the same as the kernel of .
If ¢, € Al, then there is a ¢1 € A such that (;51 = ¢ on Ay, as in Section
5.8. We would like to put

(5.14.6) Uy (¢1) = U(en).

This does not depend on the choice of (El, because of (5.14.3). It is easy to see

that this defines ¥; as a homomorphism from A1 into T. Equivalently, ;1 maps
A onto Al, and

(5.14.7) Vi(i1(e)) = V(o)
for every ¢ € A.

In fact, ¥; is continuous on Al, so that

(5.14.8) U, € A

This can be seen as in Section 5.10, using the compactness of A.
Of course, A is finitely generated as a commutative group, by construction.
This implies that A; is isomorphic to the direct sum of finitely many cyclic



5.15. TOPOLOGICAL VECTOR SPACES 109

groups. It follows that the dual of A; is isomorphic to the direct sum of the
duals of the corresponding cyclic groups. More precisely, this isomorphism is
also a homeomorphism with respect to the appropriate topologies, as in Section
5.5. Similarly, the dual of A; is isomorphic to the direct sum of the duals of the
duals of the cyclic groups that make up A;.

In this case, one can check directly that there is an a € A; such that

(5.14.9) 1(¢1) = ¢1(a)

for every ¢1 € ;1\1 This reduces to the analogous statement for cyclic groups.
It follows that

(5.14.10) ¥(¢) = o(a)

for every ¢ € A. This was mentioned in Section 5.11, using another argument.

5.15 Topological vector spaces

A vector space V over the real numbers is said to be a topological vector space
is V is equipped with a topology for which the vector space operations are
continuous. More precisely, this means that addition on V is continuous as a
mapping from V x V into V, using the associated product topology on V x V.
Similarly, scalar multiplication on V' should be continuous as a mapping from
R x V into V, using the product topology on R x V' corresponding to the
standard topology on R and the given topology on V. One may also ask that
{0} be a closed set in V, as usual.

Of course, one can consider analogous notions for vector spaces over other
fields. We would like to consider vector spaces over R for the moment, in
connection with duals of commutative topological groups.

If V is a topological vector space over R, then continuity of scalar multipli-
cation implies in particular that for every ¢t € R,

(5.15.1) v to

is continuous as a mapping from V into itself. If ¢ # 0, then it follows that
(5.15.1) is a homeomorphism on V. In particular, continuity of addition on V'
and continuity of (5.15.1) with ¢ = —1 implies that V is a topological group
with respect to addition. If {0} is a closed set in V, then V is Hausdorfl, as
before.

Let V' be the dual space of continuous linear functionals on V', which is
to say continuous linear mappings from V into R. It is easy to see that V' is
a vector space over the real numbers, with respect to pointwise addition and
scalar multiplication of linear functionals. If A € V', then

(5.15.2) da(v) = exp(2miA(v))

is a continuous mapping from V into T that is a group homomorphism with
respect to addition on V. In fact,

(5.15.3) A= o
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is a group homomorphism from V' into the dual group of continuous group
homomorphisms from V into T, with respect to addition on V.

Observe that (5.15.3) is injective on V. One can show that every continuous
group homomorphism from V into T is of the form (5.15.2) for some A € V',
This uses the characterization of continuous group homomorphisms from R into
T mentioned in Section 5.1.

A set E CV with 0 € E is said to be starlike about 0 if for every v € E and
t € R with 0 <t <1, we have that

(5.15.4) tveE.

It is well known that the open subsets of V' that contain 0 and are starlike about
0 form a local base for the topology of V' at 0. One can use this to show that if
(5.15.2) is continuous on V, then A is continuous on V.

If the convex open subsets of V' form a base for the topology of V', then V'
is said to be locally conver. It is well known that this implies that V' separates
points in V, because of the Hahn—-Banach theorem.



Chapter 6

Direct and inverse limits

6.1 Direct systems of commutative groups

Let I be a nonempty set with a partial ordering <. Suppose that (I, =) is a
directed set or directed system, so that for every j,1 € I there is an r € I with
7,0 =r.

Let A; be a commutative group for every j € I, where the group operations
are expressed additively. Suppose that for every j,1 € I with j <[ we have a
homomorphism a;; from A; into A; that satisfies the following two properties.
First, o ; is the identity mapping on A; for every j € I. Second, if j,l,r € I
satisfy 7 <1 < r, then
(611) Qpr OO0y = Qj .

)

Under these conditions, the family of commutative groups A; and homomor-
phisms «;; is said to form a direct or inductive system over (I, <).

Remember that the direct sum @jel Aj of the A;’s is a commutative group,
as in Section 5.5. If [ € I, then let ¢; be the natural injection from A; into
@jel Aj, so that for each x; € A; the jth coordinate of ¢;(z;) is equal to z;
when j = [, and to 0 when j # [, as before. Let B be the subset of @jel Aj
consisting of finite sums of elements of the form

(6.1.2) u(@r) — vy (@),

where I, € I, I < r, and 2; € A;. Thus B is a subgroup of
put

(6.1.3) lim 4; = (D 4;)/B,

jeI

jer Aj, and we

which is a commutative group too. This is the direct or inductive limit of the
direct system of A;’s, j € I.

Let g be the natural quotient mapping from @jd Aj onto (6.1.3). If L € I,
then put

(6.1.4) B =qouy,

111
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which is a homomorphism from A; into (6.1.3). If » € I and I < 7, then

(6.1.5) B = Broauy,

by construction. More precisely, the direct limit consists of the group (6.1.3)
together with the homomorphisms f;, as in Exercise 14 on p32f of [1].

One can check that every element of (6.1.3) may be expressed as (;(z;) for
some | € I and x; € A;, using the fact that (I, <) is a directed system. If
Bi(z;) = 0, then one can verify that

(6.1.6) al,r(xl) =0

for some r € I with < r. This corresponds to Exercise 15 on p33 of [1].

Let C be another commutative group, and suppose that for each [ € I we
have a homomorphism ~; from A; into C. If r € I and | < r, then suppose also
that

(617) Y= Yr © Qe

Under these conditions, one can check that there is a unique homomorphism -
from (6.1.3) into C such that

(6.1.8) yo B ="y

for every [ € I. One can verify that the direct limit is uniquely determined up
to isomorphism by this property as well. This corresponds to Exercise 16 on
p33 of [1].

Let A be a commutative group, and suppose for the moment that A; is a
subgroup of A for every j € I. If [,r € I and | < r, then suppose that

(6.1.9) A C A,

It is easy to see that this implies that

(6.1.10) U4,

jerI

is a subgroup of A, because (I, <) is a directed set. In this case, we can get a
direct system by taking o;; to be the natural inclusion mapping from A; into
A; when 5,1 € T and j < 1. One can check that (6.1.10) is isomorphic to the
direct limit, as in Exercise 17 on p33 of [1].

6.2 Direct systems of sets

Let (I, <) be a nonempty directed set again, and let A; be a set for each j € I.
Suppose that for every j,! € I with j <[ we have a mapping «;,; from A; into
A;. As before, we ask that «; ; be the identity mapping on A; for every j € I,
and that

(6.2.1) Qi,r O Q1 = Qjp
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for every j,I,7 € I such that j < { < r. The family of sets A; and mappings
a;; may be called a direct or inductive system over (I, <).

Let Zj be a nonempty set that contains A; for each j € I. If z,y € HjeI gj,
then put & ~ y when there is an [ € I such that

for every j € I with [ X j. It is easy to see that this defines an equivalence
relation on J[;.; A;, because (I, =) is a directed set. Thus the quotient

(6.2.3) (ng)/ ~

jer

may be defined as usual as the set of equivalence classes in [] jer Ej associated
to this equivalence relation.

Let [ € I and a; € A; be given. Observe that there are x € []
that
(6.2.4) z; = ayj(ar)

jer Aj such

for every j € I with | < j, and that any two such elements of Hjel Zj are
equivalent with respect to ~. This defines a mapping 3; from A, into (6.2.3). If
r €l and [ < r, then

(6.2.5) B = Broaur,
by construction.

Put
(6.2.6) @&zgmm,

which is a subset of (6.2.3). This may be considered as the direct or inductive
limit of the direct system of A;’s, j € I. More precisely, the direct limit consists
of this set together with the mappings g; from A; into this set for each [ € I.
Note that

(627) ﬁl(Al) c BT(AT‘)

when I,r € I and | < r, by (6.2.5).
Let l1,lo € I, a1, € Ay, and az, € A;, be given. If

(6.2.8) Biu(a1,1,) = B, (az,),

then there is an r € I such that

(6.2.9) lilo =r
and
(6210) all,r(al,ll) = 041277«((12,12),

because (I, <) is a directed set. Conversely, if there is an r € I such that (6.2.9)
and (6.2.10) hold, then

(6'2'11) alht(a’Lh) = alz,t(GQ,lz)
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for every t € I with r <t, by (6.2.1). This implies that (6.2.8) holds.
Let C be another set, and suppose that for every [ € I we have a mapping
v from A; into C'. Suppose also that for every I,r € I with [ < r we have that

(6212) Y= Vr o al,r~

It is easy to see that there is a unique mapping v from (6.2.6) into C such that

(6.2.13) vyo B =

for every | € I, because (I,=<) is a directed set. The direct limit is uniquely
determined up to a suitable equivalence by this property.

Suppose for the moment that A is a set, that A; is a subset of A for every
j € I, and that
(6.2.14) A; C A

for every j,l € I with j X 1. If j,l € I and j = [, then let a;; be the obvious
inclusion mapping from A; into A;. This clearly satisfies the requirements of
a direct system of sets over (I, =<). In this case, one can check that the direct
limit is equivalent to
(6.2.15) U 4,

Jjel
where (; corresponds to the natural inclusion mapping from A; into (6.2.15) for
each [ € I.

6.3 Direct systems of groups

Let (I, <) be a nonempty directed set, and let A; be a group for every j € I.
Also let oj; be a homomorphism from A; into A; for every j,l € I with j < 1.
As usual, we ask that «; ; be the identity mapping on A; for every j € I, and
that (6.2.1) hold for every j,l,r € I with j <1 < r. The family of groups A;
and homomorphisms «;; form a direct or inductive system over (I, <).

In particular, A; is a nonempty set for every j € I, and we may continue as
in the previous section, with Aj = A; for each j € I. The direct or inductive
limit of the A;’s may be defined as a set as in (6.2.6), with the corresponding
mappings §; from A; into (6.2.6) for every [ € I. One can check that there is a
unique group structure on (6.2.6) such that 5; is a homomorphism from A; into
(6.2.6) for every | € I. This uses the fact that any two elements of (6.2.6) are
contained in §,(A,) for some r € I, because of (6.2.7) and the fact that (I, <)
is a directed set.

Let C be another group, and suppose that for every [ € I we have a homo-
morphism ; from A; into C. Suppose also that for every [, € I with [ < r we
have that (6.2.12) holds. This implies that there is a unique mapping v from
(6.2.6) into C such that (6.2.13) holds for every | € I, as before. It is easy to
see that v is a homomorphism from C' into (6.2.6) in this case. As usual, the
direct limit is uniquely determined up to isomorphism by this property.
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This description of the direct limit of a direct system of groups is equivalent
to the one on p132 of [14]. If the A;’s are commutative groups, then this is
equivalent to the direct limit defined in Section 6.1.

Let A be a group, and suppose that A; is a subgroup of A for every j € I.
Suppose also that if j,l € I and j =< [, then A; C A;. If j,l € I and j =X I,
then let ;; be the natural inclusion mapping from A; into A;, which is a group
homomorphism. Note that the A;’s and «;,;’s satisfy the requirements of a
direct system of groups over (I, X). One can check that (J;.; 4; is a subgroup
of A, because (I, <) is a directed set, as before. Remember that the direct limit
of the A;’s is equivalent to Ujel A; as a set, as in the previous section. One
can verify that the direct limit of the A;’s is isomorphic to |J..; A; as a group
in this case too.

jel

6.4 Direct systems of topological spaces

Let (I, =) be a nonempty set, and let A; be a topological space for every j € I.
Suppose that for every j,I € I with j <[, we have a continuous mapping o;;
from A; into A;. We ask that o ; be the identity mapping on A; for every
j € I, and that (6.2.1) hold for every j,1,r € I with j <1 < r, as before. Thus
we can define the direct limit of the A;’s as a set as in Section 6.2. Remember
that for each [ € I, we have a mapping f; from A; into the direct limit, as
before.

Let 79 be a topology on the direct limit of the A;’s, j € I. A basic compat-
ibility condition with the topologies on the A;’s is that

(6.4.1) B is continuous for every | € I

with respect to 7. There is a strongest topology on the direct limit with this
property, by standard arguments. More precisely, a subset W of the direct limit
is an open set with respect to this topology if and only if ﬁfl(W) is an open
set in A; for every | € I. Equivalently, a subset E of the direct limit is a closed
set with respect to this topology if and only if Bl_l(E) is a closed set in A; for
every [ € I.

Let C be another topological space, and suppose that for every [ € I we
have a continuous mapping ~; from A; into C. Suppose also that for every
l,r € I with [ X r we have that v; = 7, 0 a;,, as in Section 6.2. This implies
that there is a unique mapping v from the direct limit of the A;’s into C such
that v o §; = ~; for every [ € I, as before. If the direct limit is equipped with
the strongest topology that satisfies (6.4.1), then ~y is continuous. It is easy to
see that this is the only topology on the direct limit such that (6.4.1) and this
property hold.

Ifl,r € I and I < r, then 8, = 5, o a;,, as in Section 6.2. If E is a subset
of the direct limit, then it follows that

(6.4.2) B E) =, (B71(E)).
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If B71(E) is open or closed in A,., then we get that ﬁfl (E) has the same property
in A;, because oy, is continuous.

Suppose now that A is a set, A; C A for every j € I, and that A; C A; for
every j,l € I with j < 1I. If j,l € I and j < [, then we ask that «a;; be the
obvious inclusion mapping from A; into A;. Suppose that

(6.4.3) A={]4;,
JeI
which is equivalent to the direct limit of the A;’s as a set in this case, as in
Section 6.2. Remember that (3; corresponds to the obvious inclusion of A; into
A for every [ € I, as before.
Let 71 be a topology on A. The compatibility condition (6.4.1) corresponds
in this case to saying that

(6.4.4) for each [ € I, the topology on A; is at least as strong as
the topology induced on A; by 77.

The strongest topology on A with this property can be defined by saying that
W C A is an open set if and only if W N A; is an open set in A; for every [ € I.
Equivalently, this means that £ C A is a closed set if and only if £ N A; is a
closed set in A; for every [ € I.

Ifl,r €I and ! <7, then

(645) EnA = (E N AT) N A;

for every E C A. If EN A, is open or closed in A,, then E N A; has the same
property in A;, by the continuity of «; ,, as before.

Let lp € I and E C A;, be given. In order to check that E is an open
set in A with respect to the strongest topology that satisfies (6.4.4), it suffices
to verify that for every » € I with Iy = r we have that E is an open set in
A,.. Similarly, in order to check that F is a closed set in A with respect to the
strongest topology that satisfies (6.4.4), it suffices to verify that for every r € T
with lg < r we have that F is a closed set in A,.

Suppose for the moment that

(6.4.6) if j,l € I and j = [, then the topology on A; is the same as

the topology induced by the topology on A,..
Of course, this implies that the inclusion mapping from A; into A; is continuous.
Let lp,r € I and E C A, be given, with [y < r. If A;, is an open set in A, and
E is an open set in A;,, then E is an open set in A,. Similarly, if 4;, is a closed

set in A, and E is a closed set in 4;,, then E is a closed set in A,.
Let 7 be a topology on A, and suppose that

(6.4.7) for each j € I, A; is equipped with the topology induced by 7.

Note that (6.4.6) holds in this case, and that (6.4.4) holds with 74 = 7. This
means that 7 is contained in the strongest topology on A that satisfies (6.4.4).



6.5. INVERSE SYSTEMS OF SETS 117

If A; is an open set in A with respect to 7 for every [ € I, then 7 is the same as
the strongest topology on A that satisfies (6.4.4).

If one is working with locally convex topological vector spaces over the real
numbers, then one normally considers topologies on direct limits that are locally
convex as well. This is compatible with looking at continuity of linear mappings
into other locally convex topological vector spaces over R.

6.5 Inverse systems of sets

Let (I,=<) be a nonempty directed set, and let Y; be a nonempty set for each
j € I. Suppose that for every 5,1 € I with j <[, we have a mapping ¢;,; from
Y, into Y; with the following two properties. First, ¢, ; is the identity mapping
on Y; for every j € I. Second, if j,l,7 € [ and j <1 =X r, then

(6.5.1) Gjr = 951 © Plr-

Under these conditions, the family of sets Yj, j € I, with the associated map-
pings ¢;; is said to be an inverse or projective system.
Sometimes we may wish to ask also that

(6.5.2) ¢ (Y1) =Y

for every j,1 € I with j = [. In this case, we may say that the inverse system is
surjective, as on pl03 of [1].

If y is an element of the Cartesian product []
y; be the lth coordinate of y in Y], as usual. Put

jerYj and [ € I, then we let

(6.5.3) Y= {y € HY] 2 ur(yr) =y for every I,r € I with [ < r}.

Jjel
This is the inverse or projective limit of the Yj’s, which may be denoted

(6.5.4) lim Y.

If [ € I, then let m; be the standard coordinate projection from Hjel Y; onto
Y, so that m(y) = y; for every y € Hjel Y;. Also let p; be the restriction of m
to Y, which is a mapping from Y into Y;. If [, € I and [ < r, then

(6.5.5) b1r 0 pr = i,

by construction. More precisely, the inverse limit consists of the set Y together
with these mappings p;.

Let X be another set, and suppose that for each j € I we have a mapping
0; from X into Yj. This leads to a mapping 6 fom X into HjeI Y;, with

(6.5.6) ™ © 0= 91
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for every l € I. If

(6.5.7) G100, =0, foreveryl,r el withl <,
then
(6.5.8) 0(X)CY.

In this case, (6.5.6) is the same as saying that
(6.5.9) prof =10

for every [ € I, and 0 is uniquely determined as a mapping from X into Y by
(6.5.9). The inverse limit is uniquely determined up to suitable equivalence by
this property.

If [, € I and [ < r, then put

(6.5.10) E , = {y € HYJ S (yr) = yl}.
Jel

Observe that

(6.5.11) Y =({Eu,:Lrel l=r}

by construction.
Let l1,...,ln, 71,...,7 be finitely many elements of I, with [, < r,, for
m=1,...,n. We would like to check that

(6.5.12) N B #0.

m=1

Because I is a directed system, there is a w € I such that r, < u for every
m =1,...,n. Remember that Y; # () for every j € I, by hypothesis, and let y,
be an element of Y,,. Let y be an element of []..;Y; such that

jer i
(6.5.13) Yj = $ju(¥u)
for every j € I with j <wu. If [,r € I and [ <7 =< u, then
(6.5.14) D1 (Yr) = G (Dru(Wu)) = Gruyu) = yi-

In particular, this implies that y is an element of the intersection on the left
side of (6.5.12).

Suppose for the moment that the inverse system of Y;’s, j € I, is surjective,
and let ¢t € I and y; € Y; be given. In the preceding paragraph, we can take
u € I so that t < u as well, and we can take y, € Y, so that

(6.5.15) Otu(Yu) = Yt

Using the same argument as before, we get that

(6.5.16) ( N Elr) N ({yed) # 0.
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6.6 Inverse systems of topological spaces

Let us continue with the same notation and hypotheses as in the previous sec-
tion. In this section, we suppose also that

(6.6.1) Y; is a topological space for every j € I,
and that
(6.6.2) ¢;,1 is continuous as a mapping from Y] into Y;

for every j,l € I with j X L.

Let us take [] jel Y; to be equipped with the associated product topology, and
Y to be equipped with the induced topology. In this case,

(6.6.3) p; is continuous as a mapping from Y into Y] for every [ € I.

This should be considered as part of the inverse limit of the Y;’s as a topological
space.

If U; is an open subset of Y; for some [ € I, then wl_l(Ul) is an open subset
of [] jel Y; with respect to the product topology, and

(6.6.4) p(U) =m () NY

is a relatively open subset of Y. Of course, open subsets of []| jer Y of the form

Wfl(Ul) with [ € I and U; C Y; an open set form a sub-base for the product
topology. One can check that the subsets of Y of the form (6.6.4) with [ € T
and U; C Y] an open set form a base for the induced topology on Y, using the
fact that (I, <) is a directed set.

If Y; is Hausdorff for every j € I, then Hje ; Y; is Hausdorff with respect to
the product topology, and Y is Hausdorff with respect to the induced topology.
If I,r € I and I < r, then one can verify that the set E, defined in (6.5.10) is a
closed set in J[;.; Y; in this case. This implies that Y is a closed set in [[,¢, Y
too, by (6.5.11).

Suppose for the moment that Y} is compact and Hausdorff for every j € I.
This implies that ] jer Y; is compact with respect to the product topology, by
Tychonoff’s theorem, and that Y is compact in [] jer Y;, because it is a closed
set with respect to the product topology. We also get that Y # () under these
conditions, because Y is the intersection of a nonempty family of nonempty
closed subsets of || el Y; with the finite intersection property, as in the previous
section. If the inverse system of Y}’s, j € I, is surjective, then we can use (6.5.16)
to get that p; maps Y onto Y; for every ¢t € I.

Suppose that X is a topological space, and that 6; is a continuous mapping
from X into Y; for every j € I. This means that the corresponding mapping
0 from X into [] el Y; is continuous, with respect to the product topology on
the range. If (6.5.7) holds, then 8 may be considered as a mapping from X into
Y, which is continuous with respect to the induced topology on Y. The inverse
limit is uniquely determined up to homeomorphism by this property.
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If X is compact, then 6(X) is a compact subset of Y. It follows that 6(X) is
a closed set in Y when Y} is Hausdorff for every j € I, so that Y is Hausdorff.

Suppose that 6;(X) is dense in Y for every j € I. If (6.5.7) holds, then one
can check that 6(X) is dense in Y.

6.7 Inverse systems of groups

Let (I, =) be a nonempty directed set, and let Y; be a group for every j € I. If
J,l €1 and j <1, then let ¢;; be a homomorphism from Y; into Y;. As before,
we ask that ¢; ; be the identity mapping on Y} for every j € I, and that

(6.7.1) Gjr = P51 0 DLy

for every j,l,r € I with j <[ =<r.

Of course, [] jer Y; may be considered as a group as well, where the group
operations are defined coordinatewise. It is easy to see that the set Y defined in
(6.5.3) is a subgroup of [[;; ¥; under these conditions. Note that the mapping
pr from Y into Y; defined in Section 6.5 is a group homomorphism for every
[ € I in this case.

Suppose that X is a group, and that 6; is a group homomorphism from X
into Y; for every j € I. This implies that the corresponding mapping ¢ from
X into [];c;Y; is a group homomorphism too. If (6.5.7) holds, then 6 may
be considered as a group homomorphism from X into Y. Remember that 6
satisfies (6.5.9) in this case, and is uniquely determined by it. The inverse limit
is uniquely determined up to isomorphism by this property, as usual.

If Y; is a profinite group for every j € I, then [] jer Y; is a profinite group
with respect to the corresponding product topology, as in Section 2.14. Note
that Y is a closed set in [];.;Y; in this case, as in the previous section. It
follows that Y is a profinite group with respect to the induced topology, as
indicated on p3 of [25]. If the inverse system of Y;’s, j € I, is surjective, then
we also have that p; maps Y onto Y; for every t € I, as before.

Let G be a group, and let B be a nonempty collection of normal subgroups
of G of finite index. Suppose that for every A;, As € B there is an A3 € B such
that

(6.7.2) A3 C AN As.
Let < be the partial order defined on B by saying that for each A, B € B,
(6.7.3) A=B ifandonlyif B C A.

Observe that (B, <) is a directed system, because of (6.7.2).

If A € B, then let g4 be the natural quotient mapping from G onto G/A,
which is a finite group. If A, B € B and A < B, so that B C A, then there is a
unique homomorphism ® 4 p from G/B onto G/A such that

(6.7.4) QaBogB =qa.
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Note that ® 4 4 is the identity mapping on G/A for every A € B. If A, B,C € B
satisfy A < B < C, which is to say that C C B C A, then

(6.7.5) QapoPpc=Pac.

Thus the inverse limit
(6.7.6) h£1 G/A

of the quotients G/A, A € B, can be defined as a group as before.
More precisely, the inverse limit (6.7.6) is a subgroup of

(6.7.7) [1@ra),

AeB

where the group operations are defined coordinatewise, as usual. Using the
quotient mappings g4, we get a homomorphism O from G into (6.7.7). This
homomorphism maps G into the inverse limit (6.7.6), because of (6.7.4). Note
that the kernel of © is

(6.7.8) M A

AeB

Let us take G/A to be equipped with the discrete topology for every A € B,
so that (6.7.7) is profinite with respect to the product topology. This implies
that the inverse limit (6.7.6) is a closed subgroup of (6.7.7), and thus a profinite
group with respect to the induced topology, as before. We also have that ©
maps G onto a dense subset of the inverse limit (6.7.6), because ¢4 is surjective
for every A € B, by construction.

Suppose now that G is a totally bounded topological group, for which the
open normal subgroups form a local base for the topology at the identity ele-
ment. Let B be any local base for the topology at the identity element consisting
of open normal subgroups. If A;, A5 € B, then A; N A5 is an open set that con-
tains the identity element, which implies that there is an A3 € B that satisfies
(6.7.2). Thus the inverse limit (6.7.6) can be defined as before.

If A € B, then the natural quotient mapping g4 from G onto G/A is contin-
uous with respect to the discrete topology on G/A, because A is an open set.
This implies that the corresponding mapping © from G into (6.7.7) is continuous
with respect to the product topology on the range. Note that (6.7.8) contains
only the identity element when the set containing only the identity element is
a closed set. In this case, one can check that © is a homeomorphism from G
onto its image in (6.7.7), with respect to the topology induced by the product
topology, because B is a local base for the topology on G at the identity element.

If G is compact, then © maps G onto a compact subset of (6.7.7). This
implies that © maps G onto the inverse limit (6.7.6), because © maps G onto a
dense subset of (6.7.6). One can define profinite groups to be inverse limits of
finite groups with the discrete topology, as on p3 of [25].
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6.8 Inverse systems along sequences

Let Y; be a nonempty set for every positive integer j, and suppose that v, is a
mapping from Y4, into Y; for each j. If j,1 € Z, and j <, then put

(6.8.1) Gj1=1pjo---01_1,

which maps Y; into Y;. This may be interpreted as the identity mapping on Y;
when j =1 If j,l,r € Z; and j <1 <, then ¢;, = ¢ 0¢y,, by construction.
If 1; maps Y11 onto Y; for every j, then ¢;; maps ¥; onto Y; when j <.

If we take I = Z with the standard ordering, then (6.5.3) reduces to

(6.8.2) Y = {y € H Y; :j(yj+1) =y, for every j € Z+}.

Jj=1

This may be used as the definition of the inverse or projective limit in this case.
If ¢; maps Y1 onto Y; for every j, then it is easy to see that for each | € Z
there is a y € Y such that y; is any element of Y;, by choosing suitable y; € Y;
recursively when j > [.

Let X be another set, and let 6; be a mapping from X into Y; for every
j € Z,. This leads to a mapping 6 from X into Hjoil Y;, as before. If

(6.8.3) Yjobiy1 =0; forevery j>1,

then 0(X) C Y.
Ifl € Z, then put

(6.8.4) E = {y € H Y thi(yie1) = yl}a

=1
so that
(6.8.5) Y =

D)

E,.

N
Il
_

If Y; is a Hausdorff topological space for every j > 1, and v; is continuous as a
mapping from Yj,; onto Y; for every j, then Ej is a closed set in H;’il Y; with
respect to the product topology for every [ > 1. This implies that Y is a closed
set in [[;Z, Yj too, as before.

Suppose that Y; is a group for every j > 1, and that ¢, is a homomorphism
from Yj 4, into Y; for each j. This implies that ¢;; is a homomorphism from
Y, into Y; when j < [. As in the previous section, H;’il Y; is a group in this
case, where the group operations are defined coordinatewise, and it is easy to
see that Y is a subgroup of H;}il Y;. This corresponds to the definition of the
inverse limit on p103 of [1].

Let G be a group, and let Ay, A, As, ... be a sequence of normal subgroups
of G such that
(6.8.6) Ajp1 CA;
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for every j. Also let g; be the natural quotient homomorphism from G onto
G/A; for each j. Observe that for each j there is a unique homomorphism ¥
from G/A;4+1 onto G/A; such that

(687) \Ilj ©qj+1 = qj-
This permits one to define the inverse limit

(6.8.8) lim G/ A,

as a subgroup of [[;2,(G/A;) as in (6.8.2).

Using the quotient mappings g;, we get a homomorphism © from G into
H;‘;l(G/Aj), as before. More precisely, © maps G into the inverse limit (6.8.8),
because of (6.8.7). The kernel of © is ﬂjoil Aj, as before.

Let G be a topological group, for which the open normal subgroups form a
local base for the topology at the identity element. Suppose that there is also
a countable local base for the topology at the identity element. This implies
that there is a sequence Ajp, As, Az, ... of open normal subgroups of G such
that the collection B of the A;’s is a local base for the topology at the identity
element. We may as well ask that (6.8.6) hold for every j, by replacing A; with
A;N---NA; for each j, if necessary. Thus the inverse limit (6.8.8) can be
defined as before.

Let us take G/A; to be equipped with the discrete topology for each j, and
H;; (G/A;) to be equipped with the corresponding product topology, as usual.
If the set containing only the identity element is a closed set in G, then O is a
homeomorphism onto its image, as in the previous section. This is related to
Exercise 2 on p6 of [25].

6.9 Inverse systems of subsets

Let (I,=) be a nonempty directed set, and let Y; be a nonempty set for each
Jj € I. Suppose that for every j,l € I with j < [, we have a mapping ¢;;
from Y] into Y;, where ¢; ; is the identity mapping on Y; for each j € I, and
@i = @100, when j7,0,r € I and j =1 < r. Remember that the inverse limit
of the Y;’s is defined to be the set Y of y € []..; Y; such that ¢;,(y,) = y; for
every l,r € I with [ < r, as in Section 6.5.

Let W; be a nonempty subset of Y; for every j € I, and suppose that

JeI

(6.9.1) ¢ (W) € W;

for every j,1 € I with j <I. Under these conditions, the family of Wj’s, j € I,
with the restrictions of the mappings ¢;; to W, is an inverse system. The
inverse limit of the W;’s is given by

(6.9.2) W= {w € HW]- ¢ (wy) = wy for every I,r € I with | < r}7
jer
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as before. Equivalently,

(6.9.3) w = ([Tw;)nv.

jel

Suppose for the moment that Y; is a topological space for every j € I, and
that ¢;,; is continuous as a mapping from Y; onto Y; when j,/ € I and j < I.
In this case, we take [] jer Y; to be equipped with the corresponding product
topology, and Y to be equipped with the induced topology. Let us take W; to
be equipped with the topology induced by the one on Y} for every j € I, so that

(6.9.4) the restriction of ¢;; to W; is continuous

as a mapping from W; into W; when j,I € I and j < [. Note that the cor-
responding product topology on H ; W, is the same as the topology induced
on [[;c; W; by the product topology on [[;c;Y;. It is easy to see that the
topology mduced on W by the product topology on [] jer W; is the same as the
topology induced by the topology on Y just mentioned.

If W; is a closed set in Y; for every j € I, then H]el W; is a closed set in
H]GI Y; with respect to the product topology. In this case, W is a closed set
inYy Wlth respect to the topology induced by the product topology on []
because of (6.9.3).

Suppose now that Yj is a group for every j € I, and that ¢;; is a homo-
morphism from Y; onto Y when 5,1 € I and j < [. This implies that Hjel fi
is a group, where the group operations are defined coordinatewise, and that Y
is a subgroup of Hjel j, as in Section 6.7. If W; is a subgroup of Y; for every
j € 1, then H ; Wj is a subgroup of H]GI , and W is a subgroup of Y.

Suppose that Y; is a finite group equlpped with the discrete topology for
every j € I, which means that the homomorphisms ¢;; are automatically con-
tinuous. Remember that Y is a profinite group in this case, as in Section 6.7. If
l € I, then let m; be the standard coordinate projection from HjeI Y; onto Y,
and let p; be the restriction of m; to Y, as in Section 6.5. Thus p; is a continuous
group homomorphism from Y into Y; for each [ € I, as before. In particular,
the kernel of p; is an open normal subgroup of Y for every [ € I.

One can check that the kernels of the p;’s form a local base for the topology
of Y at the identity element, using the fact that (I, <) is a directed system.
This is analogous to an earlier remark about (6.6.4).

If | € I, then the restriction of m to [];.; W; is the same as the standard
coordinate projection from [] jer W onto W Similarly, the restriction of p; to
W is the analogue of p; for W, which maps W into W;.

jEI

6.10 Direct systems and homomorphisms

Let (I, =) be a nonempty directed set, and suppose that we have a direct system
of groups A;, j € I, as in Section 6.3. Thus for each j,l € I with j < we have
a homomorphism a;; from A; into A; with the properties mentioned earlier. If
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1 € I, then we also get a homomorphism ; into the direct limit of the A;’s, as
before.

Let C' be another group. If v is a homomorphism from the direct limit of
the A;’s into C, then

(6.10.1) =708

is & homomorphism from A; into C for every [ € I. If [, € I and | < r, then

(6.10.2) Yr 0 QL =Y,

because of the analogous property of 5;, 8,, as in Section 6.2. Conversely, if
is a homomorphism from A; into C for each [ € I, and if (6.10.2) holds for every
l,r € I with [ < r, then there is a unique homomorphism ~ from the direct limit
of the A;’s into C such that (6.10.1) holds for every I € I, as in Section 6.3.

If B is any group, then let Hom(B, C) be the set of all group homomorphisms
from B into C. This is a commutative group when C' is commutative, where the
group operations for mappings from B into C' are defined pointwise. Let By, Bs
be groups, and let h; be a homomorphism from B; into By. If ¢ € Hom(Bs, C),
then

(6.10.3) hi(¢) =¢oh

is an element of Hom(By,C). This defines a mapping from Hom(Bsz,C) into
Hom(B;, C), which is a group homomorphism when C' is commutative. Let Bs
be another group, and let ho be a homomorphism from Bs into Bs. Thus hoohy
is & homomorphism from B into Bs, and it is easy to see that

(6.10.4) (ha o h1) = hy o ho.

If By = Bs and h; is the identity mapping on By, then El is the identity mapping
on Hom(Bq, C).

If j,l € I and j <, then we can define ¢;; as a mapping from Hom(A4;, C)
into Hom(A;, C) as in the preceding paragraph. If j,I,7 € I and j <1 =< r, then
(6.10.5) Qjr = Q0 Qg
by (6.10.4), and because o, = oy, r0a;,;. Note that &; ; is the identity mapping
on Hom(A;, C) for every j € I, because «; ; is the identity mapping on A;. This
means that the family of sets

(6.10.6) Hom(A;,C), j €1,

is an inverse system, with respect to the corresponding family of maps oy ;. If
C' is commutative, then this may be considered as an inverse system of commu-
tative groups.

Of course, (6.10.2) is the same as saying that

(6107) al,r(’Yr) =M-
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This leads to a one-to-one correspondence between homomorphisms from the
direct limit of the A;’s into C' and elements of the inverse limit of (6.10.6). If C
is commutative, then this is an isomorphism between these commutative groups.

Let us now take A; to be a commutative group equipped with the discrete
topology for every j € I, and take the direct limit of the A4;’s to be equipped with
the discrete topology as well. Let us also take C = T, so that Hom(A;, C) is the
same as the dual A; of A; for each j € I, and similarly for the direct limit of the
Aj’s. Thus we get an isomorphism between the dual of the direct limit of the A;’s
and the inverse limit of ;1; , J € I, as in the preceding paragraph. Remember
that the topology on :4\3 defined in Section 5.3 is the same as the topology
that corresponds to pointwise convergence on A; for each j € I, because A; is
equipped with the discrete topology. Similarly, the topology on the dual of the
direct limit of the A;’s is the same as the topology that corresponds to pointwise
convergence on the direct limit.

Using this topology on Aj; for each j € I, we get a topology on the inverse
limit of the ;1;’5, as in Section 6.6. One can check that this corresponds exactly
to the topology on the dual of the direct limit of the A;’s mentioned in the
preceding paragraph. This uses the fact that the direct limit of the A;’s is the
union of f;(A4;) over | € I, as in Sections 6.1, 6.2.

6.11 Inverse systems and homomorphisms

Let (I,=) be a nonempty directed set, and let Y; be a group for every j € I.
If j,l € I and j <[, then let ¢;; be a group homomorphism from Y; into Y;.
As usual, we ask that ¢; ; be the identity mapping on Y; for every j € I, and
that ¢;, = ¢, 0 ¢y, for every j,1,r € I with j =1 <. Thus the inverse limit
of the Yj’s, j € I, may be defined as the subset Y of Hjele considered in
Section 6.5. More precisely, ] jer Y; is a group, where the group operations are
defined coordinatewise, and we have seen that Y is a subgroup of [[,.,Y;. If
1 € I, then let m; be the standard coordinate projection from [] jer Yj onto Yy,
and let p; be the restriction of m; to Y, as before. Of course, these are group
homomorphisms into Y;. _

Let C be another group. If 5,1 € I and j < [, then we get a mapping ¢,
from Hom(Y;, C) into Hom(Y;, C) associated to ¢, as in the previous section.
If C' is commutative, then (Zj,l is a homomorphism between commutative groups,
as before. If j,I,r € I and j X[ =X r, then

(6.11.1) Gir = dur 0 bj,
because of (6.10.4). Of course, %—,j is the identity mapping on Hom(Yj, C') for
every j € 1.
This shows that
(6.11.2) Hom(Y;,C), j € 1,

is a direct system, with respect to the corresponding family of maps (Ej,b IfC
is commutative, then this may be considered as a direct system of commutative
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groups. If I € I, then there is a natural mapping f; from Hom(Y;,C) into the
direct limit of (6.11.2), as in Sections 6.1, 6.2. This is a homomorphism between
commutative groups when C' is commutatitive, as before.

Similarly, if [ € I, then we get a mapping p; from Hom(Y}, C') into Hom(Y, C)
associated to p; as in the previous section. If C' is commutative, then p; is a
homomorphism between commutative groups, as usual. If I,r € [ and [ < r,
then _

(6.11.3) PL = Pr© P

because of (6.10.4) and the fact that p; = ¢;,, © p,, as in Section 6.5. This leads
to a unique mapping « from the direct limit of (6.11.2) into Hom(Y, C') such
that

(6.11.4) vo B =7

for every [ € I, as in Sections 6.1, 6.2. If C is commutative, then 7 is a
homomorphism between commutative groups, as before.

If p; is injective as a mapping from Hom(Y;,C) into Hom(Y,C) for every
I € I, then one can check that v is injective on the direct limit of (6.11.2). If

pr maps Y onto Y; for some [ € I, then it is easy to see that p; is injective on
Hom(Y;, C).

6.12 Inverse systems and dual groups

Let (I,=) be a nonempty directed set again, and let Y; be a commutative
topological group for every j € I. If 5, € I and j < [, then let ¢;; be a
continuous group homomorphism from Y; into Y;. As before, we ask that ¢; ;
be the identity mapping on Y} for every j € I, and that ¢;, = ¢;;0¢;,, for every
3, l,r € I with j <1 < r. Remember that ngl Y} is a commutative topological
group with respect to the associated product topology. Thus the inverse limit
Y of the Y;’s, j € I, is a commutative topological group with respect to the
induced topology.

Let us consider analogues of the remarks in the previous section with C' = T
and continuous homomorphisms. If A is a commutative topological group, then
A denotes the dual group of continuous homomorphisms from A into T, as in
Section 5.2. If j,l € I and j <, then let ¢Jl be the dual homomorphism from

—

Y; into Yl, as in Section 5.10. Note that ¢]j is the identity mapping on A
for every j € I, because ¢; ; is the identity mapping on A;. If j,i,r € I and
j =1 =r, then R R R
(6.12.1) Pjr = G © Pjil,
by the remarks about duals of compositions of continuous homomorphisms in
Section 5.10.

It follows that .
(6.12.2) Y;, i€l
is a direct system of commutative groups, with respect to the corresponding
family of homomorphisms ¢;;. If [ € I, then there is a natural homomorphism

B from 1/4\1 into the direct limit of (6.12.2), as in Sections 6.1, 6.2.
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If [ € I, then let p; be the usual mapping from Y into Y;, which is a contin-
uous group homomorphism in this case. This leads to a dual homomorphism p;
from Y] into Y, as before. If [,r € I and | < r, then

(6.12.3) pL = Pr © b,

because p; = ¢, 0 pr, and the usual properties of dual homomorphisms. Using

this, we get a unique homomorphism v from the direct limit of (6.12.2) into Y
such that

(6.12.4) vo B =p

for every [ € I, as in Sections 6.1, 6.2.

Suppose for the moment that for every j € I, the set containing only the
identity element is a closed set in Y}, so that Y; is Hausdorff. Suppose that Y;
is also compact for every j € I, and that ¢;; maps Y; onto Y; for every j,1 € I
with j < 1. Under these conditions, p; maps Y onto Y; for every [ € I, as in
Section 6.6. This implies that p; is injective on Y] for every [ € I. One can use
this to get that + is injective on the direct limit of (6.12.2), as before.

6.13 Duals of inverse limits

Let us continue with the same notation and hypotheses as at the beginning of
the previous section. Let n be a continuous homomorphism from Y into T,
which is to say an element of Y. Observe that

(6.13.1) Ren >0

on an open set U C Y that contains the identity element.
As in Section 6.6, there is an [y € I and an open set U;, C Yj, such that U,
contains the identity element and

(6.13.2) pi (U,) C U

In particular, this means that the kernel of p;, is contained in U, so that (6.13.1)
holds on the kernel of p;,. It follows that

(6.13.3) n = 1 on the kernel of py,,

as in Section 5.1.

Suppose for the rest of the section that for each j € I, the set containing
only the identity element is a closed set in Y}, and that Y; is compact. Suppose
also that for every j,1 € I with j <[, we have that ¢;;(Y;) = Y;. This implies
that p;(Y) =Y for every I € I, as in the previous section. Combining this with
(6.13.3), we get that there is a homomorphism 7, from Y}, into T such that

(6.13.4) 17 =11, O Ply-



6.14. SUBSETS OF INVERSE LIMITS 129

Remember that Y is compact under these conditions, as in Section 6.6. One
can use the continuity of p;, and 71, and the fact that p;,(Y) = Y},, to get that
M, is continuous on Y, as in Section 5.10. This means that n;,, € Y;,, and that

(6.13.5) 1= Do (o)

by (6.13.4). This shows that the mapping v from the direct limit of (6.12.2)
into Y obtained from the p;’s, [ € I, as in the previous section is surjective, and
thus an isomorphism.

6.14 Subsets of inverse limits

Let (I, =) be a nonempty directed set, and let Yj, j € I, be an inverse system
of nonempty sets over (I, <), as in Section 6.5. Thus Y; is a nonempty set for
every j € I, and for each j,! € I with j <[, we have a mapping ¢;; from Y;
into Yj. As before, ¢; ; should be the identity mapping on Y; for every j € I,
and ¢, = ¢;10 ¢, for every j,I,r € I with j <1 < r. Remember that the
inverse limit of the Y;’s is the set Y of y € [, Y; such that ¢, (y.) = y; for
every I,r € I with [ 2 r. If [ € I, then we let m; be the standard coordinate
projection from Hjel Y; onto Y}, and we let p; be the restriction of m; to Y, as
usual.
Let Z be a nonempty subset of Y, and put

(6.14.1) Wi = pi(2)
for every [ € I, which is a nonempty subset of ;. If [,r € [ and [ < r, then
(6.14.2) b1 (W) = Wi,

because ¢; . o p. = p;, as in Section 6.5. This implies that the family of sets I,
l € I, together with the restriction of the mapping ¢;, to W, for [,r € I with
I =< r, is a surjective inverse system. The inverse limit W of the W;’s, [ € I, is
the same as the intersection of Y with [],.; W, as in Section 6.9. In particular,

(6.14.3) ZCwW,

by (6.14.1).
If we W and r € I, then w, € W, = p,.(Z), so that there is a z € Z such
that w, = z,.. This implies that

(6.14.4) wy =2
for every | € I with | < r, because w,z € Y. If l1,...,l, are finitely many
elements of L, then there is an r € I such that [,,, < r for every m = 1,...,n,

because (I, <) is a directed set. In particular, if w € W then there is a z € Z
such that (6.14.4) holds for [ =I,...,1,.

Suppose now that Y; is a topological space for every j € I, and that ¢;; is
continuous as a mapping from Y; into Y; for every j,1 € I with j <. As before,
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we take Y to be equipped with the topology induced by the product topology
on [] jer Y;. In this case, the remarks in the preceding paragraph imply that

(6.14.5) W CZ,

where Z is the closure of Z in Y. If Z is a closed set in Y, then we get that
W =2Z.

If Z is compact in Y, then W; is compact in Y] for every [ € I, because p;
is continuous. Suppose that Y; is Hausdorff for every j € I, so that Hje ;Y is
Hausdorff with respect to the product topology, and Y is Hausdorff with respect
to the induced topology. This implies that Z is a closed set in Y when Z is

compact.

6.15 Mappings between inverse limits

Let (I, =) be a nonempty directed system, and let Y;" and Y7, j € I, be inverse
systems of nonempty sets over (I, <), as in Section 6.5. If ¢ = 1,2, then YjZ is
a nonempty set for every j € I, and for each j,I € I with j < [, we have a
mapping qb;J from Yli into Yj As usual, ¢§7j should be the identity mapping
on Y} for every j € I, and

(6.15.1) Gir = Pju0 9L,

for every j,l,r € I with j <1 < r. The inverse limit of Yf, j €1, is the set Y?
of y* € [, Y] such that

(6.15.2) o1 (yr) =y

for every I,r € I with [ < r. If [ € I, then let 7} be the standard coordinate
projection from [[ jel in onto Yli, and let p! be the restriction of 7rli to Y?, as
before.

Let f; be a mapping from Y}' into Y7 for each j € I. This leads to a mapping

F from Hjel le into Hjel sz, using f; in the jth coordinate for each j € I, so
that
(6.15.3) o F = fiom}

for every I € I. Equivalently, if y* € [];.; Y}' and

(6.15.4) y; = fi(y;)

for every j € I, then the corresponding element y? of HjGI Y;z is equal to F(y*).
Ifl,r € I and I < r, then suppose that

(6155) fl © ¢},r = ¢l2,r °© f’f"
If y' € V' and y* = F(y'), then

(6.15.6) 67 (W2) = &L, (fr () = fuldl () = filyl) = i,
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so that y? € Y2. Let f be the restriction of F to Y'!, which maps Y'! into Y2.
Note that

(6.15.7) o f=fiop

for every | € I, by (6.15.3).

Suppose for the moment that Y} is a topological space for every j € I and
i =1,2, and that f; is continuous as a mapping from le into sz for every j € 1.
This implies that F' is continuous as a mapping from [] el le into [] el YjQ,
with respect to the corresponding product topologies. If (6.15.5) holds for every
I,r € I with [ < r, then it follows that f is continuous as a mapping from Y!
into Y3, with respect to the topology induced on Y by the product topology on
HjeI Y/ for ¢ = 1,2. Of course, one normally asks that qﬁ})l be continuous as a
mapping from Y’ into Y} for every j,! € I with j < and ¢ = 1,2 in this case,
as before.

Suppose now that Y; is a group for every j € I and ¢ = 1,2, and that f;
is a homomorphism from le into ng for every j € I. This means that I is
a homomorphism from [],, le into [];¢;
defined on the products coordinatewise. Suppose that P%, is a homomorphism
from Y into Y} for every j,l € I with j < [ and ¢ = 1,2, so that Y* is a
subgroup of [, Y} for i =1,2. If (6.15.5) holds for every I,r € I with | <,
then f is a homomorphism from Y! into Y2.

YjQ, where the group operations are



Chapter 7

Indices and Sylow
subgroups

7.1 Counting functions

Let us call a function ¢(p) defined for prime numbers p with values in
(7.1.1) Z, U{0,+o0}

a counting function. In this case, the formal product

(7.1.2) 11>
p

over all prime numbers p may be considered as a type of extension of a positive
integer, as on pb of [25]. Of course, this product defines a positive integer when
¢(p) < 4o for every p, and ¢(p) = 0 for all but finitely many p. Every positive
integer corresponds to a unique counting function with these properties in this
way.

Addition of nonnegative integers can be extended to (7.1.1) in the usual
way, where the sum of +oco and any element of (7.1.1) is +0c0. The sum of
two counting functions can be defined pointwise, and is a counting function as
well. Equivalently, the product of two formal products as in (7.1.2) is the formal
product associated to the sum of the corresponding counting functions, as on
p5 of [25]. A formal product (7.1.2) is considered to be a power of a prime
number p; if the corresponding counting function ¢(p) is equal to 0 for every
prime number p # p;.

Note that (7.1.1) is well ordered by the standard ordering. This means that
any nonempty collection of counting functions has a pointwise minimum which
is also a counting function. This corresponds to taking the greatest common
divisor of the associated formal products, as on p5 of [25]. In particular, a pair
of formal products as in (7.1.2) are considered to be relatively prime when the
minimum of the corresponding counting functions is equal to 0.

132
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Similarly, every nonempty subset of (7.1.1) has a least upper bound in (7.1.1).
More precisely, the maximum is attained except for infinite subsets of Z, U {0},
for which the supremum is +0o. Thus any nonempty collection of counting
functions has a pointwise supremum that is a counting function too. This cor-
responds to taking the least common multiple of the associated formal products,
as on pb of [25].

Let I be a nonempty set, and let ¢;(p) be a counting function for each j € I.
If I has only finitely many elements, then

(7.1.3) > )

JjeI

can be defined as an element of (7.1.1) for every prime number p as before.
Otherwise, the sum can be defined by taking the supremum of the sum of ¢;(p)
over all nonempty finite subsets of I. The product of the formal products
associated to ¢;(p), j € I, can be defined as the formal product associated to
(7.1.3).

7.2 Orders of profinite groups

Let G be a profinite group, and let U be an open normal subgroup of G. Thus
G/U is a finite group of order ny € Z,. Let ¢y be the counting function
associated to ng, so that cy(p) is the number of factors of p in ny for every
prime number p. Put

(7.2.1) c(p) = supcu (p)
U

for every prime number p, where the supremum is taken over all open normal
subgroups U of G. This defines a counting function, and the order of G is
considered to be the associated formal product, as on p6 of [25].

Let U, V be open normal subgroups of G such that U C V. Thus V/U
corresponds to a normal subgroup of G/U, and the quotient of G/U by V/U is
isomorphic to G/V. In particular, ny is equal to ny times the order of V/U.
This implies that

(7.2.2) ey (p) < cu(p)

for every prime number p. It follows that ¢(p) can be obtained by taking the
supremum of ¢y (p) over any collection of open normal subgroups U of G that
form a local base for the topology at the identity element.

Suppose for the moment that G has only finitely many elements, and let Uy
be the subgroup of G consisting of only the identity element. Thus Up is an
open normal subgroup of G, and ¢(p) = cy,(p) for every prime number p, by
(7.2.2). This means that the usual definition of the order of G agrees with this
one in this case.

The previous definition of ¢(p) and the order of G works as well for totally
bounded topological groups G for which the open normal subgroups form a
local base for the topology at the identity element. In this case, one could get
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a profinite group from G as in Section 2.14. One can verify that one would get
the same counting function for G as for the associated profinite group, basically
because one would get the same quotients by open normal subgroups.

If U is any open subgroup of G, then U has finite index in G, and one can
take ny € Z to be the usual index of U in G. Let V be another open subgroup
of G with U C V, and let ¢y, cy be the counting functions associated to nys,
ny, respectively. It is well known that ny is equal to ny times the index of U
in V, so that (7.2.2) holds for every prime number p in particular.

A finite group is said to be a p-group for some prime number p if the order
of the group is a power of p. Similarly, a profinite group G is said to be a pro-
p-group if its order in the sense defined before is a power of p, as on p6 of [25].
Equivalently, this means that G/U is a p-group for every open normal subgroup
U of G.

Let I be a nonempty set, and let G; be a profinite group for every j € I.
Remember that the product [] el G; is a profinite group too, with respect to
the product topology. One can check that the counting funtion associated to
I jer Gj s the same as the sum over j € I of the counting function associated
to G;j. Equivalently, the order of H]EI G is the product of the orders of the
CTVJ"S7 jel.

7.3 Indices of subgroups

Let G be a profinite group, and let H be a subgroup of G. If U is an open normal
subgroup of G, then let gy be the natural quotient mapping from G onto G/U.
Thus gy (H) is a subgroup of G/U, which is isomorphic to H/(H NU). Put

(7.3.1) nUH = [G/U : qu(H)),

where the right side is the usual index of qy(H) in G/U. This is a positive
integer, and we let ¢V"H = cg’H be the counting function associated to nU.
Put

(7.3.2) cHp)=clp) = sgp U H (p)

for every prime number p, where the supremum is taken over all open normal
subgroups U of G. This is a counting function, and the index of H in G as a
profinite group is defined to be the associated formal product,

(7.3.3) @ 1) =T]p»"®,

as on p5 of [25]. If H is the subgroup of G consisting of only the identity
element, then (7.3.3) is the same as the order of G as defined in the previous
section, as on p6 of [25].

We use parentheses to express this version of the index, rather than the
usual index [G : H], which may be considered as a cardinal number. As in the
previous section, one could also consider totally bounded topological groups G
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for which the open normal subgroups form a local base for the topology at the
identity element.

If H is any subgroup of G, then the closure H of H in G is a subgroup of G
as well, and it is easy to see that

(7.3.4) qu(H) = qu(H)
for every open normal subgroup U of G. This implies that
(7.3.5) (G:H)=(G:H).

One may wish to restrict one’s attention to closed subgroups of G, as in [25].
If U is a normal subgroup of G, then

(7.3.6) W=UH=HU

is a subgroup of G, as in Section 3.8. Suppose that U is an open normal subgroup
of GG, so that W is an open subgroup of G. Equivalently,

(7.3.7) W =g (qu(H)),

and qu(W) = qu(H) in particular. Of course, U C W, so that gy (W) = W/U,
and

(7.3.8) nUH = [G/U - W/U.
It follows that
(7.3.9) n =[G W)
Let U’ be another open normal subgroup of G with
(7.3.10) Ucu',
and put
(7.3.11) W' =UH=HU'

as before. Thus W C W', so that

(7.3.12) G:W]=[G:W'T-[W:W].
In particular, this means that

(7.3.13) UM (p) < M (p)

for every prime number p. This implies that ¢ (p) can be obtained by taking
the supremum of ¢V (p) over any collection of open normal subgroups U of G
that form a local base for the topology at the identity element.

Let V be an open subgroup of G with H C V. Because the open normal
subgroups of G form a local base for the topology at the identity element, there
is an open normal subgroup U of G such that

(7.3.14) Ucv.
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Let W be as in (7.3.6), so that
(7.3.15) W CV.

Also let ny,nyw € Z4 be the indices of V, W in G, respectively, and let cy, cy
be their associated counting functions, as in the previous section. Observe that

(7.3.16) cv(p) < ew(p) =" (p)

for every prime number p, using (7.2.2) in the first step, and (7.3.9) in the second
step.

Alternatively,

(7.3.17) c(p) = sup cv(p)

HCV

for every prime number p, where the supremum is taken over all open subgroups
V of G with H C V. This corresponds to the second characterization of the
index on p5 of [25]. More precisely, the fact that the supremum is less than or
equal to ¢ (p) follows from (7.3.16) and the previous definition (7.3.2) of ¢ (p).
To get equality, one can use the fact that if U is an open normal subgroup of
G, then W defined in (7.3.6) is an open subgroup of G that contains H.

If H is an open subgroup of G, then the definition (7.3.3) of the index of H
in G is equivalent to the usual definition of the index. This follows by taking
V = H in (7.3.17), and using (7.2.2). This corresponds to part of part (iii) of
Proposition 2 on p5 of [25].

7.4 Indices of sub-subgroups

Let G be a profinite group, and let H, K be subgroups of G, with
(7.4.1) K CH.

We would like to check that

(7.4.2) (G:K)=(G:H)-(H:K),

where the indices are as defined in the previous section. This corresponds to
part (i) of Proposition 2 on p5 of [25].

More precisely, one can take G to be a totally bounded topological group
for which the open normal subgroups form a local base for the topology at the
identity element, as before. This implies that H has the analogous properties
with respect to the induced topology, so that (H : K) can be defined as before
too. If one takes G to be profinite, then one can take H, K to be closed
subgroups, so that they are profinite with respect to the induced topology.

Let cZ, cK be the counting functions used to define the indices of H, K in
G, as in (7.3.2). Similarly, let c& be the counting function used to define the
index of K in H. Thus (7.4.2) is the same as saying that

(7.4.3) cé (p) = & (p) + it (p)
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for every prime number p.
Let U be an open normal subgroup of GG, and let q¢ 7 be the natural quotient
mapping from G onto G/U. Observe that

(7.4.4) qq,u(K) C qau(H),

so that
(7.4.5)  [G/U :qcu(K)| =[G/U : qcu(H)] - [qcu(H) : qc,u(K)].

Put
(7.4.6) Ug=UnNH,

which is a normal subgroup of H that is relatively open in H. Let gg i, be the
natural quotient mapping from H onto H/Upg, which is isomorphic to ¢g v (H).
Using this isomorphism, g v, (K) corresponds to gg v (K), so that

(7.4.7) (H/Un : quvy (K)] = [ge,u(H) @ ge,u(K)].

Combining this with (7.4.5), we get that
(748)  [G/U : aeo(K)] = [G/U : acu(H)) - [H/Un = ainn (K]

Let cCU;’K be the counting function associated to the left side of (7.4.8), and

let cg’H, chH K be the counting functions associated to the two indices on the

right side of (7.4.8), respectively, as in the previous section. Thus

(7.4.9) g™ (p) = e (p) + e K (p)

for all prime numbers p. It follows that

(7.4.10) ™ (p) < cli(p) + cli (p)

for all prime numbers p, by the definition of ¢ (p), ¢ (p). This implies that

(7.4.11) e (p) < cli(p) + ¢l (p)

for every prime number p.
Similarly, (7.4.9) implies that

(7.4.12) e (p) + " (p) < 6 ()

for every prime number p, by the definition of ¢&. In order to get (7.4.3), one
can use the fact that the relatively open normal subgroups of H of the form
(7.4.6), where U is an open normal subgroup of G, form a local base for the
induced topology on H at the identity element. One can also use the fact that
cg’H(p) and cg]H’K(p) can only get larger as U gets smaller, as in (7.3.13).
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7.5 Finiteness of the index

Let G be a profinite group again, and let H be a subgroup of G. Note that
(7.5.1) (G:H) =1,

where the index is defined as in Section 7.3, if and only if ¢ (p) = 0 for every
prime number p, where ¢ (p) is as in (7.3.2). Clearly this happens if and only if
cUH (p) = 0 for every open normal subgroup U of G, where c¢"¥ is the counting
function associated to the usual index (7.3.1) of qu(H) in G/U. Here qy is the
natural quotient mapping from G onto G/U, as before.

Thus (7.5.1) holds if and only if

(7.5.2) [G/U : qu(H)] =1
for every open normal subgroup U of G. This is the same as saying that
(7.5.3) qu(H)=G/U

for every open normal subgroup U in G. One can check that this happens if
and only if H is dense in G. Of course, if H is a closed subgroup of G, then this
means that H is the whole group. This also works when G is a totally bounded
topological group, for which the open normal subgroups form a local base for
the topology at the identity element.

Suppose now that the index (G : H) of H in G defined in Section 7.3
corresponds to a positive integer. This means that

(7.5.4) cf(p) < +o0
for every prime number p, and that
(7.5.5) cHp)=0

for all but finitely many prime numbers p.

If V is an open subgroup of G, then let ny € Z 4 be the usual index of V' in
G, and let ¢y be the counting function associated to ny, as in Section 7.2. If
H CV, then
(7.5.6) cy(p) =0
for every prime number p for which (7.5.5) holds, by the characterization (7.3.17)

of ¢ (p). If p is any prime number, then there is an open subgroup V,, of G
such that

(7.5.7) HCV,
and
(7.5.8) ev, (p) = ¢ (p),

because of (7.3.17) and (7.5.4).
Using this, we can find an open subgroup V of G such that H C V and

(7.5.9) ev(p) = (p)
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for every prime number p. More precisely, we can take V' to be the intersection
of open subgroups V), as in the preceding paragraph, over the finitely many
prime numbers p such that ¢(p) > 0. This also uses the fact that cy (p) can
only get larger when V' gets smaller, as in (7.2.2).

Remember that (V : H) can be defined as in Section 7.3 too, and let c¢ff be
the corresponding counting function. In fact,

(7.5.10) cl(p)=0

for every prime number p, because of (7.4.3) and (7.5.9). Equivalently, this
means that
(7.5.11) (V:H)=1.

It follows that H is dense in V, as before. This is the same as saying that
the closure H of H in G is equal to V. If H is a closed subgroup of G, then we
get that H = V| so that H is an open subgroup of G under these conditions.
This corresponds to part of part (iii) of Proposition 2 on p5 of [25]. This works
as well when G is a totally bounded topological group, and the open normal
subgroups of G form a local base for the topology at the identity element.

7.6 Chains of subgroups

Let G be a profinite group, and if H is a subgroup of G, then let ¢ be the
counting function used to define the index of H, as in (7.3.2). Also let C be a
nonempty collection of subgroups of GG, and put

(7.6.1) He= () H,
HeC

which is a subgroup of G as well. If H € C, then He C H, and thus
(7.6.2) H(p) < e (p)

for every prime number p, by (7.4.3).

Suppose from now on in this section that the elements of C are closed sub-
groups of GG, so that H¢ is a closed subgroup too. Suppose in addition that C is
linearly ordered by inclusion, which means that for any two elements of C, one
is contained in the other.

Let V be an open subgroup of G such that

(7.6.3) He C V.

Observe that V, together with the complements of the elements of C, form
an open covering of G. Because G is compact, there is an open subcovering
consisting of V' together with the complements of finitely many elements of C.
It follows that there is an Hy € C such that

(7.6.4) HyCV,
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because C is linearly ordered by inclusion.
Let ¢y be the counting function associated to the index of V in G, as in
Section 7.2. Observe that

(7.6.5) cv(p) < ™ (p)
for all prime numbers p, by (7.3.17) and (7.6.4). This implies that

(7.6.6) ev(p) < sup " (p)

for all prime numbers p. It follows that

(7.6.7) e (p) < sup ¢ (p)
HeC

for all prime numbers p, by (7.3.17). Combining this with (7.6.2), we obtain
that

(7.6.8) e (p) = sup " (p)
HeC

for all prime numbers p, as in part (ii) of Proposition 2 on p5 of [25].

7.7 Orders of subgroups

Let G be a profinite group, and let A be a subgroup of G. More precisely, it
suffices to ask for the moment that G be a totally bounded topological group
for which the open normal subgroups form a local base for the topology at the
identity element. One can check that A is totally bounded as a topological
group with respect to the induced topology, using the characterization of total
boundedness in terms of small sets mentioned in Section 2.8. If B is a local
base for the topology of G at the identity element consisting of open normal
subgroups of G, then

(7.7.1) Ba={ANU:U € B}

is a local base for the induced topology on A that consists of relatively open
normal subgroups of A.

If V is a normal subgroup of A that is an open set with respect to the induced
topology on A, then A/V has only finitely many elements, and we let ca v be
the counting function associated to the number n 4y of elements of A/V. The
counting function used to define the order of A is given by

(7.7.2) ca(p) = supca,v(p)
14

for every prime number p, where the supremum is taken over all relatively open
normal subgroups V of A, as in Section 7.2. In fact, it suffices to take the
supremum over any collection of relatively open normal subgroups V of A that
form a local base for the induced topology on A at the identity element, as
before.



7.8. SYLOW P-SUBGROUPS 141

If U is an open normal subgroup of G, then ANU is a relatively open normal
subgroup of A. Observe that

(7.7.3) ca(p) = sup ca,anu(p)

for every prime number p, where the supremum is taken over all open normal
subgroups U of G. This uses the fact that the collection of relatively open
normal subgroups of A of the form ANU, where U is an open normal subgroup
of GG, form a local base for the induced topology on A at the identity element,
because the open normal subgroups of G form a local base for the topology of G
at the identity element. One could also take the supremum over any collection
B of open normal subgroups U of G that form a local base for the topology at
the identity element, because the corresponding collection (7.7.1) would form a
local base for the induced topology on A at the identity element.

Let U be an open normal subgroup of G, and let gy be the natural quotient
mapping from G onto G/U. The kernel of the restriction of ¢y to A is ANU,
so that ¢y (A) is isomorphic to A/(ANU). Thus na any is the same as the
number of elements of gy (A). It is easy to see that

(7.7.4) qu(A) = qu(4),

where A is the closure of A in G. This implies that

(7.7.5) NZ Anu = NAANU,
so that

(776) CZ,KﬂU - CA,AﬁUy
and thus

(7.7.7) Cx = CA-

Suppose that A is profinite, which happens in particular when G is profinite
and A is a closed subgroup of G. It follows from (7.7.3) that A is a pro-p-group
for some prime number p if and only if

(7-7-8) CA,AmU(p/) =0

for every open normal subgroup U of G and prime number p’ # p. Equivalently,
this means that A/(ANU) is a p-group for every open normal subgroup U of
G. Of course, this is the same as saying that ¢y (A) is a p-group for every open
normal subgroup U of G. More precisely, it suffices to consider any collection
of open normal subgroups U of G that form a local base for the topology at the
identity element.

7.8 Sylow p-subgroups

Let p be a prime number, and let G be a finite group. Remember that a subgroup
A of G is said to be a Sylow p-subgroup if A is a p-subgroup of G, which is to say



142 CHAPTER 7. INDICES AND SYLOW SUBGROUPS

that it is a p-group, and the index [G : A] is not a multiple of p. Equivalently,
this means that the order of A is a power of p, and the largest power of p of
which the order of G is a multiple. The first Sylow theorem states that G has
a Sylow p-subgroup.

Suppose that ¢ is a homomorphism from G onto another group H. If A is a
p-subgroup of G, then it is easy to see that ¢(A) is a p-subgroup of H. If A is
a Sylow p-subgroup of G, then ¢(A) is a Sylow p-subgroup of H. Indeed, put

(7.8.1) A =971 (g(A)),
which is a subgroup of G that contains A. Note that
(7.8.2) (G: A =[G: A1 [A;: A]
and

(7.8.3) (G Ay = [H : 6(A)].

Using (7.8.2), we get that [G : A;] is not a multiple of p. This means that
[H : ¢(A)] is not a multiple of p, as desired.

Let B be a Sylow p-subgroup of H, and let us check that B corresponds to
a Sylow p-subgroup of G in this way. Put

(7.8.4) By =¢"'(B),

which is a subgroup of G, and let By be a Sylow p-subgroup of B;. Observe
that

(785) [G : Bo] = [G : Bl] . [Bl : Bo]
and
(7.8.6) [G: Bi]=[H : B].

It follows that the index of By in G is not a multiple of p, so that By is a Sylow
p-subgroup of G.
We would like to verify that

(7.8.7) ¢(By) = B.
Of course,
(7.8.8) #(Bo) € ¢(B1) = B,

by construction. We also have that ¢(By) is a Sylow p-subgroup of H, because
By is a Sylow p-subgroup of G, as before. This implies that ¢(By) has the same
number of elements as B, so that (7.8.7) holds.

Suppose now that G is a profinite group, and that A is a closed subgroup
of G, so that A is profinite with respect to the induced topology. If A is a
pro-p-group, as in Section 7.2, and if the index (G : A) of A in G as a profinite
group is not a multiple of p, then A is said to be a Sylow p-subgroup of G as a
profinite group, as on p6 of [25]. If ¢ is the counting function used to define
(G : A) as in Section 7.3, then the second condition means that c¢(p) = 0.
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If U is an open normal subgroup of G, then let gy be the natural quotient
mapping from G onto G /U, as before. Remember that ¢4 is defined to be the
supremum over all open normal subgroups U of G of the counting functions ¢¥-4
associated to the index of ¢y (A) in G/U, as in Section 7.3. Thus ¢?(p) = 0 if
and only if
(7.8.9) A(p) =0

for every open normal subgroup U of G. As usual, it suffices to consider any
collection of open normal subgroups U of G that form a local base for the
topology at the identity element.

The first part of Proposition 3 on p7 of [25] states that G has a Sylow
p-subgroup. This will be discussed further in the next section.

7.9 Sylow subgroups and inverse systems

Let G be a profinite group, and let B be a local base for the topology of G at
the identity element consisting of open normal subgroups. If U,V € B, then
put U <V when V C U, as in Section 6.7. Thus (B, =) is a directed system,
as before.

If U € B, then let gy be the natural quotient mapping from G onto the finite
group G/U. If V € B satisfies U < V, so that V' C U, then there is a unique
homomorphism @y from G/V onto G/U such that

(7.9.1) Qu,v oqv = qu,
as in Section 6.7. If W € B and V <X W, so that W C V', then we get that

(7.9.2) Pyyv o Pyw = Puw,

as before. In fact, G corresponds to the inverse limit of the quotients G/U,
U € B, under these conditions. Here we take G/U to be equipped with the
discrete topology for every U € B.

If U € B, then let P(U) be the collection of Sylow p-subgroups of G/U,
which is a nonempty finite set. If V€ B, U <V, and A € P(V), then

(7.9.3) Py,v(4) € P(U),

as in the previous section. This defines a mapping E>UA’V from P(V) into P(U),
and in fact this mapping is surjective, as mentioned earlier. If W € B and
V <X W, then it is easy to see that

(7.9.4) By o Dy = Py,

because of (7.9.2).

Thus the family of sets P(U), U € B, with the associated mappings &)Uy,
is a surjective inverse system. The corresponding inverse limit

(7.9.5) lim P(U)
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can be defined as in Section 6.5. Note that (7.9.5) is nonempty, as in Section
6.6. More precisely, this can be seen by taking P(U) equipped with the discrete
topology for every U € B, so that P(U) is compact and Hausdorff. This can be
obtained more directly when there is a countable local base for the topology of
G at the identity element, so that one can take B to consist of a nested sequence
of open normal subgroups of G, as in Section 6.8.

Let us take an element of (7.9.5), which assigns to each U € B an element
Ay of P(U). T U,V € Band U <V, then

(7.9.6) Sy v (Ay) = Ay,

by definition of (7.9.5). Equivalently, this means that ®¢y maps Ay onto Ay .

It follows that the family of subgroups Ay of G/U, U € B, is a surjective
inverse system with respect to the restrictions of the mappings ®y v to Ay.
The inverse limit

(7.9.7) lim Ay
—

is a closed subgroup of
(7.9.8) lim G/U,
—

as in Section 6.9. Note that Ay is a p-group for every U € B, because Ay is an
element of P(U). This implies that (7.9.7) is a pro-p-group.

Remember that (7.9.8) is contained in the Cartesian product [];z(G/U),
by construction. If V' € B, then let my be the standard coordinate projection
from [[;c3(G/U) onto G/V, and let py be the restriction of Ty to (7.9.8).
Remember that py maps (7.9.8) onto G/V under these conditions, as in Section
6.6. Similarly, py maps (7.9.7) onto Ay .

The index of (7.9.7) in (7.9.8) as a profinite group, as in Section 7.3, can
be obtained from the index of Ay in G/V, V € B, as before. In particular,
the index of (7.9.7) in (7.9.8) is not a multiple of p, because Ay € P(V) for
every V € B. This means that (7.9.7) is a Sylow p-subgroup of (7.9.8), as a
profinite group. Thus (7.9.7) corresponds to a Sylow p-subgroup of G, because
G is isomorphic to (7.9.8) as a profinite group, as in Section 6.7.

7.10 Conjugates of Sylow subgroups

Let p be a prime number, and let G be a finite group again. Part of the second
Sylow theorem is that the Sylow p-subgroups of G are conjugate in G.

Now let G be a profinite group, and let A, A’ be closed subgroups of G that
are Sylow p-subgroups, as in Section 7.8. The second part of Proposition 3 on
p7 of [25] states that A and A" are conjugate in G.

To see this, let B be a local base for the topology of G at the identity element
consisting of open normal subgroups. If U,V € Band V C U, then put U XV,
as before, so that (B, <) is a directed system. Let gy be the natural quotient
mapping from G onto G/U for every U € B, and if V € B satisfies U <X V,
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then let @y v be the unique homomorphism from G/V onto G/U that satisfies
(7.9.1).

Remember that A, A’ are pro-p-groups, whose indices in G are not multiples
of p. f U € B, then quy(A), qu(A’) are isomorphic to A/(ANU), A’/(A'NU),
respectively. This implies that gy (A), qu(A’) are p-groups for every U € B,
because A, A’ are pro-p-groups.

Similarly, the second condition means that the indices of gy (A), gu(A’) in
G/U are not multiplies of p for any U € B. It follows that qy(A4), qu(A4)
are Sylow p-subgroups of G/U for each U € B. Thus gy (A) and qy(A’) are
conjugate in G/U for every U € B, by the second Sylow theorem.

If U € B, then let Q(U) be the set of elements of G/U that can be used
to conjugate qy(A) onto gy (A’). Suppose that U,V € B satisfy U < V, and
observe that

(7.10.1) Py yv(gv(4) = qu(4), @uvigv(4)) =qu(4),
by (7.9.1). This implies that
(7.10.2) Puv(Q(V)) € Q).

It follows that the family of sets Q(U), U € B, is an inverse system, with respect
to the restriction of @y v to Q(V) for every U,V € B with U <X V.

Of course, Q(U) has only finitely many elements for each U € B, because
G/U has only finitely many elements. We also have that Q(U) # () for every
U € B, by the second Sylow theorem, as before. Let us take Q(U) to be
equipped with the discrete topology for every U € B, so that Q(U) is compact
and Hausdorff. This implies that the inverse limit

(7.10.3) lim Q(U)

of the family of Q(U)’s, U € B, is nonempty, as in Section 6.6.

Remember that the family of quotients G/U, U € B, is an inverse system
with respect to the mappings @y y. Similarly, the families of subgroups ¢ (A),
qu(A’") of G/U, U € B, are inverse systems with respect to the restrictions of
Dy v to gy (A), gv(A’), because of (7.10.1). Their inverse limits

(7.10.4) 1<i£1qU(A)
and
(7.10.5) 1<i£1qU(A')

are subgroups of the inverse limit of G/U, U € B, as in Section 6.9. Of course,
(7.10.3) is a subset of the inverse limit of G/U, U € B, too. One can check that
(7.10.4) and (7.10.5) are conjugate in the inverse limit of G/U, U € B, using
the elements of (7.10.3).

Remember that G is isomorphic to the inverse limit of G/U, U € B, as a
profinite group, as in Section 6.7. Similarly, this isomorphism maps A, A’ onto
(7.10.4), (7.10.5), respectively. This implies that A and A’ are conjugate in G,
as desired.
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7.11 Subgroups of Sylow subgroups

Let p be a prime number, and let G be a finite group. If a subgroup A of G is
a p-group, then the third Sylow theorem states that A is contained in a Sylow
p-subgroup of G.

Let ¢ be a homomorphism from G onto another group H. Also let A be a
subgroup of G that is a p-group, and let C' be a Sylow p-subgroup of G with

(7.11.1) AcCC.

Note that ¢(A) is a p-group, and remember that ¢(C) is a Sylow p-subgroup of
H, as in Section 7.8. Of course,

(7.11.2) P(A) C ¢(C).

Suppose that B is a Sylow p-subgroup of H such that
(7.11.3) ?(A) C B.

Thus By = ¢~ 1(B) is a subgroup of G that contains A. The third Sylow theorem
implies that there is a Sylow p-subgroup By of B; such that

(7.11.4) A C B,.

We also have that ¢(By) = B under these conditions, as in Section 7.8.

Suppose now that G is a profinite group, and let A be a closed subgroup of
(. Thus A is a profinite group with respect to the induced topology, and we
suppose also that A is a pro-p-group. Part (a) of Proposition 4 of [25] states
that A is contained in a Sylow p-subgroup of G.

Let B be a local base for the topology of G at the identity element, which is
a directed system with respect to the partial order < defined by putting U <V
when U,V € B and V C U, as before. If U € B, then let gy be the natural
quotient mapping from G onto G /U, and let @17y be the unique homomorphism
from G/V onto G/U that satisfies (7.9.1) when V € Band U < V.

If U € B, then quy(A) is isomorphic to A/(ANU). Note that qy(4) is a
p-group, because A is a pro-p-group. Let PA(U) be the collection of Sylow
p-subgroups of G/U that contain gy (A). The third Sylow theorem implies that
PAU) # 0.

IfU,VeB, U=V,and C € PA(V), then

(7.11.5) dyv(C) € PAU),

by the remarks at the beginning of the section. This defines a mapping E’é,v
from P4(V) into PA(U), which maps P4(V) onto P4(U), as before. If W € B
and V <X W, then _ _ _

(7.11.6) Oy 0 Yy = Of

by (7.9.2).
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This shows that the family of sets PA(U), U € B, is a surjective inverse
system with respect to the mappings @‘37‘,. Thus the inverse limit

(7.11.7) l’inPA(U)

can be defined as in Section 6.5. We also have that (7.11.7) is nonempty, as in
Section 7.9.

Let us consider an element of (7.11.7), which assigns to each U € B an
element Cyy of PA(U). If U,V € Band U < V, then

(7.11.8) of ,(Cy) = Cy,

by definition of the inverse limit. This is the same as saying that ®;y maps
Cy onto Cy, by definition of 5‘3,‘,.

This means that the family of subgroups Cy of G/U, U € B, is a surjective
inverse system with respect to the restrictions of the mappings ®yv to Cy.
The inverse limit
(7.11.9) lim Cy

—

is a closed subgroup of
(7.11.10) lim G/U,

as in Section 7.9. More precisely, (7.11.9) is a Sylow p-subgroup of (7.11.10), as
a profinite group, as before.

Remember that (7.11.10) is isomorphic to G as a profinite group, so that
(7.11.9) corresponds to a Sylow p-subgroup of G, as before. One can check that
this Sylow p-subgroup of G contains A, because Cyy € PA(U) for every U € B.

7.12 Sylow subgroups and homomorphisms

Let G be a profinite group, and let H be a topological group, where the set
containing only the identity element in H is a closed set. Also let B be a local
base for the topology of G at the identity element consisting of open normal
subgroups, and let ¢ be a continuous homomorphism from G onto H. If U € B,
then ¢(U) is an open set in H, as in Section 4.14. This implies that the collection
of (U), U € B, is a local base for the topology of H at the identity element, as
before. In particular, H is profinite too under these conditions.

If U € B, then U is a normal subgroup of GG, and we let g v be the natural
quotient mapping from G onto G/U. Similarly, ¢(U) is a normal subgroup of
H, and we let g 4y be the natural quotient mapping from H onto H/¢(U).
Observe that there is a unique homomorphism ¢y from G/U onto H/¢(U) such
that
(7.12.1) dU © qa,u = qH,6U) © D,

because U is contained in the kernel of the right side.
Let A be a closed subgroup of G, so that A is compact. This implies that
¢(A) is compact, and thus closed in H. Let p be a prime number, and suppose
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for the moment that A is a pro-p-group. If U € B, then it follows that ¢ i (A)
is a p-group, as in Section 7.7. This implies that ¢y (ge,u(A)) is a p-group. This
means that qg o) (¢(A)) is a p-group, by (7.12.1). It follows that ¢(A) is a
pro-p-group, as before.

Suppose now that the index (G : A) of A in G as a profinite group is not a
multiple of p. If U € B, then we get that the index of gg r(A) in G/U is not a
multiple of p. This implies that the index of ¢y (¢a,u(A4)) in H/¢(U) is not a
multiple of p. Equivalently, this means that the index of ¢y (¢(A4)) in H/¢(U)
is not a multiple of p, by (7.12.1). It follows that the index (H : ¢(A)) of ¢(A)
in H as a profinite group is not a multiple of p under these conditions.

If A is a Sylow p-subgroup of G, as a profinite group, then we obtain that
¢(A) is a Sylow p-subgroup of H. This corresponds to part (b) of Proposition
4 on p7 of [25].



Chapter 8

8.1 Inverse systems and injections

Let (I, =) be a nonempty directed set, and let Y} be a nonempty set for every
j € I, as in Section 6.5. Suppose that for every j,l € I with j <[, we have a
mapping ¢;; from Y; into Y; such that ¢; ; is the identity mapping on Y; for
every j € I, and ¢;, = ¢;;0 ¢, when j,I,r € I satisfy j <1 < r, as before.
Remember that the inverse limit of the Y}’s is defined to be the set Y consisting
of y € [[;c;Y; such that ¢, (y,) =y for every [,r € I with <.

If I € I, then we let m; be the standard coordinate projection from [] jer Y
onto Y;, and we let p; be the restriction of m; to Y, as before. Thus p; is
a mapping from Y into Y}, and ¢;, o p, = p; when [, € I and [ < r, by
construction.

Suppose that

(8.1.1) ¢;,1 is injective as a mapping from Y; into Y;
for every j,1 € I with j < 1. Let [ € I be given, and let us check that
(8.1.2) p1 is injective as a mapping from Y into Y.

Equivalently, this means that y € Y is uniquely determined by ;.

If r € I and I =< r, then y, is uniquely determined by y; = ¢, (y»), because
¢1,r is injective. If j € I and j < r, then y; = ¢;,(y,) is uniquely determined
by yr, by the definition of Y. This means that y; is uniquely determined by y,
when j,1 < r. Of course, for every j € I there is an r € I such that j,1 < r,
because (I, <) is a directed set.

If Y; is a topological space for every j € I, and ¢;; is continuous as a
mapping from Y; into Y; for every j,I € I with j < [, then we take Y to be
equipped with the topology induced by the corresponding product topology on
HjeI Y;, as in Section 6.6. In this case, p; is continuous as a mapping from Y
into Y; for every [ € I, by construction. Suppose that for every j,1 € I with
7 =1, we have that

(8.1.3) ¢;,1 is a homeomorphism from Y; onto its image in Y},
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with respect to the induced topology. Under these conditions, one can check
that
(8.1.4) p1 is a homeomorphism from Y onto its image in Y},

with respect to the induced topology, for every [ € I.
Let Z be a set, and suppose now that

(8.1.5) Y; CZ
for every j € I. If 5,1 € I and j <[, then suppose that
(8.1.6) Y €Y,

and let us take ¢;; to be the natural inclusion mapping from ¥; into Y;. This
satisfies the requirments of an inverse system, so that Y and p;, I € I, can be
defined as before.

Put
(8.1.7) X=v,

jeI

and for each [ € I, let §; be the natural inclusion mapping from X into Y;. This
leads to a mapping # from X into Hjel Y;, with m 06 = 6, for every [ € I, as
in Section 6.5. If [,r € I and [ < r, then ¢;, o 6, = §; holds automatically, so
that 8(X) C Y, as before. In fact, it is easy to see that

(8.1.8) 0(X) =Y.

Note that p; 0 8 = 0, for every [ € I, by construction, as before.
If Z is a topological space, then we may take

(8.1.9) Y; to be equipped with the induced topology

foreach j € I. If j,1 € I and j = [, then it follows that ¢;; is a homeomorphism
from Y; onto its image in Y;, with respect to the induced topology. Let us take
X to be equipped with the topology induced by Z, so that 6; is a homeomor-
phism from X onto its image in Y; for every [ € I. One can check that 6 is a
homeomorphism from X onto Y.

Suppose that Z is a Hausdorff topological space, and that Y; is a compact
subset of Z for every j € I. This implies that Yj is a closed set in Z for every
j €1, so that X is a closed set in Z, and in fact X is compact. One can verify
that X # 0, because Y; # () for every j € I, by hypothesis. More precisely, one
can consider X as the intersection of a compact set with a nonempty family of
closed sets with the finite intersection property with respect to that closed set.

Let A be a nonempty set, and let Z, be a subset of Z for every a € A. If
aq, ..., q, are finitely many elements of A, then suppose that

(8.1.10) Ty NN Z,

is nonempty. Of course, the collection of nonempty finite subsets of A is a
directed set, with respect to inclusion. Using this directed set, the corresponding
family of sets of the form (8.1.10) satisfies the conditions mentioned earlier. The
intersection of the sets of the form (8.1.10) is the same as [),c 4 Za-
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8.2 Semimetrics and partitions
Let X be a set, and let d(z,y) be a semimetric on X. It is easy to see that
(8.2.1) d(z,y) =0

defines an equivalence relation on X. The corresponding equivalence classes in

X are the same as the closed balls in X of radius 0 with respect to d(-,-).
Suppose now that d(-,-) is a semi-ultrametric on X. If r is a positive real

number, then

(8.2.2) d(z,y) <r

defines an equivalence relation on X. The corresponding equivalence classes in
X are the open balls in X of radius r with respect to d(-,-). Similarly, if r is a
nonnegative real number, then

(8.2.3) d(z,y) <r

defines an equivalence relation on X. The equivalence classes in X correspond-
ing to (8.2.3) are the closed balls in X of radius r with respect to d(-, ).

Of course, if = 0, then (8.2.3) is equivalent to (8.2.1). Let us say that a
semimetric d(-,-) is a discrete semimetric on X if for every z,y € X,

(8.2.4) d(z,y) =0or 1.

The discrete metric on X is a discrete semimetric in this sense, and it is the only
metric on X that is a discrete semimetric. It is easy to see that any discrete
semimetric on X is a semi-ultrametric on X.

Let P be a partition of X, which is to say a collection of nonempty pairwise-
disjoint subsets of X whose union is equal to X. This determines an equivalence
relation ~p on X, where
(8.2.5) T~p Y

if and only if x and y are elements of the same subset of X in P. In this case,
the elements of P are the same as the equivalence classes in X associated to
~p. Conversely, every equivalence relation on X leads to a partition of X into
equivalence classes, which determines the same equivalence relation on X in this
way.

If P is a partition of X and x,y € X, then put

(8.2.6) dp(z,y) = 0 whenz ~py

= 1 otherwise.

One can check that this defines a semi-ultrametric on X, which is the discrete
semimetric on X associated to P. Note that ~p is the same as the equivalence
relation associated to dp(-,-) asin (8.2.2) when 0 < r < 1, and as the equivalence
relation associated to dp(+,-) as in (8.2.3) when 0 < r < 1. Conversely, if d(-,-)
is any discrete semimetric on X, then d(-,-) is the same as dp(-,-) for some
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partition P of X. More precisely, one can take P to be the partition of X into
equivalence classes using the equivalence relation (8.2.2) when 0 < r < 1, or the
equivalence relation (8.2.3) when 0 <r < 1.

Note that a collection P of nonempty subsets of X is a partition of X exactly
when every element of X is contained in a unique element of P. If Py, Py are
partitions of X, then we say that P, is a refinement of Py if

(8.2.7) every element of P, is a subset of an element of P;.

In terms of the corresponding equivalence relations ~p,, ~p,, this means that
for every z,y € X,
(8.2.8) x ~p, y implies z ~p, y.

Equivalently, if dp, (-, "), dp,(+,-) are as in (8.2.6), then P, is a refinement of Py
if and only if

(829) dP1 (337:[/) < sz (:my)

for every z,y € X.
Let Py, ..., P, be finitely many partitions of X, and let P be the collection
of nonempty subsets of X of the form

(8210) Al ﬂ-~~ﬁA",

where A; € P; for each j = 1,...,n. It is easy to see that P is a partition of
X, which is a refinement of each of Py,...,P,. If ~p,,...,~p_ and ~p are the
equivalence relations corresponding to Py, ..., P, and P as before, respectively,
then for each x,y € X, we have that

(8.2.11) x ~p y if and only if z ~p, y for every j =1,...,n.
If dp,(-,-), 1 < j <n, and dp(-,-) are as in (8.2.6), then

(8.2.12) dp(z,y) = max(dp, (z,v),...,dp, (x,y))

for every z,y € X.

8.3 Inverse systems and semimetrics

Let I be a nonempty set, let X; be a set for each j € I, and let X = Hjel X;
be their Cartesian product. Suppose that for each j € I, we have a nonempty
collection M of semimetrics on X;. If | € I and d; € M;, then let d; be the
semimetric defined on X by Jl(x, y) = di(x,y;) for every x,y € X, as in Section
1.1. Put . B

(8.3.1) M = {dl 1d; € Ml}

for every | € I, and
(8.3.2) M= M.

lel
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Iflel, d € M,z € X, and r is a positive real number, then it is easy to
see that

(8.3.3) BX@VZ (z,1) = 7Tl_1(BXz7dz (z1,7)),

where 7; is the natural coordinate projection from X into X;. Using this, one
can check that

(8.3.4) the topology determined on X by M

is the same as the product topology,

where X is equipped with the topology determined by M; for every j € I.
Note that

(8.3.5) M is nondegenerate on X when M;

is nondegenerate on X for each j € I,

where nondegeneracy is as defined in Section 2.1.

Now let (I, <) be a nonempty directed set, and let Y; be a nonempty set for
every j € I, as in Section 6.5. Suppose as before that for every 7,1 € I with j <1
we have a mapping ¢;; from Y; into Y; such that ¢; ; is the identity mapping
on Y; for every j € I, and ¢;, = ¢;;0 ¢y when j,l,r € I and j <1 < 7.
The inverse limit of the Y;’s is defined as usual to be the set Y of y € [[,¢, Y]
such that ¢ ,(y,) = y; for every I,r € I with | < r. Let m be the standard
coordinate projection from Hjele onto Y for every [ € I, and let p; be the
restriction of m; to Y, as before.

Suppose that for each j € I we have a nonempty collection M of semimet-
rics on Y}, and let us take Y; to be equipped with the topology determined by
M, as in Section 2.1. When considering Y as the inverse limit of the Y}’s as
topological spaces, remember that one asks that ¢;; be continuous as a map-
ping from Y; into Y; for every j,1 € I with j < [, as in Section 6.6. If [ € I
and d; € My, then let c?l be the semimetric on Hjel
before. Also let M; be as in (8.3.1) again, and let M be as in (8.3.2). Thus the
topology determined on [] el Y; by M is the corresponding product topology,
as before. -

Let My be the collection of the restrictions of the elements of M to Y. The
topology determined on Y by My is the same as the topology induced on Y by
the topology determined on []._; Y by M, as in Section 2.1. In this case, this
is
(8.3.6) the topology induced on Y by the product topology on H Y;,

jeI
which is the topology on Y considered in Section 6.6. If l € I, d; € M;, y €Y,
and r > 0, then
(8.3.7) By 5 (y,r) = (By,a,(yi,7)) NY,

where more precisely the left side is the open ball in Y centered at y with radius
r with respect to the restriction of d; to Y. This means that

(8.3.8) By 5 (y,r) = o (Byia, (7).

Y; corresponding to d; as

jerI
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