Some topics related to differential forms on R"

Stephen Semmes
Rice University



Preface

These informal notes are largely concerned with “calculus on manifolds”, where
“manifold” will normally mean something like a reasonably nice submanifold
of R™ for some positive integer n, perhaps with some sort of reasonable nice
boundary. The reader is expected to have some familiarity with basic analysis,
at least on Euclidean spaces, as well as linear algebra. Of course, the reader
should also be familiar with multivariable calculus, and my colleague Frank
Jones’ book [117] is a very helpful resource.

A basic question to be addressed here is

What is a differential form?

Normally we might be concerned with differential forms that depend on a point,
and we may also be interested in continuity or differentiability properties of the
form, as a function of the point. In order to answer the previous question, a
more basic question to be addressed is

What is a differential form at a point?

This involves multilinear functions, which will be discussed starting in Chapter
1.

More precisely, differential forms involve alternating multilinear functions,
and we shall look at symmetric multilinear functions some too. This is related
to permutations on finite sets, and the notion of even and odd permutations
in particular. A bit of group theory is relevant here, but the reader is not
necessarily expected to be familiar with that already.

We shall be interested in multiplying differential forms as well. This is related
to some other aspects of abstract algebra, and again the reader is not necessarily
expected to be familiar with that already. A brief introduction to some basic
notions in abstract algebra may be found in [5]. Certain products of multilinear
forms will be discussed in Chapter 2, corresponding to multiplying differential
forms at a point in particular. Differential forms are formally defined in Chapter
3, along with related continuity and differentiability properties.

In Chapter 2, we shall also consider linear mappings between vector spaces,
and their relationship with multilinear functions on these vector spaces. This
will be used in Chapter 4 to pull differential forms back using differentiable
mappings. This works for some other types of tensor fields too, as we shall see.
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There is a particular type of derivative of a differential form known as the ex-
terior derivative, which will be discussed in Chapter 4 as well. This includes ex-
terior derivatives of products, and the relationship between the exterior deriva-
tive and pulling differential forms back using differentiable mappings.

We shall sometimes be concerned with n-dimensional volumes of reasonably
nice subsets of R™, and integrals of continuous real-valued functions on them.
The reader is not necessarily expected to be familiar with Lebesgue measure or
integration, which permits one to deal with wider classes of sets and functions.
See Frank Jones’ book [116], for instance.

The inverse function theorem is reviewed in Chapter 5, without getting into
the proof, except for a few basic points. This includes some preliminary re-
marks about matrix-valued functions and invertible matrices. Diffeomorphisms
between open subsest of R"™ are discussed as well. Some related aspects of anal-
ysis on Euclidean spaces are mentioned too, which will also be helpful later.
Among the various topics are some constructions of smooth real-valued func-
tions of one or more variables, and cells in R™.

Chapter 6 is largely concerned with integration of differential forms. This
means integration of differential n-forms on R, and on suitable n-dimensional
objects in higher-dimensional Euclidean spaces. We shall also look at the role of
the injectivity of the differential of a continuously-differentiable mapping from
an open subset of R™ into R™ when m > n. The implicit function theorem
is related to the surjectivity of the differential of a continuously-differentiable
mapping from an open subset of R" into R™ when m > n. We shall consider
whether a diffeomorphism between open subsets of R™ preserves or reverses
orientations as well.

Chapter 7 deals with n-simplices in R™ parameterized by various types of
mappings, starting with affine mappings. We also consider n-chains, which cor-
respond to formal sums of finitely many parameterized n-simplices with integer
coefficients. The boundary of a parameterized n-simplex can be defined as an
(n—1)-chain, for instance. Under suitable conditions, Stokes’ theorem says that
the integral of a differential (n — 1)-form w over the boundary of an n-chain T’
is equal to the integral of the exterior derivative of w over I'. This is discussed
in the first five sections of Chapter 8.

Vector fields are discussed briefly in Chapter 4, and we return to this in
Chapter 8. In particular, we consider Lie brackets of vector fields with suit-
able regularity on open sets in R", which corresponds to commutators of the
associated first-order differential operators. A version of the Poincaré lemma is
discussed as well.

Lie derivatives of functions and vector fields are discussed in Section 8.8, and
we continue with Lie derivatives of some other tensor fields in Chapter 9. More
precisely, tensor fields of type (0, k) are discussed in Sections 4.1 and 4.2, and
vector fields may be considered as tensor fields of type (1,0), as in Section 4.3.
We shall also consider tensor fields of type (1,%) on open sets in R™. Interior
products of multilinear forms on a vector space by elements of the vector space
are discussed as well.

Some related topics involving linear and abstract algebra, Lie algebras, and
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complex analysis are discussed in the appendices. A number of books and other
references may be found in the bibliography with more information and various
perspectives. Of course, there are many other texts dealing with questions like
these, and adjacent areas of mathematics.

There are also some places along the way with some elaborations or other
matters that may not be neeeded for the moment, and that are related to the
broader subject. The reader may want to skip some of these parts, at least
temporarily, or simply not dwell on them too much at the beginning.
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Chapter 1

Some helpful algebra

1.1 The binomial theorem

Let n be a positive integer, and let x, y be real numbers. It is well known that
" /n
(1.1.1) (z+y)" :Z () 2y,
: J
Jj=0

where the binomial coefficients (’;) are given by

(1.1.2) (?) = MLJ).

Of course, if [ is a positive integer, then

l
(1.1.3) n=1J*
k=1

which is interpreted as being equal to 1 when [ = 0.

It is easy to see that (x 4+ y)" can be expressed as in the right side of (1.1.1)
for some coefficients (';), which are positive integers. The expression (1.1.2)
for these coefficients can be verified using induction. This can also be obtained
using calculus. One can check that these are the only values of the coefficients
for which (1.1.1) holds for all z, y. Note that (’;) is the same as the number of
ways of choosing j elements from a set with n elements.

1.2 Polynomials on R"
The real line is denoted R, as usual. Let n be a positive integer, and let R™

be the space of n-tuples © = (z1,...,x,) of real numbers. If x,y € R™, then
x + 1y € R is defined by adding the coordinates of x and y, so that

(1.2.1) T4y =(T1+ Y, Tn+ Yn)-

1
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Similarly, if z € R™ and t € R, then tx € R"™ is defined by multiplying the
coordinates of x by ¢, so that

(1.2.2) te=(tzy,...,txy,).

It is well known that R”™ is a vector space over the real numbers with respect
to these operations of addition and scalar multiplication.

In order to talk about polynomials on R", it will be helpful to introduce
some additional notation and terminology. By a multi-index we mean an n-tuple
a = (aq,...,a,) of nonnegative integers. If « is a multi-index and z € R™,
then we put

(1.2.3) x =[] a5
j=1

Here a:;” is interpreted as being equal to 1 when o; = 0, even if x; = 0. We

may refer to x® as the monomial associated to a.
A polynomial on R™ may be expressed as a linear combination of finitely
many monomials. This will be discussed further in the next section.

1.2.1 Homogeneous polynomials

Let d be a nonnegative integer, and suppose for the moment that

(1.2.4) > a;=d.

j=1
Put

(1.2.5) falz) =2¢
for each x € R", for convenience. Observe that
(1.2.6) faltz) =17 fo(z)

for every t € R and * € R™. Thus f, is homogeneous of degree d on R™.
A polynomial on R™ is homogeneous of degree d if it can be expressed as a
linear combination of monomials % corresponding to multi-indices « that satisfy
(1.2.4).

It is well known that the number of multi-indices « satisfying (1.2.4) is equal
v +d-1

n _

(1.2.7) ( - )
This is the same as the number of ways of choosing n — 1 elements from a set
of n + d — 1 elements, as mentioned in the previous section. More precisely,
suppose that we have a set of n +d — 1 elements that is linearly ordered, like
the set of positive integers from 1 to n+d — 1. If we choose n — 1 elements from
this set, then the other d elements of the set can be partitioned into n subsets
in a natural way, some of which may be empty. The numbers of the elements
of these n subsets correspond exactly to a multi-index « that satisfies (1.2.4).
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1.3 More on polynomials

Let n be a positive integer, and let N be a nonnegative integer. A polynomial
on R” of degree less than or equal to IV with real coefficients may be expressed
as

(1.3.1) p(z) = Z Ca T

a1t tan<N

More precisely, the sum is taken over all multi-indices a with
(132) ay +---+a, <N,

and it is easy to see that there are only finitely many such multi-indices. The
coefficient ¢, is supposed to be a real number for each of these multi-indices «,
so that (1.3.1) defines a real-valued function on R™.

It is well known that the coefficients ¢, are uniquely determined by the
corresponding function p(x) on R™. This can be obtained by considering p and
its derivatives at 0.

Let P(R™) be the space of all polynomials on R™ with real coefficients.
This is a linear subspace of the space of all real-valued functions on R", so
that P(R™) may be considered as a vector space over the real numbers with
respect to pointwise addition and scalar multiplication of functions. Of course,
pointwise addition and scalar multiplication of polynomials on R™ corresponds
exactly to termwise addition and scalar multiplications of sums as in the right
side of (1.3.1).

1.3.1 More on homogeneous polynomials

Let d be a nonnegative integer, and suppose that a polynomial p on R" can be
expressed as

(1.3.3) p(x) = Z Ca %,

a1+ tan=d

where more precisely the sum is taken over all multi-indices a with
(1.3.4) a1+ +a, =d,

and the coefficients ¢, are real numbers. This implies that p is homogeneous of
degree d on R", in the sense that

(1.3.5) p(tz) =t p(x)

for every t € R and z € R", as in Subsection 1.2.1. Conversely, if a polynomial
p on R™ is homogeneous of degree d, then one can check that p can be expressed
as in (1.3.3).

Of course, homogeneous polynomials on R™ of degree 0 are the same as
constant functions on R™. A homogeneous polynomial of degree 1 on R" is the
same as a linear functional on R™, which is to say a linear mapping from R
into R.
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Let P4(R™) be the space of polynomials on R™ with real coefficients that are
homogeneous of degree d. This is a linear subspace of P(R"™). The collection
of monomials x®, where « is a multi-index that satisfies (1.3.4), is a basis for
Pa(R™), as a vector space over the real numbers. Thus

(1.3.6) the dimension of P4(R") is equal to (1.2.7),

as a vector space over the real numbers.
Let p1, p2 be polynomials on R™ with real coefficients of degrees < Ny, Na,
respectively. It is easy to see that their product

(1.3.7) p1(z) p2(2)

is a polynomial on R™ of degree < N;+ Ns. If p1, ps are homogeneous of degrees
dy, ds, respectively, then

(1.3.8) p1(x) p2(z) is homogeneous of degree dy + da.

1.4 Even and odd permutations

If ¢ is a real number, then let us use sign(¢) to denote the sign of ¢, which is 1
when ¢t > 0, —1 when t < 0, and 0 when ¢ = 0. Let n be a positive integer, and

let o be a mapping from the set {1,...,n} of positive integers from 1 to n into
itself. Put
(14.1) sen(o) = [ sien(o(l) — o (4)),

1<j<I<n

which may be called the signum of o, as on p319 of [25]. More precisely, the
product is taken over all pairs of integers j, [ satisfying the conditions indicated.

If o is not one-to-one on {1,...,n}, then
(1.4.2) sgn(o) = 0.
Suppose that o is one-to-one on {1,...,n}, so that
(1.4.3) sgn(oc) =1or — 1.
In this case, 0 maps {1,...,n} onto itself, basically because {1,...,n} is a finite
set. We say that o is a permutation on {1,...,n}, and the inverse mapping o !
is a permutation on {1,...,n} as well. One can verify that
(1.4.4) sgn(o) = sgn(ot).

Note that sgn(o) = 1 when o is the identity mapping on {1,...,n}.
Sometimes sgn(o) is only defined for permutations o, and this definition
for all mappings o from {1,...,n} is used in Definition 9.33 on p232 of [205].
This will also be helpful for considering some properties of related mappings.
If o, 7 are mappings from {1,...,n} into itself, then their composition 7 o o
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is the mapping from {1,...,n} into itself that sends j to 7(o(j)). This is a

permutation on {1,...,n} when o and 7 are both permutations. Note that
(1.4.5) there are n"™ mappings from {1,...,n} into itself,

and

(1.4.6) there are n! permutations on {1,...,n}.

A permutation 7 on {1,...,n} is said to be a transposition if it interchanges
two elements of {1,...,n}, and maps every other element of {1,...,n} to itself.
One can check that
(1.4.7) sgn(r) = —1
when 7 is a transposition. A permutation o on {1,...,n} is said to be even
when sgn(o) = 1, and odd when sgn(c) = —1. It is well known that every
permutation on {1,...,n} can be expressed as the composition of finitely many
transpositions.

If o, 7 are mappings from {1,...,n} into itself, then it is well known that
(1.4.8) sgn(7 o o) = sgn(r) sgn(o).

This is easy to see when either o or 7 is not one-to-one on {1,...,n}, which

implies that 7 o ¢ is not one-to-one on {1,...,n}, so that both sides of (1.4.8)
are equal to 0. A proof of (1.4.8) when o and 7 are both permutations will be
given in the next section.

1.5 More on permutations
Let n be a positive integer, and let o be a mapping from {1,...,n} into itself.

If z € R", then let T,(z) be the element of R™ whose jth coordinate is equal
to

(1.5.1) (Tg(x))j = ;Ca(j)

for each j = 1,...,n. This defines a linear mapping from R"™ into itself. If
o is not one-to-one on {1,...,n}, then T, is not one-to-one on R™. If ¢ is a
permutation on {1,...,n}, then T, is a one-to-one mapping from R"™ onto itself,
with

(1.5.2) (T,) ' =T,

Let 7 be another mapping from {1,...,n} into itself. If z € R™, then the
jth coordinate of T, (T-(x)) is equal to

(1.5.3) (T6(T>(2))); = (T-(2))o(j) = Tr(a()) = (Troa(¥));
for each j = 1,...,n. This means that

(1.5.4) T, 0T = Trop.
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1.5.1 An interesting polynomial

Consider the polynomial P(z) defined on R™ by

(1.5.5) P(z) = H () — z;).

1<j<i<n

This is a homogeneous polynomial of degree n (n — 1)/2, which is the number
of factors in the product on the right side. Observe that

(15.6) P(T,(z)) = [ (To@@)i—(To(@)) = I (@) —2oi)

1<j<i<n 1<j<i<n
for every x € R™. One can use this to get that
(1.5.7) P(T,(x)) =sgn(o) P(x)

for every x € R™. In particular, (1.5.6) is equal to 0 when o is not one-to-one
on {l,...,n}.

On p153 of [25], a polynomial is defined which is the same as (1.5.5), except
for a possible factor of —1, depending on the dimension. This possible extra
factor is not important for (1.5.7). This polynomial is used to define even and
odd permuations, and sgn(o) is defined for a permutation using that on p319
of [25]. Note that sgn(c) is uniquely determined by (1.5.7).

One can get (1.4.8) from (1.5.4) and (1.5.7). More precisely, if o, 7 are
mappings from {1,...,k} into itself, then

(1.5.8) sgn(too)Plx) = P(Trop(z)) = P(To(Tr(x)))
= sgn(o) P(T-(z)) = sgu(o) sgn(r) P(x)

for every x € R™. This corresponds to the properties of compositions of even
and odd permuations in (12) on p153 of [25]. This also corresponds to Theorem
17 on p66 of [159], with somewhat different notation.

1.6 Multilinear forms on R"

Let k and n be positive integers. In this section, we shall be concerned with
real-valued functions on the Cartesian product

(1.6.1) R" x --- x R",

with k factors of R™. This may also be expressed as (R")*, the space of k-tuples
of elements of R". A real-valued function on this space may be expressed as

(16.2) (@ (L), .. w(k)),

where z(1),...,2(k) are elements of R™. The jth coordinate of z(l) may be
expressed as z;(I) for each j=1,...,nand [ =1,... k.
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We say that (1.6.2) is multilinear on (R™)* if
(1.6.3) it is linear as a function of z(l) for each I = 1,...,k,

when z(r) is fixed for r # I. One may also say that u is k-linear in this case,
to emphasize the role of k. One may call u a multilinear form or k-linear form
on R”™ as well, to emphasize the role of n and perhaps k too, and the fact that
w takes values in R. If £ = 1, then this is the same as a linear mapping from
R” into R, which is to say a linear functional on R™. If k = 2, then this is the
same as a bilinear form on R".

Let A1,..., Ax be linear functionals on R"™. It is easy to see that
k
(1.6.4) (x(1),...,z(k)) — H/\l(x(l))
=1

defines a k-linear form on R™. This k-linear form may be denoted A\; ® - - - ® A,
so that

.
(1.6.5) M@ @ M) (@), (k) = [[ M)
=1
Let
(1.6.6) M (R")

be the space of all k-linear forms on R™. If p,v € My(R"™) and t € R, then it
is easy to see that

(1.6.7) p+veMp(R")

and

(1.6.8) tpne Mp(R").

Thus

(1.6.9) M (R™) is a linear subspace of the space

of all real-valued functions on (R™)*,

as a vector space over the real numbers with respect to pointwise addition and
scalar multiplication. In particular, Mg(R"™) is a vector space over the real
numbers with respect to pointwise addition and scalar multiplication.

1.6.1 Characterizing multilinear forms on R"

Let ey, ..., e, be the standard basis for R™, so that the jth coordinate of e, is
equal to 1 when j = m, and to 0 otherwise. Thus

(1.6.10) = Tyem
m=1
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for every x € R™. Let p be a k-linear form on R™. If z(1),...,2(k) € R", then

(1.6.11) 2(l) = m(l)em

m=1

for each I = 1,...,k, as in (1.6.10). Using the linearity of p(x(1),...,z(k)) in
x(l) for each I = 1,...,k, we get that

(1.6.12) p(a(l),..., (k) = D - > @y (1) @y (k) €y - s €my)-
mi=1 mr=1

This shows that u is uniquely determined on (R™)* by the real numbers
(1.6.13) lmyy e vlmy)s, 1<my,....,mp <n.

One can also get a k-linear form p on R™ as in (1.6.12) for any family of real
numbers as in (1.6.13). It follows that

(1.6.14) the dimension of My(R") is equal to n*,

as a vector space over the real numbers. More precisely, this uses the fact that
the set
(1.6.15) {1,...,n}*

of all k-tuples of positive integers less than or equal to n has exactly n* elements.

1.6.2 A basis for M;(R")
Let ; be the linear functional on R™ defined for each j =1,...,n by

(1.6.16) QJ(x) =T
for every x € R™. If ji, ..., ji are positive integers less than or equal to n, then
(1.6.17) 0;, ®@---®0;,

defines a k-linear form on R™, as in (1.6.5). More precisely,

k
(1.6.18) (05 0@ 0,)(@(L), . 2(k) = [[ 2 D).
=1
Thus
0, ®--®60;)(€my,---r€m,) = 1 whenj=mforeachl=1,... k
(1.6.19) = 0 otherwise.

The collection of k-linear forms on R™ as in (1.6.17) is a basis for My (R™), as
a vector space over the real numbers.
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1.7 Bilinear forms on R"

Let n be a positive integer, and let b(z, y) be a bilinear form on R™. If ey, ..., e,
are the standard basis vectors in R™, then

n

(171) b(CC,y) = Z Z Tmy Ymo b(em17€7rL2)

m1:1 m2:1

for all x,y € R™, as in Subsection 1.6.1. Thus b is uniquely determined by the
family of real numbers

(1.7.2) blemysemy)s 1< my,ma <n,

and any family of real numbers of this type determines a bilinear form on R"™
as in (1.7.1).
If

(1.7.3) b(z,y) = by, x)

for all z,y € R™, then b is said to be a symmetric bilinear form on R™. It is
easy to see that this happens if and only if

(1.7.4) b(em, s emy) = b(€my, €m,)
for all my,mo =1,...,n.
If

for all z,y € R", then b is said to be an antisymmetric bilinear form on R™.
This happens if and only if

(1.7.6) b(emysems) = —b(€ms; €my)
for all my,ms = 1,...,n. In particular, this implies that
(1.7.7) b(em,em) =0

for every m=1,...,n.

If b is any bilinear form on R, then
(1.7.8) b(z +y,x+y) = bz, x) + b(z,y) + by, z) + b(y, y).

If b is antisymmetric, then
(1.7.9) b(w,w) =0

for every w € R™. Conversely, if (1.7.9) holds for every w € R™, then one can
check that b is antisymmetric, using (1.7.8).
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1.7.1 Symmetric and antisymmetric parts

If b is any bilinear form on R"™ again, then

(1.7.10) (1/2) (b(z,y) + by, x))

is a symmetric bilinear form on R", and

(1.7.11) (1/2) (b(z,y) — b(y, =)

is an antisymmetric bilinear form on R™. Of course, b(x,y) is equal to the sum
of (1.7.10) and (1.7.11). If b is symmetric, then (1.7.10) is equal to b(z,y), and
(1.7.11) is equal to 0. Similarly, if b is antisymmetric, then (1.7.11) is equal to
b(x,y), and (1.7.10) is equal to 0. If b is both symmetric and antisymmetric,
then

(1.7.12) b(z,y) =0

for every z,y € R™.

1.7.2 Associated quadratic polynomials

If b is any bilinear form on R"™, then

n n

(1.7.13) Py(z) = b, 2) = > > T, Tmy b(em, €m,)

mi=1mo=1

defines a homogeneous polynomial on R™ of degree 2, with real coefficients. It
is easy to see that every homogeneous polynomial on R™ of degree 2 with real
coefficients corresponds to a bilinear form b on R"™ in this way.

Note that the polynomial corresponding to b as in (1.7.13) is the same as
the polynomial corresponding to the symmetric part (1.7.10). This implies
that every homogeneous polynomial on R™ of degree 2 with real coeflicients
corresponds to a symmetric bilinear form on R™ in the same way as before.
This could also be verified more directly.

If b is a symmetric bilinear form on R"™, then one can check that b is uniquely
determined by P, using (1.7.8). Observe that Py(z) = 0 for every x € R" if
and only if b is antisymmetric, as before.

1.8 Multilinear forms and homogeneous polyno-
mials

Let k and n be positive integers, and let p be a k-linear form on R™. Under
these conditions,

(1.8.1) P,(x) = p(z,...,x)
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defines a homogeneous polynomial on R™ of degree k. To be more precise, if
e1,...,e, are the standard basis vectors in R"™, then

(1.8.2) P,(z) = Z Z Ty * Tong (€ s+ s €my)s

m1:1 mkzl
as in Subsection 1.6.1. Note that
(1.8.3) W Py

is a linear mapping from the space My(R"™) of all k-linear forms on R™ into
the space Pr(R"™) of all homogeneous polynomials on R™ of degree k with real
coefficients.

Let Ay,...,Ar be k linear functionals on R, and suppose for the moment
that
(1.8.4) =A@ - ® Ak,

where the right side is as in Section 1.6. In this case,

k
(1.8.5) Py(z) = [ (=)
=1

for every x € R™.
Let 6; be the linear functional on R™ defined by 0;(z) = z; for each j =

1,...,n, as before. Suppose for the moment again that
(1.8.6) p="0; Q- 60,
where ji,...,Jr are positive integers less than or equal to n. This implies that

k
(1.8.7) Pu(z) =[]
=1

for every x € R™.

Using this, it is easy to see that (1.8.3) maps My(R"™) onto Pr(R"™). This
was mentioned in Subsection 1.7.2 when k = 2. If k = 1, then (1.8.3) is one-to-
one.

1.9 Symmetric multilinear forms

If X is any nonempty set, then we let Sym(X) be the space of all one-to-one
mappings from X onto itself. This is a group with respect to composition of
mappings, which is known as the symmetric group on X. If k is a positive
integer and X = {1,...,k}, then we may use the notation Sym(k) for Sym(X).

Let & and n be positive integers, and let u be a k-linear form on R". If
o € Sym(k), then let u% be the k-linear form on R™ defined by

(1.9.1) w(x(1),...,z(k)) = pw(z(o(1)),...,z(c(k))).



12 CHAPTER 1. SOME HELPFUL ALGEBRA

Of course, this is the same as p when o is the identity mapping on {1,...,k}.
Note that

(1.9.2) = p’

is a one-to-one linear mapping from the space My (R™) of k-linear forms on R"
onto itself. If o is any mapping from {1,...,k} into itself, then (1.9.1) defines
a real-valued function on (R™)*, but it is not necessarily k-linear.

Let 7 be another element of Sym(k), so that oo € Sym(k) as well. Observe
that

(2 (1), .. 2(k) = ple(r(e(1))),. .., z(r(a(k))))
(1.9.3) = p(z(r(1)),...,x(r(k)) = (n7)"(2(1),...,z(k)).

We say that p is a symmetric k-linear form on R™ if

(1.9.4) wo=p

for every o € Sym(k). This holds trivially when k& = 1, and it is equivalent to
the definition of a symmetric bilinear form on R™ in Section 1.7 when k = 2.
In order to verify that p is symmetric for any k, it suffices to check that (1.9.4)
holds when o is a transposition on {1,...,k}, because every element of Sym(k)
may be expressed as a composition of transpositions, as mentioned in Section
1.4.

Let ey, ..., e, be the standard basis vectors in R”, as usual. If (1.9.4) holds
for some o € Sym(k), then

(1.9.5) P€myays e s €mg ) = H(€mas s €my)

for all positive integers my, ..., my < n. Conversely, if (1.9.5) holds for all such
mi,...,mg, then (1.9.4) holds, as in Subsection 1.6.1. Thus p is symmetric if
and only if (1.9.5) holds for all o € Sym(k) and positive integers mq, ..., my < n.
As before, it suffices to check that (1.9.5) holds for all transpositions ¢ on
{1,...,k} and 1 <my,...,m; < n, to get that p is symmetric.

1.9.1 Symmetrizing multilinear forms

If p is any k-linear form on R™, then put

(1.9.6) S = — e,
o€eSym(k)

which is another k-linear form on R™. Note that S is a linear mapping from
M. (R™) into itself, which may also be denoted Sy, to indicate the role of k. If
w1 is symmetric, then

(1.9.7) S =4 S ou=p,

o€eSym(k)
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because Sym(k) has k! elements, as mentioned in Section 1.4. Let us check that
(1.9.8) S() is symmetric
for every k-linear form p on R™. One may describe S(u) as the symmetrization

of p.
If 7 € Sym(k), then

T 1 O\T __ 1 TOO
(1.9.9) S =4 o W)= o >,
oceSym(k) oeSym(k)
using (1.9.3) in the second step. Observe that
(1.9.10) o Too

is a one-to-one mapping from Sym(k) onto itself. It follows that

T 1 (e
(1.9.11) S =0 Y. =5,
oc€Sym(k)
so that (1.9.8) holds.
Similarly,
T 1 T\O 1 ooT
(1.9.12) SW=pm Y. W) =5 D
oeSym(k) oeSym(k)
We also have that
(1.9.13) o ooT

is a one-to-one mapping from Sym(k) onto itself. This implies that

(1.9.14) S(u") = % > w7 =5

oeSym(k)

for every 7 € Sym(k).

1.10 More on symmetric multilinear forms

Let k£ and n be positive integers again, and let pu be a k-linear form on R™.
Also let P,(x) = p(x,...,x) be the homogeneous polynomial on R™ of degree
k associated to p as in Section 1.8. If ¢ € Sym(k), then

(1.10.1) Pyo = P,.

This implies that

1
(1.10.2) Psuy = o > Pu= o > P.=PF.
* o€Sym(k) " oeSym(k)
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Remember that every homogeneous polynomial on R™ of degree k with real
coeflicients is of the form P, for some k-linear form p on R", as in Section
1.8. Using this and (1.10.2), we get that every such polynomial on R"™ is of the
form P, for some symmetric k-linear form p on R"™. This was mentioned in
Subsection 1.7.2 when k = 2.

1.10.1 Some related multi-indices

Let {1,...,n}"* be the set of all k-tuples of positive integers less than or equal
to n. If (mq,...,my) is an element of this set, then put

(1.10.3) aj =#{1 <1< k:my =g},

for each j = 1,...,n, where more precisely the right side is the number of
positive integers | < k such that m; = j. This defines a multi-index a =
(a1, ..., ) with

(1.10.4) > a; =k
j=1

Note that every multi-index « that satisfies (1.10.4) corresponds to an element
of {1,...,n}¥ in this way.
Suppose that a multi-index a corresponds to

(1.10.5) (ma,...,mg) €{1,...,n}*

as in (1.10.3). If o0 € Sym(k), then

(1.10.6) (Me(1ys - Mo (k)
is another element of {1,...,71}’“, which corresponds to « in the same way.
Conversely, every element of {1,...,n}* that corresponds to « in this way is of

the form (1.10.6) for some o € Sym(k).

Remember that a k-linear form g on R™ is symmetric if and only if (1.9.5)
holds for all o € Sym(k) and positive integers myq,...,m; < n. This condition
holds if and only if
(1.10.7) p(€mys -, em,) only depends on the multi-index o

corresponding to (my,...,myg),

by the remarks in the preceding paragraph.

1.10.2 The space SM;(R")

Let
(1.10.8) SMi(R™)

be the space of symmetric k-linear forms on R™. It is easy to see that this is
a linear subspace of the space Mg(R"™) of all k-linear forms on R™. One can
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check that the dimension of SMj(R™), as a vector space over the real numbers,
is equal to the number of multi-indices « that satisfy (1.10.4), using the remarks
in the previous paragraphs.

This is the same as the dimension of the space Px(R"™) of all homogeneous
polynomials on R" of degree k with real coeflicients, as mentioned in Subsection
1.3.1. It follows that

(1.10.9) p — P, defines a one-to-one mapping from SM;(R") onto Pi(R").

1.11 Alternating multilinear forms

Let k£ and n be positive integers, and let p be a k-linear form on R™ again. We
say that p is an alternating k-linear form if

(1.11.1) u® =sgn(o)p

for every o € Sym(k). This condition holds trivially when k = 1, and it reduces
to the definition of an antisymmetric bilinear form on R™ in Section 1.7 when
k = 2. In order to show that u is alternating for any k, it suffices to check that

(1.11.2) w=—u

when o is a transposition on {1,...,k}, because every element of Sym(k) may
be expressed as a product of transpositions, as mentioned in Section 1.4.
If 1 is an alternating k-linear form, then

(1.11.3) w(z(l),...,z(k)) =0
whenever
(1.11.4) z(ly) = z(l2)

for some 1 < Iy < ly < k. This follows from (1.11.2), by taking o to be the
transposition that interchanges [; and Is.

Conversely, suppose that (1.11.3) holds when (1.11.4) holds, and let us check
that (1.11.2) holds, with o equal to the transposition just mentioned. To do
this, let () € R™ be given for [ # Iy, 13, so that

(1.11.5) w(z(1),. .., x(k))

may be considered as a bilinear form on R"™, as a function of x(l;) and z(l3).
In this case, the hypothesis that (1.11.3) holds when (1.11.4) holds implies that
this bilinear form is antisymmetric, as in Section 1.7.

If (1.11.3) holds when (1.11.4) holds for any 1 < Iy < Iz < n, then we get
that (1.11.2) holds for every transposition . This implies that y is alternating,
as before.
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1.11.1 Some additional characterizations

Let eq,...,e, be the standard basis vectors in R™ again, and let ¢ € Sym(k)
be given. Of course, (1.11.1) implies that

(1.11.6) €y rys s emﬁ(k)) =sgn(o) w(emys- -, emy)
for all positive integers myq,...,m; < n. Conversely, if (1.11.6) holds for all
1 < my,...,mi < n, then (1.11.1) holds, as in Subsection 1.6.1. This means

that p is alternating if and only if (1.11.6) holds for all o € Sym(k) and positive
integers mq,...,mg < n.
Similarly, (1.11.2) holds for some transposition o if and only if

(1'11'7) M(emo(l) o aema(k)) = 7u(em1a ceey emk)
for all positive integers mz,...,m; < n. It follows that u is alternating if and
only if (1.11.7) holds for all transpositions ¢ and 1 < my,...,mp < n. In

particular, if p is alternating, then

(1.11.8) wlmyye e ym,) =0
when
(1.11.9) my, = my,

for some 1 <1y <ly <k, asin (1.11.3).

If k& > n, then any family of k positive integers my,...,m; < n satisfies
(1.11.9) for some 1 <y <o < k. If p is alternating, then we get that 4 =0 in
this case, as in Subsection 1.6.1.

1.11.2 The space AM;(R")

Let
(1.11.10) AM(R™)

be the space of alternating k-linear forms on R™. This is a linear subspace of
the space M (R™) of all k-linear forms on R™. If k > n, then

(1.11.11) AMi(R") = {0},

as in the preceding paragraph.

1.12 More on alternating multilinear forms

Let k£ and n be positive integers, and let eq,...,e, be the standard basis for
R”, as usual. If u is any k-linear form on R™, then p is uniquely determined
by the family of real numbers

(1.12.1) Wmyysevylmy),
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where myq, ..., my are positive integers less than or equal to n, as in Subsection
1.6.1. If p is alternating, then (1.12.1) is equal to 0 unless the m;’s are distinct,
asin (1.11.8). In particular, this always happens when k > n, and so we suppose
now that k < n.

Thus, if p is alternating, then p is uniquely determined by the family of

real numbers (1.12.1), where myq,...,my < n are distinct. We also have that
(1.12.1) determines
(1.12.2) H(ema(1>a-~-76mg<k))

for every o € Sym(k), as in (1.11.6). This implies that y is uniquely determined
by the family of real numbers (1.12.1), with

(1.12.3) 1<m; <~ <mg <n.

1.12.1 Getting alternating multilinear forms

The family of real numbers (1.12.1) with m4,...,my as in (1.12.3) for an al-
ternating k-linear form p may be arbitrary too. More precisely, if (1.12.1) is
given when my, ..., my satisfy (1.12.3), then one can determine (1.12.1) when
my,...,mg are any distinct positive integers less than or equal to n using
(1.11.6). If we set (1.12.1) equal to 0 when the my’s are not distinct, then
(1.12.1) has been defined for all positive integers my, ..., my < n. This deter-
mines a k-linear form p on R™ as in Subsection 1.6.1. One would like to check
that

(1.12.4)  is alternating

under these conditions.

To do this, it suffices to verify that (1.11.6) holds for all & € Sym(k) and
positive integers my,...,my < n. If the m;’s are not distinct, then the mg,)’s
are not distinct either, and both sides of (1.11.6) are equal to 0, by construction.
If the my’s satisfy (1.12.3), then (1.11.6) holds by construction again.

If my,...,my satisfy (1.12.3) and 7 € Sym(k), then m,(),...,m ) are
distinct positive integers less than or equal to n, and any sequence of k distinct
positive integers less than or equal to n can be expressed in this way. If o is an
element of Sym(k), then we would like to have that

(1125)  plemy iy €moirayy ) = S8R(0) f(€m, )5+ Emi)-
By construction, the left side is equal to

(1.12.6) sgn(o o 7) p(myy - - s Emy)s

and the right side is equal to

(1.12.7) sgn(o) sgn(7) w(emyy -y Emy)-

Thus (1.12.5) follows from the fact that sgn(oco7) = sgn(o) sgn(7), as in Section
1.4 and Subsection 1.5.1.
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1.12.2 The dimension of AM;(R")

This shows that the dimension of AMy(R™), as a vector space over the real

numbers, is equal to the number of subsets of {1,...,n} with exactly k elements.
This means that
(1.12.8) dim AM (R") = (Z)
when k < n.
In particular,
(1.12.9) dim AM,,(R") = 1.

It is well known that the determinant of an n X n matrix corresponds to an
element of AM,,(R™), which will be discussed further in Section 1.15. Indeed,
the determinant is uniquely determined by this and the fact that the determinant
of the identity matrix is equal to 1. Any other element of AM,,(R"™) can be
expressed as a real number times the element of AM,,(R"™) corresponding to
the determinant, because of (1.12.9).

1.13 Alternatizing multilinear forms

Let k and n be positive integers, and let p be a k-linear form on R™. Remember
that if o € Sym(k), then u® may be defined as a k-linear form on R™ as in
Section 1.9. Put )
(1.13.1) Alp) =5 > sgn(o)pC.

oeSym(k)
This defines a linear mapping from the space M (R"™) of k-linear forms on R™

into itself, which may also be denoted Ay, to indicate the role of k.
If i is alternating, then

1
(1.13.2) Alp) = > sen(o)? p.
o€Sym(k)
This implies that
1
(1.13.3) Ap = D n=p

" o€Sym(k)

because sgn(c)? = 1 for every o € Sym(k), and Sym(k) has k! elements.
Let 4 be any k-linear form on R™ again, and let 7 € Sym(k) be given.
Observe that

(1134) AG) =5 Y sm@) () =5 S senlo)ut,

" oeSym(k) " o€Sym(k)

where the second step is as in Section 1.9. This means that

sgn(T oo
(1.13.5) A(p)" = gkj ) Z sgn(roo)u™,
oceSym(k)
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because sgn(7 o o) = sgn(7) sgn(o) and sgn(7)? = 1. It follows that

(1.13.6) A(p)" = sgn(r) Ap),

because ¢ — T o ¢ is a one-to-one mapping from Sym(k) onto itself. Thus

(1.13.7) A(p) is alternating,
and A(u) may be described as the alternatization of p.
Similarly,

T 1 T\O 1 ooT

(L138) A() =17 D sen(o) (W)= > sen(o)u”™".
oc€Sym(k) oeSym(k)
This implies that
 _ sen(7) gor

(1.13.9) A(p") = o Z sgn(o o 1) u°",

oeSym(k)
for essentially the same reasons as before. Using this, we get that
(1.13.10) A7) = sgn(r) A(s),

because o — o o T is a one-to-one mapping from Sym(k) onto itself.

1.14 The multinomial theorem

Let n be a positive integer, and let a be a multi-index. If Z?Zl o = k, then
put

(1.14.1) (Z) = (a1~]o€~an) = ﬁ

which is the multinomial coefficient corresponding to k and «. If n = 2, then
this is the same as the binomial coefficients (fl) and (D];)
If k£ is a positive integer and z € R", then it is well known then

(1.14.2) (214 +x,)F = Z (k) -

a
ar+-+ap=k

where the sum is taken over all multi-indices o with Z?Zl aj = k. This is trivial
when n = 1, and the n = 2 case is the same as the binomial theorem. The k =1
case is also easy, for any n.

As for the binomial theorem, it is clear that the left side of (1.14.2) can
be expanded into a linear combination of monomials % of degree k whose
coefficients are positive integers. One can get (1.14.2) directly using induction
on k, but if one already knows the binomial theorem, then it is easier to use
induction on n. One can also obtain (1.14.2) using calculus, by taking derivatives
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of both sides of order k, which shows that these are the only coefficients such
that (1.14.2) holds for every x € R™.

The coefficient of z* in (1.14.2) is the same as the number of ways of par-
titioning {1, ..., %k} into n pairwise-disjoint sets, where the jth set has exactly
o elements for each j. Thus the number of these partitions is the same as the
multinomial coefficient (1.14.1). Alternatively, any permutation on {1,...,k}
sends a partition of this type to another such partition, and every partiition of
this type may be obtained from any other partition of this type in this way.
There are k! permutations on {1,...,k}, and the number of permutations that
send a particular partition of this type to itself is

(1.14.3) al- ol

This is another way to see that the number of these partitions is equal to (1.14.1).

1.14.1 More on multinomial coefficients

A partition of {1,...,k} into n pairwise-disjoint sets corresponds exactly to a
mapping from {1,...,k} into {1,...,n}. A mapping of this type also corre-
sponds to a k-tuple (mq, ..., my) of positive integers less than or equal to n. Of
course,

(1.14.4) ($1+"'+$n)k:Z"'szl'“fﬂmk

mi=1 mrp=1

for every x € R™. A monomial of the form
(1.14.5) Tmy * 0 Ty

is of the form x® exactly when

(1.14.6) aj =#{1 <1 <k:m =j}
foreach j=1,...,n.
Thus (1.14.1) is the same as the number of k-tuples (myq, ..., my) of positive

integers less than or equal to n that satisfy (1.14.6) for each j. This is related
to some of the remarks in Subsection 1.10.1.
If we take x; =1 for each j in (1.14.2), then we get that

(1.14.7) nf= ) (2)

a1 tan=k

Of course, the set {1,...,n}* of k-tuples of positive integers less than or equal
to n has exactly n® elements. The right side of (1.14.7) expresses this as the
sum over all multi-indices o with Z?Zl aj = k of the number of k-tuples

(my,...,my) in {1,...,n}* that satisfy (1.14.6) for each j.
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1.15 DMatrices and determinants

Let k and n be positive integers, and let x(1),...,x(k) be k elements of R™.
Thus «;(I) defines an n x k matrix of real numbers.

Let uy, ..., uy be the standard basis for R*, so that the [th coordinate of wu,.
is equal to 1 when [ = r, and to O when [ # r. There is a unique linear mapping
T from RF into R™ such that
(1.15.1) T(uy) = x(1)

for each [ = 1,...,k. More precisely, if w € RF, then

k
(1.15.2) w=> wu,
=1

and
k k

(1.15.3) T(w) = ZwlT(ul) = Zwl x(l).
=1 =1

This means that the jth coordinate of T'(w) is given by

k
(1.15.4) (T(w)); = > x;(1) wy
=1

for each j = 1,...,n. Of course, this is the same as saying that T' corresponds
to the matrix z;(I) in the usual way.
Suppose from now on in this section that

(1.15.5) k=n,

so that x;(1) is an n x n matrix of real numbers. Put

(1.15.6) pace(@(1),...,x(n)) = > sgn(o) [[zi(@()).
o€Sym(n) j=1

The right side is the same as the determinant of the matrix x;(l). Equivalently,

n

(1.15.7) pace(@(1),...,z(n)) = > sen(r) [[z-0)0).

TESym(n) =1

This corresponds to taking 7 = o1 in (1.15.6), using the fact that sgn(c) =
sgn(o™1).
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1.15.1 Some properties of the determinant

Clearly piqet is an n-linear form on R™. More precisely,
(1.15.8) Iidet 1S an alternating n-linear form on R",

and in fact it can be expressed as an alternatization in a nice way. Put 6,(y) = y;
for each j =1,...,n and y € R", so that

(1.15.9) (01 @ @0n)(y(1),. .., y(n)) = _Hyj(j)

defines an n-linear form on R™, as in Section 1.6. If o € Sym(n), then
(0r@---©0,)7(2(1),...,2(n)) = (1@ @0n)(x(a(1)),...,x(a(n)))

(1.15.10) = [T=te0),

using the notation in Section 1.9 in the first step. This means that

(L15.11) paet = Z sgn(o) (1 ® - ®6,)7 =nl A1 ® - ®0,),

oc€Sym(n)

using the notation in Section 1.13 in the second step.
It is well known that the determinant of the identity matrix is equal to 1.
This corresponds to

(1.15.12) fdet(e1, . .- en) =1

in the present notation, where eq,...,e, are the standard basis vectors in R™.
Indeed,

(1.15.13) (01 @ @0)(e1,.-.,6n) =1,

and

(1@ ®0,)(e1,- . €n) (1@ @ 0n)(esr), - Com)

(1.15.14) = J[0i(eci) =0
j=1

when o € Sym(n) is not the identity mapping on {1,...,n}. Note that (1.15.7)
corresponds to the fact that the determinant of a matrix is equal to the determi-
nant of its transpose. Some other properties of determinants will be discussed
in Section 2.5.
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More on multilinear forms

2.1 Some direct sums

Let N be a positive integer, and let Vi,...,Vy be N vector spaces over the real
numbers. Consider the Cartesian product

N
(2.1.1) HVj:V1><~--><VN,
j=1

which is the set of N-tuples (vi,...,vn) with v; € V; for each j =1,...,N.
This is also a vector space over the real numbers, with respect to coordinatewise
addition and scalar multiplication. This is the direct sum of Vi,..., Vx, which
may be denoted

N
(2.1.2) Pviovidy---Pvn.

Ifv; € Vjfor j=1,...,N, then we may use the notation v @ --- ® vy for the
element of the direct sum corresponding to (vy,...,vnN).

Suppose for the moment that V; = R for each j = 1,..., N, considered as
a one-dimensional vector space over itself. In this case, (2.1.1) is the same as
RYN.

2.1.1 Direct sums and linear subspaces

There is an obvious mapping ¢; from V; into the direct sum foreach { =1,..., N.
Namely, if v; € V}, then let ¢;(v;) be the element of the direct sum whose lth
coordinate is equal to v;, and whose other coordinates are equal to 0. This is a
one-to-one linear mapping from V; into the direct sum for each .

Sometimes one may wish to identify V; with its image ¢;(V}) in the direct
sum under ¢;. Every element of the direct sum corresponds to a sum of elements
of 1;(V}), 1 <1< N, in a unique way, by construction.

23



24 CHAPTER 2. MORE ON MULTILINEAR FORMS

Let V be another vector space over the real numbers, and suppose for the
moment that V; is a linear subspace of V' for each [ = 1,..., N. Suppose also
that every element of V' can be expressed in a unique way as a sum of elements
of V1,...,VNn. This leads to a one-to-one linear mapping from the direct sum
of Vi,...,Vn onto V. We may say that V corresponds to the direct sum of
Vi,...,Vn, as a vector space over the real numbers, under these conditions.

If V; has finite dimension for each j = 1,..., N, then the direct sum has
finite dimension as well, with

N N
(2.1.3) dim@V; =) dimV;.
j=1 j=1

This may be seen by choosing a basis for each V}, and considering the images
of the basis vectors in the direct sum under ¢;. The combination of the images
of these bases of the V}’s is a basis for the direct sum.
2.1.2 Direct sums and linear mappings

Let W be another vector space over the real numbers, and suppose that 7; is a
linear mapping from V; into W for each [ = 1,..., N. Observe that

N
(2.1.4) Ty @ @vy) =Y Ti(v)
=1

defines a linear mapping from EB;V:1 V; into W. Conversely, any linear mapping

T from @;\;1 V; into W determines a unique linear mapping 7 from V; into W
for each I =1,..., N such that (2.1.4) holds. More precisely, one can take

(2.1.5) T,=Toy

foreachl=1,...,n.

2.2 Multilinear mappings

Let k£ be a positive integer, let V7, ..., Vi be k vector spaces over the real num-
bers, and let Z be another vector space over the real numbers. Also let ¢ be a
function defined on the Cartesian product

k
(2.2.1) [[Vi=Vix-xV

=1
with values in Z. We say that ¢ is multilinear on (2.2.1) if ¢(vy, . .., vy) is linear
in v; for each [ = 1,...,k, when v, is fixed for » # [. This is the same as in

Section 1.6 when V; = R" for each [ = 1,...,k and Z = R. As before, we may
say that ¢ is k-linear to emphasize the role of k.
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Of course, if k = 1, then this is the same as a linear mapping from V; into
Z. If k = 2, then this is the same as a bilinear mapping from V; x V5 into Z.

Remember that (2.2.1) may be considered as a vector space over the real
numbers with respect to coordinatewise addition and scalar multiplication, as
in the previous section. Note that k-linear mappings on (2.2.1) are not the same
as linear mappings when k > 2.

Suppose for the moment that Z = R, considered as a vector space over itself.
A real-valued multilinear function on (2.2.1) may be called a multilinear form
or k-linear form, as in Section 1.6 again. This is the same as a linear functional
on Vi when k = 1, and it may be called a bilinear form when k = 2, as before.

2.2.1 Some basic properties and examples

Let A\; be a linear functional on V; for each [ = 1,. ..k, which is to say a linear
mapping from V; into R. Observe that

k
(2.2.2) M@ @ M) (v, 08) = [[ M)
=1

defines a k-linear form on (2.2.1). This was mentioned in Section 1.6 when
Vi=R"foreachl=1,... k.

Let Z be any vector space over the real numbers again, and let z € Z be
given. Also let ¢ be a k-linear form on (2.2.1). Under these conditions,

(2.2.3) O(v1,...,0) = P(v1,...,05) 2

defines a k-linear mapping from (2.2.1) into Z.

If X is a nonempty set, then the space of all Z-valued functions on X is a
vector space over the real numbers, with respect to pointwise addition and scalar
multiplication of functions. In particular, the space of all Z-valued functions on
(2.2.1) is a vector space over the real numbers in this way. It is easy to see that
the space of all k-linear mappings from (2.2.1) into Z is a linear subspace of the
space of all Z-valued functions on (2.2.1).

Let V be a vector space over the real numbers, and suppose that we take
Vi =V for each [ = 1,...,k. In this case, (2.2.1) is the same as the Cartesian
product

(2.2.4) Vx--xV,

with k factors of V. This is the same as the space V* of k-tuples of elements of
V. The space of all k-linear forms on V may be denoted

(2.2.5) M (V),

as in Section 1.6. This is a linear subspace of the space of all real-valued func-
tions on V¥, as in the preceding paragraph.
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2.3 Some compositions

Let V and W be vector spaces over the real numbers, let k£ be a positive integer,
and let T1,..., T be k linear mappings from V into W. If p is a k-linear form
on W, then
(2.3.1) w(Ti(v1),. .., Tr(v))
defines a k-linear form on V.

If T is a linear mapping from V into W, then we can apply the preceding
remark with 7; = T for each [. We may use the notation

(2.3.2) (T* (W) (01, vk) = p(T(v1), ... T(vy))

for the k-linear form on V obtained in this way, or the notation (7');(u) to
indicate the role of k. Note that this defines a linear mapping from M (W)
into M (V). The notation 6T may be used for this linear mapping as well, as
in 2.13 on p62 of [239]. If k = 1, then (2.3.2) is the same as saying that

(2.3.3) T*(4) = (T)i(n) = po T.

2.3.1 Compositions and 7™

Let Y be another vector space over the real numbers, and let R be a linear
mapping from W into Y. Also let v be a k-linear form on Y, so that R*(v)
defines a k-linear form on W, as before. Similarly, T*(R*(v)) and (R o T)*(v)
define k-linear forms on V', using the fact that R o T is a linear mapping from
V into Y in the second case. If vy,..., v, € V, then

(234) (TR W)(v1,--ve) = (BT @)(T(v1), ..., T(vr))
= v(R(T(v1)),.. ( (vk)))
= ((ROT)(Ul)v-- , (RoT)(vr))
= (RoT)"(¥))(v1,-- ., vk).

This means that

(2.3.5) (RoT)*=T"o R"

as linear mappings from My (Y) into M (V).
If T is a one-to-one linear mapping from V onto W, then it is easy to see
that

(2.3.6) T* = (T)}, is a one-to-one linear mapping
from My (W) onto My (V).

More precisely,

(2.3.7) (D))~ = (T i,
as in (2.3.5).

If W has dimension n for some positive integer n, then there is a one-to-one
linear mapping 7" from R™ onto W. In fact, if eq, ..., e, is the standard basis

for R™, then one can choose T so that T'(e1),...,T(e,) is any basis for W.
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2.4 Compositions and permutations

Let V and W be vector spaces over the real numbers again, and let T" be a linear
mapping from V into W. Also let k£ be a positive integer, and let u be a k-linear
form on W. If o is a permutation on {1,...,k}, then u” may be defined as a
k-linear form on W as in Section 1.9, which is to say that

(2.4.1) (w1, we) = (We(1)s - - s Wo(k))
for all wy,...,wx € W. If 7 is another permutation on {1,...,k}, then
(2.4.2) W = ()

as before. Of course, we can do the same with k-linear forms on V.
In particular, we can do this for 7*(u). Observe that

(T ()" (1, .yvk) = (T7(1) (Vo 1ys - -+ Vo (k)
(243) - ;U’(T(U(T(l))ﬂ v 7T(vo(k)))
p (T (v1), ..., T(vk)) = (T"(p7))(v1, - - - vk)

for all vy,...,vr € V. Thus
(2.4.4) (T ()" =T"(p7),

as k-linear forms on V.

2.4.1 Symmetric and alternating k-linear forms

We say that p is a symmetric k-linear form on W if

(2.4.5) woo=u

for every permutation o on {1,...,k}, as in Section 1.9. Similarly, we say that
w is an alternating k-linear form on W if

(2.4.6) n’ =sgn(o)p

for every o € Sym(k), as in Section 1.11. In both cases, it suffices to check
that the condition holds when o is a transposition on {1,...,k}, as before.

The analogous conditions may be used for k-linear forms on V' as well. If x4 is a
symmetric or alternating k-linear form on W, then T*(u) has the same property
as a k-linear form on V', because of (2.4.4).

Let
(2.4.7) SM (W) and AM (W)

be the spaces of symmetric and alternating k-linear forms on W, respectively.
These are linear subspaces of My (W), as in the case where W = R” for some
positive integer n, as in Subsections 1.10.2 and 1.11.2. Using the same notation
for V', we have that

(2.4.8) T*(SMp(W)) C SME(V)
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and

(2.4.9) T*(AML(W)) € AM(V),

as in the preceding paragraph. If T is a one-to-one linear mapping from V' onto
W, then we can combine these statements with their analogues for 77!, to get
that

(2.4.10) T*(SEMp(W)) = SME(V)
and
(2.4.11) T (AM(W)) = AM (V).

2.4.2 Symmetrizations and alternatizations

If p is any k-linear form on W again, then the symmetrization and alternatiza-
tion of p are defined by

1 o
(2.4.12) S =S =1 D n
oc€Sym(k)
and .
(2.4.13) A = A = Y senlo) T,
oeSym(k)

respectively, as in Subsection 1.9.1 and Section 1.13. As before, if p is already
symmetric or alternating, then

(2.4.14) S(p) = p

or

(2.4.15) A(p) = 1,

as appropriate. If u is any k-linear form on W, then
(2.4.16) S(p) is symmetric
and

(2.4.17) A(p) is alternating,
for the same reasons as before. If 7 € Sym(k), then
(2.4.18) S(u") = S(u)

and

(2.4.19) A(uT) = sgn(r) Ap),
as before. It is easy to see that

(2.4.20) T (S(n)) = S(T* (1))
and

(2.4.21) T (A(p) = A(T" (),

using (2.4.4) and the analogues of S and A for V on the right sides of the
equations.
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2.5 Compositions and determinants

Let n be a positive integer, let T be a linear mapping from R™ into itself, and

let eq,...,e, be the standard basis for R"™. The determinant of T is normally
defined as the determinant of the matrix associated to T" using eq, ..., e,. This
means that

(2.5.1) det T = paet(T'(e1), ..., T(en)),

where pi4et 18 the alternating n-linear form on R"™ associated to the determinant
as in Section 1.15.
If v is any alternating n-form on R", then

(2.5.2) v=uv(er,...,en) tdet-

To see this, remember that the space AM,,(R™) of alternating n-linear forms on
R”™ has dimension 1 as a vector space over the real numbers, as in Subsection
1.12.2. This implies that v is equal to a real number times pget. This real
number is equal to v(eq, ..., e,), because pges(€1,...,e,) = 1.

Note that T (uqet) is an alternating n-linear form on R"™, as in the previous
section. We also have that

(253) T* (Mdet) = (T* (/’Ldet))(ela R €n) Hdet
= Hdet (T(el)7 e 7T(en)) Hdet = (det T) Hdet

using (2.5.2) in the first step, the definition of T (uqet) in the second step, and
(2.5.1) in the third step. This implies that

(2.5.4) T*(v) = (detT) v

for every alternating n-linear form v on R", because v is a constant multiple of

Hdet -
Let R be another linear mapping from R" into itself, so that

(2.5.5) det R = paes(R(e1), ..., Rlen)),

as in (2.5.1). Similarly,

(2.5.6) det(T o R) = praee(T(R(e1)), ..., T(R(en))).

Observe that

(25.7) (T (paet))(R(er), - - ., R(en)) = (det T') praet (R(er), - - -, R(en)),

by (2.5.3). Of course, the right side of (2.5.6) is the same as the left side of
(2.5.7), by the definition of T*(uqet). It follows that

(2.5.8) det(T o R) = (det T') (det R),

by (2.5.5).
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2.5.1 n-Dimensional vector spaces

Let W be a vector space over the real numbers of dimension n, and let L be a
one-to-one linear mapping from R™ onto W. If M is a linear mapping from W
into itself, then one can define the determinant of M by

(2.5.9) det M = det(L™' o Mo L),

where the right side is the determinant of L™' o M o L, as a linear mapping
from R™ into itself. One can check that this does not depend on the choice of
L, using (2.5.8).

Using L, we get a one-to-one linear mapping L* = (L)} from M (W) onto
M. (R™) for each positive integer k, as in Subsection 2.3.1. We also get that
(L) sends SMp(W), AM (W) onto SMy(R"™), AMy(R™), respectively, as in
the previous section. This implies that My (W), SMy (W), and AM (W) have
the same dimensions as M (R"), SMy(R™), and AMj(R™), respectively.

In particular,

(2.5.10) dim AM,, (W) = 1.

One can verify that (2.5.4) holds for every linear mapping 7' from W into itself
and alternating n-linear form v on W, by reducing to the analogous statement
for R™ using L.

2.6 Subgroups of Sym(k)

Let X be a nonempty set, and remember that Sym(X) is the space of one-to-one
mappings from X onto itself, as in Section 1.9. A subset ¥ of Sym(X) is said
to be a subgroup if it satisfies the following three conditions. First, the identity
mapping on X is an element of ¥. Second, if o € X, then

(2.6.1) o lex.

Third, if 0,7 € 3, then
(2.6.2) ocoT € X.

It is well known that Sym(X) is an example of a group, with respect to
composition of mappings on X. The definition of a subgroup of Sym(X) in the
preceding paragraph corresponds exactly to the definition of a subgroup of an
arbitrary group. Some basic examples of subgroups of Sym(X) can be obtained
by considering the permutations that map certain elements of X to themselves,
or certain subsets of X to themselves. Note that Sym(X) is a subgroup of itself,
and that the subset of Sym(X) consisting only of the identity mapping on X is
a subgroup of Sym(X) too.

Let k be a positive integer, and let us now take X = {1,...,k}. Thus we let
Y. be a subgroup of Sym(k). Also let W be a vector space over the real numbers,
and let pu be a k-linear form on W. Remember that p” may be defined as a
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k-linear form on W for every o € Sym(k) as in Section 2.4. Let us say that p is
symmetric with respect to X if
(2.6.3) woo=u

for every o € .. Similarly, we say that u is alternating with respect to 3 if

(2.6.4) u’ =sgn(o)p

for every 0 € ¥. If ¥ = Sym(k), then these definitions are the same as the
previous definitions of symmetric and alternating k-forms on W in Subsection
2.4.1.

2.6.1 Associated symmetrizations and alternatizations

The symmetrization and alternatization with respect to ¥ of any k-linear form
@ on W may be defined by

1 g
(2.6.5) Ss(p) = = gu
and i
(2.6.6) As(p) = s (;Esgn(a) u’,

respectively, where #3 is the number of elements of 3. These are the same as
the usual symmetrization and alternatization of u, as in Subsection 2.4.2, when
¥ = Sym(k). It is easy to see that

(2.6.7) Ss(p) = p

when p is symmetric with respect to X, and that

(2.6.8) Ax () = p

when g is alternating with respect to . One can check that

(2.6.9) Sy:(p) is symmetric with respect to X
and
(2.6.10) Asx(p) is alternating with respect to X

for any k-linear form p on W, using the same type of arguments as in Subsection
1.9.1 and Section 1.13. If 7 € X, then

(2.6.11) Ss(u") = Ss(n)
and
(2.6.12) As (") = sgn(7) As(n),

for essentially the same reasons as before.
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Observe that

(26.13)  S(Su()=S(z5 Sw) = 25 XSG

#Z TEY TEY

= % > S(u) = S(w),

TED

because S(p”) = S(u) for every 7 € Sym(k), as in Subsection 2.4.2. Similarly,

Alas() = Ay Ssanlni) = g 3 sen(r) A7)

TED TED

(2.6.14) = % > sen(r)? A(n) = A(p),

TEX

because A(u™) = sgn(r) A(u) for every 7 € Sym(k), as before.

2.7 Permutations on subsets

Let X be a nonempty set, and let E' be a nonempty subset of X. Consider
the spaces Sym(X) and Sym(FE) of one-to-one mappings from X and F onto
themselves, respectively, as before. If o € Sym(F), then let & be the mapping
from X into itself which is equal to o on F, and equal to the identity mapping
on X \ E. Tt is easy to see that ¢ is an element of Sym(X), which is the identity
mapping on X when o is the identity mapping on E. We also have that

—

(2.7.1) (cor)=G07

for every o,7 € Sym(E).
This means that
(2.7.2) o0

is a homomorphism from Sym(E) into Sym(X), as groups with respect to com-
positions of mappings. Note that (2.7.2) is a one-to-one mapping from Sym(F)
into Sym(X). Put

(2.7.3) Yg={0:0¢€Sym(E)},

which is a subgroup of Sym(X), as in the previous section. This uses the fact

that .
(2.7.4) (c=1) = (5)7*

for every o € X.
Now let k be a positive integer, and let us take X = {1,...,k} again. If
o € Sym(FE), then one can check that

(2.7.5) sgn(o) = sgn(a).

More precisely, one can define sgn(co) by identifying o with an element of
Sym(#FE), by listing the elements of F in order. In fact, one could list the
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elements of F in any order and get the same result for sgn(o), but we do not
really need that now.

It is easier to verify (2.7.5) when the elements of E are consecutive in
{1,...,k}, which holds in many examples of interest. Otherwise, there can
be an even number of additional fectors of —1 in the definition of sgn(a).

Alternatively, if o is a transposition on E, then ¢ is a transposition on
{1,...,k}. Thus (2.7.5) is clear in this case, and otherwise one can express o
as the composition of finitely many transpositions.

2.8 Products of multilinear forms

Let W be a vector space over the real numbers, and let r be a positive integer.
Also let kq,..., k. be r positive integers, and put

(2.8.1) k= Z .-
m=1

If 1 <m <r, then we put
m—1
(2.8.2) L(m) =Y ki,
i=1

which is interpreted as being equal to 0 when m = 1. Note that every positive
integer less than or equal to k£ can be expressed in a unique way as

(2.8.3) L(m) +1,

where 1 <m <rand1l<I[<k,.
Suppose that p,, is a kp-linear form on W for each m = 1,...,r. If
wi,...,wy are k elements of W, then put

(2.84) (11 @+ @ ) (w, .. wp) = [] s WLimy+1s - - WLy 41 )-
m=1

This defines a k-linear form

(2.8.5) p=p @@ iy

on W. This is related to some remarks in Section 1.6 and Subsection 2.2.1 when
k., =1 for each m =1,...,r. Note that

(286) (/le'-~7ﬂ7‘)'_>,ul®"'®,ur

defines an r-linear mapping from

(W)

"

(2.8.7) ﬁ /\/lkm(W) = My, (W) X e X My
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into M (W).
If r = 2, then (2.8.4) is the same as saying that

(2.8.8) (11 @ p2) (W1, Whytky) = P2 (W1, Why ) P2 (Why 415 - - -5 Why ks )
Similarly, if » = 3, then (2.8.4) is the same as saying that

(2.8.9) (,u1 @ p2 ® ,US)(wh oo Why 4 katks)

= pa(wis - Wiy ) P2 (Wi 4155 Why kg ) H3(Wh kot 1s - Why ko tks ) -

2.8.1 Polynomials, associativity, and linear mappings

Suppose for the moment that W = R"™ for some positive integer n. Remember
that a multilinear form v on R™ corresponds to a homogeneous polynomial P,
on R™ as in Section 1.8. If y is as in (2.8.5), then it is easy to see that

(2.8.10) P, =[] Pu..-
m=1

Suppose for the moment again that r = 3. One can define u; ® py as a
(k1 + k2)-linear form on W as before, and use that to define

(2.8.11) (11 ® p2) ® ps

as a (k1 + ko + k3)-linear form on W. Similarly, one can define pus ® ps as a
(ko + k3)-linear form on W, and use that to define

(2.8.12) w1 ® (p2 @ ps)

as a (k1 + k2 + k3)-linear form on W. It is easy to see that (2.8.11) and (2.8.12)
are the same as

(2.8.13) B & p2 & ps.

Let V' be another vector space over the real numbers, and let 7" be a linear
mapping from V into W. It is easy to see that

(2.8.14) T (@ @ pr) =T (1) @ -+ @ T*(pr),
as k-linear forms on V. Of course, this uses the mappings induced on multilinear

forms by T" as in Section 2.3.

2.8.2 Products and permutations

Let ¢ be a permutation on {1,...,r}, so that kyn),..., k) are r positive
integers with

(2.8.15) > kgmy =k
m=1
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Thus
(2.8.16) V= o) @ @ He(r)
is a k-linear form on W, as before. If W = R", then
(2.8.17) Py = 1] Puyen, = Por
m=1
Put

m—1
(2.8.18) Lo(m) =Y kg

i=1
for each m = 1,...,r, as before. Every positive integer less than or equal to k

can be expressed in a unique way as
(2.8.19) Ly(m) +1

for some m =1,...,7rand [ =1,...,kgy(m), as before.
Consider the mapping o4 from {1,...,k} into itself defined by

(2.8.20) o4(Ly(m) +1) = L(p(m)) +1

for each m = 1,...,7 and | = 1,...,kgn). More precisely, this defines a
permutation on {1,...,k}. One can check that

(2.8.21) v=p?,

where the right side is defined as in Section 2.4.
If r=2, ¢(1) =2, and ¢(2) = 1, then

(2.8.22) V=g @ 1.

Note that L(1) = 0, L(2) = k1 and Lg(1) = 0, Ly(2) = ko in this case. This
means that

(2.8.23) op(l) =k1+lforl=1,...k = k(b(l)
and
(2824) 0¢(k2+l):lf0rl:1,...,k1 :k¢(2).

2.9 Symmetry and products

Let us continue with the same notation and hypotheses as in the previous sec-
tion. If pi,..., u, are symmetric multilinear forms on W, then we may prefer
to consider a product that is a symmetric multilinear form as well. In this case,
we may put

(2.9.1) @O pe = S(p),

where the right side is as in Subsection 2.4.2. This defines an r-linear mapping

(2.9.2) (1 ey ) > 1 @ -+ O iy
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from [ _, SMy, (W) =SMy, (W) x - x SMy, (W) into SM(W).
If W =R", then

(2.9.3) Psy =Py =[] Pu..,

m=1

where the first step is as in Section 1.10. This determines S(u) uniquely, as in
Subsection 1.10.2.

Let ¢ be a permutation on {1,...,7} again, and let v be as in (2.8.16).
Observe that
(2.9.4) S(w) = S(u™*) = (),

using (2.8.21) in the first step, and where the second step is as in Subsection
2.4.2. This means that

(2.9.5) 1) © O ey = 1 O - O fhy.

2.9.1 Some symmetrizations of products

Suppose for the moment that r = 2. We would like to check that

(296) Sk1+k2 (Skl (/‘Ll) ® ,ug) = Sk1+k2 (:ul & ILLQ),

where Sk, , Sk, +k, are the symmetrization operators associated to k1 and ki + ko
as in Subsection 2.4.2. If 7 € Sym(ky ), then let 7 be the element of Sym(ky +k2)
that is equal to 7 on {1,..., k1 }, and is the identity mapping on {k1+1,..., k1 +
k2}, as in Section 2.7. Tt is easy to see that

o~

(2.9.7) By @ p2 = (1 @ p2)",

using the notation from Section 2.4.
Remember that
(2.9.8) E={7:7¢€Sym(k)}

is a subgroup of Sym(k +k3), as in Sections 2.6 and 2.7. Of course, the number
of elements of ¥ is the same as the number of elements of Sym(k;), which is
k1!. One can check that

(2.9.9) Sk (1) ® p2 = Sy (1 ® po2),

where Sy, is as in Subsection 2.6.1, using (2.9.7). This implies that

(2.9.10)  Sky ks (Sky (1) ® p2) = Sy (Sz (b1 @ p2)) = Sy iy (11 @ pi2),

where the second step is as in Subsection 2.6.1.

Alternatively, if W = R"™, then the polynomial associated to the right side
of (2.9.6) is as in (2.9.3). One can verify that this is the same as the polynomial
associated to the left side of (2.9.6).

Similarly,

(2'9'11) Skl-‘rkz (Ml ® Skz (MQ)) = Sk1+k2 (Ml ® /12).
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It follows that

(2.9.12) Sk ks Sk, (1) @ Sky (12)) = Skytko (1 @ Sy (112))
= Skitks (11 ® p2).

One could also look at this in terms of the subgroup of Sym(k; + k2) corre-
sponding to the product of Sym(k;) and Sym(ks), as in Section 2.13.
Suppose now that r = 3 again. Observe that

(2.9.13) Sk (Sky+ks (111 ® p2) ® p3) = Sk @ p2 ® ),

where k = k1 + ko + k3, as in (2.9.6). Similarly,

(2.9.14) Sk(p1 ® Skytrg (B2 @ p3)) = Sk @ p2 ® ),

as in (2.9.11). It follows that

(2.9.15) (11 O p2) O ps) = p1 © p2 © g = p1 © (p2 © p3)

when g1, po, ps are symmetric, in the notation of (2.9.1).

2.10 Alternatizing products

Let W be a vector space over the real numbers, let k1, ko be positive integers,
and let uq, pg be ki, ko-linear forms on W, respectively. We would like to check
that

(2'10'1) Akl +k2 (A’fl (:ul) ® MQ) = Ak1+k2 (lul ® /J'Q)a

where Ay, and Ay, 4, are the alternatization operators associated to k; and
k1 + ko as in Subsection 2.4.2.

If 7 € Sym(ky), then let 7 € Sym(k; + k2) be as in Subsection 2.9.1, and let
¥ be as in (2.9.8) again. Remember that sgn(7) = sgn(7) for every 7 € Sym(ky),
as in Section 2.7. One can use this and (2.9.7) to get that

(2.10.2) Ak, (1) ® p2 = As (11 ® p2),

where Ay, is as in Subsection 2.6.1. This implies that

(2103) Ak1+k2 (Akl (:U‘l) ® #2) = Ak1+k2 (AE(:U’l ® p’Q)) = Ak’1+k2 (:ul ® /LQ)a

where the second step is as in Subsection 2.6.1.

Similarly,
(2.10.4) Ay ks (111 ® Ak, (12)) = Aky e (111 ® p12).
Thus
(2.10.5) Ak, (Aky (1) ® Ak, (12)) = Akytis (11 © A, (12))

= Akt (11 @ p2).
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As before, one can look at this more directly in terms of the appropriate sub-
group of Sym(k; + k2), as in Section 2.13.

Now let k1, k2, and k3 be positive integers, and put k = k1 + ko + k3 again.
If g1, po, and pg are ki, ko, and ks-linear forms on W, respectively, then

(2.10.6) Ap(Apy 1y (111 @ pi2) @ piz) = Ag(p1 @ pa @ prz),
as in (2.10.1). Similarly,
(2.10.7) Ap (1 @ Ak k(B2 ® p13)) = A (1 ® p2 @ p),

as in (2.10.4).

2.10.1 The Ay product

If w1, po are alternating kqp, ko-linear forms on W, respectively, then put

(2.10.8) 1 Ao p2 = Ay 1k, (111 @ pi2)
which is an alternating (k1 + k2)-linear form on W. This corresponds to
(210.9) 11 As pa

in the notation used in (3) on p60 of [239], and we shall say more about this in
the next section. Note that

(2.10.10) (p1s p2) = 1 Ao po

defines a bilinear mapping from AMy, (W) x AMy, (W) into AM, 4k, (W). If
i3 is an alternating ks-linear form on W, then we have that

(2.10.11) (1 Ao p2) Ao 3 = 11 Ao (p2 No p3) = Ay +kotks (11 @ pi2 @ p13),

by (2.10.6) and (2.10.7).

Now let r be a positive integer, let k1,..., k. be r positive integers, and put
k=3 _i km, as in Section 2.8. If 4, is an alternating k,-linear form on W
for each m =1,...,r, then

(2.10.12) 1o Ao pr = Ag(pn @ -+ @ pur)

is an alternating k-linear form on W, where the right side is as in Subsection
2.4.2. More precisely, the left side may be defined by combining alternating
multilinear forms two at a time using Ay as in the preceding paragraph, and
one gets the same answer however this is done, because of (2.10.11). One can
also check that the result is equal to the right side of (2.10.12), using (2.10.11).
This defines an r-linear mapping from

(2.10.13) H AMy,. (W) = AMy (W) % - - x AMy, (W)

into AM(W).

This is a nice way to “multiply” alternating multilinear forms on W, but it
is customary to use a different normalization. This will be discussed in the next
section.

v
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2.11 The wedge product

Let W be a vector space over the real numbers, and let ki, ks be positive
integers. If pq, po are alternating kp, ko-linear forms on W, respectively, then
put

(k1 + k2)!
kq! ko!

(k1 + k2)!

2.11.1 A pig =
( ) A p2 il !

(p1 No pa) = Ay ky (1 @ pa2),

which is an alternating (ki + k2)-linear form on W. This corresponds to

(2.11.2) [ Ao fio

in the notation used in (4) on p60 of [239]. Of course,

(2.11.3) (1, p2) = pa A po

is a bilinear mapping from AM;y, (W) x AMy, (W) into AMy, 4, (W).
Let k3 be another positive integer, and let u3 be an alternating ks-linear
form on W. Using (2.10.11), one can check that

(2.11.4) (p Ap2) Aps = pa A (p2 A ps)

ki + ko + k3)!
- W Ak +hotks (1 @ pe ® /,[,3),

Similarly, let r be a positive integer, let k1, ..., k, be r positive integers, and
put k =>"" _, ky,, as before. If 4, is an alternating ky,-linear form on W for
each m =1,...,r, then

k!
(2.11.5) N AERAY /I 7(/,61 No -+ No /.LT)
k! k!
k!

= mAk(Ml ® - ® pir)

is an alternating k-linear form, where the second step is as in (2.10.12). As
before, the left side may be defined using the wedge product of alternating
multilinear forms two at a time, and one gets the same answer however this is
done, because of (2.11.4). To get the first step in (2.11.5), one should verify the
coefficient on the right side. Note that this defines an r-linear mapping from
H:nzl AM, (W) into AM (V).

Suppose for the moment that k,, = 1 for each m = 1,...,r, so that k = r.
In this case, (2.11.5) implies that

(2.11.6) pa A A = K Ag(p ® - ® )
=Y s (e,
oeSym(k)

using the definition of Ay in Subsection 2.4.2 in the second step.
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Suppose for the moment again that W = R™ for some positive integer n,
and let 64,...,0,, be the usual coordinate functions on R"™, as in Subsection
1.6.2. Using (2.11.6), we get that
(2.11.7) 01 A+ NOp = pidet,

where pget is as in Section 1.15.

2.12 More on wedge products

Let k1, k2 be positive integers, and let vy, r, be the mapping from
(2.12.1) {1,... ki + ko)

into itself defined by

(2.12.2) ¢k1,k2(l) = Il+k whenl<I[<ko
— I—ky when ks +1<1<Fk + ko,

It is easy to see that this defines a permutation on (2.12.1). One can check that
(2.12.3) Sen(Yry hy) = (—1)F1 72,

Let W be a vector space over the real numbers, and let p1, po be ky, keo-linear
forms on W, respectively. One can verify that

(2124) fo @ py = (,Ul ® MQ)wkl,k27

where the right side is as defined in Section 2.4. This corresponds to a remark
in Subsection 2.8.2.
This implies that

(2.12.5) Ayt (B2 @ 1) = Ay gy (1 ® prg)PF10#2)
Sgn(djkl,kz) Akl +k2 (/J'l ® /J2)
(71)161 k2 Ak1+k2 (,u‘l & .u2)7

where the second step is as in Subsection 2.4.2. If uy, po are alternating ki,
ko-linear forms on W, then this is the same as saying that

(2.12.6) Mo No U1 = (—1)k1 k2 (,u1 No /1,2).

Equivalently, this means that

(2.12.7) pa A gy = (=) k2 (g A o).
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2.12.1 Real numbers as 0-linear forms

It is convenient to put
(2.12.8) Mo(W) =R,

so that a real number is considered as a O-linear form on W. We can extend
the previous definition of products of multilinear forms in Section 2.8 to include
0-linear forms, using scalar multiplication of multilinear forms by real numbers,
and ordinary multiplication on R.

Let us consider 0-linear forms on W to be both symmetric and alternating,
so that
(2.12.9) AMo(W) = SMo(W) =R
as well. The symmetrization and alternatization operators S; and Ay defined
in Subsection 2.4.2 may be extended to k = 0 using the identity mapping on
R. Symmetric products of symmetric multilinear forms and wedge products of
alternating multilinear forms may be extended to include O-linear forms too,
using scalar multiplication by real numbers again, and ordinary multiplication
on R.

2.12.2 Linear mappings and wedge products

Let V be another vector space over the real numbers, and let T" be a linear
mapping from V into W. If uq, po are alternating ki, ks-linear forms on W
again, then

T (1 Ao p2) = T (Agytks (1 @ p2) = Aky 4k, (T (11 @ p2))
(2.12.10) = Ak, (T (1) @ T (p2)) = T (1) No T (p2)-

More precisely, the second step here is as in Subsection 2.4.2; and the third step
is as in Subsection 2.8.1. It follows that

(2.12.11) T*(pa A p2) =T (pa) AT (pa2)-

2.12.3 AM(W) for finite-dimensional W

Suppose now that W has dimension n for some positive integer n, as a vector
space over the real numbers. Remember that

(2.12.12) AM (W) = {0} when k > n
in this case, as in Subsection 1.11.2 and Subsection 2.4.1. This implies that
(2.12.13) u1 A e =0 when k1 + ko > n.

Let us define AM (W) initially as a vector space over the real numbers by

(2.12.14) AM(W) = EnBAMk(W),

k=0
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where the right side is as in Section 2.1. We shall normally identify elements
of AM;(W) with their images in AM (W) under the embeddings mentioned
in Subsection 2.1.1, so that every element of AM (W) corresponds to a sum of
elements of AM;(W), 0 <1 <n.

The wedge product has a natural extension to a bilinear mapping from
AMW) x AM(W) into AM(W). This makes AM(W) into an associative
algebra over the real numbers. Note that R corresponds to a subalgebra of
AM(W), because of (2.12.9), and that 1 is also the multiplicative identity ele-
ment of AM(W).

2.13 Some more subgroups of Sym(k)

In this and the next two sections, we shall consider some additional subgroups
of Sym(k), and related properties of k-linear forms. This will be used to give
another way to look at wedge products in Subsection 2.15.2. The reader may
not want to dwell on these three sections too much at first.

Let r be a positive integer, let ki,..., k- be r positive integers, and put
k=" _ km, as before. If 1 < m < r, then put L(m) = Z:i_ll k;, which is
interpreted as being equal to 0 when m = 1, as in Section 2.8. Also put

(2.13.1) E,={L(m)+1,...,L(m)+ kn},
and note that .
(2.13.2) U En=1{1,...,k},

m=1

and that the F,,’s are pairwise-disjoint, as before.

If 0., € Sym(k,,), then let &, be the mapping from {1,...,k} into itself
defined by
(2.13.3) Om(L(m)+1) = L(m)+ o(l)
for i =1,...,kn,, and taking & to be the identity mapping on the complement
of E,,. It is easy to see that this defines an element of Sym(k), and that

(2.13.4) (Om ©Tm) = 0m © T

for every oy, T € Sym(ky,). This basically corresponds to some remarks in
Section 2.7, by identifying Sym(k,,) with Sym(F,,) using the mapping

(2.13.5) I L(m)+1
from {1,...,k,,} onto E,,.

As before,
(2.13.6) T = O

is a one-to-one mapping from Sym(k,,) into Sym(k), and a group homomor-
phism. We also have that

(2.13.7) sgn(om) = sgn(om)
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for every o, € Sym(ky,), as before.
Suppose for the moment that 1 < my # my < r, so that

(2.13.8) Epy N Epy = 0.
If o, € Sym(km,,) and oy, € Sym(ky,,), then it is easy to see that
(2.13.9) Omy © Omy = Omy O Oy -
Consider the subset ¥ of Sym(k) defined by
(2.13.10) ¥ ={010---00, : oy, € Sym(k,,) foreach m=1,...,r}.

One can check that this is a subgroup of Sym(k), as in Section 2.6. Equivalently,
Y consists of the elements of Sym(k) that map E,, onto itself for each m =
1,...,r.

Consider the Cartesian product

T
(2.13.11) 1 Sym(km) = Sym(ky) x - -+ x Sym(k, ),
m=1
which is the set of r-tuples (o1,...,0,) with o, € Sym(k,,) for each m =
1,...,r. By construction,
(2.13.12) (01,...,07)—>G10--- 00,

maps this Cartesion product onto . One can check that this mapping is one-
to-one as well. This implies that the number of elements of ¥ is given by

T

(2.13.13) #5 = ] (km!).

m=1

In fact, (2.13.11) may be considered as a group, where the group operations
are defined coordinatewise. This is an example of a direct product of groups.
One can verify that (2.13.12) is a homomorphism from this group onto ¥, using
(2.13.9). More precisely, (2.13.12) is an isomorphism from (2.13.11) onto X,
because this mapping is one-to-one, as in the preceding paragraph.

2.14 Subgroups and products of forms

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Also let W be a vector space over the real numbers, and let u,, be a
kp-linear form on W for each m = 1,...,7. Thus g = p1 ® --- @ p, defines a
k-linear form on W, as in Section 2.8.

Let oy, € Sym(k,,) be given for each m =1,...,r, and put

(2.14.1) 0 =010-00,.
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It is easy to see that

(2.14.2) w=pt - uim,
using the notation from Section 2.4. If p,, is a symmetric k,,-linear form on W
for each m = 1,...,r, then it follows that u is symmetric with respect to X, as

in Section 2.6.
Suppose for the moment that ., is an alternating k,,-linear form on W for
each m =1,...,r. This implies that

(2.14.3) pe o= ( 11 sgn(om)) 1,
m=1
because of (2.14.2). Observe that

(2.14.4) H sgn(o,,) = H sgn(o,,) = sgn(o),

m=1
using (2.13.7) in the first step. Thus
(2.14.5) we = sgn(o) p,

so that u is alternating with respect to X, as in Section 2.6.
Remember that Sx(p) may be defined as in Subsection 2.6.1. If p,, is any
k-linear form on W for each m again, then one can check that

(2.14.6) Ss:(p) = Sk, (u1) @ -+ - @ Sk, (),

using (2.14.2).
Similarly, As (1) may be defined as in Subsection 2.6.1. One can verify that

(2.14.7) As(p) = Ap, (1) @ -+ - @ Ag, (1r),

using (2.14.2) and (2.14.4).

2.15 Some related shuffles

Let us continue with the same notation and hypotheses as in the previous two
sections. Let us say that 7 € Sym(k) is a shuffle with respect to ki,..., k. if
foreachm=1,...,r,

(2.15.1) the restriction of 7 to E,, is increasing.
This means that for each m=1,...,7 and 1 <l; <y < k,,, we have that
(2.15.2) T(L(m) + 1) < 7(L(m) + l2).

This is mentioned with r = 2 on p60 of [239]. If 7 is a shuffle with respect to
ki,...,ky, then for each m = 1,...,r, the restriction of 7 to E,, is uniquely
determined by 7(E,,).
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Let p € Sym(k) be given, and put

(2.15.3) Cin = p(Em)

for each m =1,...,r. Observe that

(2.15.4) #Cyp = #En,

foreachm=1,...,r, .

(2.15.5) U Cm=1{1,... .k},
m=1

and

(2.15.6) the Cy,’s are pairwise-disjoint.

If Cq,...,C, is any sequence of r subsets of {1,...,k} that satisfies these three
conditions, then it is easy to see that there is a unique shuffle 7 € Sym(k) with
respect to ki,...,k, such that

(2.15.7) Cpm =71(En)

for every m = 1,...,r. Put 0 = 77! o0 p, so that o € Sym(k) and

(2.15.8) p=Too.
Clearly

(2.15.9) o(Em) = En,
for each m = 1,...,r, by construction.

2.15.1 The set of shuffles

Remember that ¥ is the subgroup of Sym(k) consisting of o € Sym(k) that
satisfy (2.15.9), as in Section 2.13. Let = be the set of 7 € Sym(k) such that 7
is a shuffle with respect to k1, ..., k.. Consider the Cartesian product

(2.15.10) =x %,
which is the set of ordered pairs (7,0) with 7 € = and o € £. Note that
(2.15.11) (ryo)—=To0o

defines a mapping from (2.15.10) into Sym(k). In fact, this is a one-to-one map-
ping from (2.15.10) onto Sym(k), by the remarks in the preceding paragraph.

‘We also have that
B k B k!
C\kyoke ) Kkl ED

More precisely, the number of shuffles 7 € Sym(k) with respect to ki,..., k,
is the same as the number of ways of partitioning {1,...,k} into r subsets

(1]

(2.15.12) #
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Cy,...,C,, where #C,, = ky, for each m = 1,...,r, as before. The number
of these partitions is the same as the multinomial coefficient in (2.15.12), as in
Section 1.14. Alternatively,

(2.15.13) (#E) (#3%) = # Sym(k),

as in the preceding paragraph. This implies (2.15.12), because # Sym(k) = k!
and #X =[] _, (kn!).

2.15.2 Symmetrization, alternatization, and shuffles

If v is a k-linear form on W, then

(2.15.14) Si(v) :% PRz % SN v = % SN e,

peSym(k) TEE 0€X TEE oc€X

where the first step is as in Subsection 2.4.2, the second step uses the earlier
remarks about (2.15.11), and the third step is as in Section 2.4. This implies
that L . L
(2.15.15) Sklv) = = Z (Z zf') == Zsz(y)f,

TEE o0EX TES
using (2.15.13) and the definition of Sy (v) in Subsection 2.6.1 in the second
step. In particular, if v is symmetric with respect to X, then

1
2.15.16 Sp(v) = — v,
(2.15.16) =gz 2
Similarly,
1 1 oo
Ap(v) = 7 Z sgn(p) v’ = o Z Z sgn(roo) v’
pEeSym(k) TEE cED
1
(2.15.17) = EZ > sgn(r) sgn(o) (v°)".
TEE o€EX

It follows that

(21518) Ak(y) = % ZSgD(T) (Z Sgn(g) V”)T — % ngH(T) AE(Z/)T-

[

If v is alternating with respect to 3, then we get that

1
(2.15.19) Ap(v) = o= ngn(T) v,
#H TEZ
Suppose that p,, is an alternating k,,-linear form on W foreachm =1,...,r,

so that 4 = p1 ® -+ ® u, is alternating with respect to X, as in the previous
section. Observe that

1
(2.15.20) p e o pe = () = 2= > sen(r) p7,

TEE
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where the first step is as in Subsection 2.10.1, and the second step is as in
(2.15.19). It follows that

(2.15.21) pr A A=Y sgn(T)
TEE

using (2.15.12) and a remark in Section 2.11. This corresponds to (2) on p60 of
[239] when r = 2.



Chapter 3

Some geometry and analysis

3.1 Metric spaces

Let X be a set. A nonnegative real-valued function d(x,y) defined for z,y € X
is said to be a metric on X if it satisfies the following three conditions. First,

(3.1.1) d(xz,y) =0 if and only if x = y.
Second,
(3.1.2) d(z,y) = d(y, )

for every z,y € X. Third,
(3.1.3) d(z, 2) < d(z,y) + d(3, 2)

for every x,y,z € X. This third condition is known as the triangle inequality.
If d(z,y) is a metric on X, then (X, d(x,y)) is called a metric space.

3.1.1 Some basic examples

If ¢ is a real number, then the absolute value |t| of t is defined as usual by |¢t| = ¢
when t > 0, and |t| = —t when ¢ < 0. It is easy to see that

(3.1.4) Ir 4+t < |r|+ |t|
for all 7, ¢t € R. One can use this to check that
(3.1.5) d(z,y) = |z —y|

defines a metric on the real line, which is the standard Fuclidean metric on R.
If X is any set, then the discrete metric on X is defined by

(3.1.6) dlxz,y) = 1 whenx#y

0 when z=y.

48
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One can check that this defines a metric on X.

Let (X, d(z,y)) be a metric space, and let E be a subset of X. It is easy to
see that
(3.1.7) the restriction of d(x,y) to z,y € E

defines a metric on F.

We shall often be concerned here with metrics obtained from norms on vector
spaces, as in the next section. More precisely, we shall often be concerned with
norms obtained from inner products, as in Section 3.3.

3.2 Norms on vector spaces

Let V be a vector space over the real numbers. A nonnegative real-valued
function N on V is said to be a norm if it satisfies the following three conditions.
First,

(3.2.1) N(v) =0 if and only if v = 0.
Second,
(3.2.2) N(tv) = [t| N(v)

for every t € R and v € V. Third,
(3.2.3) N+ w) < N(v) + N(w)

for every v,w € V, which is the triangle inequality for a norm.

3.2.1 Some norms on R"

Let n be a positive integer, and remember that R™ is a vector space over the
real numbers with respect to coordinatewise addition and scalar multiplication.
The standard Fuclidean norm is defined on R™ by

(3.2.4) o]z = (ivg)m,

Jj=1

using the nonnegative square root on the right side. It is easy to see that this
satisfies the first two conditions in the definition of a norm, but the triangle
inequality is more complicated when n > 2. This will be discussed further in
the next section.

One can check directly that

n

(3.2.5) vl =>" v

j=1
defines a norm on R™. One can also verify that

(326) ol = max fo
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defines a norm on R™. More precisely, to get that this satisfies the triangle
inequality, one can observe that

2. = C+w,| < : 1) <
(327) fJo+wllo = max fo; 4wyl < max (o] + 0y ]) < ol + ol

for every v,w € R"™.
Note that
(3.25) lolloe < llols, f1ola

for every v € R™. We also have that

(3.2.9) [olls < nllvlle
and
(3.2.10) [oll2 < Vi l[vle

for every v € R".
If v € R™, then

n
(3.2.11) w13 =07 < lollx o]l < lI0I3,
j=1

using (3.2.8) in the third step. This implies that

(3.2.12) [oll2 < vl

3.2.2 Metrics from norms

If N is a norm on any vector space V over the real numbers, then it is easy to
see that
(3.2.13) dy(v,w) = N(v—w)

defines a metric on V. The standard Euclidean metric on R™ is the metric

(3.2.14) do(v,w) = [lv —w||2

associated to the standard Euclidean norm || - |2 on R™. Similarly,
(3.2.15) dy(v,w) = |lv — w1y

and

(3.2.16) doo (v, w) = [[v = wlloo

define metrics on R too.
If W is a linear subspace of V' and NV is a norm on V, then

(3.2.17) the restriction of N to W defines a norm on W

as well.
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3.3 Inner product spaces

Let V' be a vector space over the real numbers, and let (v, w) be a symmetric
bilinear form on V. If
(3.3.1) (v,v) >0

for every v € V with v # 0, then (-,-) is said to be an inner product on V.
Under these conditions, (V,(:,-)) is called an inner product space.
If n is a positive integer, then the standard inner product on R™ is defined

by
(3.3.2) (v,w) = Z vj wj.

j=1

In this case,
(3.3.3) (v,v) = va = |lv||3
j=1

for every v € R"™, which is strictly positive when v # 0.

3.3.1 Norms associated to inner products

Let (V,{-,-)) be an inner product space, and put
(3.3.4) loll = (v, v)1/2
for every v € V, using the nonnegative square root on the right side. Note that
(3.3.5) ol = (o, t )12 = |t o]
for every v € V and t € R. If v,w € V|, then it is well known that
(3.3.6) (v, w)| < [Jv]l [Jwl],

which is known as the Cauchy—Schwarz inequality. This can be obtained from
the fact that
(3.3.7) (v—tw,v—tw) >0

for every t € R.
One can use the Cauchy—Schwarz inequality to show that

(3.3.8) lo 4wl < [Jolf + [lwll
for every v,w € V. This implies that
(3.3.9) || - |l is a norm on V.

Of course, the standard Euclidean norm on R is the same as the norm associ-
ated to the standard inner product on R™.
If W is a linear subspace of V, then

(3.3.10) the restriction of (v, w) to v,w € W defines an inner product on W.
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3.4 Continuous functions on R"”

Let n be a positive integer, and let E' be a nonempty subset of R™. Also let f be
a real-valued function on F, and let x be an element of E. One can define what
it means for f to be continuous at x as a function defined on FE in a standard
way. In fact, one can define what it means for a function defined on a subset of
a metric space with values in another metric space to be continuous at a point
in the set on which the function is defined in essentially the same way. Here we
are using the standard Euclidean metrics on R™ and R.

We say that f is continuous on E if f is continuous at every point in F. Let

(3.4.1) C(E) = C(E,R)

be the space of all continuous real-valued functions on E. It is well known
that this is a linear subspace of the space of all real-valued functions on F.
In particular, C(F) is a vector space over the real numbers with respect to
pointwise addition and scalar multiplication of functions on E.

If f, g are continuous real-valued functions on E, then it is well known that
their product
(3.4.2) f g is continuous on E

too. Using this, it is easy to see that polynomials are continuous on R™. Thus
the space P(R™) of all polynomials on R™ with real coefficients may be consid-
ered as a linear subspace of C(R").

If f is a continuous real-valued function on E, and f(x) # 0 for each z € E,
then it is well known that

(3.4.3) 1/f is continuous on E.

This implies that rational functions are continuous on sets where the denomi-
nator is nonzero.

3.4.1 Vector-valued functions

Let m be a positive integer, and let f be a function on FE with values in R™. If
x € E, then f(x) can be expressed as

(3.4.4) f(@) = (fr(2),. .-, fn (),

where f1(x),..., fm(x) are real numbers. Thus f corresponds to m real-valued
functions fi,..., f;, on E. If x € E, then one can define what it means for f to
be continuous at x in a standard way, using the standard Euclidean metric on
R™. It is well known that this is equivalent to the continuity of f1,..., f;, at
as real-valued functions on F.

As before, we say that f is continuous on E if f is continuous at every point
in F. Let
(3.4.5) C(E,R™)
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be the space of all continuous functions on E with values in R™. The space
of all R™-valued functions on E is a vector space over the real numbers, with
respect to pointwise addition and scalar multiplication. It is easy to see that
C(E,R™) is a linear subspace of the space of all R™-valued functions on E.
Thus C'(E,R™) is a vector space over the real numbers with respect to pointwise
addition and scalar multiplication of functions on E.

3.4.2 Compositions of continuous mappings

Let A be a nonempty subset of R™, and suppose that f(z) € A for every x € E,
so that
(3.4.6) f(E) C A

Also let k be another positive integer, and let g be a function on A with values
in R*. Thus the composition g o f of f and g may be defined as a function on
E with values in R, with

(3.4.7) (90 f)(@) =g(f(x))

for every z € E. If f is continuous at x, and g is continuous at f(z), then it is
well known that

(3.4.8) g o f is continuous at x.

In particular, if f is continuous on E, and g is continuous on A, then

(3.4.9) g o f is continuous on E.

3.4.3 Open balls and open sets

If x € R™ and r is a positive real number, then the open ball in R™ centered
at x with radius r with respect to the standard Euclidean metric is defined as
usual by

(3.4.10) B(z,r)={y e R": |z —yll» < r},

where || - ||2 = || - ||2,r~ is the standard Euclidean norm on R", as in Subsection
3.2.1. A subset U of R"™ is said to be an open set with respect to the standard
Euclidean metric if for every & € U there is an r > 0 such that

(3.4.11) B(z,r) CU.

It is well known that

(3.4.12) open balls in R"™ are open sets.

This can be shown using the triangle inequality. More precisely, one can define

open balls and open sets in any metric space, and one can show that open balls
are open sets in the same way.
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3.5 Partial derivatives

Let n be a positive integer, and let U be a nonempty open subset of R", with
respect to the standard Euclidean metric. Also let f be a real-valued function
on U, and let © € U be given. The partial derivative of f at x in the jth variable,
1 < 5 < n, may be denoted

_of

- 6xj

(3.5.1) 9; f(x) (@),
when it exists.

Similarly, let m be a positive integer, and suppose now that f is a function
on U with values in R™. The partial derivative of f at x in the jth variable
may be denoted as in (3.5.1) again, when it exists, which is an element of R™.
This happens exactly when the partial derivative of each of the components
fi,-.., fm at  in the jth variable exists, in which case

3.5.1 Continuous differentiability
We say that f is continuously differentiable on U if

(3.5.3) 0; f(x) exists at every point « € U for each j =1,...,n,

and is continuous as an R™-valued function on U.

Equivalently, this means that each of the components fi, ..., f,, of f is contin-
uously differentiable on U in the same sense as a real-valued function on U. It
is well known that this implies that f is continuous on U. Of course, if n = 1,
then continuity at a point is implied by the existence of the derivative at that
point.

Let
(3.5.4) CcHU,R™)

be the space of continuously-differentiable R™-valued functions on U. This is
a linear subspace of the space C (U, R™) of all continuous R™-valued functions
on U.

If f, g are continuously-differentiable real-valued functions on U, then one
can check that
(3.5.5) f g is continuously differentiable on U,

using the product rule. Note that polynomials are continuously differentiable
on R".

If f is a continuously-differentiable real-valued function on U and f(z) # 0
for every x € U, then one can verify that

(3.5.6) 1/f is continuously differentiable on U.

It follows that rational functions are continuously differentiable on the comple-
ment of the set where the denominator is equal to 0.
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3.5.2 Second derivatives

Let f be an R™-valued function on U again, and suppose that the partial
derivatives of f exist at each point in U and in each variable. The partial
derivative of 9;f at z in the jth variable may be denoted

(3.5.7) 0;0,f(x) = 0°f x
e I o aij &rl ’
when it exists. If
(3.5.8) the partial derivatives 01 f,...,0,f of f

are all continuously differentiable on U,

then f is said to be twice continuously differentiable on U. This implies that
the partial derivatives of f are continuous on U, and that f is continuous on
U, as before. Note that f is twice continuously differentiable on U if and only
if the components f,..., f,, of f are all twice continuously differentiable as
real-valued functions on U.

If f is twice continuously differentiable on U, then it is well known that

0? 02
(3.5.9) / = /
al‘j 3Il &El &cj
on U for all j,l = 1,...,n. This is normally stated for real-valued functions,

which implies the analogous result for R™-valued functions.

3.6 Additional regularity

Let m, n, and r be positive integers, and let U be a nonempty open subset of
R” again. If f is an R"-valued function on U, then let us say that f is r-times
continuously differentiable on U if
(3.6.1) all of the derivatives of f of order up to r
exist and are continuous on U.
This is equivalent to continuous differentiability of f on U when r = 1, and
to twice continuous differentiability of f on U when r = 2. It is sometimes
convenient to interpret this with » = 0 as meaning that f is continuous on U.
More precisely, f is r-times continuously differentiable on U if
(3.6.2) all of the derivatives of f of order up to r exist on U,
and the derivatives of f of order r are continuous on U.
This corresponds to the previous definitions of continuous differentiability and
twice continuous differentiability of f when r = 1 and 2, respectively. If r > 2,
then this is the same as saying that
(3.6.3) all of the derivatives of f of order r — 1

are continuously differentiable on U.
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In particular, this implies that all of the derivatives of f of order » — 1 are con-
tinuous on U, as before. One can repeat the process to get that the derivatives
of f of all orders up to r are continuous on U.

Alternatively, if 7 > 2, then f is r-times continuously differentiable on U if
and only if

(3.6.4) the partial derivatives 0, f, ..., 0, f exist on U
and are (r — 1)-times continuously differentiable on U.
Note that f is r-times continuously differentiable on U if and only if each of the

components f1, ..., fm, of fis r-times continuously differentiable as a real-valued
function on U.

3.6.1 More on r-times continuous differentiability

Let
(3.6.5) C"(U,R™)

be the space of all R™-valued functions on U that are r-times continuously
differentiable on U. This may be interpreted as being the space C(U, R™) of all
continuous R™-valued functions on U when r = 0, as before. It is easy to see
that

(3.6.6) C"(U,R™) is a linear subspace of C(U,R™)
for each r. We also have that
(3.6.7) c™tH(U,R™) C C"(U,R™)
for each r.
Let j1,...,J, be r positive integers less than or equal to n. Suppose that the

derivatives of f on U up to order r exist, and consider the rth-order derivative

(3.6.8) 0,0,
of fonU. If o is a permutation on {1,...,r}, then
(3.6.9) iy gy [

is an rth-order derivative of f on U as well. If f is r-times continuously differ-
entiable on U, then it is well known that (3.6.8) is equal to (3.6.9). The r = 2
case was mentioned in Subsection 3.5.2.

If r > 2, then the previous case implies that (3.6.8) is equal to (3.6.9) when
o is a transposition of a pair of consecutive elements of {1,...,7}. To get that
this holds for all permutations ¢ on {1,...,r}, one can show that every such
permutation is the composition of finitely many transpositions of this type.

Let a be a multi-index with

n
(3.6.10) > aj=r
j=1
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We may use the notation

a"f

(o3 (03
ox{" - Oxp™

(3.6.11) OOf =0 ... 90 f =

for the corresponding derivative of f of other r. Of course, this means that no
derivative is taken in the jth variable when o; = 0. If f is r-times continuously
differentiable on U, then the order in which the derivatives are taken does not
matter, as in the previous two paragraphs, and every rth-order derivative of f
is of this form for some a.

If f, g are real-valued functions on U that are r-times continuously differen-
tiable for some r, then one can check that

(3.6.12) f g is r-times continuously differentiable on U.
If f(z) # 0 for every x € U, then one can verify that

(3.6.13) 1/f is r-times continuously differentiable on U.

3.7 Smooth functions

Let m and n be positive integers, let U be a nonempty open subset of R,
and let f be an R™-valued function on U again. Let us say that f is infinitely
differentiable on U if

(3.7.1)  f is r-times continuously differentiable on U for every r > 1.

Sometimes f is simply said to be smooth on U in this case. As before, f is
infinitely differentiable on U if and only if each of the components fi,..., fm is
infinitely differentiable as a real-valued function on U. The space of infinitely
differentiable R™-valued functions on U is denoted

(3.72) C*(U,R™) = ﬁ C"(U,R™),

which is a linear subspace of C™(U,R™) for each r.
If f and g are infinitely-differentiable real-valued functions on U, then

(3.7.3) f g is infinitely differentiable on U.

Of course, polynomials on R™ are infinitely differentiable. If f(z) # 0 for every
x € U, then

(3.7.4) 1/f is infinitely differentiable on U.

This implies that rational functions are infinitely differentiable on the comple-
ment of the set where the denominator is equal to 0.
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3.7.1 Compositions with functions on R

Let V be an open set in the real line, and let i be a real-valued function on V.
Suppose that
(3.7.5) f takes values in V on U,

which is the same as saying that f(U) C V. This implies that the composition
1 o f is defined as a real-valued function on U. If the partial derivative of f at
x € U in the jth variable exists, and if

(3.7.6) 1 is differentiable at f(x) € V,

then the partial derivative of ¥ o f in the jth variable exists at =, with

(3.7.7) a(g;jf)(x) = ' (f(z)) ;i(x).

This follows from the ordinary chain rule for functions of one variable, by con-
sidering f and v o f as functions of the jth variable, with the other variables
kept fixed.

If f is continuously differentiable on U, and v is continuously differentiable
on V, then it follows that

(3.7.8) 1 o f is continuously differentiable on U.

If f is r-times continuously differentiable on U, and v is r-times continuously
differentiable on V', then one can check that

(3.7.9) 1o f is r-times continuously differentiable on U.

If f is infinitely differentiable on U, and 1) is infinitely differentiable on V', then
we get that
(3.7.10) v o f is infinitely differentiable on U.

3.7.2 A smooth function on R

Consider the real-valued function defined on the real line by

(3.7.11) ¢(x) = exp(—1/z) whenz >0
= 0 when x < 0.
It is easy to see that ¢ is infinitely differentiable when x # 0, using the remarks

in the preceding paragraph when x > 0. It is well known and not too difficult
to show that

(3.7.12) ¢ is infinitely differentiable on R,

with derivatives of all orders of ¢ at 0 equal to 0. This uses the fact that
. —1 . _

(3.7.13) xlg&_w exp(—=1/z) =0

for every positive integer .
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3.8 Differentiability

Let m and n be positive integers, let U be an open subset of R™, and let f be
a mapping from U into R™. We say that f is differentiable at a point x € U if
there is a linear mapping A from R"™ into R™ such that

(3.8.1) lim [f(z+h) — f(z) — A(h)||2,rm

=0.
h—0 ||hH2,R”

Here || - ||2rm and || - ||2,.r» are the standard Euclidean norms on R™ and R”,
respectively, as in Subsection 3.2.1. Note that the quotient whose limit is being
considered is defined for h € R™ with h # 0 and ||h||2, g~ sufficiently small.

If f is differentiable at x, then one can check that

(3.8.2) f is continuous at z.

One can also check directly that the linear mapping A is unique if this case, and
another way to see this will be mentioned in Subsection 3.8.1. If n = 1, then
this definition of differentiability reduces to the usual notion of differentiability
of a function of one variable, where A corresponds to multiplying a real number
by the ordinary derivative of f at x.

If f is differentiable at x, then we may put

(3.8.3) F(z) = 4,

where A is as in (3.8.1). This may be called the differential of f at x. Although
this is similar to the notation for the usual derivative when n = 1, one should
keep in mind that this is a linear mapping from R" into R™. We may also use
the notation

(3.8.4) dfz

for the differential of f at x, when it exists.

3.8.1 Directional derivatives

If v € R™, then
(3.8.5) flz+to)

may be considered as an R™-valued function of ¢ that is defined on an open
set in the real line that contains 0. The directional derivative of f at = in the
direction v is defined to be

(3.8.6) %ﬂx+mgat=m

if the derivative exists, as usual. If f is differentiable at x and v € R™, then one
can check that the directional derivative of f at x in the direction v exists, and
is equal to

(3.8.7) F(@)(©) = df. (v).
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In particular, this means that the partial derivative of f at x in the jth variable
exists for each j =1,...,n, with

of
(3.8.8) 5. (@) = (@) (es) = dfuley),
Ly
where e, ..., e, are the usual standard basis vectors for R™. This can be used

to get the uniqueness of the differential of f at x when it exists, as mentioned
earlier.

3.8.2 Some properties of the differential

Of course, if f is constant on U, then f is differentiable at every = € U, with
(3.8.9) f(x) =0.

If f is a linear mapping from R™ into R™, then f is differentiable at every
x € R", with differential equal to f. If f is any continuously-differentiable
mapping from U into R™, then it is well known that

(3.8.10) f is differentiable at every x € U.

If f is any mapping from U into R™ that is differentiable at x € U, then
(3:811) f'(@)(v) = dfe(v) = 3 _vj 5= ()
=1 ’

for every v € R™, by (3.8.8).
As usual, one can verify that f is differentiable at x if and only if its m

components fi,..., f, are each differentiable at x as real-valued functions on
U. In this case, if v € R", then
(3.8.12) fi@) (), [ (@) (v)

are the m components of f/(z)(v).
If f is differentiable at x and ¢t € R, then it is easy to see that t f is differ-
entiable at x too, as an R™-valued function on U, with

(3.8.13) (tf) (x) =t f'(z).

If g is another mapping from U into R™ that is differentiable at =, then one
can verify that f + g is differentiable at x as an R™-valued function on U, with

(3.8.14) (f+9) (@)= f'(z)+ ().

If f, g are real-valued functions on U that are differentiable at x, then it is
not too difficult to show that f g is differentiable at x, with

(3.8.15) (f9)'(z) =g(z) f'(x) + f(2) ¢ (2).
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3.9 The chain rule

Let m, n, and p be positive integers, let U be an open subset of R™, and let V'
be an open subset of R™. Also let f be a mapping from U into V', and let g be
a mapping from V into RP. Thus the composition go f of f and g is defined as
a mapping from U into RP. Suppose that

(3.9.1) f is differentiable at « € U,
and that
(3.9.2) g is differentiable at f(z) € V,

so that the differentials f/(z) and ¢'(f(x)) of f and g at x and f(x), respectively,
are defined as linear mappings from R™ and R™ into R™ and RP, respectively.
There is a version of the chain rule that states that

(3.9.3) go f is differentiable at x,
with
(3.9.4) (gof)(x) =g (f(x))o f(2).

Equivalently, this means that

(3.9.5) d(go f)e = dgs() © dfe,

as a linear mapping from R into RP. It is easy to see that this reduces to the
usual chain rule for real-valued functions of a single variable when m =n =p =
1.

3.9.1 Using matrix multiplication

Of course, a linear mapping from R”™ into R™ corresponds to an m X n matriz of
real numbers in a standard way. Similarly, a linear mapping from R™ into R?
corresponds to a p X m matrix. The composition of these two linear mappings
corresponds to a p X n matrix, which can be expressed in terms of the other two
matrices using matriz multiplication.

The entries of the matrices associated to f/(x) and ¢’(f(x)) are given by the
partial derivatives of the components of f and g at x and f(x), respectively.
The chain rule implies that

(3.9.6)  the partial derivatives of the components of go f at x
can be expressed as a sum of products of the partial derivatives
of the components of f and g at « and f(x), respectively,

using matrix multiplication.
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3.9.2 Continuous differentiability of compositions

If f and g are continuously differentiable on U and V', respectively, then one
can use this to check that

(3.9.7) g o f is continuously differentiable on U.
More precisely, this uses the fact that
(3.9.8) (019)(f(x)) is continuous on U

for each l = 1,...,m, because 0;g is continuous on V', and f is continuous on U.
This also uses the fact that sums of products of continuous real-valued functions
on U are continuous as well.

3.9.3 Twice continuous differentiability

Suppose that
(3.9.9) g is twice continuously differentiable on V,

so that the partial derivatives of g are continuously differentiable on V. If f is
continuously differentiable on U, then it follows that

(3.9.10) (019)(f (x)) is continuously differentiable on U
for each [ = 1,...,m, as in the preceding paragraph. If
(3.9.11) f is twice continuously differentiable on U

as well, then the partial derivatives of f are continuously differentiable on U.
One can use this to get that

(3.9.12) the partial derivatives of g o f are continuously differentiable on U,

because sums of products of continuously differentiable functions on U are con-
tinuously differentiable on U too. This means that

(3.9.13) g o f is twice continuously differentiable on U.

3.9.4 Additional regularity of compositions

Similarly, if f and g are r-times continuously differentiable on U and V, respec-
tively, for some positive integer r, then

(3.9.14) go f is r-times continuously differentiable on U.
This is the same as saying that

(3.9.15) the partial derivatives of g o f

are (r — 1)-times continuously differentiable on U.
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The partial derivatives of f and g are (r — 1)-times continuously differentiable
on U and V, respectively, by hypothesis. One can use induction to get that

(3.9.16) (0ig)(f(x)) is (r — 1)-times continuously differentiable on U

for each I = 1,...,m, because f is (r — 1)-times continuously differentiable on
U. This implies (3.9.15), because sums of products of (r — 1)-times continuously
differentiable functions on U are (r — 1)-times continuously differentiable on U
as well.

If f and g are infinitely differentiable on U and V', respectively, then we get
that
(3.9.17) g o f is infinitely differentiable on U.

This was mentioned in Subsection 3.7.1 when m =p = 1.

3.10 A basis for AM;(R")

Let k£ and n be positive integers, with k& < n, and let 64,...,6, be the stan-
dard coordinate functions on R, as in Subsection 1.6.2. Remember that the
dimension of the space AM(R"™) of alternating k-linear forms on R is equal
to (Z), as in Subsection 1.12.2. We would like to describe a particular basis for
AM(R™), as a vector space over the real numbers.

3.10.1 The definition of §!
Let I be a subset of {1,...,n} with exactly k elements. Thus

(3.10.1) I={j1,.. . jx}
for some integers j1,...,jr with

(3.10.2) 1<j < <jr<n.
Put

(3.10.3) 0f =0;, A--- N B,

where the right side is as in Section 2.11. This means that

(3'10'4) 0" = Z sgn(o) (0j1 @ ® ejk)oa
oeSym(k)

as before. If z(1),...,z(k) are k elements of R", then we get that

0'(x(1),...,x(k) = > sgn(o)(0;, @ ®0;,) (x(1),...,z(k))

oc€Sym(k)

(3.10.5) = ) sen(0) (0, @ 20;,)(x(c(1),...,z(a(k)))

oc€Sym(k)
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k
= Z sgn(o) Hej (z(a(1)))
oeSym(k) =1
k
= Z Sgn(a) Hx]l (O’(l)),
oeSym(k) =1

where the second step is as in Section 1.9, and the third step is as in Section
1.6.

3.10.2 Some properties of 6/

Let eq,...,e, be the usual standard basis vectors for R”, and let mq,...,my
be k positive integers less than or equal to n. Note that

(3.10.6) 0 (€mys--em) = Y sen(o) [] 05 (em,q):
oc€Sym(k) =1

as in (3.10.5). This implies that

(3.10.7) 0 (emys yem,) =0

unless there is a 7 € Sym(k) such that

(3.10.8) mrq) = ji foreach I =1,... k.
In particular, this means that mg, ..., my are distinct elements of {1,...,n},
because ji,...,Jji are distinct elements of {1,...,n}. In this case, there is

exactly one 7 € Sym(k) with this property, and we get that
(3.10.9) 0T (emys. .. em,) =sgn(r).

Of course, there is a 7 € Sym(k) such that (3.10.8) holds if and only if

(3.10.10) {mi,....mp}t={j1,.. ., jx} = 1.

We also have that my,..., my are k distinct positive integers less than or equal
to n if and only if

(3.10.11) {my,...,mg}

is a subset of {1,...,n} with exactly k elements.

3.10.3 The collection of 6'’s

Remember that a k-linear form p on R™ is uniquely determined by the real
numbers

(31012) ,U(eml yeees e”’”k)?

1 <mi,...,mi <n, and that every family of n* real numbers corresponds to
a k-linear form on R™ in this way, as in Subsection 1.6.1. If u is an alternating
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k-linear form on R™, then (3.10.12) is equal to 0 unless the m;’s are distinct, as
in Section 1.11. We also have that (3.10.12) determines

(3.10.13) Emy - Ema)

for every o € Sym(k) in this case, as before. This implies that an alternating k-
linear form g on R is unigely determined by the family of real numbers (3.10.12)
with

(3.10.14) 1<my <---<mg <n,

as in Section 1.12. We have seen that any family of real numbers of this type
corresponds to an alternating k-linear form on R"™ too, as in Subsection 1.12.1.
One can use this to get that

(3.10.15) the collection of 87, with I C {1,...,n} and #I =k,
is a basis for AMj(R").

More precisely, one can use the #7’s to get that that there is an alternating
k-linear form g on R™ for which (3.10.12) is any real number when (3.10.14)
holds.

Remember that we take
(3.10.16) AMy(R") =R,
as in Subsection 2.12.1. Let us put
(3.10.17) 0 =1 when I = (),

so that (3.10.15) holds when &k = 0.

3.11 A basis for AM(R")

Let n be a positive integer, and let us contunue with the notation used in the
previous section. As in Subsection 2.12.3, we put

(3.11.1) AMR") = éAMk(R”),
k=0

and we shall normally identify elements of AM;(R™) with their images in
AM(R™) under the obvious embeddings for each | = 0,...,n. Using this iden-
tification, we get that

(3.11.2)  the collection of #7, I C {1,...,n}, is a basis for AM(R™),

as a vector space over the real numbers.
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3.11.1 Some wedge products and permutations

Let k£ be a positive integer, and let A1,..., A\ be k linear functionals on R™. If
7 € Sym(k) and z(1),...,z(k) € R", then

()\1 ®--Q® )\k)T(x(l)7 s 7.%‘(]{))

(A1 @ @A) ((r(1)), ..., 2(7(k)))

k
(3.11.3) = [TNGEEO),
=1

using the notation in Section 1.9 in the first step, and the notation in Section
1.6 in the second step. It follows that

M- @) (x(1),...,z(k))

k

| | RESTSIEI)
p=1
(3.11.4) = ()\7.—1(1) R )\T—l(k))(m(l), o z(k)).
This means that
(3.11.5) M@ @A) = A1) @ @ A1y
We can replace 7 with 77! to get that

(3.11.6) Ar(1) @ @ Arp) = (M ®"~®)\k)7—71.

This implies that

(3.11.7) /\T(l) VANEEA /\T(k) = k! Ak(>\-,—(1) K- & /\T(k))
= KA@M) ),

where the first step is as in Section 2.11. Thus

(3.11.8) /\7(1) A\ "'/\/\T(k) Sgn(Tﬁl)k!Ak()q R A\g)

= sgn(7) A1 A A Xg,

where the first step is as in Section 1.13. The second step uses the fact that
sgn(771) = (sgn(7))~! = sgn(7). In particular, if A\;, Ay are linear functionals
on R™, then

(3.11.9) A2 AAL = —A1 A Ag,

which also follows from a remark in Section 2.12. Using this, we get that
(3.11.10) ANA=0

for every linear functional A on R".
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3.11.2 Wedge products of §’s

Let I;, I be subsets of {1,...,n} with ki, ko elements, respectively, and put
k=ky + ko If
(3.11.11) LNl #0,

then it is easy to see that
(3.11.12) 07 A 02 =0,

using the remarks in the preceding paragraph. Note that
(3.11.13) (3.11.11) holds automatically when k > n.

Of course, we also know that AMy(R™) = {0} in this case, as in Subsection
1.11.2.
Suppose now that

(3.11.14) LNl =0,
and put
(3.11.15) I=1UI.

Let 1 < j; < -+- < jr < n be a list of the elements of I, in order. There is a
unique 7 € Sym(k) such that

(3.11.16) L= {Jrys -5 ek b L2 = {Jrtarn)s -2 Jri )

and 7 is increasing on each of {1,...,k1} and {k1 +1,...,k}. Note that 7 is a
shuffle, as in Section 2.15, with » = 2. We also have that

3.11.17) 0 A2 =0,  A---AO; =sgn(r)0; A---AB; =sgn(T)0,
Jr(1) Jr(k) J1 Jk

using (3.11.8) in the second step.

3.12 Differential forms

Let n be a positive integer, and let E be a nonempty subset of R™. A differential
form on E is
(3.12.1) a function on E with values in AM(R").

Similarly, if k£ is a nonnegative integer, then a differential k-form on E is
(3.12.2) a function on F with values in AM;(R").

This is automatically equal to 0 when & > n. A differential form on F may
be considered as a sum of differential k-forms on E, 0 < k < n. Note that a
differential O-form on F is the same as a real-valued function on E.

A differential k-form on E may be expressed as

(3.12.3) a= Y asb

#I=k
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where the sum is taken over all subsets I of {1,...,n} with exactly k elements.
This uses the fact that the 0’s, #I = k, form a basis for AMy(R"), as in
Subsection 3.10.3. The «aj’s, #1 = k, are real-valued functions on FE.

Similarly, a differential form on £ may be expressed as

(3.12.4) B=Y prb",
I

where now the sum is taken over all subsets I of {1,...,n}. The fr’s are real-
valued functions on F, as before.

3.12.1 Spaces of differential forms

The space of differential forms on F is a vector space over the real numbers with
respect to pointwise addition and scalar multiplication. The space of differential
k-forms on E may be considered as a linear subspace of the space of differential
forms on E. If oy, as are differential forms on E, then their wedge product

(3.12.5) [ TWAN D)

is defined as a differential form on E as well, using the wedge product of al-
ternating multilinear forms on R™ at each point. If oy, ao are differential kq,
ko-forms on E for some nonnegative integers ki, ko, respectively, then

(3.12.6) a1 A ag is a differential (k; + ko)-form on E.
Of course, this is equal to 0 when

(3.12.7) ki + ky > n.

3.12.2 Continuous differential forms

It is sometimes convenient to identify AM(R™) with R(%) when & < n, using
the basis for AMj,(R") consisting of the #7’s with #1 = k. To do this, we should
list the subsets of {1,...,n} with exactly k elements in a sequence, with (Z)
terms. The order in which these subsets of {1,...,n} are listed will normally not
really matter. In particular, this leads to a metric on AMy(R™), corresponding

to the standard Euclidean metric on R(:). This metric does not depend on
the order in which the subsets of {1,...,n} with k elements are listed, because
the standard Euclidean metric on R™ is invariant under permutations of the
coordinates for any positive integer m.

Similarly, we may identify AM(R") with R?", using the basis for AM(R")

consisting of the #!’s corresponding to all subsets I of {1,...,n}. This involves
listing the subsets of {1,...,n} in a sequence with 2" terms, and the order in
which the subsets of {1,...,n} are listed will not normally matter, as before.

This leads to a metric on AM(R™), corresponding to the standard Euclidean
metric on R?", that does not depend on the order in which the subsets of
{1,...,n} are listed, as before.
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Let us say that a differential form on FE is continuous if it corresponds to
a continuous mapping from E into R?" in this way. This does not depend on
the order in which the subsets of {1,...,n} are listed, as usual. Equivalently, a
differential form 5 on F as in (3.12.4) is continuous if and only if

(3.12.8) the coeflicients 8y are continuous as real-valued functions on E
for all subsets I of {1,...,n}. The space
(3.12.9) C(E,AM(R") = C(E,R*")

of all continuous differential forms on FE is a linear subspace of the space of all
differential forms on F.

Similarly, we say that a differential k-form on FE is continuous if it corre-
sponds to a continuous mapping from FE into R(") when & < n, which does
not depend on the order in which the subsets of {1,...,n} with &k elements are
listed. This is the same as saying that a differential k-form « on E as in (3.12.3)
is continuous if and only if

(3.12.10) the coefficients ay are continuous as real-valued functions on E

for all subsets I of {1,...,n} with exactly k elements. The space
(3.12.11) C(E, AM(R™)) = C(E,R(}M)

of all continuous differential k-forms on F is a linear subspace of the space of
all differential k-forms on E. This may be considered as a linear subspace of
the space of all continuous differential forms on F.

If a1, ao are continuous differential forms on F, then it is easy to see that

(3.12.12) a1 A ag is continuous as a differential form on E.

More precisely, if a7 A ag is expressed as in (3.12.4), then the corresponding
coefficients of the 67’s may be expressed in terms of sums of products of the
analogous coefficients of a; and as.

3.13 Additional regularity of differential forms

Let n and r be positive integers, and let U be a nonempty open subset of R™.
Let us say that a differential form on U is r-times continuously differentiable on
U if it corresponds to an r-times continuously-differentiable mapping from U
into R?", as in Subsection 3.12.2. This does not depend on the order in which
the subsets of {1,...,n} are listed, as before. A differential form S on U as in
(3.12.4) is r-times continuously differentiable if and only if

(3.13.1) the coefficients 8; are r-times continuously differentiable

as real-valued functions on U
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for all subsets I of {1,...,n}. The space
(3.13.2) C" (U, AM(R™)) = C"(U,R?")

of all r-times continuously differentiable differential forms on U is a linear sub-
space of the space of all continuous differential forms on U.

Similarly, if £ is a nonnegative integer less than or equal to n, then we
say that a differential k-form on U is r-times continuously differentiable if it

corresponds to an r-times continuously-differentiable mapping from U into R().
This does not depend on the order in which the subsets of {1,...,n} with &k
elements are listed, as usual. A differential k-form « on U as in (3.12.3) is
r-times continuously differentiable on U if and only if

(3.13.3) the coefficients o are r-times continuously differentiable

as real-valued functions on U

for all subsets I of {1,...,n} with exactly k elements. The space
(3.13.4) C" (U, AMi(R™)) = C" (U, R(}))

of all r-times continuously-differentiable differential k-forms on U is a linear
subspace of the space of all continuous differential k-forms on U. This may
be considered as a linear subspace of the space of all r-times continuously-
differentiable differential forms on U.

3.13.1 Smooth differential forms

Let us say that a differential form on U is infinitely differentiable or smooth if
it corresponds to an infinitely differentiable mapping from U into R?", which
does not depend on the order in which the subsets of {1,...,n} are listed, as
usual. A differential form 8 on U as in (3.12.4) is infinitely differentiable on U
if and only if

(3.13.5) the coefficients §; are infinitely differentiable

as real-valued functions on U
for all subsets I of {1,...,n}. The space
(3.13.6) C>®(U, AM(R")) = C*(U,R*")

of all infinitely-differentiable differential forms on U is a linear subspace of
(3.13.2) for each r.

Similarly, a diiferential k-form on U is said to be infinitely differentiable
or smooth if it corresponds to an infinitely-differentiable mapping from U into
R(:), which does not depend on the order in which the subsets of {1,...,n}
with k elements are listed. A differential k-form ocon U as in (3.12.3) is infinitely
differentiable on U if and only if

(3.13.7) the coefficients « are infinitely differentiable

as real-valued functions on U
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for all subsets I of {1,...,n} with exactly k elements. The space
(3.13.8) C(U, AM,(R™)) = ¢ (U, R(V)

of all infinite-differentiable differential k-forms on U is a linear subspace of
(3.13.4) for each r. This may be considered as a linear subspace of the space of
all infinitely-differentiable differential forms on U.

As before, it is sometimes convenient to interpret r-times continuous differ-
entiability of a differential form as being the same as continuity when r = 0. If
a1, ag are r-times continuously-differentiable differential forms on U, then one
can check that

(3.13.9) o1 A ag is r-times continuously differentiable

as a differential form on U. If oy, as are infinitely differentiable on U, then it
follows that
(3.13.10) a1 A ag is infinitely differentiable on U

as well.

3.14 Differentials as 1-forms

Let n be a positive integer, let U be a nonempty open subset of R", and let f
be a real-valued function on U. Let us say that f is differentiable on U if

(3.14.1) f is differentiable at every = € U,

in the sense of Section 3.8. In this case, the differential df of f defines a dif-
ferential 1-form on U, because it defines a linear functional df, on R™ at every
zeU.

It is customary to consider x; as the jth coordinate function on R" for each
j =1,...,n, which we have also denoted ;. The differential dx; of x; is the
same as 0; at every point in R"™. Thus one often uses dx; for the differential
1-form on R™ that is equal to ¢; at every point.

If f is differentiable on U, then the differential of f may be expressed as

n n af
(3.14.2) df = Z(ajf) dz; = Z oe; dz;,
Jj=1 Jj=1
using this notation. This means that
(3.14.3) dfe =Y (0, f)(z) da; = o (@) da;
j=1 =1 9T
for each x € U. If v € R™, then we get that
n n 8f
(3.14.4) dfz(v) =D (0 )@)v; =Y (@) v;.

j=1 j=1 "7
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If f is r-times continuously differentiable on U for some positive integer r, then
(3.14.5) df is (r — 1)-times continuously differentiable

as a differential 1-form on U. If f is infinitely differentiable on U, then df is
infinitely differentiable as a differential 1-form on U.

3.14.1 The definition of dx’

Let I = {j1,...,jkx} be a subset of {1,...,n} with k elements, where the j;’s
are strictly increasing. We may use the notation

(3.14.6) de! =dzj, A Adxj,,

which is the differential k-form equal to #7 at every point.
Thus a differential k-form « on U may be expressed as

(3.14.7) a= Y arda,
#1=k
where the sum is taken over all subsets I of {1,...,n} with exactly k elements,

and «j is a real-valued function on U for each such I. Similarly, a differential
form S on U may be expressed as

(3.14.8) B=> Brda’,
I

where the sum is taken over all subsets I of {1,...,n}, and S is a real-valued
function on U for each such I.

3.15 Isometric mappings

Although the topics in this section may not be needed for the moment, they do fit
nicely with the discussion of metrics, norms, and inner products at the beginning
of the chapter. Of course, we are also concerned with various properties of
mappings more broadly, and some related matters will be mentioned later.

Let (X,dx) and (Y,dy) be metric spaces. A mapping f from X into Y is
said to be an isometry if

(3.15.1) dy (f(z), f(w)) = dx(z,w)

for every z,w € X. Note that this implies that f is one-to-one on X. If f
also maps X onto Y, then it is easy to see that the inverse mapping f~! is an
isometry from Y onto X.

Let (Z,dz) be another metric space. If f is an isometry from X into Y and
g is an isometry from Y into Z, then it is easy to see that

(3.15.2) go f is an isometry from X into Z.
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Let V, W be vector spaces over the real numbers with norms Ny, Ny,
respectively. A linear mapping 7T from V into W is said to be an isometric
linear mapping if
(3.15.3) Nw (T (v)) = Ny (v)

for every v € V. Of course, this implies that
(3.15.4) Nw (T(u) — T(v)) = Nw(T(u—v)) = Ny(u—v)

for all u,v € V, so that T is an isometry from V into W with respect to the
metrics associated to Ny, Ny, respectively.

If T is an isometric linear mapping from V onto W, then the inverse mapping
T—! is an isometric linear mapping from W onto V. If T is a one-to-one linear
mapping from V into W, and V, W have the same finite dimension, then it is
well known that T" maps V onto W.

Let Z be another vector space over the real numbers with a norm Nz. If
T is an isometric linear mapping from V into W, and R is an isometric linear
mapping from W into Z, then

(3.15.5) R o T is an isometric linear mapping from V into Z.

Let (-,-)v, (-, -)w be inner products on V, W, respectively. Observe that a
linear mapping T from V into W is an isometric linear mapping with respect
to the norms associated to these inner products if and only if

(3.15.6) (T(W), T(v))w = {(v,v)v
for every v € V. In this case, one can check that
(3.15.7) (T(w), T(w))yw = (u,v)v

for every u,v € V.

Some connections between isometries and volumes of sets will be mentioned
in Section 4.12. We shall say a bit more about isometries between finite-
dimensional inner product spaces in Subsection A.9.1.



Chapter 4

Pull-backs and exterior
differentiation

4.1 Tensor fields of type (0,k)

Let k£ and n be positive integers, and let E be a nonempty subset of R”. A
tensor field of type (0,k) on E is

(4.1.1) a function on E with values in M (R").

If k£ =1, then this is the same as a differential 1-form on E. If kK = 0, then this
is interpreted as being a real-valued function on FE, as before. One may also
consider tensor fields of type (r,s) for arbitrary nonnegative integers r, s, as in
Definition 2.15 on p63 of [239], but we shall not pursue this here.

If j1,...,jx are positive integers less than or equal to n, then
(4.1.2) 0;, @ -0,
is an element of M (R"™), as in Section 1.6. The collection of these elements of

M (R"™) forms a basis for My(R™), as a vector space over the real numbers,
as before. A tensor field a of type (0, k) on E may be expressed as

(4.1.3) a= Z Wi .ois O © -+ - @ 05,
{1,...,n}F
where the sum is taken over the set {1,...,n}* of all k-tuples of positive integers

less than or equal to n. Here the coefficients a;, . j, are real-valued functions
on E for all such k-tuples. The space of tensor fields of type (0,k) on F is a
vector space over the real numbers with respect to pointwise addition and scalar
multiplication.

74
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4.1.1 Continuous tensor fields

Tt is sometimes convenient to identify My (R™) with R"k, using the basis men-
tioned in the preceding paragraph. This involves listing the elements of

(4.1.4) {1,...,n}*

in a sequence with n* terms, and the order in which the elements of (4.1.4) are
listed will not normally matter, as usual. This leads to a metric on My (R™), cor-
responding to the standard Euclidean metric on R"". This metric on M (R™)
does not depend on the order in which the elements of (4.1.4) are listed.

Let us say that a tensor field of type (0, k) on E is continuous if it corresponds
to a continuous mapping from E into R™" in this way. This does not depend
on the order in which the elements of (4.1.4) are listed. Equivalently, a tensor
field a of type (0,k) on E as in (4.1.3) is continuous if and only if

(4.1.5) the coefficients a;, ... j, are continuous as real-valued functions on £

<Jk

for all j1,...,jk. The space
(4.1.6) C(E, My(R™) = C(E,R™)

of all continuous tensor fields of type (0,k) on E is a linear subspace of the
space of all tensor fields of type (0,k) on E.

If a, b are tensor fields of types (0, k1), (0,k2) on E, respectively, for some
nonnegative integers ki, ko, then their product

(4.1.7) a®b

may be defined as a (k1 + k2)-linear form on R™ at each point in F, as in Section
2.8. This defines (4.1.7) as a tensor field of type (0,k; + k2) on E. If a, b are
continuous as tensor fields on F, then one can check that

(4.1.8) a ® b is continuous as a tensor field on E.

More precisely, the coefficients of (4.1.7) with respect to the usual basis for
M, +1, (R™) may be expressed in terms of products of the coefficients of a and
b with respect to the usual bases for M;, (R™) and My, (R"), respectively.

4.2 More on tensor fields

Let n be a positive integer, let U be a nonempty open subset of R", and let k, r
be nonnegative integers. A tensor field of type (0, %) on U is said to be r-times
continuously differentiable on U if it corresponds to an r-times continuously-
differentiable mapping from U into R™" as in Subsection 4.1.1. This does not
depend on the order in which the elements of {1,...,n}* are listed, as usual.
Remember that r-times continuous differentiability is interpreted as being the
same as continuity when r = 0.



76 CHAPTER 4. PULL-BACKS AND EXTERIOR DIFFERENTIATION

A tensor field a of type (0,k) on U as in (4.1.3) is r-times continuously
differentiable if and only if

(4.2.1) the coefficients a;, ... j, are r-times continuously differentiable
as real-valued functions on U

for all j1,...,jx. The space
(4.2.2) C" (U, My(R™)) = C" (U, R™)

of all r-times continuously-differentiable tensor fields of type (0,k) on U is a
linear subspace of the space of all continuous tensor fields of type (0,k) on U.
A tensor field of type (0,k) on U is said to be infinitely differentiable or
smooth if it corresponds to an infinitely-differentiable mapping from U into R"k,
which does not depend on the order in which the elements of {1,...,n}* are
listed. A tensor field a of type (0,%) on U as in (4.1.3) is infinitely differentiable
on U if and only if
(4.2.3) the coefficients a;, ;. are infinitely differentiable

as real-valued functions on U
for all j1,...,jk. The space
(4.2.4) C>=(U, My(R™)) = C=(U,R™)

of all infinitely-differentiable tensor fields of type (0, k) on U is a linear subspace
of (4.2.2) for each r.

Let a, b be tensor fields of types (0, k1), (0,k2) on U, respectively, for some
nonnegative integers k1, ks, so that their product a®b is defined as a tensor field
of type (0, k1 + k2) on U, as in Subsection 4.1.1. If a, b are r-times continuously
differentiable on U, then one can verify that

(4.2.5) a ® b is r-times continuously differentiable
as a tensor field on U. If a, b are infinitely differentiable on U, then we get that
(4.2.6) a ® b is infinitely differentiable

as a tensor field on U.

4.2.1 Another expression for a

If a real-valued function f is differentiable on U, then the differential df of f
defines a tensor of type (0,1) on U, as in Section 3.14. Note that

(427) d$j1 ®-- dxjk

is the same as the tensor field of type (0, k) equal to (4.1.2) at every point. Thus
a tensor field a of type (0,%) on U may be expressed as

(428) a = Z Ajyenin dz]1 K dx]kv
{1,...,n}*

as in (4.1.3).
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4.3 Vector fields

Let n be a positive integer, and let E be a nonempty subset of R". An R"-
valued function on F may be called a vector field on E. This may be considered
as a tensor field of type (1,0) on E, as in Definition 2.15 on p63 of [239].

Let k be a positive integer, and let a be a tensor field of type (0,%) on E.
Suppose that a is as in (4.1.3), so that the value a, of a at x € E is given by

(4'3'1) Oy = Z Ajr,yein (l‘) 05, ® - ®8;,,
{1,k

as a k-linear form on R™. Let &;,...,& be k vector fields on E, and let & ; be
the jth component of § for j =1,...,nand [ =1,..., k. We can evaluate a at
&1,...,& at each point in F to get a real-valued function

(4.3.2) a(€rs- &)

on E. More precisely, the value of this function at x € E is

k
(4.3.3) ap(&1(@),- o Gl@) = D aj, (@) [[ @)
=1

{1,...,n}F

Suppose for the moment that a is continuous as a tensor field of type (0, k)
on F, as in Subsection 4.1.1. Suppose also that &1, ..., &, are continuous vector
fields on E, which is to say that they are continuous as R"-valued functions on
E. Under these conditions,

(4.3.4)  a(&,...,&) is continuous as a real-valued function on E.

4.3.1 Associated differential operators

Now let U be a nonempty open subset of R™. If £ is a vector field on U, then

- 0
4.3.5 Xe = i —
( ) 3 Zgj 8xj

7j=1

defines a first-order linear differential operator on U, where &; is the jth com-
ponent of £ for each j =1,...,n. If f is a differentiable real-valued function on
U, then
(4.3.6) Xe(f)=> ¢ e

=1 !

is a real-valued function on U, whose value

(437) () ) = Y- &) 5 (0
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at © € U is the same as the directional derivative of f at x in the direction £(x).
Equivalently,

(4.3.8) df (&) = Xe(f),
where df is considered as a tensor field of type (0,1) on U. This means that
(4.3.9) df(§(x)) = (Xe(f))(x)

for every x € U.
If f is r-times continuously differentiable on U for some positive integer r,
and £ is (r — 1)-times continuously differentiable on U, then

(4.3.10) Xe(f) is (r — 1)-times continuously differentiable on U.
If £ and f are infinitely differentiable on U, then
(4.3.11) Xe(f) is infinitely differentiable on U.

Let a be a tensor field of type (0,k) on U, and let &, ...,& be k vector fields
on U. If a and &1, ..., & are r-times continuously differentiable on U, then

(4.3.12)  a(&,.-.,&) is r-times continuously differentiable on U.
If a and &, ..., & are infinitely differentiable on U, then

(4.3.13) a(&1,...,&) is infinitely differentiable on U.

4.4 Pulling some tensors back

Let n be a positive integer, let U be a nonempty open subset of R™, and let k be
a nonnegative integer. Also let n; be a positive integer, let U; be a nonempty
open subset of R™ | and let ¢ be a mapping from U; into R™ such that

(4.4.1) »(Uy) C U.

Suppose that v is differentiable on Uy, in the sense that 1 is differentiable at
every point in Uj, as in Section 3.8. If a is a tensor field of type (0,%) on U,
then we would like to pull a back to get a tensor field

(4.4.2) *(a)

of type (0,%) on U;. This may also be denoted d1(a), as in Definition 2.22 on
p68 of [239].
If £ = 0, then a is simply a real-valued function on U. In this case, we put

(4.4.3) P*(a) =ao1),

which is a real-valued function on U;. Note that differentiability of 1 is not
needed for this.
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Suppose that k£ > 1, and let a, be the value of a at € U, which is a k-linear
form on R™. Let w € U; be given, so that the differential dv,, of ¥ at w is a
linear mapping from R™ into R™. The value of ¢*(a) at w is defined to be the
k-linear form on R™* given by

(4.4.4) (¥*(a))w = (dpw) " (ay(w));

where the right side is defined as in Section 2.3. Note that ¥(w) € U by
hypothesis, so that a. (. is defined as a k-linear form on R™. If vy, ..., v € R™,
then

445) @ @)w(rvn) = (@) (@)1, 0)
Ao (w) (dww (Ul)y cee 7d7pw(vk))v

as in Section 2.3.

4.4.1 Some properties of pull-backs

Note that ¢*(a) is linear in a, as in Section 2.3. If a is a differential k-form on
U, then a, is an alternating k-linear form on R"™ for each = € U, as in Section
3.12. This implies that (4.4.4) is an alternating k-linear form on R™ for every
w € Uy, as in Subsection 2.4.1. This means that

(4.4.6) 1™ (a) is a differential k-form on U;

in this case. Similarly, if a, is a symmetric k-linear form on R” for every z € U,
then
(4.4.7) (¥*(a))w is a symmetric k-linear form on R™

for every w € U;.
Suppose that a, b are tensor fields of types (0,k1), (0,k2) on U for some
nonnegative integers ki, ko, respectively. Observe that

(4.4.8) P (a®@b) =" (a) © ¥ (D)

as tensor fields of type (0, k1 +k2) on U;. This follows from the analogous state-
ment for multilinear forms in Subsection 2.8.1. Similarly, if a, b are differential
k1, ko-forms on U, then

(4.4.9) P (aAb) = (a) NT(b),

as differential (ki + k3)-forms on U;. This follows from the analogous statement
for alternating multilinear forms in Subsection 2.12.2.

4.5 More on pull-backs

Let us continue with the same hypotheses and notation as in the previous sec-
tion. Remember that dz; is a differential 1-form on R" for each j = 1,...,n,
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whose value at each point is the jth standard coordinate function 6;, as in Sec-
tion 3.14. Equivalently, this may be considered as a tensor field of type (0,1)
on R™, as in Sections 4.1 and 4.2.

Let 1; be the jth component of v for each j = 1,...,n, which is a differ-
entiable real-valued function on U;. Of course, the differential of 9; at w € Uy
corresponds to the jth component of the differential of ¥ at w in a simple way

for each j =1,...,n. One can use this to get that
(45.1) v (day) = di
on U; for each j = 1,...,n. More precisely, the right side is a differential 1-form

on Uy, as in Section 3.14, and thus a tensor field of type (0,1). To get (4.5.1),
one can take a = dx; in (4.4.5), so that k = 1.

4.5.1 Another expression for *(a)

Let a be a tensor field of type (0, k) on U, expressed as in (4.2.8). Observe that

Pa) = D UHag,.. g dug, @ @ dag,)
{1,....n}k
(4.5.2) = > Y(ag..5) ¥ (dry,) @ @ YT (day,)
{1,....n}k
= Y (@ o) diy, @ @ di,
{1,...n}k
on Uj.

Similarly, a differential k-form « on U may be expressed as

(4.5.3) a = Z [T TI 11 dmjl ARERRA dwjk?

1< < <gr<n

as in Subsection 3.14.1. More precisely, the sum on the right is taken over all
k-tuples (j1,...,jx) of integers such that 1 < j3 < --- < jr < n. In this case,
we get that

7/}*(0‘) = Z 77[}*(aj1,-~7jk dle AR d'rjk)
1<j1<--<jr<n
(4.5.4) = Z 'l/]* (ajl ..... jk) w*(dx]d) ARERNAN w*(dxjk)

1< < <jr<n

= S (g 0w)diy, A Adyy,

1<j1 < <gp<n

on U;.
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4.5.2 Pull-backs and compositions

Let ng be a positive integer, let Uy be a nonempty open subset of R™, and let
¢ be a mapping from U, into R™ such that

(4.5.5) B(Uy) C ;.

Suppose that ¢ is differentiable on Uy too. Thus 9 o ¢ is a mapping from Uy
into R™ with

(4.5.6) (¥ 0¢)(Uo) = ¥(¢(Uo)) € 4(Ur) CU.
Remember that
(4.5.7) 1) o ¢ is differentiable on Uy,

as in Section 3.9.
If a is a tensor field of type (0, %) on U, then one can check that

(4.5.8) (Yo ¢)"(a) = ¢"(¢"(a))

on Uy. This is very simple when k£ = 0. If £ > 1, then this follows from the chain
rule, and the analogous statement for multilinear forms in Subsection 2.3.1.

4.5.3 Regularity of pull-backs

Let a be a tensor field of type (0, k) on U again, expressed as in (4.2.8). If a is
continuous on U, and 7 is continuously differentiable on Uy, then

(4.5.9) ¥*(a) is continuous on Uy.

More precisely, if k£ = 0, then this holds when % is continuous on Uy. If £ > 1,
then this can be obtained using (4.5.2).

Similarly, if a is r-times continuously differentiable on U for some positive
integer r, and 1 is (r 4+ 1)-times continuously differentiable on Uy, then

(4.5.10) 1™ (a) is r-times continuously differentiable on U;.

If £ = 0, then it is enough to ask that 1 be r-times continuously differentiable
on Uy, as in Section 3.9. If a is infinitely differentiable on U, and ¢ is infinitely
differentiable on Uy, then it follows that

(4.5.11) 1™ (a) is infinitely differentiable on Uj.

4.6 Exterior differentiation

Let n be a positive integer, and let U be a nonempty open subset of R™. If
a is a continuously-differentiable differential form on U, then we would like to
define the exterior derivative

(4.6.1) do
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of o as a continuous differential form on U. More precisely, if « is a continuously-
differentiable differential k-form on U for some nonnegative integer k, then

(4.6.2) da is a continuous differential (k + 1)-form on U.

In particular,
(4.6.3) do = 0 when k > n.

Note that the sum on the right side of (4.5.3) has only one term when k = n.
If « is a differential O-form on U, then « is a real-valued function on U. If
« is continuously differentiable on U, then we take

(4.6.4) da to be the differential of «,

considered as a differential 1-form on U, as in Section 3.14.
Suppose that « is a differential k-form on U, with 1 < k < n, which may be
expressed as
(4.6.5) o= Z ayda?,
#I1=k

as in Subsection 3.14.1. If « is continuously differentiable on U, then
(4.6.6) oy is continuously differentiable

as a real-valued function on U for each subset I of {1,...,n} with exactly k
elements, as in Section 3.13. In this case, we put

(4.6.7) da = Z dog A dxt.
#I=k

One can check that this defines a continuous differential (k+1)-form on U. Note
that this is equal to 0 when k = n, as before.

If @ is any continuously-differentiable differential form on U, then « may
be expressed as a sum of continuously-differentiable differential k-forms on U,
0 < k < n. Under these conditions, da is defined to be the sum of the exterior
derivatives of these differential k-forms. This defines the exterior derivative as
a linear mapping d from C1(U, AM(R")) into C(U, AM(R™")).

If « is r-times continuously differentiable on U for some positive integer r,
then one can verify that

(4.6.8) da is (r — 1)-times continuously differentiable on U,
so that

(4.6.9) d(C" (U, AM(R™))) C C" (U, AM(R™)).

If « is infinitely differentiable on U, then it follows that

(4.6.10) do is infinitely differentiable on U,

so that

(4.6.11) d(C (U, AM(R™))) € C>(U, AM(R™)).
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4.7 The anti-derivation property

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Let « be a continuously-differentiable differential k-form on U for some
0 <k < n, and let 8 be another continuously-differentiable differential form on
U. We would like to show that

(4.7.1) d(a A B) = (da) A B+ (=) a A (dB)

on U. This is the anti-derivation property of the exterior derivative, as in
Section 2.11 on p61 of [239], and Theorem 2.20 on p65 of [239]. Note that it
suffices to verify this when § is a differential [-form on U for some 0 <[ < n.

4.7.1 The case where £k =0

Suppose for the moment that k = 0. If 3 is also a differential O-form on U, then
(4.7.1) is the same as saying that

(4.7.2) d(ap) = (da) B+ a(dp)

on U. Of course, this holds by the usual product rule for partial derivatives. If
B is a differential [-form on U for some | > 1, then (4.7.1) is the same as saying
that

(4.7.3) d(af) = (da) A+ a(df).

This can be verified directly from the definition of the exterior derivative using
the product rule for partial derivatives again, or by reducing to the | = 0 case.
Indeed, suppose that
(4.7.4) B="Y Brda’,

#I1=1
where [; is a continuously-differentiable real-valued function on U for each
subset I of {1,...,n} with exactly [ elements, as in Subsection 3.14.1. Observe
that

(4.75) d(ap) d( 3 as dxf) =3 d(apr) A da

#I1=1 #I=1

> ((de) Br + o (dBr)) A da’ = (da) B+ a (dB),
#I=1

using the definition of the exterior derivative in the second step. and the [ =0
case in the third step.

4.7.2 The case where [ =0

Thus we suppose from now on in this section that k > 1. If 3 is a differential
O-form on U, then (4.7.1) is the same as saying that

(4.7.6) d(af) = (da) B+ (=1)*a A (dB).
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This can be verified directly, as in the preceding paragraph, using basic prop-
erties of the wedge product, as in Section 2.12. One could also reduce to the
previous case, using the fact that

(4.7.7) aA(dB) = (=1)*(dB) A a,

because df is a differential 1-form on U.

4.7.3 The cases where k,[ > 1

This permits us to take 8 to be a differential [-form on U with [ > 1. In fact,
we may as well suppose that

(4.7.8) a=ardr’

and

(4.7.9) B = B dz*®,

where I, L are subsets of {1,...,n} with exactly k,I > 1 elements, respectively,

and «y, B, are continuously-differentiable real-valued functions on U. Note that

(4.7.10) da = (dag) A da’
and
(4.7.11) dp = (dfr) A dz*

in this case. If
(4.7.12) INL#0,

then one can check directly that both sides of (4.7.1) are equal to 0.
Suppose now that I N L = (), and put

(4.7.13) M=TUL.

In this case, we have that

(4.7.14) da’ A da" = sgn(r) da™

for a certain 7 € Sym(k + 1), as in Subsection 3.11.2. Thus

(4.7.15) aAB=arBrda’ Adaxt = ap Br sgn(r) da™.
This implies that

(4.7.16) d(a A B) =sgn(r)d(ar Br) A dz™,

by the definition of the exterior derivative. This means that

(4.7.17)  d(a A B) =sgn(7) Br dar A dz™ + sgn(t) ar dBr, A da™,

as in (4.7.2).
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It follows that
(4.7.18) d(a A B) = Br dag A dx! Ada® + ar dBp A dat A dat,
because of (4.7.14). The second term on the right is the same as
(4.7.19) (=DF aydat AdBp A dat,

because df, is a differential 1-form on U, as in Section 2.12. This shows that
(4.7.1) holds in this case, as desired.

4.8 The second exterior derivative

Let n be a positive integer, and let U be a nonempty open subset of R™. Also
let

(4.8.1) « be a twice continuously-differentiable differential form on U,

so that da is a continuously-differentiable differential form on U. We would like
to show that

(4.8.2) d(da) =0
on U.

4.8.1 Differential 0-forms on U

If « is a differential 0-form on U, then

n

(4.8.3) da = Z(@la) dxy,

=1
as in Section 3.14. This implies that
(4.8.4) d(da) = d(Qa) Adazy = > (9;000) daj A day.
1=1 j=11=1

Remember that
(4.8.5) da; N dxy = —dxy A d;

for all j,l =1,...,n, as in Section 2.12. We also have that
(4.8.6) 0;0 a0 =005«

on U for all j,l =1,...,n, as in Subsection 3.5.2. One can use this to get that
(4.8.2) holds in this case.
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4.8.2 Other differential forms on U

Suppose now that « is as in (4.7.8) for some nonempty subset I of {1,...,n},
where a7 is a twice continuously-differentiable real-valued function on U. Thus
do is as in (4.7.10), and one can check that

(4.8.7) d(da) = d(day) A dx?,
as in the previous section. More precisely, this uses the fact that
(4.8.8) d(daz") =0,

by the definition of the exterior derivative. Of course, the right side of (4.8.7) is
equal to 0, because d(day) = 0, as in the preceding paragraph. It follows that
(4.8.2) holds in this case, and for all twice continuously-differentiable differential
forms on U.

4.8.3 Closed and exact differential forms

If 8 is a continuously-differentiable differential form on U and

(4.8.9) dBg =0

on U, then [ is said to be closed as a differential form on U. If v is a
continuously-differentiable differential form on U, then

(4.8.10) dy

is said to be ezact as a differential form on U. If v is twice continuously differ-
entiable on U, then (4.8.10) is closed on U, as before.

4.9 Differentiating pull-backs

Let n, n1 be positive integers, let U, U; be nonempty open subsets of R, R"*,
respectively, and let

(4.9.1) 1 be a twice continuously-differentiable mapping from U; into R"

such that
(4.9.2) Y(Uy) CU.

If « is a continuously-differentiable differential form on U, then we would like
to show that

(4.9.3) d(¥* () = ¥ (dev),

as differential forms on U;. Remember that
(4.9.4) * () is continuously differentiable on Uy

under these conditions, as in Subsection 4.5.3.
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4.9.1 Differential 0-forms on U again

Suppose first that « is a differential O-form on U, so that ¥*(a) = « o .
Remember that do, d(aot)) are the same as the differentials of o, cot) considered
as differential 1-forms on U, Uy, respectively, as in Section 3.14. If w € Uy, then

(4.9.5) d(ccor))y = day(y) © diy,

as linear functionals on R™ | by the chain rule, as in Section 3.9. This means
that

(4.9.6) d(a o)y = (dipw)" (dey (),
where the right side is as in Section 2.3. This is the same as saying that (4.9.3)
holds at w, as in Section 4.4.

More precisely, if « is a differential O-form on U, then it suffices to ask that
(4.9.7) 1 be a continuously-differentiable mapping from U; into R"
with ¢(U;) C U, instead of (4.9.1). Note that ¢*(«a) = « o is continuously

differentiable on U7 in this case, as in Subsection 3.9.2.

4.9.2 Exact 1-forms on U

Suppose next that

(4.9.8) f is a twice continuously-differentiable real-valued function on U,

and that

(4.9.9) a = df.

Thus

(4.9.10) Y (a) = (df) = d(f o)

on Uy, as in the preceding paragraph. We also have that

(4.9.11) da=d(df)=0
on U and
(4.9.12) d(y*(a)) = d(d(fov)) =0

on Uy, as in the previous section. More precisely, this uses the fact that fo is
twice continuously differentiable on Uy, because 1 and f are twice continuously
differentiable by hypothesis, as in Subsection 3.9.4. It follows that both sides of
(4.9.3) are equal to 0 under these conditions.
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4.9.3 Some basic k-forms on U

Let k be a positive integer, and suppose that

(4.9.13) a=dx; A--- Ndxj,

for some positive integers j; < --- < jr < n. Observe that
(4.9.14) ¥ (a) = ¥ (day,) A+ A (da,),
as in Subsection 4.4.1. This implies that

(4.9.15) Y (a) = dj, A ANdipy,,

where 11, ... ,1, are the components of ¥, as in Section 4.5, and the preceding
paragraph. Of course,
(4.9.16) d(dy;) =0

on U; for each j = 1,...,n, as in the previous section, because v; is twice
continuously differentiable on Uy, by hypothesis. One can use this to get that

(4.9.17) d(w* (o)) = d(dipj, A==~ Ndiy,) =0

on Uy, as in Section 4.7. Clearly da = 0 on U, by definition of the exterior
derivative, in Section 4.6. This means that both sides of (4.9.3) are equal to 0
in this case too.

4.9.4 The rest of the proof
Let I be a nonempty subset of {1,...,n}, and suppose that
(4.9.18) a=apdx!,
where «a; is a continuously-differentiable real-valued function on U. Of course,
(4.9.19) do = day A dx?
by the definition of the exterior derivative. Observe that
(4.9.20) ¥ (0) = (ar o) (de”).

This implies that
(4921)  d(*(@) = d((arow)v*(da"))

= d(ar o) A" (da’) + (ar o ¥) d(* (da)),

where the second step is as in Section 4.7. The second term on the right side of
the second line is equal to 0, as in (4.9.17). Tt follows that

(4.9.22) d(y* () = ¢ (dag) Ay (dat) = ¥ (da),

using the earlier remarks about differential O-forms in the first step. The second
step uses a remark in Subsection 4.4.1. This implies that (4.9.3) holds for
differential k-forms on U when k > 1.
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4.10 Connected sets

This section and the next deal with connectedness, path connectedness, and the
relationship between them. Connectedness can be used to prove the intermedi-
ate value theorem, and it can also be helpful in calculus, as in Subsection 4.10.2.
Another aspect of this will be mentioned in Section 6.14.

Let n be a positive integer, and let £ be a subset of R™. The property of
connectedness of E can be defined in a standard way, that we shall not discuss
here. In fact, one can define connectedness for subsets of arbitrary metric spaces.

It is well known that a subset of a metric space is connected if and only if
it is connected as a subset of itself, with respect to the restriction of the metric
to that set. In particular,

(4.10.1) E is connected as a subset of R",
with respect to the standard Euclidean metric, if and only if
(4.10.2) E is connected as a subset of itself,

with respect to the restriction of the standard Euclidean metric on R™ to E.
Suppose for the moment that n = 1. It is well known that F is connected if
and only if for every x,y € E with x < y, we have that

(4.10.3) (z,y) C E.

Let m be a positive integer, and let f be a continuous mapping from F into
R™. If F is connected as a subset of R", then it is well known that

(4.10.4) f(F) is connected in R™.

This uses the equivalence of (4.10.1) and (4.10.2). If f is a continuous mapping
from R™ into R™, and FE is a connected subset of R"™, then (4.10.4) can be
obtained more directly.

4.10.1 Convex sets

We say that E is convez if for every z,y € F and ¢t € R with 0 <t < 1, we
have that

(4.10.5) (1-t)z+tyeE.

It is well known that

(4.10.6) convex subsets of R™ are connected.

This can be obtained from another result about connectedness that will be

mentioned in the next section. Note that connected subsets of the real line are
convex, as in (4.10.3).
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One can define convexity of a subset of any vector space V over the real
numbers in the same way. If N is a norm on V, as in Section 3.2, then one can
check that
(4.10.7) open balls in V' with respect to the metric

associated to N are convex.

In particular, open balls in R™ with respect to the standard Euclidean metric
are convex.

4.10.2 Locally constant functions
It is well known that an open set U in R" is connected if and only if
(4.10.8) U cannot be expressed as the union

of two nonempty disjoint open subsets of R".

More precisely, the analogous statement holds in any metric space.
Let f be a function defined on U with values in a set Y. Let us say that

(4.10.9) f is locally constant on U
if for each « € U we have that

(4.10.10) fw) = f(z)

for all w € U that are sufficiently close to x with respect to the standard
Euclidean metric on R™, depending on x. This is equivalent to saying that f is
continuous as a mapping from U into Y when Y is equipped with the discrete
metric, as in Subsection 3.1.1.

Alternatively, f is locally constant on U if and only if for each y € Y,

(4.10.11) Ty ={w e U: f(w) =y}

is an open set in R™. This implies that

(41012)  FNY\ () = U\ F ({2 = {w e Ut f(w) # 2}

is an open set in R" for every z € Y, because it is the union of f~1({y}) over
y € Y\ {z}. In this case, if U is connected, then one can check that

(4.10.13) f is constant on U.

If U is not connected, then U can be expressed as the union of two nonempty
disjoint open sets, as before. One can use this to find locally constant functions
on U that are not constant.

Suppose now that f is a real-valued function on U. If f is locally constant
on U, then

of

4.10.14 =
(4.10.14) o
at every point in U. Conversely, if the partial derivatives of f exist at every

point in U and satisfy (4.10.14), then one can check that f is locally constant
on U.

0
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4.11 Path-connected sets

Let n be a positive integer again, and let £ be a subset of R". We say that
FE is path connected if every z,y € E can be connected by a continuous path
in E. More precisely, this means that there are real numbers a < b and a
continuous mapping p from the closed interval [a,d] in the real line into R™
such that p(a) = z, p(b) =y, and

(4.11.1) p([a,b]) C E.

In this case, one can always take a = 0 and b = 1, although it is sometimes
convenient to use different intervals. Note that this definition can also be used
for subsets of arbitrary metric spaces.

It is well known that

(4.11.2) path-connected sets are connected,

and indeed this works in arbitrary metric spaces. This uses the fact that the
image of a continuous path is a connected set. In particular,

(4.11.3) convex sets in R™ are path connected,

and thus connected, as mentioned in Subsection 4.10.1.

4.11.1 Path-connected components

If x,y € FE, then put
(4.11.4) T~EY

when z can be connected to y by a continuous path in E, as before. This holds
for every z,y € F exactly when F is path connected. One can verify that

(4.11.5) ~p defines an equivalence relation on E.

This implies that E can be partitioned into the equivalence classes corresponding
to ~g, where z,y € E are elements of the same equivalence class if and only if
(4.11.4) holds.

These equivalence classes may be called the path-connected components of
E. They are path connected sets, and maximal with respect to inclusion among
path-connected subsets of E. This works in arbitrary metric spaces too.

Let U be an open subset of R™, and let z ~y y be defined for z,y € U as
before. If x € U, then one can check that

(4.11.6) x ~y w for all w € U that are sufficiently close to «,
with respect to the standard Euclidean metric on R™. This implies that

(4.11.7) the path-connected components of U are open sets.
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If U is connected, then one can use this to get that U has only one path-
connected component, so that

(4.11.8) U is path connected.

It is not too difficult to show that the path connected components of U are
maximal with respect to inclusion among connected subsets of U, so that they
may also be called the connected components of U.

4.12 Volumes and determinants

These next few sections are concerned with n-dimensional volumes of subsets
of R™ and other n-dimensional vector spaces over the real numbers. In this
section, we look at the effect on volumes of linear mappings from R” into itself.
Let n be a positive integer, and let T" be a linear mapping from R"™ into
itself. If E is a reasonably nice subset of R", then its n-dimensional volume
Vol,,(E) can be defined in standard ways. In this case, it is well known that

(4.12.1) Vol (T(E)) = | det T| Vol,, (E).

If one is familiar with n-dimensional Lebesgue measure on R", then this holds
for all Lebesgue measurable subsets E of R"™, but we shall not pursue this here.

Let N be a norm on R", as in Section 3.2. Suppose for the moment that T’
is an isometry with respect to N, so that

(4.12.2) N(T(v)) = N(v)

for every v € R", as in Section 3.15. Of course, this implies that T" is one-to-one
on R™, so that T(R™) = R™. One can use (4.12.1) to get that

(4.12.3) |detT| =1,

by taking F to be the unit ball in R™ with respect to N. More precisely, this uses
some additional well-known facts, such as that N and the standard Euclidean
norm on R™ can each be bounded by a constant multiple of the other, and we
shall not pursue this here.

Let dn(-,-) be the metric on R™ associated to N, as in Subsection 3.2.2.
One can use this metric to define n-dimensional Hausdorff measure on R",
which is equal to a positive multiple of n-dimensional Lebesgue measure on
R”. Hausdorff measures are automatically preserved by isometries. This gives
another way to look at (4.12.3), which we shall not pursue in detail here.

4.12.1 Orthogonal transformations

Suppose now that T is an isometry with respect to the standard Euclidean norm
on R™. Let {-,-) be the standard inner product on R", as in Section 3.3. The
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condition that T be an isometry with respect to the standard Euclidean norm
on R” is equivalent to saying that

(4.12.4) (T'(u), T(v)) = (u,v)

for every u,v € R", as in Section 3.15. This is also equivalent to saying that T’
is a one-to-one linear mapping from R"™ onto itself such that

(4.12.5) (T(u), w) = (u, T~ (w))

for every u,w € R™. Under these conditions, T is said to be an orthogonal
transformation on R".

Of course, linear mappings from R"™ into itself correspond to n X n matrices
of real numbers in a standard way. An invertible linear mapping 7" on R"” is an
orthogonal transformation if and only if

(4.12.6) the matrix associated to 77! is the same as

the transpose of the matrix associated to T,

because this is equivalent to (4.12.5).
If T is any invertible linear mapping on R™, then

(4.12.7) det T~! = (det T)~".
If T is an orthogonal transformation, then
(4.12.8) det 7™ =det T,

because the determinant of a matrix is the same as the determinant of its trans-
pose. This implies that
(4.12.9) (detT)* =1,

which is the same as (4.12.3).

4.13 Admissible volumes

On an arbitrary finite-dimensional vector space over the real numbers, it is
not necessarily clear how to measure the volume of a set, without additional
information. However, there is a nice family of ways of doing this, that are
discussed in this section. One can use linear mappings to reduce to measuring
volumes in Euclidean spaces, and different linear mappings can lead to different
ways of measuring volumes.

Let n be a positive integer, and let W be an n-dimensional vector over the
real numbers. Also let L be a one-to-one linear mapping from R"™ onto W. If
E is a reasonably nice subset of W, in the sense that L~!(E) is a reasonably
nice subset of R™, then
(4.13.1) Vol,,(L™Y(E))
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may be considered as a type of n-dimensional volume of E.

Let Li be another one-to-one linear mapping from R"™ onto W, so that
Ll_1 o L is a one-to-one linear mapping from R"™ onto itself. If F is a reasonably
nice subset of W, then

(4.13.2) Vol (L7H(E)) = Vol,((Ly' o L)(L7Y(E)))
= |det(L7"' o L)| Vol, (L™ (E)),
using (4.12.1) in the second step.

Let us say that A is an admissible volume on W if there is a nonnegative
real number cp 1 such that

(4.13.3) A(E) = e Vol,(L™Y(E))
for all reasonably nice subsets F of W. If
(4.13.4) ca,L > 0,

then we say that A is nondegenerate on W. If one uses a different one-to-one
linear mapping from R™ onto W, then one gets the same family of admissible
volumes on W, because of (4.13.2).

4.13.1 Admissible volumes and linear mappings

Let R be a linear mapping from W into itself, so that L= o Ro L is a linear
mapping from R"™ into itself. Remember that

(4.13.5) det R =det(L "o Ro L),

basically by the definition of the determinant of a linear mapping from W into
itself, as in Subsection 2.5.1. If F is a reasonably nice subset of W, then

(4.13.6) Vol (L YR(E))) = Vol,((L"'oRoL)(L™*(E)))
= |det(L™'o Ro L)| Vol,(L™YE))
= |det R| Vol,(L™*(E)),

using (4.9.3) in the second step. If A is an admissible volume on W, then it
follows that
(4.13.7) A(R(E)) = |det R|A(E).

4.14 Parallelepipeds

Let V be a vector space over the real numbers, let k be a positive integer, and let

v1,...,U; be k elements of V. The parallelepiped in V associated to vy,..., v
is the subset of V' defined by
P(vi,...,vx) = Py(v,...,vp)

(4.14.1)

k
{Ztlvl:tleR,Ogtlglforeachl1,...,k}.
=1
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Let us say that this parallelepiped is nondegenerate when v, ..., v, are linearly
independent in V.

Let W be another vector space over the real numbers, and let T be a linear
mapping from V into W. Observe that

(4.14.2) T(Py(v1,...,01)) = P (T(v1), ..., T(w)).

Let n be a positive integer, and let eq,...,e, be the standard basis vectors
in R™. The corresponding parallelepiped in R is the same as the closed unit
cube in R,

(4.14.3) Pgrr(e1,...,e,) =10,1]".

Of course, the n-dimensional volume of this is equal to 1.
If B is any linear mapping from R" into itself, then

(4.14.4)  Pr+(B(e1), ..., B(en)) = B(Pre(e1, ..., en)) = B([0,1]"),

where the first step is as in (4.14.2). Note that B(e;),..., B(e,) may be any n
elements of R™. The relation between volumes and determinants mentioned in
Section 4.12 says that

(4.14.5) Vol (Prr (B(e1), ..., Blen))) = | det B].

More precisely, this can be shown first, as in Theorem 8 on p329 of [25]. One
can use this to obtain the previous relation for reasonably nice subsets of R,
as in Theorem 9 and its corollary on p329f of [25].

4.14.1 Parallelepipeds and admissible volumes

Suppose that W has dimension equal to n, and let ug,...,u, be a basis for W.
If L is a one-to-one linear mapping from R”™ onto W, then

(4.14.6) L™ uy), .., L (ug)

is a basis for R". In fact, we can choose L so that this is the standard basis for
R"™. In particular,

(4.14.7) Vol (L™ (Pw (u1, .. .,un))) = Vol,(Prn (L™ (u1), ..., L™ (un)))

is strictly positive.
Let A be an admissible volume on W, as in (4.13.3). Thus

(4.14.8) A(Pw (u1, ... un)) = ca.r Vol (Pra (L™ (uy), ..., L™ uy))).
by (4.14.7). We may choose cp 1, so that this is any given nonnegative real num-

ber, because (4.14.7) is positive. More precisely, this determines ¢, j, uniquely,
so that A is uniquely determined in this way as well.
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4.14.2 Admissible volumes and alternating forms

If v is an alternating n-linear form on W, then it follows that there is a unique
admissible volume A, on W such that

(4.14.9) Ay (Pw (ug,y ..o up)) = [v(ug, ... un)|.
If wy,...,w, are any n elements of W, then
(4.14.10) Ay (P (wr, ..o wy)) = [p(w, ... wy)l.

To see this, let R be the linear mapping from W into itself such that R(u;) = w;
for each j. The left side of (4.14.10) is equal to

Ay (Pw (R(ua), - .., R(up))) = Av(R(Pw(u1,- .., un)))
(4.14.11) = |det R| Ay (Pw (uy, ..., un)),

using (4.14.2) in the first step, and (4.13.7) in the second step. The right side
of (4.14.10) is equal to

(4.14.12) [V(R(u1),...,R(un)) = |(R*v))(u1,...,uy)]
= |det R||v(u1,...,u,)l,

using the definition of R*(v) in Section 2.3 in the first step, and a remark from
Subsection 2.5.1 in the second step.

4.15 Volumes and inner products

Let n be a positive integer, and let W be an n-dimensional vector space over
the real numbers again. Also let (-,-)y be an inner product on W, and let
Il llw be the associated norm on W. Similarly, let (-, -)gn~ be the standard inner
product on R™, as in Section 3.3, whose associated norm || - ||g~ is the standard
Euclidean norm on R".

One can use an orthonormal basis for W to get an isometric linear mapping
L from R™ onto W, as in Section A.8. This means that

(4.15.1) (L(z), L(y))w = (z,y)rn
for all x,y € R", as in Section 3.15. Using L, we get an admissible volume
(4.15.2) Aw (E) = Vol (L™Y(E))

on W, as in Section 4.13.
If L; is another isometric linear mapping from R"™ onto W, then Lfl oLis
an isometric linear mapping from R™ onto itself. Equivalently,

(4.15.3) L' o L is an orthogonal transformation on R",
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and in particular Lfl o L preserves the n-dimensional volume of reasonably nice
subsets of R"™, as in Section 4.12. This implies that

(4.15.4) Aw (E) = Vol (LTY(E))

for all reasonable nice subsets E of W as in Section 4.13.
Let ey, ..., e, be the standard basis vectors in R", as usual. Any sequence
of n vectors in R™ may be expressed as

(4155) B(€1)7~--,B(en)

for some linear mapping B from R into itself. This is an orthonormal basis for
R™ with respect to the standard inner product if and only if B is an orthogonal
transformation on R"™, as in Section A.8. In this case, we get that

(4.15.6) Vol (P (Ble1), ..., Blen))) = |det B| =1,

where the first step is as in (4.14.5), and the second step is as in Section 4.12.
If wy,...,w, are n elements of W, then

(4.15.7)  Aw (Pw(w1,...,w,)) = Vol,(Prn (L™ (w1),..., L™ (wy))),
by (4.14.2) and (4.15.2). If
(4.15.8) w1, ..., Wy, is an orthonormal basis for W,

then
(4.15.9) L~ Y(wy),..., L™ (w,) is an orthonormal basis for R™,

as in Section A.8. This implies that
(4.15.10) Aw (Pw ((wy,...,wy))) =1,

by (4.15.6).



Chapter 5

Diffeomorphisms and cells

5.1 Matrix-valued functions
Let my and mqy be positive integers, and let
(5.1.1) M, ms(R)

be the space of m1 X mo matrices of real numbers. This is a vector space over
the real numbers with respect to entrywise addition and scalar multiplication
of matrices. It is sometimes convenient to identify M,,, m,(R) with R™ ™2 by
listing the entries of an m; X mo matrix by a sequence of length mq mo.

The order in which the entries of an m x msy matrix are listed will normally
not really matter, as long as we use the same listing for all such matrices.
This leads to a metric on M,,, m,(R), corresponding to the standard Euclidean
metric on R™ ™2, In particular, this metric does not depend on the order in
which the entries of an m; X ms matrix are listed, as long as we use the same
listing for all such matrices, because the standard Euclidean metric on R” is
invariant under permutations of the coordinates for any positive integer k.

5.1.1 Continuous matrix-valued functions

Let n be a positive integer, and let E be a nonempty subset of R™. Also let f
be a function on E with values in My, m,(R). Let us say that f is continuous
on F if it corresponds to a continuous mapping from E into R™! ™2 as in the
previous two paragraphs. This does not depend on the order in which the entries
of an m1 X my matrix are listed, as long as we use the same listing for all such
matrices, as before. Equivalently, f is continuous on F if and only if the mq msy
entries of f are continuous as real-valued functions on F, as in Subsection 3.4.1.

Of course, the space of all M,,, m,(R)-valued functions on E is a vector
space over the real numbers, with respect to pointwise addition and scalar mul-
tiplication of these functions. The space

(5.1.2) C(E, My, m,(R)) = C(E,R™ ™2)

98
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of all continuous My, m,(R)-valued functions on E is a linear subspace of the
space of all My, m,(R)-valued functions on E.

5.1.2 Products of matrix-valued functions

If mg is another positive integer, then the product of an m; X mo matrix of real
numbers with an mqy X m3 matrix of real numbers may be defined as an m; x mg
matrix of real numbers in the usual way. This defines a bilinear mapping from
My my (R) X Mipy ms (R) into Mo, m, (R).

If f and g are functions on E with values in M, m,(R) and My, m,(R),
respectively, then their product fg may be defined as a function on E with
values in M, m,(R) using matrix multiplication at each point. If f, g are
continuous on FE, then one check that

(5.1.3) f g is continuous on F.

This is because the entries of f g are given by sums of products of the entries of
f and g.

5.1.3 (" Matrix-valued functions

Let U be a nonempty open subset of R", and let r be a positive integer. We
say that a function f on U with values in M, m,(R) is r-times continuously
differentiable on U if it corresponds to an r-times continuously-differentiable
mapping from U into R™! ™2 as before. This does not depend on the order in
which the entries of an m; X ms matrix are listed, as long as we use the same
listing for all such matrices, as usual. Equivalently, this means that the mj mso
entries of f are r-times continuously differentiable as real-valued functions on
U. If r =0, then we may interpret this as meaning that f is continuous on U,
as before.

Let us say that f is infinitely differentiable or smooth on U if f corresponds to
an infinitely differentiable mapping from U into R™! ™2. This does not depend
on the order in which the entries of an m; X my matrix are listed, as long as
we use the same listing for all such matrices, and indeed the smoothness of f is
equivalent to the smoothness of the m; mo entries of f as real-valued functions
on U.

The space
(5.1.4) O (U, My s (R)) = C7(U,R™ ™)

of r-times continuously-differentiable functions on U with values in M, m,(R)
is a linear subspace of the space of continuous functions on U with values in
My mo (R) for each r. Similarly, the space

(5.1.5) C(U, My, m,(R)) = C°(U,R™ ™2)

of infinitely-differentiable functions on U with values in M,,, m,(R) is a linear
subspace of (5.1.4) for each r.
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Let f and g be functions on U with values in My, m,(R) and My, m, (R),
so that f g is defined as a function on U with values in M, m,(R), as before.
If f, g are r-times continuously differentiable on U for some r, then one can
verify that
(5.1.6) f g is r-times continuously differentiable on U.

If f, g are infinitely differentiable on U, then it follows that

(5.1.7) f ¢ is infinitely differentiable on U.

5.2 General linear groups

Let m be a positive integer, and consider the space M,, ., (R) of m x m matrices
of real numbers, as in the previous section. As before, it is sometimes convenient
to identify M, ., (R) with RmQ7 by listing the entries of an m x m matrix by a
sequence of length m?2. The order in which the entries are listed will normally
not really matter, as long as we use the same listing for all of these matrices, as
usual.

Note that M, »(R) is an associative algebra over the real numbers with
respect to matrix multiplication. The identity matriz in M,, ,,(R) has diagonal
entries equal to 1, and all other entries equal to 0. This is the multiplicative
identity element in M,, ,,(R).

An element of M, .,(R) is said to be invertible if it has a multiplicative
inverse in M, . (R). Let
(5.2.1) GL(m,R)

be the set of invertible elements of M, ,,(R). This is another example of a
group, with respect to matrix multiplication in this case. This is known as the
general linear group of m X m matrices with entries in R.

5.2.1 GL(m,R) And the determinant

Of course, the determinant defines a real-valued function on M, ,,(R). More
precisely, the determinant corresponds to a homogeneous polynomial on R™
of degree m. In particular, this defines a continuous function on R™.

It is well known that an element of M,, ,,,(R) is invertible if and only if its
determinant is not zero, because of Cramer’s rule. One can use this and the
continuity of the determinant to get that

(5.2.2) GL(m,R) is an open set in My, ,,(R).

This means that GL(m, R) corresponds to an open set in Rm2, with respect to
the standard Euclidean metric.

Equivalently, the complement of GL(m, R) in M,, ,,(R) consists of matrices
whose determinant is equal to 0. This corresponds to a closed set in Rm2,
because the determinant is continuous.
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5.2.2 Using Cramer’s rule

Cramer’s rule implies that the inverse of an element of GL(m,R) can be ex-
pressed in terms of the determinant of the matrix, and the determinants of its
minors. In particular, the entries of the inverse are rational functions of the
entries of the matrix, wth the determinant of the matrix as the denominator.
This implies that

(5.2.3)  the mapping from GL(m,R) into itself that sends an element
of GL(m, R) to its multiplicative inverse in M, ,,(R) is smooth.

Another way to look at this mapping will be mentioned in Section 5.4.

5.3 Some spaces of linear mappings
Let m; and mso be positive integers, and let
(5.3.1) LR R™)

be the space of linear mappings from R™2 into R™*. This is a linear subspace
of the space of all functions on R™2 with values in R™!, as a vector space over
the real numbers with respect to pointwise addition and scalar multiplication.
It is sometimes convenient to identify L(R™2,R™) with M,,, m,(R), using
the usual correspondence between linear mappings from R™2 into R™ with
my X mg matrices of real numbers. Thus we may also identify £(R™2, R™)
with R™1 ™2 as in Section 5.1.

5.3.1 Continuous L£(R™, R"™ )-valued functions

Let n be a positive integer, let E be a nonempty subset of R™, and let f be
a function on F with values in L(R™2 R™1). Let us say that f is continuous
if f corresponds to a continuous function on E with values in My, m,(R), or
equivalently R™™2 as in Section 5.1. Note that the space of functions on
E with values in L(R™2,R™) is a vector space over the real numbers, with
respect to pointwise addition and scalar multiplication of these functions. The
space

(5.3.2) C(E,LER™,R™))=C(E,Mp, m,(R)) =C(E,R™™2)

of all continuous functions on E with values in L(R™2 R™) is a linear subspace
of the space of all functions on E with values in L(R™2, R™).

5.3.2 Compositions as products

Let m3 be another positive integer, so that we may also consider linear mappings
from R™3 into R™ or R™2. Of course, if T3 is a linear mapping from R™3 into
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R™2 and T is a linear mapping from R™2 into R™!, then their composition
T1 o Ty is a linear mapping from R™3 into R™!. It is easy to see that

(533) (Tl,TQ) — Tl o TQ
defines a bilinear mapping from
(5.3.4) LR™,R™) x LR™,R™?)

into L(R™s, R™1). This corresponds to multiplication of the matrices associated
to T and T3, as usual.

Let f and g be functions on F with values in L(R™2, R™1), L(R™3 R™2),
respectively. Their product f g may be defined as a function on E with values
in L(R™3, R™1), using composition of linear mappings as multiplication at each
point. This means that the value of f g at € E is equal to

(5.3.5) (f9)(x) = f(x)og(x),

where the right side is the linear mapping from R™3 into R™! obtained by
composing g(x) with f(z). If f and g are continuus on FE, then

(5.3.6) f g is continuous on F,

as in Subsection 5.1.2.

5.3.3 (" L(R™,R"™)-Valued functions

Let U be a nonempty open subset of R™, let r be a positive integer, and let
f be a function on U with values in L(R™2 R™). We say that f is r-times
continuously differentiable on U if it corresponds to an r-times continuously dif-
ferentiable function on U with values in M,,, m,(R), or equivalently in R ™2,
as in Subsection 5.1.3. If » = 0, then we may interpret this as meaning that f
is continuous on U, as usual. Similarly, we say that f is infinitely differentia-
bile if f corresponds to an infinitely differentiable function on U with values in
My .m, (R), or equivalently in R™1 ™2 as before.
The space

(5.3.7) C"(U,LER™,R™)) =C"(U, My, m,(R)) = C"(U,R™ ™2)

of r-times continuously-differentiable £(R™2, R™!)-valued functions on U is
a linear subspace of the space of continuous functions on U with values in
L(R™2, R™*) for each r. Similarly, the space

(5.3.8) C(U, LR, R™)) = C°(U, My, m,(R)) = C®(U,R™ ™2)

of infinitely-differentiable functions on U with values in L(R™2, R™) is a linear
subspace of (5.3.7) for each 7.
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Let g be a function on U with values in L(R™3 R™2), so that f g is defined
as a function on U with values in L(R™3,R™1), as in (5.3.5). If f and g are
r-times continuously differentiable on U, then

(5.3.9) f g is r-times continuously differentiable on U,

as in Subsection 5.1.3. If f and g are infinitely differentiable on U, then we get
that
(5.3.10) f g is infinitely differentiable on U.

5.4 More on linear mappings

Let m; and mo be positive integers, and let T be a linear mapping from R"*2
into R™. Tt is well known that there is a nonnegative real number C(T),
depending on T'; such that

(5.4.1) IT(0)]l2,mm1 < C(T) [[v]]2,rma

for every v € R™2. Here || - ||2,rm is the standard Euclidean norm on R™ for
each m, as in Subsection 3.2.1, although one could consider other norms as well.
In fact, one can take C(T') to be the standard Euclidean norm of the my x mo
matrix of real numbers associated to T', considered as an element of R™! ™2 as
on p211 of [205]. One can also use the triangle inequality more directly to get
that one can take C(T) to be the sum of the absolute values of the entries of
the my X my matrix of real numbers associated to 7', which corresponds to the
norm || - [y on R™ ™2 as in Section 3.2.1.

5.4.1 Invertible linear mappings on R™

Now let m be a positive integer, and let T be a one-to-one linear mapping from
R™ onto itself. There is a positive real number C(7~!) such that

(5.4.2) 1T (w)]l2,mm < C(T7Y) |ull2,mm

for every u € R™, as before. This is the same as saying that

(5.4.3) [v]l.m < C(T™Y) | T(v)]l2,mm

for every v € R™, by taking v = T~!(u), so that T'(v) = u. This means that
(5.4.4) C(T ) Hollzrm < T@)]l2,mm

for every v € R™.
Let R be another linear mapping from R™ into itself, and suppose that R
is fairly close to 7', in the sense that

(5.4.5) [R(v) = T(v) |2 < (1/2) C(T7H) 7" [Jvll2mem
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for every v € R™. If v € R™, then we get that

) olzre T2 < [RO)ll2pn + [R(v) = T(v)[|2m
(5.4.6) < IRl rm + (1/2) C(TH 7 v]l2,m0m

This implies that
(5.4.7) (1/2)C@ )7 vllzrn < [IR()]|2,mm-

In particular, (5.4.7) implies that the kernel of R is trivial. This means that
R is a one-to-one mapping from R™ onto itself, by well-known results in linear
algebra. We also get that

(5.4.8) (1/2)C(TH IR H(w)|2rm < |ull2rm

for every u € R™, by taking v = R™(u), so that R(v) = u. Equivalently, we
have that
(5.4.9) IR (W) [l2,rm < 2C(T7H) [Jull2,mem

for every u € R™.

5.4.2 The space of all linear mappings on R™

Let
(5.4.10) LR™)=LER™,R™)

be the space of linear mappings from R™ into itself. This is an associative
algebra over the real numbers with respect to composition of mappings. The
identity mapping on R™ is the multiplicative identity element in this algebra.
It is sometimes convenient to identify this algebra with M, ,,(R), as in the
previous section.

Let

(5.4.11) GL(R™)

be the set of one-to-one linear mappings from R onto itself, which are the
same as the invertible elements of £(R™). This is a group, with respect to
composition of mappings, which is known as the general linear group of R™.
This corresponds exactly to GL(m,R), using the usual correspondence between
linear mappings from R™ into itself and m x m matrices of real numbers.

The fact that GL(m, R) corresponds to an open set in R’”z, as in Subsection
5.2.1, can also be obtained from the remarks in this section. If R, T € GL(R™),
then it is easy to see that

(5.4.12) R'-—T'=R1o(T-R)oT™},

as linear mappings on R”. One can use this to get continuity and other regu-
larity properties of R+ R~ on GL(R™).
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5.5 Continuity of the differential

Let m and n be positive integers, let W be a nonempty open subset of R,
and let f be a differentiable mapping from W into R™. This means that f
is differentiable in the sense of Section 3.8 at every point in W, so that the
differential

(5.5.1) f(x) = dfs

of f at x € W defines a function on W with values in L(R™, R™).

Suppose from now on in this section that f is continuously differentiable
on W, which implies that f is differentiable on W, as mentioned in Subsection
3.8.2. In this case,

(5.5.2) the differential of f is continuous

as a function on W with values in L(R",R™),

because the entries of the corresponding matrices are given by the partial deriva-
tives of the components of f. In fact, continuous differentiability may be defined
equivalently in terms of the existence and continuity of the differential in this
way, as in Definition 9.20 and Theorem 9.21 on p219 of [205].

5.5.1 The m = n case

Let us also suppose from now on in this section that m = n. One can check
that
(5.5.3) {x e W: f(z) =df, € GL(R")}

is an open set in R™. This uses the continuity of the differential of f on W, the
hypothesis that W be an open set in R™, and the fact that GL(n, R) corresponds
to an open set in R”27 as in Subsection 5.2.1 and the previous section. Although
one could use the definition of continuity directly here, it is convenient to use
a well-known characterization of continuity in terms of inverse images of open
sets, which will be reviewed in Section 5.9.

Alternatively, (5.5.3) is the same as

(5.5.4) {x € W : det f'(z) = det df, # 0}.

Observe that

(5.5.5) det f'(z) = det df, is continuous as a real-valued function on W,
because of (5.5.2), the continuity of the determinant as a real-valued function on
L(R™), and the fact that compositions of continuous mappings are continuous,
as in Subsection 3.4.2. As a slightly different approach, one can use the definition

of the determinant to express

(5.5.6) det f'(x) = det df,
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in terms of a sum of products of partial derivatives of the components of f,
and use the fact that sums and products of continuous real-valued functions are
continuous too. One can verify that (5.5.4) is an open set in R™, using (5.5.5)
and the hypothesis that W be an open set in R", as before. Equivalently,

(5.5.7) {x € W : det f'(z) = det df, = 0}

is relatively closed in W, in the sense that is reviewed in Section 5.7.

5.5.2 Continuity of f/(z)™!

We also have that
(5.5.8) f'(x)~! = (df,)~" is continuous on (5.5.3).

More precisely, this means that the inverse of the differential of f at x, as a
linear mapping from R"™ onto itself, is continuous as a function of = on (5.5.3)
with values in £L(R™). This follows from the continuity of the differential of f, as
a function on W with values in £(R™), and the continuity of the mapping that
sends an element of GL(R™) to its inverse, as in Subsections 5.2.2 and 5.4.2.
This uses the fact that compositions of continuous mappings are continuous
again too. Alternatively, the entries of the matrix associated to

(5.5.9) Fl@)™ = (df,) ™

can be expressed in terms of the partial derivatives of the components of f and
(5.5.6) using Cramer’s rule, and one can use this to get that the entries of the
matrix are continuous as real-valued functions of x on W.

5.6 The inverse function theorem

Let n be a positive integer, let W be a nonempty open subset of R™, and let f
be a continuously-differentiable mapping from W into R"™. Also let w € W be
given, and suppose that

(5.6.1) f'(w) = df., € GL(R™).

Under these conditions, the inverse function theorem states that there are open
subsets U(w) and V(w) of R™ with the following properties, that we shall de-
scribe in two parts.

5.6.1 The first part

In the first part, we have that

(5.6.2) w e U(w), U(w) CW, and f(w) € V(w).
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We are also able to choose U(w) and V(w) so that
(5.6.3) the restriction of f to U(w) is a one-to-one mapping onto V(w)

and
(5.6.4) f'(z) = df, € GL(R") for each z € U(w).

5.6.2 The second part
Let g = gy be the inverse of the restriction of f to U(w), so that

(5.6.5) g is a one-to-one mapping from V(w) onto U(w),

with

(5.6.6) 9(f(z)) ==

for every € U(w). The second part of the inverse function theorem states that
(5.6.7) g is continuously differentiable on V' (w),

and that

(5.6.8) g =1(gw) ™"

for each y € V(w). Equivalently, this means that

(5.6.9) dgy = (dfge)) ",

where the right side is the inverse of the differential of f at g(y), as a linear
mapping from R"™ onto itself.
Note that

(5.6.10) flaw) =y
for each y € V(w), by construction. The differentiability of g at y implies that

(5.6.11) f'(g(y)) 0 ¢'(y) = dfy(y) © dgy is the identity mapping on R",

by the chain rule, as in Section 3.9. Of course, (5.6.8) or equivalently (5.6.9)
follows from this. One can use this to get the continuity of the differential of g
from the continuity of g and (5.5.8).

5.6.3 Some additional remarks about f and g

In this case, the restriction of f to U(w) is a C! diffeomorphism from U (w) onto
V(w), in the sense discussed in Section 5.11. Note that the mean value theorem
and intermediate value theorem are very helpful for some properties like these
when n = 1, as in Section 5.11. If f is r-times continuously differentiable for
some positive integer r, or infinitely differentiable, then g has the same property,
as we shall see in Section 5.12. This means that the restriction of f to U(w) is
a C" or C* diffeomorphism from U(w) onto V(w), as appropriate.
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5.7 Closed sets and limit points

Let n be a positive integer, and let E be a subset of R™. A point z € R" is
said to be a limit point of E with respect to the standard Euclidean metric if
for every positive real number r there is a w € E such that w # x and

(5.7.1) |z — w2 < 7,
where || - |l2 = || - |l2,r» is the standard Euclidean norm on R"™, as in Subsection
3.2.1.

5.7.1 Closed sets

We say that E is a closed set in R" if for every x € R™ such that x is a limit
point of E with respect to the standard Euclidean metric, we have that

(5.7.2) z € E.

It is well known and not difficult to show that this happens if and only if the
complement
(5.7.3) R"\E={zeR":z2¢FE}

of F in R"™ is an open set with respect to the standard Euclidean metric.
Note that
(5.7.4) R"\(R"\ E)=E.

The previous statement is equivalent to saying that

(5.7.5) U C R"™ is an open set if and only if R™ \ U is a closed set.

5.7.2 The closure of a set
The closure of E in R"™ is defined to be the set

(5.7.6) E={reR":x € F orzis a limit point of E}.

It is easy to see that F is a closed set in R™ if and only if

(5.7.7) E=E.

It is well known and not too difficult to show that for any subset E of R",

(5.7.8) E is a closed set in R™.

5.7.3 Relatively closed sets

Let us say that a subset A of E C R" is relatively closed in E if A contains all
of its limit points in E. Equivalently, this means that

(5.7.9) A=4ANE.
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Note that F is automatically relatively closed as a subset of itself. If F is a
closed set in R", then A C F is relatively closed in E if and only if A is a closed
set in R™. This uses the fact that a limit point of A in R"™ is also a limit point
of E when A C E. If Ay is a closed set in R"™, then one can check that

(5.7.10) ANE

is relatively closed in E. Every relatively closed subset of E is of this form, as
in (5.7.9).

5.7.4 Relatively open sets

Let us say that a subset U of E C R"™ is relatively open if for every x € U there
is an r > 0 such that
(5.7.11) B(z,r)NE CU.

It is well known and not too difficult to show that this happens if and only if
there is an open subset W of R’ such that

(5.7.12) U=WnE.

Clearly FE is automatically relatively open as a subset of itself. If F is an open
set in R™, then U C F is relatively open in FE if and only if U is an open set in
R

It is well known and not too difficult to show that A C E is relatively closed
in E if and only if
(5.7.13) E\NA={x€E:x¢ A}

is relatively open in F. This means that U C FE is relatively open in F if and
only if E'\ U is relatively closed in E. The relatively open and closed subsets of
E are the same as the subsets of E that are open or closed when F is considered
as a metric space, with respect to the restriction of the standard Euclidean
metric on R™ to E.

5.7.5 Boundaries and bounded sets

Let us say that F is bounded in R™ if E is contained in a ball. If E is bounded,
then one can check that -
(5.7.14) E is bounded in R"

too.
The boundary of E in R"™ is defined by

(5.7.15) OE=EN R\ E).

Note that this is automatically a closed set in R™. If U is an open set in R",
then R™\ U is a closed set, and we get that

(5.7.16) oU =T\ U.
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5.8 Compact sets

Let n be a positive integer, and let K be a subset of R". We say that K is
compact if every open covering of K in R™ can be reduced to a finite subcovering.
It is well known that

(5.8.1) K is compact in R™ if and only if K is closed and bounded.

More precisely, a compact subset of any metric space is closed and bounded,
and the converse uses additional properties of R™.

5.8.1 Coverings by relatively open sets

Let E be a subset of R™, and suppose for the moment that K C E. It is
well known and not too difficult to show that K is compact if and only if
every covering of K by relatively open subsets of E can be reduced to a finite
subcovering. This means that K is compact as a subset of R™ if and only if
K is compact as a subset of F, with respect to the restriction of the standard
Euclidean metric on R™ to F.

5.8.2 Intersections with closed sets

If K is compact and A is a closed subset of R"™, then it is well known that
(5.8.2) K N A is compact.

Although this follows from (5.8.1), this can be verified more directly, with an
argument that works in any metric space.

5.8.3 The limit point property and sequential compact-
ness

If every infinite subset of K has a limit point in K, then K is said to have
the limit point property. If every sequence of elements of K has a subsequence
that converges to an element of K, then K is said to be sequentially compact.
It is well known that compactness, the limit point property, and sequential
compactness are equivalent in any metric space.

5.8.4 Compact sets in open sets

Suppose that U C R"™ is an open set, and that
(5.8.3) KCU.
This implies that for every x € K there is a positive real number r(z) such that

(5.8.4) B(z,r(z)) CU.
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Observe that the open balls B(x,r(z)/2), x € K, form an open covering of E
in R". If K is nonempty and compact, then there are finitely many elements
Z1,...,x; of K such that

l
(5.8.5) K C U B(aj,r(z;)/2).
If we put
(5.8.6) ro = min (r(z;)/2),

then rq is a positive real number, and one can check that
(5.8.7) B(z,r9) CU

for every z € K.

5.8.5 Continuity and compactness

Let m be a positive integer, and let f be a continuous mapping from E into
R™. If K is compact in R", and K C F, then it is well known that

(5.8.8) f(K)={f(z):z € K}

is compact in R™.

5.8.6 The extreme value theorem

Let f be a continuous real-valued function on E. If K is compact in R", K C F,
and K # (), then the extreme value theorem states that

(5.8.9) f attains its maximum and minimum on K.

This can be obtained from the fact that f(K) is closed and bounded in the real
line, because f(K) is compact.

5.8.7 Uniform continuity

A mapping f from E into R™ is said to be uniformly continuous if for every
€ > 0 there is a § > 0 such that for every x,w € E with

(5.8.10) |z — wl|l2,mrm <,

we have that

(5.8.11) 1) = F)llamn <.

Here || - ||2,r» and || - ||2,gm are the standard Euclidean norms on R™ and R™,

respectively, as in Subsection 3.2.1. It is easy to see that uniform continuity
on E implies ordinary continuity on E. If f is continuous on FE, and if E is
compact in R”, then it is well known that

(5.8.12) f is uniformly continuous on F.
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5.9 More on continuous mappings

Let n and m be positive integers, and let W be an open subset of R™. It is well
known that a mapping f from W into R™ is continuous if and only if for every
open set V C R™,

(5.9.1) V) ={zeW: f(z) eV}

is an open set in R™. If W is any subset of R", then f is continuous on W if
and only if for every open set V C R™,

(5.9.2) f71(V) is a relatively open set in .

We also have that f is continuous on W if and only if for every relatively open
set Vo C f(W),

(5.9.3) 71 (Vp) is relatively open in W.

5.9.1 Continuity and closed sets

Similarly, it is well known that a mapping f from a closed set £ C R™ into R™
is continuous if and only if for every closed set A C R™,

(5.9.4) fHA) ={z€E: f(z) € A}

is a closed set in R™. If F is any subset of R", then f is continuous on F if and
only if for every closed set A C R™,

(5.9.5) f7Y(A) is a relatively closed set in E.

Observe that
(5.9 FRT\A) = B\ £71(4)

for every A C R™. Alternatively, f is continuous on F if and only if for every
relatively closed set Ag C f(E),

(5.9.7) f71(Ay) is relatively closed in E.

5.9.2 Homeomorphisms

A mapping f from a subset E of R™ into R™ is said to be a homeomorphism
onto its image f(E) = {f(z) : « € E} if f is one-to-one and continuous, and if

(5.9.8) the inverse f~! of f is continuous

as a mapping from f(F) onto E.
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5.9.3 Homeomorphisms on compact sets

If F is compact, and f is a one-to-one continuous mapping from E into R™,
then it is well known that

(5.9.9) f is a homeomorphism of E onto f(E).
Note that
(5.9.10) f(E) is a compact subset of R™

in this case, so that
(5.9.11) f(E) is a closed set in R™

in particular, as in the previous section. In order to show that f~! is continuous
on f(FE), it suffices to get that

(5.9.12) (f~H7Y(A) is a closed set in R™

for every closed set A C R"™, as before.
In this case, one can check that

(5.9.13) (FH(A) = f(ANE).

We also have that
(5.9.14) AN E is compact in R",

because E is compact and A is a closed set, as in the previous section. This
implies that
(5.9.15) f(ANE) is compact in R™,

because f is continuous on E. It follows that
(5.9.16) f(ANE) is a closed set in R™,

as mentioned in the previous section.

5.10 Homeomorphisms and open mappings

Let m and n be positive integers, let E be a subset of R™, and let f be a
mapping from F into R™. Suppose for the moment that f is a homeomorphism
from E onto f(E), which means that

(5.10.1) f~! is a homeomorphism from f(F) onto E.

Let k be another positive integer, and let g be a mapping from f(E) into R.
If g is a homeomorphism from f(E) onto g(f(FE)), then

(5.10.2) g o f is a homeomorphism from E onto g(f(E)).
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5.10.1 Open mappings

A mapping f from an open subset W of R™ into R™ is said to be an open
mapping if for every open subset U of R™ with U C W, we have that

(5.10.3) f(U) is an open set in R™.
In particular, this implies that
(5.10.4) f(W) is an open set in R™.

If W is any subset of R™, then we may say that f is an open mapping as a
mapping from W onto its image f(W) in R™ if for every relatively open subset
U of W,

(5.10.5) f(U) is relatively open in f(W).

Of course, (5.10.5) implies (5.10.3) when (5.10.4) holds. Similarly, if W is an
open set in R™, then every relatively open subset U of W is an open set in R™,
so that (5.10.3) implies (5.10.5).

If f is one-to-one on W, then

(5.10.6)  f is an open mapping as a mapping from W onto f(WW)
if and only if
(5.10.7) f~! is a continuous mapping from f(W) onto W.

This follows from one of the characterizations of continuity mentioned in the
previous section. In this case, f is a homeomorphism from W onto f(W) if and
only if f is continuous and an open mapping as a mapping from W onto f(W).
If W and f(W) are open sets, then (5.10.6) is the same as saying that

(5.10.8) f is an open mapping from W into R™,

as in the preceding paragraph.

5.10.2 A sufficient condition
Suppose that for every w € W there is an open subset U(w) in R™ such that

(5.10.9) w € U(w), U(w) C W,
and
(5.10.10) the restriction of f to U(w)

is an open mapping from U(w) into R™.

Under these conditions, one can check that (5.10.8) holds. More precisely, if U
is an open subset of R"™ with U C W and w € U, then U NU(w) is an open set
in R™ that is contained in U(w), so that

(5.10.11) f(UNU(w)) is an open set in R™,
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by hypothesis. One can use this to verify that f(U) is an open set in R™,
directly from the definition of an open set. Indeed, every element of f(U) is of
the form f(w) for some w € U, and in this case f(U NU(w)) is an open set in
R™ that contains f(w) and is contained in f(U).

Alternatively, observe that

(5.10.12) U= JWnUw)).

welU

This implies that

(5.10.13) f(U):f( U (UﬂU(w))) = U runUw)).

welU welU

We also have that

(5.10.14) U f(UNU(w)) is an open set in R™,
welU

because the union of any family of open sets is an open set as well. This means
that f(U) is an open set in R™, as desired.

5.11 (" Diffeomorphisms

Let n be a positive integer, let W be a nonempty open subset of R", and let f
be a mapping from W into R™.

Suppose for the moment that f is one-to-one on W, and that f(WW) is an
open set in R™ too. If f is differentiable at = € W, and f~! is differentiable at
f(z), then the chain rule implies that

(5.11.1) d(f_l)f(m) odf, =dfy o d(f_l)f(w) = the identity mapping on R",

as in Section 3.9. This means that df, is invertible as a linear mapping on R",
with
(5.11.2) (dfy) ' =d(f ") j@)

Suppose for the moment again that f is continuously differentiable on W,
and that
(5.11.3) df, € GL(R")

for every x € W. Under these conditions, one can check that
(5.11.4) f is an open mapping from W into R",

using the inverse function theorem, as in Section 5.6. This also uses the criterion
for f to be an open mapping mentioned in Subsection 5.10.2. More precisely
in this case, (5.10.10) corresponds to the fact that V(w) is an open set in R”,
and that g,, is a continuous mapping from V(w) onto U(w), in the notation of
Section 5.6. In particular, this means that f(W) is an open set in R".
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5.11.1 The definition of a diffeomorphism

Suppose that f is one-to-one on W again, and that f is continuously differen-
tiable on W. If f(W) is an open set in R™, and

(5.11.5) f~ 1 is continuously differentiable on f(W),
then we say that
(5.11.6) fis a C* diffeomorphism from W onto f(W).

This implies that (5.11.3) holds for every x € W, as before. Of course, if (5.11.6)
holds, then
(5.11.7) f is a homeomorphism from W onto f(W).

Alternatively, if (5.11.3) holds for every x € W, then f(W) is an open set in
R", as before. If f is also one-to-one on W, then one can check that (5.11.5)
holds, using the inverse function theorem. More precisely, if w € U, then the
restriction of f=! to the open set V(w) in R™ mentioned in Section 5.6 is the
same as the function g,, mentioned there. This means that f~! is continuously
differentiable on V(w). It follows that (5.11.5) holds, because w € U is arbitrary,
and V(w) is an open set that contains f(w).

5.11.2 Compositions of C! diffeomorphisms
Suppose that f is a C* diffeomorphism from W onto f(W), which implies that

(5.11.8) ftis a C" diffeomorphism from f(W) onto W.

If g is a mapping from f(W) into R™ that is a C! diffeomorphism from f(W)
onto g(f(W)), then

(5.11.9) go fisaC! diffeomorphism from W onto g(f(W)).

5.11.3 The n =1 case

Suppose now that n = 1, and that f is a differentiable real-valued function on
W. If € W, then we let f'(z) be the usual derivative of f at x, which is a
real number. Thus the differential of f at z, as a linear mapping from R into
itself, corresponds to multiplication by f’(z). In this case, (5.11.3) is the same
as saying that

(5.11.10) f(x) #0.

Suppose also that W is connected, so that W is basically an open interval in
R, which may be unbounded, like an open half-line, or the real line. If (5.11.10)
holds for every x € W, then either

(5.11.11) f(x)>0
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for every x € W, or
(5.11.12) f(z) <0

for every x € W. This follows from the intermediate value theorem when f’
is continuous on W. There is a version of the intermediate value theorem for
the derivative of a differentiable real-valued function on an interval, even if the
derivative is not continuous, as in Theorem 5.12 on pl08 of [205]. One can use
this to get the same conclusion without asking that f’ be continuous on W.

If (5.11.11) holds on W, then

(5.11.13) f is strictly increasing on W,
by the mean-value theorem. Similarly, if (5.11.12) holds on W, then
(5.11.14) f is strictly decreasing on W.

In both cases, we get that f is one-to-one on W. It is easy to see that f is an
open mapping on W in both cases too, using the intermediate value theorem.
This uses the fact that f is continuous on W, because f is differentiable.

5.12 Diffeomorphisms with more regularity

Let n and r be positive integers, let W be a nonempty open subset of R™, and
let f be an r-times continuously differentiable mapping from W into R™. Thus
the differential df, of f at x € W defines a function on W with values in the
space L(R™) of linear mappings from R™ into itself. Observe that

(5.12.1) df € C""H (W, L(R™)),

in the notation of Subsections 5.3.3 and 5.4.2, because the entries of the n x n
matrix corresponding to df, are given by the partial derivatives of the compo-
nents of f at x € W.

Using (5.12.1), we get that

(5.12.2) det df € C""Y(W,R),
because the determinant is a smooth function on £(R™). Alternatively,
(5.12.3) det df

can be expressed in terms of sums of products of partial derivatives of the
components of f, each of which is (r — 1)-times continuously differentiable on
W, by hypothesis.

Suppose also now that df, € GL(R™) for every x € W. In this case, we get
that
(5.12.4) (df)~t e CTTH (W, L(R™)),

because the mapping that sends an element of GL(R™) to its inverse is smooth,
as in Subsections 5.2.2 and 5.4.2. This could be obtained from Cramer’s rule
too, using (5.12.2).



118 CHAPTER 5. DIFFEOMORPHISMS AND CELLS

5.12.1 Regularity of the inverse mapping

Suppose that f is one-to-one on W as well, and remember that f~! is contin-
uously differentiable on W, as in Subsection 5.11.1, and that the differential of
f~lis asin (5.11.2). Equivalently, this means that

(5.12.5) Ay = (A1)
for every y € f(W). Let us use this to get that
(5.12.6) d(F~Y) € O (F(W), L(R™)),
which is the same as saying that
(5.12.7) f~tec(fw),R").
More precisely, suppose for the moment that
(5.12.8) f~tecl(fw),RrR"),
where 0 <[ <r — 1. Observe that
(5.12.9) df p-1(y) is I-times continuously differentiable

as a function of y € f(W) with values in £L(R™), because of (5.12.1). This uses
the fact that compositions of I-times continuously differentiable functions are
[-times continuously differentiable too, as in Section 3.9. It follows that

(5.12.10) (dff—l(y))71 is {-times continuously differentiable

as a function of y € f(W) with values in L(R"), as before.
This means that
(5.12.11) A1) € CUFW), L(R™),

because of (5.12.5). This is the same as saying that
(5.12.12) f~te L f(W),R"),

as before. One can repeat the process as needed to get (5.12.6), and thus
(5.12.7).

5.12.2 (" And C* diffeomorphisms
Let us say that

(5.12.13) f is a C" diffeomorphism from W onto f(W)
under these conditions. This implies that

(5.12.14) f~tis a C" diffeomorphism from f(W) onto W.
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If g is a mapping from f(W) into R™ that is a C" diffeomorphism from f(W)
onto g(f(W)), then

(5.12.15) go fisa C" difftomorphism from W onto g(f(W)).

Similarly, if f is infinitely differentiable on W, then

(5.12.16) df € C>*(W, L(R")),
and
(5.12.17) detdf € C*(W,R).

If df, € GL(R™) for every € W, then it follows that

(5.12.18) (df)~' € C=(W, L(R™)),

as before. If f is also one-to-one on W, then we get that
(5.12.19) 7t e (W, R,

as in (5.12.7). In this case, we say that

(5.12.20) f is a C*° diffeomorphism from W onto f(W),
and we have that

(5.12.21) f~tis a C* diffeomorphism from f(W) onto W.

If g is a mapping from f(W) into R™ that is a C*° diffeomorphism from f(W)
onto g(f(W)) as well, then

(5.12.22)  go fis a C* diffeomorphism from W onto g(f(W)).

5.13 Cells and supports of functions

Let n be a positive integer, and let aq,...,a, and by,...,b, be real numbers
with a; <b; for each j =1,...,n. The Cartesian product

n
(5.13.1) C = [[las,b;]
j=1
of the closed intervals [a;, b;], 1 < j < n, is called a cell in R™.
It is well known that

(5.13.2) cells in R™ are compact,

with respect to the standard Euclidean metric. In order to show that subsets of
R™ that are closed and bounded are also compact, one often starts by showing



120 CHAPTER 5. DIFFEOMORPHISMS AND CELLS

that cells are compact. Note that a continuous mapping from a cell in R™ into
R™ for some positive integer m is uniformly continuous, as in Subsection 5.8.7.

Let eq,..., e, be the standard basis vectors in R", and let a, ..., a, be real
numbers. Consider the corresponding parallelepiped

(5.13.3) Prn(aier,...,aney)

in R™, as in Section 4.14. This is the same as the cell
(5.13.4) 115
j=1

where I; = [0, o;] when o; > 0, and I; = [a;, 0] when a; < 0. Every cell in R"
is a translate of a cell of this type. Note that the n-dimensional volume of the
cell C is given by

(5.13.5) Vol, (C) = ﬁ(bj —a)).

j=1

5.13.1 Integrals over cells

Let f be a continuous real-valued function on C, which is in fact uniformly
continuous on C, as mentioned earlier. One can check that for each [ =1,... n,

(5.13.6) flze, .. 2y, .. x,) doyg
a

is uniformly continuous as a function of the n — 1 variables
(5.13.7) Tlyeeey Llo1, Tdlye s LTy

More precisely, (5.13.6) is uniformly continuous as a real-valued function on
the cell in R"~! corresponding to the Cartesian product of the closed intervals
[aj,bj] with ] 75 l.

Of course,

(5.13.8) /Cf(x) dx

may be defined as an n-dimensional Riemann integral over C in a standard way.
It is well known that this is the same as the iterated integral

(5.13.9) /:1-~-(/abnf(xl,...,xn)dxn>-~-dx1.

In fact, it is well known that (5.13.8) is the same as iterated integrals like
(5.13.9), where x1,...,x, are integrated in any order. This may be shown
intially for n = 2, which can be used to get the analogous statement for any n.
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5.13.2 Supports of functions

Let m be another positive integer, and let f be a function on R™ with values
in R™. The support of f is defined the closure of the set of x € R”™ such that
f(z) # 0, which may be denoted

(5.13.10) supp f = {z € R" : f(z) # 0}.

Note that the support of f is automatically a closed set in R™. If the set of
x € R™ such that f(z) # 0 is bounded, then the support of f is bounded too,
and thus compact.

Let f be a continuous real-valued function on R™ with bounded support.
This implies that there is a cell C in R™ such that

(5.13.11) supp f € C.

In this case, the integral of f over R™ may be defined by

(5.13.12) fx)de = / f(z)dx,
R" c
as in (3) on p247 of [205]. One can check that this does not depend on the
particular cell C in R™ that satisfies (5.13.11).
5.14 Some smooth functions on R

Let ¢ be an infinitely-differentiable real-valued function on the real line such
that

(5.14.1) ¢(t) > 0 whent>0
= 0 whent <0,

as in Subsection 3.7.2. If a, b are real numbers with a < b, then put
(5.14.2) Pap(t) = Ot —a) p(b—1).
This is an infinitely-differentiable real-valued function on the real line such that

(5.14.3) Gap(t) > 0 whena<t<b
= 0 whent<aand when b <t¢.

If r € R, then
(5.14.4) ¢ap(((a+0)/2) +7) = ¢(((b — a)/2) + 1) (((b — a)/2) — 7).
This implies that

(5.14.5) Pap(((@+0)/2) +7) = ¢ap(((a+0)/2) —7).
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Note that .
(5.14.6) / a,p(u) du > 0.
Put 1 .
(5147 s = ([ Gustydn) ot

for each t € R. This is an infinitely-differentiable real-valued function on the
real line such that

(5.14.8) Yep(t) > 0 whena<t<b
= 0 whent<aand whenb <t
and
b
(5.14.9) / Van(t)dt = 1.
a

5.14.1 Integrating v,

We can integrate 1,5 on R to get an infinitely-differentiable real-valued function
Na,b o0 R such that

(5.14.10) Moy = Yab

on R, and

(5.14.11) Nap(t) =0 when t < a.
This means that .

(514.12) Haa®) = [ bus(w)du
when t > a, so that

(5.14.13) 0 <nMep(t) <1

when t > a, and
(5.14.14) Nap(t) =1

when ¢ > b. Note that 7, is strictly increasing on [a, b], by construction.
Note that 1 — 7, is an infinitely-differentiable real-valued function on R
such that

(5.14.15) 1—nep(t) =1
when ¢t < a,
(5.14.16) 0<1—mep(t)y<1

when a <t < b, and
(5.14.17) 1—1n4p(t) =0

when ¢ > b. We also have that 1 — 7, is strictly decreasing on [a,b]. More
precisely,

b
(5.14.18) L= us(t) = | sl du
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when ¢t < b, by (5.14.9) and (5.14.12). One can check that

(5.14.19) L= nap(((@+0)/2) + 1) =nap(((a+)/2) —7)
for every » € R. This uses (5.14.5), which implies that t,; has the same
property.

5.14.2 Another family of functions

If ¢, d are real numbers with b < ¢ < d, then put

(5'14'20) f(t) = fa,b,c,d(t) = na,b(t) (1 - nc,d(t))

for each ¢t € R. This is an infinitely-differentiable real-valued function on R

with
(5.14.21) £(t) =0

when ¢ < a and when d < ¢. Similarly,

(5.14.22) 0<E(t) <1

when a < t < b and when ¢ < t < d, and

(5.14.23) Et)y=1

when b <t < ¢. In fact, ¢ is strictly increasing on [a, b], and strictly decreasing

on [e,d].

5.15 Some smooth functions on R"

Let n be a positive integer, let aq,...,a, and by, ...,b, be real numbers with
a; <bjforeachj=1,...,n,and let C = H;L:]_[aj, b;] be the corresponding cell
in R, as in Section 5.13. Also let af,...,a}, and b),...,b], be real numbers
with
(5.15.1) a < aj and b; < b
for each j. Note that
(5.15.2) X ] (CA)

j=1

and that the right side is an open set in R".
As in the previous section, there is an infinitely-differentiable real-valued
function ¢; on R for each j such that

(5.15.3) 0<¢ <1

on R,
(5.15.4) &;(t) > 0 if and only if a; <t < b},
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and
(5.15.5) &(t) =1if and only if a; <t <b,.
Put N
(5.15.6) (@) =] &)
j=1

for each x € R"™, which defines an infinitely-differentiable real-valued function
on R” such that
(5.15.7) 0<((x)<1

for every x € R™. Observe that

(5.15.8) ¢(x) > 0if and only if z € H ay,b}),
Jj=1

because of (5.15.4). Similarly,

(5.15.9) ¢(1) =1if and only if z € C,

because of (5.15.5). Using (5.15.8), we get that the support of ¢ is given by

(5.15.10) supp( = H [a’;, b].

5.15.1 Some smooth radial functions

Now let a, b be positive real numbers with a < b, so that a® < b?, and let
(5.15.11) T2 2

be the infinitely-differentiable real-valued function on R corresponding to a2
and b? as in the previous section. If 2 € R™, then put
n
(5.15.12) pans(@) =1 — naz e (|2]2) = 1 — 7gz 42 (Zx?),
j=1
where ||z is the standard Euclidean norm on R, as in Subsection 3.2.1. This
is an infinitely-differentiable real-valued function on R"™, with

(5.15.13) 0 < paplz) <1
for every x € R™. In fact, we have that
(5.15.14) Pap(z) =1
when ||z]|2 < a,

(5.15.15) 0 < pap(®) <1
when a < ||z||2 < b, and

(5.15.16) Pap(x) =0

when ||z||2 > b. It follows that
(5.15.17) supp pap = {z € R" : ||z|]2 < b}.



Chapter 6

Integration and n-surfaces

6.1 Some partitions of unity

Let n be a positive integer, and let ¢1, ..., ¢; be finitely many real-valued func-
tions on R™, with
(6.1.1) 0<¢r <1

on R™ for each kK =1,...,n. Put ¥ = ¢1, and

k—1

(6.1.2) o= (TIa=e)en

p=1

for each k = 2,...,1, as in (28) on p251 of [205]. Observe that 0 <1 —¢, <1
for each p=1,...,1, so that
(6.1.3) 0<p <1

on R” for each k =1,...,l. We also have that

(6.1.4) Yr(x) =0 when ¢y (x) =0,
so that
(6.1.5) supp ¢ < supp ¢

for every k=1,...,1.

6.1.1 A basic identity

Let us check that
k

k
(6.1.6) D otp=1-][0-¢)
p=1

p=1

foreach k =1,...,1, as in (29) on p251 of [205]. This follows from the definition
of ¥1 when k = 1, and we can use induction to go from k to k + 1 when k < [.

125
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This uses the fact that

k k k41

(6.1.7) ¢k+1 = (H(l - ¢p)) ¢k+1 = H(l - ¢p) - H(l - (bp)

p=1 p=1 p=1
when k < [. It follows that

l
(6.1.8) > () =1
p=1
on the set
l

(6.1.9) U{z e R : ¢y(2) =13,

q=1
as on p251 of [205]. This is a type of partition of unity for the set (6.1.9), as on
p251 of [205].
If the ¢4’s are continuous on R™, then

(6.1.10) the 1’s are continuous on R"

too. Similarly, if the ¢ ’s are r-times continuously differentiable on R”™ for some
positive integer r, then

(6.1.11) the 9’s are r-times continuously differentiable on R™

as well. If the ¢, ’s are infinitely differentiable on R", then it follows that
(6.1.12) the 1;’s are infinitely differentiable on R"™.

This is related to Exercise 6 on p289 of [205].

Let m be another positive integer, let E be a subset of R”, and let f be a
function on F with values in R™. If E is contained in (6.1.9), then we get that

l
(6.1.13) fla) =2 p(x) f(x)

for every x € E, by (6.1.8). Similarly, if f is defined on all of R", and the
support of f is contained in (6.1.9), then (6.1.13) holds for every x € R™.

6.2 The standard simplex in R”
Let n be a positive integer, and consider

n
6.2.1) Q"=<zeR":z;>0foreachj=1,...,n, and ri <15,
j j

j=1
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This is known as the standard simplex or standard n-simplex in R™, as in Ex-
ample 10.4 on p247 of [205], and as mentioned on pl41 of [239]. Note that

(6.2.2) Q" is closed and bounded in R™,
and thus compact.
In fact,
(6.2.3) Q" C 0,1,
where the right side is the unit cube in R", consisting of z € R"™ such that
0 <z; <1foreach j=1,...,n. This is the same as the Cartesian product of

n copies of the closed unit interval [0, 1] in the real line, which is a cell in R™ in
particular. If n = 1, then we have equality in (6.2.3).

6.2.1 Integrals over Q"

Let f be a continuous real-valued function on Q", so that f is bounded and
uniformly continuous on Q", because Q" is compact. The integral

(6.2.4) f(x)dx
Qn

of f over Q™ may be defined as an n-dimensional Riemann integral in a standard
way. Another way to look at this is discussed in Example 10.4 on p247 of [205].
Of course, if n = 1, then this is the same as an ordinary Riemann integral on
[0,1], and so we suppose that n > 2.

Let Q™! be the standard simplex in R™~!, which is defined in the same
way as before. If x € Q™, then

(6.2.5) (T1,...,2n1) €Q™ 1.

More precisely, if (6.2.5) holds, then

(6.2.6) (1, ., Tp_1,Ty) € Q"

if and only if

(6.2.7) 0<z, < 1-%%#
j=1

and every element of Q™ occurs in this way.
If (6.2.5) holds, then put

n—1

1— =1 xj
(6.2.8)  foo1(z1,.-.,Tp_1) :/ ! flxy, o 1, xp) day,.
0

One can check that f,,_; is bounded and uniformly continuous on Q™! because
f is bounded and uniformly continuous on Q™. We also have that

n—1

(6.2.9) fa-1(x1,...,2p—1) =0 when Z x; =1,

j=1
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by construction.
Let us extend f,,_1 to a real-valued function on [0, 1]"~! by putting

(6210) fn—l(zla"'7l‘n—1) =0

when (z1,...,2,-1) € [0,1]"71\ Q"~!, which means that
n—1

(6.2.11) > >
j=1

This defines a continuous function on [0, 17!, because of (6.2.9).

Thus the integral of f,,_; over [0,1]"~! may be defined in the usual way,
which is the same as the integral of f,,_; over Q®~!. This is one way to look at
the integral of f over Q.

6.2.2 More on integration over Q"

We can also extend f to a real-valued function on [0, 1]™ by putting
(6.2.12) f(z)=0

when z € [0,1]™ \ Q", which means that
(6.2.13) > x>
j=1
However, this extension will not be continuous at x € [0, 1]™ such that
(6.2.14) > z=1,
j=1

unless (6.2.12) holds. Note that the previous extension of f,_1 to [0,1]"~! may
be expressed as

1
(6.2.15) froo1(z1, . Tpe) = flzy, .. o1, xy) dey,
0

using this extension of f to [0, 1]™.
To deal with this, a continuous real-valued function F' = Fj on [0, 1]" may
be defined on [0, 1]" for 0 < § < 1, with

f(z) when zn:mj <1-9¢

Jj=1

(6.2.16) F(x)

n
when ij > 1,

j=1

Il
o
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and .
(6.2.17) |F(z)] <|f(z)] whenl-4< ij <1,
j=1

as on p247 of [205]. More precisely, we also have that

(6.2.18) f(z) = F(z)| < |f(x)] when1—-6<Y <1,

j=1

because F'(z) is defined so that it has the same sign as f(x) in this case.
Let C be a nonnegative real number such that

(6.2.19) @) <C

for every x € Q™. If F,,_y = Fj,,_1 is defined on [0,1]""! as in (6.2.15), then
one can check that

(6220) \fn_l(xl, . ,,Ijn_l) — Fn_1($1, ey In_1)| S 05

on [0,1]"7 !, asin (7) on p247 of [205]. In particular, this implies that the integral
of fn_1 over [0,1]"~! is approximated by the integral of F,,_; over [0,1]"~ 1.

Of course, we could start by integrating f in any of the variables x1, ..., zy,
with the same properties as before. The result would be uniformly approximated
by the integral of F' in the same variable.

6.3 Jacobians and changes of variables

Let n be a positive integer, let W be a nonempty open subset of R™, and let ¢
be a mapping from W into R™. If ¢ is differentiable at a point x € W, then the
determinant

(6.3.1) det ¢'(x) = det de,.

of the differential ¢'(x) = d¢, of ¢ at x is known as the Jacobian of ¢ at z.
Note that if n = 1, then the Jacobian of ¢ at x is the same as the ordinary
derivative of ¢ at z.

Suppose that ¢ is continously differentiable on W, so that the differential
@' (z) of ¢ at x is continuous as a function of © € W with values in the space
L(R™) of linear mappings from R™ into itself, as in Section 5.5. This implies
that
(6.3.2) det ¢'(z) is continuous

as a real-valued function of x € W, as before.

6.3.1 Changes of variables
Suppose now that ¢(W) is an open set in R™, and that

(6.3.3) ¢ is a C! diffeomorphism from W onto ¢(W),
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as in Subsection 5.11.1. Let K be a compact subset of R that is contained in
W, and let f be a continuous real-valued function on ¢(K). Note that ¢(K) is
a compact set in R™ too, as in Subsection 5.8.5. It is well known that

(6.3.4) /¢ = /K F(6(2)) | det ¢ (z)| dz,

at least if K is nice enough for the Riemann integral to be defined. There are
versions of this using Lebesgue measure and integration with milder hypotheses,
but we shall not pursue this here.

Remember that if T is a linear mapping from R"™ into itself and F is a
reasonably nice subset of R™, then the n-dimensional volume of T'(E) is equal
to | det T'| times the n-dimensional volume of E, as mentioned in Section 4.12.
Basically (6.3.4) behaves approximately like this on sufficiently small sets. Of
course, if ¢ is a linear mapping on R™, then its Jacobian is constant, and (6.3.4)
is somewhat simpler. This is also somewhat simpler when n = 1, in which case
it may normally be stated with milder hypotheses.

This version of the change of variables formula is essentially the same as the
one mentioned in (1) in Section 4.4 on pl41 of [239]. Another version is given
in Theorem 10.9 on p252 of [205], which will be discussed on the next section.

6.4 Another version of changing variables

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Let f be a continuous real-valued function R™ with compact support
and

(6.4.1) supp f C (W).
This implies that

(6.4.2) ¢~ (supp f) is a compact set in R™,

as in Subsection 5.8.5, because ¢! is continuous as a mapping from ¢(W) into
R”. Of course,
(6.4.3) ¢~ (supp f) C W,

because ¢~ 1(p(W)) = W.
Let f4 be the real-valued function defined on R" by

(6.4.4) fo(x) = f(é(x)) whenzeW
=0 when 2 € R™\ W.

One can check that

(6.4.5) fo is continuous on R",

with

(6.4.6) supp fy = ¢ (supp f).
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Let Fy4 be the real-valued function on R" defined by

(6.4.7) Fy(z) = f(¢(x))|det¢’'(x)] whenz e W

=0 when x € R™\ W.
One can verify that
(6.4.8) Fy is continuous on R",
with
(6.4.9) supp Fyy = supp fy = ¢~ (supp f).
Under these conditions, Theorem 10.9 on p252 of [205] states that
(6.4.10) f0)dy= [ Fylo)do

R"l n

where both sides of the equation are defined as in Subsection 5.13.2.

Part of the proof of (6.4.10) is to use partitions of unity to reduce to the
case of
(6.4.11) functions f supported in sufficiently small balls in R".

In that case, one can use another result on the local behavior of C! diffeomor-
phisms between open subsets of R™, in Theorem 10.7 on p249 of [205].

Of course, the change of variables formula is simpler when n = 1. One
can use this to obtain the change of variables formula for any n when the
diffeomorphism is “primitive” in the sense of Definition 10.5 on p248 of [205],
as mentioned on p252 of [205]. A linear mapping from R™ onto itself is called
a “flip” when it interchanges two coordinates of a point in R™ and does not
change the other coordinates, as in Definition 10.6 on p249 of [205]. It is easy to
see that the change of variables formula holds for these mappings, as mentioned
on p252 of [205].

Theorem 10.7 on p249 of [205] says that locally,

(6.4.12) a C' diffeomorphism can be expressed as a composition

of primitive mappings, flips, and a translation.

This is used to get that the change of variables formula holds for functions
supported in sufficiently small balls, as before. Thus one would like to express
f as a sum of finitely many continuous functions supported in sufficiently small
balls of this type. This can obtained using a partition of unity, as in (6.1.13).
This also uses the compactness of the support of f, to cover f by finitely many
balls that are contained in balls that are a bit larger and sufficiently small too.

6.5 Some remarks about linear independence

Let n and m be positive integers with n < m, and let uq, ..., u,, be the standard
basis vectors in R™. Suppose that

(6.5.1) U1,...,0U, are 1 linearly independent vectors in R™.
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Let L be the linear span of vy,...,v, in R™, so that
(6.5.2) dim L = n,

as a vector space over the real numbers.
Under these conditions, it is well known that there is a set I C {1,...,m}
with exactly m — n elements such that

(6.5.3) v1,...,U, together with ug, k € I, is a basis for R™.

One way to see this is to take I to be a maximal subset of {1,...,m} so that
this collection of vectors is linearly independent. Alternatively, one can take I
to be a minimal subset of {1,...,m} so that the linear span of this collection
of vectors is equal to R™.

6.5.1 A related linear mapping P,

Put

(654) Il :{1,...772’1}\]27

so that I; is a subset of {1,...,m} with exactly n elements. Thus
(6.5.5) L =A{l,...,l.},

where

(6.5.6) 1<hi<--<l,<m.

Let P; be the linear mapping from R™ onto R” such that for each y € R™,
(6.5.7) the jth coordinate of P;(y) is equal to the [;-th coordinate of y

for each j = 1,...,n. Note that

(6.5.8) Py (ug) =0 when k € I,

by construction. More precisely, the kernel of P; is spanned by the u’s, k € I5.

6.5.2 A related linear mapping T

Let eq,...,e, be the standard basis vectors in R"™. Remember that there is a
unique linear mapping 7" from R"™ into R™ such that

(659) T(ej) = Uy
for each j = 1,...,n. Of course,
(6.5.10) L =T(R"),

by construction. The condition that the v;’s be linearly independent in R™ says
exactly that
(6.5.11) T is one-to-one on R".
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Observe that
(6.5.12) PUT(R")) = Py(L) = Py(R™) = R”,
using (6.5.3) and (6.5.8) in the second step. This implies that
(6.5.13) Py o T is one-to-one on R",

because P; o T is a linear mapping from R"™ into itself.

6.5.3 Considering L as a graph

Equivalently,
(6.5.14) Py is one-to-one on L.

This means that if v € L, then
(6.5.15) the coordinates of v corresponding to elements of I,

are uniquely determined by

the coordinates of v corresponding to elements of I;.
It follows that

(6.5.16) L corresponds to the graph of a linear mapping

from R" into R™™",

by arranging the coordinates appropriately.
More precisely, put
(6.5.17) R=To(P oT)™},

where (P} o T)~! is the inverse of P; o T, as a one-to-one linear mapping from
R” onto itself. Thus R is a one-to-one linear mapping from R" into R™, and

(6.5.18) RR")=T(R") = L.
By construction, we also have that
(6.5.19) PloR=P oTo (P oT)™ ! = I,

where Ir~ is the identity mapping on R™. This basically means that L cor-
responds to the graph of a mapping from R™ into R™~" obtained from the
components of R corresponding to elements of Iy, with the coordinates arranged
appropriately.

6.6 Some nice local graphs

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Also let W be an open set in R™, and let F' be a continuously-differentiable
mapping from W into R™. Suppose that w € W and

(6.6.1) dF,, is one-to-one on R",
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as a linear mapping from R™ into R™. If we put
(662) v = de(ej)

for each j =1,...,n, then (6.5.1) holds, because of (6.6.1).
This leads to subsets I, Iz of {1,...,m} as before, as well as the linear
mapping P; from R™ onto R™. We also have that

(6.6.3) Py odF,, is a one-to-one mapping from R"™ onto itself,

as in (6.5.12) and (6.5.13). Under these conditions, we would like to use the
inverse function theorem to say more about F' near w.

Put
(6.6.4) f=PoF,

which is a continuously-differentiable mapping from W into R™. Note that
(6.6.5) dfy = Py o dFy,,

which is an easy instance of the chain rule that can be seen more directly. It
follows that
(6.6.6) dfw, € GL(R™),

by (6.6.3). The inverse function theorem implies that
(6.6.7) f has a local inverse near w that is continuously differentiable,

as in Section 5.6.

6.6.1 Using the local inverse

We would like to use this to get that near w,

(6.6.8) F takes values in the graph of a continuously-differentiable function
defined on a neighborhood of f(w) in R™ with values in R™ ™",

with the coordinates arranged appropriately. More precisely, the inverse func-
tion theorem implies that there are open subsets U(w) and V(w) of R™ such
that w € U(w), U(w) C W, f(w) € V(w), and

(6.6.9) the restriction of f to U(w) is a one-to-one mapping onto V (w).
In particular, the injectivity of f on U(w) implies that
(6.6.10) F is one-to-one on U(w),

by the definition (6.6.4) of f.
The inverse g = g,, of the restriction of f to U(w) is continuously differen-
tiable on V(w), as before. It follows that

(6.6.11) F o g is continuously differentiable
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as a mapping from V(w) into R™. Observe that

(6.6.12) Py o Fog= fogis the identity mapping on V(w),
by construction. This implies that

(6.6.13) FU(w)) = (F o g)(V(w))

corresponds to

(6.6.14) the graph of a continuously-differentiable function on V(w)

with values in R™™",
with the coordinates arranged appropriately. Of course,
(6.6.15) F=(Fog)of

on U(w).
If F is r-times continuously differentiable on W for some positive integer 7,
then f is r-times continuously differentiable on W, and

(6.6.16) g is r-times continuously differentiable on V(w)
too, as in Subsection 5.12.1. This implies that
(6.6.17) F o g is r-times continuously differentiable on V (w)

as well, as in Subsection 3.9.4.
Similarly if F is infinitely differentiable on W, then f is infinitely differen-
tiable on W, and

(6.6.18) g is infinitely differentiable on V (w).
This means that
(6.6.19) F o g is infinitely differentiable on V(w)

too.

6.7 Injective linear mappings

Let n and m be positive integers with n < m, and let ey, ..., e, be the standard
basis vectors in R"™, as usual. Remember that a linear mapping T" from R” into
R™ is one-to-one on R” if and only if

(6.7.1) T(e1),...,T(en) are linearly independent in R™.
In this case, there is a linear mapping P; from R™ onto R™ such that
(6.7.2) P, oT € GL(R"),

as in Section 6.5. More precisely, if m = n, then one can simply take P; to the
the identity mapping on R"™. Conversely, if (6.7.2) holds for any linear mapping
P; from R™ into R"™, then T is one-to-one on R".
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6.7.1 Injectivity and open sets

If P, is any linear mapping from R™ into R", then
(6.7.3) T—PoT

defines a linear mapping from the space L£(R™, R™) of linear mappings from
R"™ into R™ into the space L(R™) of linear mappings from L(R™) of linear
mappings from R’ into itself. This corresponds to a linear mapping from the
space M,, ,(R) of m x n matrices of real numbers into M,, ,(R), as in Section
5.3. This may be identified with a linear mapping from R™" into R”Q, as
in Section 5.1. In particular, this mapping is continuous with respect to the
standard FEuclidean metrics on R™™ and R™ .
One can use this to get that

(6.7.4) (T € LR",R™): P, oT € GL(R™)}

is an open set in L(R™, R™), in the sense that it corresponds to an open set in
R™™. This uses the fact that GL(R™) corresponds to an open set in R"z, as in
Subsection 5.2.1 and Section 5.4. Note that (6.7.2) implies that

(6.7.5) Py (R™) =R".

This means that (6.7.4) is the empty set unless (6.7.5) holds.
Of course, (6.7.4) is the same as

(6.7.6) (T € LR™,R™) : det(P, o T) # 0}.

It is easy to see that
(6.7.7) det(PyoT)

is given by a polynomial in the entries of the matrix associated to T, with P;
fixed. In particular, this corresponds to a continuous real-valued function on
R™™, so that (6.7.6) corresponds to an open set in R™", as before.

It follows that

(6.7.8) {T € LR",R™) : T is one-to-one on R"}

is an open set in L(R™,R™) too. More precisely, (6.7.8) is the same as the
union of (6.7.4) over all linear mappings P; from R™ into R™. In fact, one
can restrict one’s attention to linear mappings P; that satisfy (6.7.5), because
otherwise (6.7.4) is the empty set, as before. The fact that (6.7.8) is an open
set in L(R™, R™) could also be obtained from an argument analogous to one in
Section 5.4. Of course, if m = n, then (6.7.8) is the same as GL(R").

6.8 Embeddings and immersions

Let n and m be positive integers with n < m again, and let W be a nonempty
open subset of R™. Also let F' be a continuously-differentiable mapping from
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W into R™, so that the differential of F' is continuous as a function on W with
values in L(R™, R™), as in Section 5.5. One can check that

(6.8.1) {x € W : F'(z) = dF, is one-to-one on R"}

is an open set in R™, using the fact that (6.7.8) is an open set in L(R",R™).
This is the same as a remark in Subsection 5.5.1 when m = n.

6.8.1 Immersions
Let us say that F' is an immersion of W into R™ if
(6.8.2) F'(x) = dF, is one-to-one on R" for every z € W.

This corresponds to part (a) of Definition 1.27 on p22 of [239]. This implies
that
(6.8.3) F' is one-to-one on a neighborhood of every point in W,

as in Subsection 6.6.1. If F' is r-times continuously differentiable on W for some
positive integer r, or infinitely differentiable on W, then one may say that F' is
a C" or C'*° immersion, as appropriate.

6.8.2 Submanifolds and embeddings
Suppose that F' is an immersion of W into R™. If we also have that

(6.8.4) F is one-to-one on W,

then (W, F) may be called a submanifold of R™, as in part (b) of Definition
1.27 on p22 of [239]. In this case, if x € W, then the tangent space of this
submanifold at € W is the linear subspace

(6.8.5) dF,(R")
of R™. Note that
(6.8.6) dimdF,(R") = n,

because of (6.8.2). If F is r-times continuously differentiable on W, or infinitely
differentiable on W, then (W, F') may be called a C" or C*° submanifold of R™,
as appropriate.

If
(6.8.7) F'is a homeomorphism from W onto F'(W),

as in Subsection 5.9.2, then ' may be called an imbedding of W into R™, as
in part (c) of Definition 1.27 on p22 of [239]. However, some colleagues® have
mentioned that the term embedding is sometimes used for one-to-one immer-
sions. In order to be precise, we may say that F' is an embedding in the strong
sense when (6.8.7) holds. As before, if F' is r-times continuously differentiable
on W, or infinitely differentiable on W, then one may say that F'is a C" or C'*
embedding of W into R™, as appropriate.

IR. F.and D. Y.
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6.8.3 Some remarks about manifolds

One can consider broader notions of manifolds, but we shall not pursue this
in detail here. One can start with n-dimensional topological manifolds, which
are topological spaces that are locally homeomorphic to open sets in R™, and
which are often asked to satisfy some additional conditions. If r is a positive
integer, then one can consider n-dimensional C" manifolds, which are locally C"
diffeomorphic to open sets in R™ in a suitable sense. Similarly, one can consider
n-dimensional C'*° or smooth manifolds, which are locally C*° diffeomorphic to
open sets in R™ in an analogous sense. These topics are discussed beginning on
p5 of [239], for instance.

The notions of immersions and submanifolds can be extended to mappings
between C” and C'*° manifolds, as on p22 of [239]. In particular, broader no-
tions of manifolds are already helpful for considering submanifolds of Euclidean
spaces.

Basically, a (reasonably nicely embedded) C" or C* n-dimensional subman-
ifold of R™ should look locally like a C" or C'°° submanifold in the previous
sense at each point, as appropriate. Equivalently, this means that it looks lo-
cally like the graph of a C" or C'*° mapping from an open set in R™ into R™ ™™,
with the coordinates of R™ arranged in a suitable way, as in Subsection 6.6.1.

The unit sphere in R™*! with respect to the standard Euclidean metric is
the same as

n+1
(6.8.8) Sn = {y ER" D = 1}.
j=1

This is a nice example of a smooth n-dimensional manifold, which is a subman-
ifold of R™+1.

6.9 Surjective linear mappings

Let n and m be positive integers with n < m, and let ey, ..., e, be the standard
basis for R™, as usual. Also let T' be a linear mapping from R™ into R™. If

(6.9.1) T(R™)=R",
then for each j =1,...,n there is a v; € R™ such that
(6.9.2) T(v;) = e;.

Conversely, this condition implies (6.9.1).
If vq,...,v, are any elements of R™, then there is a unique linear mapping
Ry from R™ into R™ such that

(6.9.3) Ro(e;) = v,
for each j = 1,...,n. In this case, (6.9.2) is the same as saying that

(6.9.4) T(Ro(e;)) = €;-
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It is easy to see that this holds for each j if and only if
(6.9.5) T o Ry is the identity mapping on R".

Let Ry be a linear mapping from R into R™. If

(6.9.6) T(R1(R")) =R",
then it is easy to see that (6.9.1) holds. Note that (6.9.6) holds if and only if
(6.9.7) ToR, € GL(R"),

because T o R; is a linear mapping from R™ into itself. This means that T o R,
is one-to-one on R"™, which implies that

(6.9.8) R; is one-to-one on R".

6.9.1 Surjectivity and open sets

Of course,
(6.9.9) T—ToRy

defines a linear mapping from £(R™,R™) into £(R"), which corresponds to a
linear mapping from M, ,,(R) into M, ,(R), as in Section 5.3. This may be
identified with a linear mapping from R""™ into R"z, as in Section 5.1, which
is continuous in particular, with respect to the standard Euclidean metrics on
R"™ and R .

It follows that

(6.9.10) {T € LR™R"): ToR, € GLR")}

is an open set in L(R™,R"), in the sense that it corresponds to an open set

in R"™ because GL(R™) corresponds to an open set in R"Q, as in Subsection

5.2.1 and Section 5.4. This is the empty set unless (6.9.8) holds, as before.
Note that (6.9.10) is the same as

(6.9.11) (T € L(R™,R") : det(T o Ry) # 0}.

One can check that
(6.9.12) det(T o Ry)

is a polynomial in the entries of the matrix associated to T, with R; fixed. This
can be used as another way to get that (6.9.11) corresponds to an open set in
R™™.

Let us check that

(6.9.13) {T € LR™R"): T(R™) = R"}

is an open set in L(R™,R") as well. In fact, (6.9.13) is the same as the union
of (6.9.10) over all linear mappings Ry from R™ into R™. More precisely, we
may restrict our attention to linear mappings R; that satisfy (6.9.8), because
(6.9.10) is the empty set otherwise, as before.
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6.10 The implicit function theorem

Let n and m be positive integers with n < m again, and let W be a nonempty
open subset of R™. Also let ¢ be a continuously-differentiable mapping from
W into R", so that the differential of ¢ is continuous as a mapping from W into
L(R™,R"), as in Section 5.5. Observe that

(6.10.1) {z € W : dp,(R™) = R"}

is an open set in R™, because (6.9.13) is an open set in L(R™,R").
Suppose that w € W and

(6.10.2) do,(R™) =R"™
We would like to add some components to ¢ to get a mapping ® from W into

R™ with
(6.10.3) dd,, € GL(R™),

so that we can use the inverse function theorem. Note that
(6.10.4) dim(ker d¢,,) = m — n,

because of (6.10.2) and standard arguments from linear algebra. This implies
that there is a linear mapping Py from R™ onto R™™" such that

(6.10.5) P, is one-to-one on ker d¢,,,

as in Section 6.5. More precisely, we can take Py so that its components are the
same as m — n of the coordinates of an element of R™, as before.

We would like to define ® so that its first n components are the same as the
components of ¢, and the other m—n components are equal to the components of
Py. In this case, the first n components of d®,, are the same as the components
of d¢,,, and the other m — n components of d®,, are equal to the components
of Py. This implies that

(6.10.6) ker d®,, = (ker d¢,) N (ker Py) = {0},

using (6.10.5) in the second step. Thus (6.10.3) holds, so that we can use the
inverse function theorem, as in Section 5.6.
This means that there are open sets U(w), V(w) in R™ such that

(6.10.7) weU(w), U(w) CW, ®(w) € V(w),
and
(6.10.8) the restriction of ® to U(w) is a C! diffeomorphism onto V (w),

as before. Let ¥ = ¥, be the inverse of the restriction of ® to U(w), which is
a C! diffeomorphism from V (w) onto U(w).
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6.10.1 The zero set of ¢
Suppose that

(6.10.9) d(w) =0,

and consider

(6.10.10) Up(w) = {z € U(w) : ¢(z) = 0}.
Put

(6.10.11) Vo(w) = (Up(w)),

which is the same as the set of points in V(w) whose first n coordinates are
equal to 0. Of course,
(6.10.12) O (w) € Vp(w),

because w € Up(w), by (6.10.9). We can identify Vp(w) with an open set in
R™~" using the last m — n coordinates of the elements of Vy(w). Note that

(6.10.13) U (Vo(w)) = Up(w),

by construction.

This shows that Up(w) is an (m — n)-dimensional C! submanifold of R™.
This is a version of the implicit function theorem. If x € Up(w), then one can
check that the tangent space to Up(w) at z is equal to

(6.10.14) ker dg,.

This uses the fact that
(6.10.15) AV gz = (d,) 71,

as in Section 5.6.
If ¢ is r-times continuously differentiable on W for some positive integer r,
then

(6.10.16) the restriction of ® to U(w) is a C" diffeomorphism onto V (w),

VU is a C" diffeomorphism from V' (w) onto U(w), and Up(w) is a C” submanifold
of R™. Similarly, if ¢ is infinitely differentiable on W, then

(6.10.17) the restriction of ® to U(w) is a C*° diffeomorphism onto V(w),

U is a C* diffeomorphism from V(w) onto U(W), and Up(w) is a C*° subman-
ifold of R™.

Put
(6.10.18) Wo={xz e W: ¢(x) =0},
and suppose that
(6.10.19) dé,(R™) = R"

for every x € Wy. In this case, the previous remarks imply that Wy is an (m—n)-
dimensional C! submanifold of R™. If ¢ is r-times continuously differentiable
on W, or infinitely differentiable on W, then Wy is a C" or C*° submanifold of
R™, as appropriate. This corresponds to Theorem 1.38 on p31 of [239].
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6.11 Injectivity and alternating forms

Let W be a vector space over the real numbers, and let W be a linear subspace
of W. If p is a k-linear form on W for some positive integer k, then let g
be the k-linear form on Wy obtained by restricting u to elements of Wy. More
precisely,

(6.11.1) to is the restriction of u to the set (Wy)*

of k-tuples of elements of Wy, considered as a subset of the set W* of k-tuples
of elements of W. Of course, if y is alternating or symmetric on W, then g
has the same property on Wj.

Suppose for the moment that

(6.11.2) dim Wy < k.

If 14 is an alternating k-linear form on W, then pg is an alternating k-linear form
on Wy, and thus
(6.11.3) o =0,

as in Subsections 1.11.2 and 2.5.1.

Let ¢y be the obvious inclusion mapping of Wy into W, which sends every
element of Wy to itself, and is considered as a linear mapping from Wy into W.
Note that (1) may be defined as a k-linear form on Wy, as in Section 2.3. In
this case,

(6.11.4) () = o

6.11.1 Linear mappings into

Let V be another vector space over the real numbers, and let T" be a linear
mapping from V into W. Suppose that

(6.11.5) T(V) C W,

and let Ty be the same as T', considered as a linear mapping from V into W.
Observe that
(6.11.6) T =19 0Ty,

as a linear mapping from V into W. If T*(u) is the k-linear form on V as in
Section 2.3, then we get that

(6.11.7) T*(p) = (0 0 To)* (1) = T (e (),
where the second step is as in Subsection 2.3.1. This means that
(6.11.8) T* () = T (o),

because of (6.11.4).
Of course, we can simply take Wy = T'(V'). Suppose for the moment that

(6.11.9) dimV = k.
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If

(6.11.10) T is not one-to-one on V,
then

(6.11.11) dim T(V) < k.

If u is an alternating k-linear form on W, then we get that
(6.11.12) T (u) =0,

by (6.11.3) and (6.11.8).

6.11.2 Injectivity of the differential

Let n and m be positive integers, and let U, V' be nonempty open subsets of
R™ R™, respectively. Also let ¢y be a mapping from U into R™ with

(6.11.13) Y(U) CV,

and let a be a differential n-form on V. Suppose that 1 is differentiable on U,
so that ¥*(a) may be defined as a differential n-form on U, as in Section 4.4.

Let x € U be given, and let ay(,) be the value of a at ¥(x) € V, which is
an alternating n-linear form on R™. Remember that the value of ¥*(a) at x is
the alternating n-linear form on R™ given by

(6.11.14) (6 (@))e = (difn)* (tya)):
as in Section 4.4. Suppose that

(6.11.15) di,, is not one-to-one

as a linear mapping from R™ into R™. Under these conditions, we get that
(6.11.16) (¥ (a))e =0

as in (6.11.12).

6.12 Integrating n-forms on R”

Let n be a positive integer, let E be a nonempty subset of R", and let « be a
differential n-form on E. Remember that o may be expressed as

(6.12.1) a=apdry N\ Ndxy,,

where aq is a real-valued function on F, as in Subsection 3.14.1.

Suppose that E is compact in R", and that « is continuous on E. This
means that g is continuous as a real-valued function on FE, as in Subsection
3.12.2. If F is reasonably nice, then the integral of a over E may be defined by

(6.12.2) /Ea:/an(aj)dx,
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where the right side is an ordinary Riemann integral, as in (1) in Section 4.5
on pl4l of [239]. In particular, we may do this when F is a cell in R"™, as
in Subsection 5.13.1, or the standard simplex in R, as in Section 6.2. If one
uses the Lebesgue integral, then the right side of (6.12.2) may be defned more
broadly.

6.12.1 Compactly supported n-forms
If 8 is a differential form on R™, then the support

(6.12.3) supp

of f may be defined as in Subsection 5.13.2. This is the closure of the set
of x € R™ at which the value of 8 is not zero, as an element of AM(R™).
Equivalently, if we identify AM(R") with R?", as in Subsection 3.12.2, then
the support of 5 is the same as the support of the corresponding function on
R" with values in R?".

Let a be a differential n-form on R™ asin (6.12.1), and note that the support
of a as a differential form on R is the same as the support of aq as a real-valued
function on R™. If « is continuous, and the support of « is compact, then the
integral of a over R™ may be defined by

(6.12.4) / a= / ap(z) de,

where the right side is as in Subsection 5.13.2. If C is a cell in R™ that contains
the support of «, then

(6.12.5) /na:/caz/cao(x)dx,

as before.

6.12.2 Exterior derivatives of (n — 1)-forms

Let 8 be a differential (n — 1)-form on R™. We may express [ as

(6126) ﬂ:Zﬁ] d;vl/\~-~/\dxj,1/\dxj+1/\~-~/\dxn7
j=1

as in Subsection 3.14.1, where 3; is a real-valued function on R". Suppose that
(6.12.7) B is continuously differentiable

as a differential form on R"™, which means that §; is continuously differentiable
as a real-valued function on R"™ for each j = 1,...,n, as in Section 3.13. Re-
member that the exterior derivative df of 8 is a continuous differential n-form
on R™, as in Section 4.6.
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Observe that
(6.12.8) dB = Zdﬁj Adzy A Ndxj g Ndzjiy A A day,
j=1

by the definition of the exterior derivative. Remember that

n

(6.12.9) dB; = (9i;) day

1=1
for each j, as in Section 3.14. Using this, we get that
(6.12.10) dg = Z(ajﬁj) dCL'j ANdzy A+ A d.’lﬁjfl AN d:L'jJrl A ANdxy,
j=1

because dx; A dx; = 0 for every [, as in Subsection 3.11.1. It follows that

(6.12.11) dB =" (=177 (9;8;) dwy A -+ A day,
j=1
because dx; A dz; = —dx; A dx; for each j, [, as before.

6.12.3 Compactly supported (n — 1)-forms

Suppose that
(6.12.12) [ also has compact support in R",

which means that §; has compact support for each j. This implies that 0;0;
has compact support for each j, so that df8 has compact support too. Observe
that

(6.12.13) / ds / D (17085 (@) da
, N

0 [ @)@

j=1

It is easy to see that

(6.12.14) / (0367)(x) dx =0

for each j, by integrating in the jth variable first, and using the fundamental
theorem of calculus. This means that

(6.12.15) dB=0
R’IL

under these conditions.
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6.13 More on changes of variables

Let m and n be positive integers, let W be a nonempty open subset of R", and
let ¥ be a mapping from W into R". Suppose that

(6.13.1) 1 is differentiable on W,

in the sense that ¢ is differentiable at every point in W. Let E be a nonempty
subset of W, and let « be a differential k-form on a subset of R™ that contains
Y(E) for some positive integer k. Under these conditions, we can define the
pull-back

(6.13.2) V()

of a with respect to 1 as a differential k-form on F, in essentially the same
way as in Section 4.4. More precisely, if x € E, and ;) is the value of o at
(), as an alternating k-linear form on R™, then the value of ¢¥*(«) at x, as
an alternating k-linear form on R"™, is defined by

(6.13.3) (W (@))a = (da)" (ay()),

where the right side is as in Section 2.3.

6.13.1 The case where k=m=n

Suppose now that k = m = n, and that « is as in (6.12.1) for some real-valued
function o defined on a subset of R™ that contains 1 (E). In this case,

(6.13.4) Y*(a) = (g o) (dxr A -+ Ndxy) = (ago ) dipy A -+ Adipy,

on E, where the second step is as in Section 4.5. Remember that the components

Y1, ...,y of ¥ are differentiable as real-valued functions on W.
The differential n-form

(6.13.5) dzy A --- Ndzy,

is equal to

(6.13.6) AR

at every point in R™, as an alternating n-linear form on R", as in Subsection
3.14.1. Remember that pget is the alternating n-linear form on R"™ correspond-
ing to the determinant, as in Section 1.15, and that this is equal to (6.13.6), as
in Section 2.11. It follows that

(6.13.7) Y (dxy A Ndxy) = (det dip) dey A -+ Aday,
on W, as in Section 2.5. This means that
(6.13.8) ¥ (a) = (ap o @) (det dv)) dxy A -+ - Adxy,

on E, by (6.13.4).
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6.13.2 Integrals and diffeomorphisms
Suppose that (W) is an open set in R™ too, and that

(6.13.9) 1 is a O diffeomorphism from W onto o (W).

Suppose also that F is compact as a subset of R™, and that « is continuous on
Y(E), so that ag is continuous as a real-valued function on ¢ (E). This implies
that ag o is continuous on F, so that

(6.13.10) Y™ («) is continuous on F,
because of (6.13.8). Remember that
(6.13.11) det dip is continuous

as a real-valued function on W, because ¥ is continuously differentiable on W,
as in Section 6.3.
If we also have that

(6.13.12) det ¢’ (x) = det dip, > 0

for every x € E, then

(6.13.13) /w(E)a—/Ew*(aL

at least if F is nice enough for the Riemann integral to be defined. This follows
from (6.13.8) and the change of variables formula in Subsection 6.3.1. Similarly,
if

(6.13.14) det ¢’ (z) = det dip, < 0

for every x € E, then

(6.13.15) /w(E)a = —/E?/J*(a),

if F is nice enough for the Riemann integral to be defined. This corresponds to
(2) in Section 4.5 on p141 of [239]. As before, there are versions of this using
Lebesgue measure and integration with milder hypotheses.

6.14 Diffeomorphisms and orientations

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Remember that

(6.14.1)  dv, is invertible as a linear mapping from R" into itself

for every 2 € W, because v is a C' diffeomorphism, as in Subsection 5.11.1.
Equivalently, this means that

(6.14.2) det diby # 0
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for every x € W. This implies that
(6.14.3) sign(det dip,) is locally constant on W,

as in Subsection 4.10.2, because of (6.13.11). If

(6.14.4) W is connected,
then it follows that
(6.14.5) sign(det di,;) is constant on W,
as before.
We say that
(6.14.6) 1 is orientation-preserving on W

if (6.13.12) holds for every x € W. Similarly,
(6.14.7) 1 is orientation-reversing on W

if (6.13.14) holds for every x € W.

6.14.1 Another version

The version of the change of variables formula in Section 6.4 may be restated
in terms of differential forms as well. Let a be a differential n-form on R"™ that
is continuous and has compact support, with

(6.14.8) suppa C (W).

Thus « may be expressed as in (6.12.1), where «g is a continuous real-valued
function on R™ with compact support, and

(6.14.9) supp op = supp @ C (W).
It follows that
(6.14.10) Y~ (supp ) = ¥ (supp ap) is a compact set in R",

because ¢! is continuous as a mapping from (W) into R"™, as in Subsection
5.8.5. Note that
(6.14.11) Y (supp @) = ¥ (supp ag) C W,

because ¢~ (p(W)) = W.
Let By be the real-valued function defined on R™ by

(6.14.12) Bo(x) = ao(¢(z)) detdyp, when ze W
= 0 when z € R™ \ W.

One can check that
(6.14.13) Bo is continuous on R™,
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as in Section 6.4. We also have that

(6.14.14) supp o = " (supp ag) = ¢~ ' (supp a),

as before. Put
(6.14.15) B=0odry A+ Adxy,

which is a differential n-form on R"™ that is continuous, with

(6.14.16) supp 8 = supp fo.
Note that
(6.14.17) B =1v"(a) on W,

by (6.13.8). It is easy to see that

6.14.18 —
(6.14.18) / =[5

when 9 is orientation-preserving on W, using the remarks in Section 6.4. Sim-
ilarly,

6.14.19 = —
(6.14.19) [ a [ 5

when v is orientation-reversing on W.

6.15 n-Surfaces in R™

Let m and n be positive integers, let U be a nonempty open subset of R™, and
let ¢ be a continuously-differentiable mapping from U into R™. Also let K be a
nonempty compact subset of U, which is reasonably nice, so that one can take
Riemann integrals of continuous real-valued functions on K. One may take K
to be a cell in R™ that is contained in U, for instance, or the standard simplex
in R™, if that is contained in U. One could consider wider classes of sets K
using Lebesgue measure and integration, as usual.
Let V be a nonempty open subset of R™. If

(6.15.1) P(K)CV,
then the restriction of ¢ to K is considered to be
(6.15.2) an n-surface in V,

as a mapping from K into V. This corresponds to Definition 10.10 on p254 of
[205]. We may use ® = ®(K) to refer to this n-surface, which involves both K
and the restriction of ¢ to K. The set K may be called the parameter domain
of the n-surface, as in [205].

More precisely, we shall also use the differential of ¢ at points in K. If K is
reasonably nice, then the differential of ¢ at points in K is uniquely determined
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by the restriction of ¢ to K. In particular, this holds when K is the closure of
an open set in R™.

If ¢ is r-times continuously differentiable on U for some positive integer r,
then we may say that
(6.15.3) ® is a C" n-surface in V.

Similarly, if ¢ is infinitely differentiable on U, then we may say that

(6.15.4) ® is a C* n-surface in V.

6.15.1 Integration over n-surfaces

Let o be a differential n-form on ¢(K) that is continuous on ¢(K). The integral
of a over the n-surface ® is defined by

(6.15.5) [ba:/Kgb*(a).

More precisely, ¢*(a) is a differential n-form on K that is continuous on K
under these conditions, so that the right side may be defined as in Section 6.12.
This basically corresponds to (35) on p254 of [205], although this version is
closer to Theorem 10.24 on p264 of [205].

Remember that

(6.15.6) ' V)={recU:¢(x)cV}

is an open subset of R™, because ¢ is continuous, as mentioned in Section 5.9.
Note that

(6.15.7) K C o' (V),
by (6.15.1). Of course,
(6.15.8) do~ (V) SV

automatically. If « is a differential form on V| then ¢*(a) may be defined as a
differential form on ¢~*(V) in the usual way.

6.15.2 Changing variables in R"

Let Uy be another nonempty open subset of R™, and let § be a C! diffeomor-
phism from Uy onto U. Put

(6.15.9) bo = b0,

which is a continuously-differentiable mapping from Uy into R™. Also put
(6.15.10) Ko =0"YK),
so that Ky is a compact subset of R™ that is contained in Uy, and

(6.15.11) do(Ko) = 6(K) C V.
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Thus the restriction of ¢¢ to Ky is considered to be another n-surface in V,
which may be expressed as &y = Pg(K(). More precisely, this also uses the
differential of ¢g at points in Ky, as before.

Of course,

(6.15.12) ¢o(a) = 0%(¢™(a))
on Ky, as in Subsection 4.5.2. This implies that

(6.15.13) Aa: B qﬁz';(a):/K 0" (9" ().

If 6 is orientation-preserving on Uy, then it follows that

(6.15.14) [}Oa:/}((ﬁ*(a):[ba,

where the first step is as in Subsection 6.13.2. This also uses the fact that
(6.15.15) 0(Ky) =K,

because 0(Uy) = U, by hypothesis. Similarly, if 6 is orientation-reversing on Uy,
then

(6.15.16) Loaz—/ng)*(a):—Aa.

6.15.3 Mapping V into R?

Let p be another positive integer, and let 1 be a continuously-differentiable
mapping from V into RP. Put

(6.15.17) P =mnodg,

which is defined as a mapping from ¢~!(V') into RP. In fact, v is continuously
differentiable on ¢~1(V), as in Subsection 3.9.2.
Let W be an open subset of R? such that

(6.15.18) (K) = n(6(K)) C W.

The restriction of ¥ to K may be considered as an n-surface in W, as before.
We may use ¥ = ¥(K) to refer to this n-surface.

Let 8 be a differential n-form on ¢ (K) that is continuous on ¥ (K), so that
¥*(P) is a differential n-form on K that is continuous on K, as before. Similarly,
n*(8) defines a differential n-form on ¢(K) that is continuous on ¢(K), and
@*(n*(B)) defines a differential n-form on K that is continuous on K. Note that

(6.15.19) Y*(B) = ¢"(n"(B))

on K, as in Subsection 4.5.2. Under these conditions, we have that

(6.15.20) [o=[vor=[ owen=[ro.

This corresponds to Theorem 10.25 on p265 of [205].
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Simplices and chains

7.1 Affine mappings

Let V and W be vector spaces over the real numbers. A mapping f from V
into W is said to be affine if

(7.1.1) f — f(0) is a linear mapping from V into W,

as in p266 of [205]. Equivalently, this means that there is a linear mapping T'
from V into W such that

(7.1.2) f) = f(0)+T(v)

for every v € V. It is easy to see that the space of all affine mappings from V
into W is a linear subspace of the space of all mappings from V into W, as a
vector space over the real numbers with respect to pointwise addition and scalar
multiplication of functions. The space L(V, W) of all linear mappings from V'
into W is a linear subspace of the space of all affine mappings from V into W.

Let Z be another vector space over the real numbers. If f is an affine
mapping from V into W, and ¢ is an affine mapping from W into Z, then one
can check that

(7.1.3) go f is an affine mapping from V into Z.

7.1.1 Injectivity and surjectivity

Let f be an affine mapping from V into W, and let T" be as in (7.1.2). Observe
that

(7.1.4) f is one-to-one on V
if and only if

(7.1.5) T is one-to-one on V.
Similarly,

(7.1.6) fvV)y=w
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if and only if
(7.1.7) T(V)=W.

7.1.2 More on affine mappings

Let n be a positive integer, and let eq,...,e, be the standard basis vectors in
R”™. If f is an affine mapping from R™ into W, then f is uniquely determined
by

(7.1.8) f(0), fler), ..., flen).

More precisely, if T' is the corresponding linear mapping from R" into W as in
(7.1.2), then

(7.1.9) T(e;) = fle;) = f(0)

for each 7 = 1,...,n, and this determines T uniquely. It is easy to see that
(7.1.8) may be any n + 1 elements of W, because T'(ey),...,T(e,) may be any
n elements of W.

Let m be another positive integer, and let f be an affine mapping from R™
into R™. If T is the linear mapping from R"™ into R™ corresponding to f as in
(7.1.2), then T is the same as the differential of f at every point in R™.

7.2 Some remarks about determinants

Let n be a positive integer, and let ¢ € Sym(n) be given. Also let T, be the
linear mapping from R™ into itself defined by

(7.2.1) (T5(2)); = o(j)

for each x € R™ and j = 1,...,n, as in Section 1.5. If ey, ..., e, is the standard
basis for R"™, then it is easy to see that

(7.2.2) Tg(el) = 60—1(1)
foreachl=1,...,n.

Remember that
(7.2.3) det T = paet (T'(e1), .-, T(en))

for any linear mapping 7' from R'™ into itself, as in Section 2.5. Here uget is
the alternating n-linear form on R™ associated to the determinant as in Section
1.15. Thus

(724) detT, = ,udet(eafl(lw . ,6071(70).

One can use this to check that

(7.2.5) det T, = sgn(o).
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7.2.1 Another linear mapping on R”

Let us put
(7.2.6) eo =0,
for convenience. Let 7 be a permutation on {0,1,...,n}, and let R, be the

linear mapping from R into itself such that

(7.2.7) R-,—(el) = eT(l) - e.,.(o)

for each I = 1,...,n. Note that sgn(7) can be defined in the same way as in
Section 1.4, which corresponds to identifying 7 with an element of Sym(n + 1)
in the obvious way.

Suppose for the moment that

(7.2.8) 7(0) =0,

so that

(7.2.9) R.(e)) = er(l)

for each I = 1,...,n. Let 19 be the restriction of 7 to {1,...,n}, which is an

element of Sym(n). Note that

(7.2.10) R =T,

in this case. Thus

(7.2.11) det Ry = det T, -1 = sgn(7y ) = sgn (7o),
usng (7.2.5) in the second step. This implies that

(7.2.12) det R, = sgn(7),

because sgn(7) = sgn(7p), as in Section 2.7.

7.2.2 The case where 7(0) #0

Suppose now that
(7.2.13) 7(0) # 0,

so that 771(0) # 0 too. Let p be the mapping from {1,...,n} into itself defined
by

(7.2.14) p() = 7() whenl#7710)
= 7(0) whenl=171"%0).

It is easy to see that p € Sym(n). Observe that

(7215) R.,—(el) = €1 — ep(.,.—l(o)) when [ 75 7'_1(0)

—er(0) = —€pq) Wwhenl= 71(0).
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Let L, be the linear mapping from R™ into itself such that
(7.2.16) Ly(er) = e,q  whenlz#771(0)
= —e,qy whenl=7"10).

One can check that
(7.2.17) det R; =det L,.

More precisely, one can verify that

(7.2.18) fdet(Rr(e1), ..., Rr(en)) = pdet(Lp(€1), .., Lp(en)).

Let T,-1 be the linear mapping on R" associated to p !

of the section. It is easy to see that

as at the beginning

(7.2.19) det I, = —det T,
using (7.2.3) and the definition of L,. This means that
(7.2.20) det L, = —sgn(p),
because of (7.2.5). It follows that

(7.2.21) det R, = —sgn(p),

by (7.2.17).
Let p; be the permutation on {0,1,...,n} that is equal to p on {1,...,n},
and satisfies p1(0) = 0. Thus

(7.2.22) sgn(p1) = sgn(p),

as in Section 2.7 again. One can check that 7 is the same as the composition
of p; with the permutation on {0,1,...,n} that interchanges 0 and 7(0), and
leaves the other points fixed. This implies that

(7.2.23) sgn(r) = —sgn(p1).
It follows that
(7.2.24) det R, = —sgn(p1) = sgn(7),

so that (7.2.12) holds in this case as well.

7.3 Affine simplices
Let n be a positive integer, and let eq,...,e, be the standard basis in R", as

usual. Remember that Q™ denotes the standard simplex in R, as in Section
6.2. This may be described equivalently as the set of points in R" of the form

n
(7.3.1) > ties,
j=1
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where ¢; is a nonnegative real number for each j, and Z;—;l t; <1, as on p266
of [205].

Let m be another positive integer, and let pg, p1, ..., pn be elements of R™.
These elements of R™ are not required to be distinct. Consider the affine

mapping
(7.3.2) ¢ = bpo,pr.aipn

from R™ into R™ defined by
(7.3.3) Gpopryecpn (L) = Po + Z z; (pj — po)-
j=1

This is the unique affine mapping from R into R™ such that
(7.3.4) #(0) = po and ¢(e;) = p; for each j =1,...,n,

as in Subsection 7.1.2. Note that every affine mapping from R"™ into R™ corre-
sponds to elements pg, p1, .. .,p, of R™ in this way.

7.3.1 Parameterized or oriented affine simplices

Let
(735) (I):(I)(p07p17"'apn) = [pOapla"'7pn]

be the n-surface in R™ associated to ¢p, p,
in Section 6.15. Let us call this the

pn, With parameter domain Q", as

,,,,,

3. parameterized affine n-simplezr in associated to pg,pi,...,Pn-
7.3.6 t d l R™ ted t

This may also be called the oriented affine n-simplex in R™ associated to
D0y P1s- -, Pn, as on p266 of [205]. Indeed, one is often primarily concerned
with the way that the affine n-simplex is oriented, rather than the particular
affine parameterization, as in Section 7.5. The points pg,p1,...,p, may be
called the vertices of this affine n-simplex.

Of course,

(7.3.7) Ppopr....pn (@) = {Po +> wi(pj—po) iz € Q"}

Jj=1
Equivalently,
(7.3.8)  Dpoprypa (@) = {(1 - xj) Po + Z% JREAS Qn}
j=1 j=1
If m =mn, po =0, and p; = ¢; for each j = 1,...,n, then ¢, p,...p, is the

identity mapping on R™, so that ¢p, p,...p,. (Q") = Q™.
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Alternatively, ¢py pi,....pn (Q™) consists of the points in R™ of the form

yeens

n
(7.3.9) > tivs,
§=0
where tg,t1,...,t, are nonnegative real numbers such that E?:o t; = 1. This
description shows that

(7.3.10) Dpo.pr....pn (@™) does not depend on the order

in which the vertices pg, p1, ..., p, are listed.

This will be discussed further in the next section.

7.4 Some affine mappings on R"

Let V and W be vector spaces over the real numbers, and let f be an affine

mapping from V into W, as in Section 7.1. Suppose that vq,...,v; are finitely
many elements of V| and that ¢4, ...,¢; are real numbers such that
k
(7.4.1) > oti=1
j=1

Under these conditions, one can check that

(7.4.2) f(zk:tj vj) - Zk:tj Flv;).

In fact, one can verify that this property characterizes affine mappings, with
k=2

Let n be a positive integer, let eq, ..., e, be the standard basis in R", and
let us put eg = 0, as in Subsection 7.2.1. Note that Q™ is the set of points in
R™ of the form

(743) Zt]’ €5,
7=0

where tg,%1,...,t, are nonnegative real numbers with Z?:o t; = 1. Let m be
another positive integer, let pg, p1,...,pn be elements of R™, and let ¢p, p, ...,
be as in the previous section. One can use (7.4.2) to get the description of the
elements of ¢py py .. p, (Q™) in (7.3.9).

7.4.1 Some affine mappings from permutations

Let T be a permutation on {0,1,...,n}, and let R, be the linear mapping from
R™ into itself such that
(7.4.4) RT(el) = €r(1) — €1(0)
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for each [ = 1,...,n, as in Subsection 7.2.1. If x € R™, then put
(7.4.5) & (2) = er0) + Br(2).

This is the unique affine mapping from R into itself such that
(7.4.6) & (er) = erqy

for each [ = 0,1,...,n. This is the same as the identity mapping on R™ when
7 is the identity mapping on {0,1,...,n}, and

(7~4'7) & = ¢eT(o),eT(1)’m,6T(n)7
with m = n, for any permutation 7 on {0,1,...,n}. In particular,
(7.4.8) &(Q")=Q"

for each 7, as in the preceding paragraph.

7.4.2 Orientations and &,

The differential of £, at any point in R" is equal to R, as in Subsection 7.1.2.
Remember that the determinant of R, is equal to sgn(7), as in Section 7.2. This
means that

(7.4.9) &, is orientation-preserving on R™ when 7 is an even permutation,
and that
(7.4.10) &, is orientation-reversing on R™ when 7 is an odd permutation,

as in Section 6.14.
7.4.3 Composing &, with ¢, .. ..
Observe that

(7.4.11) Ppo.prrpn (§7(€1) = Bpo.pr.pn (€2 (1)) = Pr1)

for each [ =0,1,...,n. This implies that

(7'4'12) ¢)P07P1 ----- pn © & = ¢PT(0)7PT(1)7~-»PT(n)'

In particular,

(7'4'13) ¢PT(0),PT(1),-~~’PT(n) (Qn) = Opo,p1,espn (gT(Qn)) = ¢Po,p1w~,pn(Qn>7

as mentioned in the previous section.
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7.5 Integrals over affine simplices

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Let 8 be a differential n-form on Q™ that is continuous on Q™, so that
&X(B) is another differential n-form on Q™ that is continuous on Q™. Observe

that
(7.5.1) &X(B) = sgn(r) 0,
Q™ Q™

as in Subsection 6.13.2. More precisely, this uses the fact that the differential of
&, at any point is equal to R, whose determinant is equal to sgn(7), as before.

7.5.1 Differential n-forms on ¢, , . . (Q")

Similarly, let « be a differential n-form on ¢p, p,,... p, (Q™) that is continuous on
this set. Note that

(7.5.2) Doy rayseepriny (@) = 67 (D 1, o ()
on Q", because of (7.4.12). Tt follows that

a = PP (o))
A(Pr(o),mu) ~~~~~ Pr(n)) Qr Prioy ey brim
(7.5.3) =/, X (Dro prvnpn (@)

= sgn(r) /Qn po,pr,...pn (@) = s80(T) / h

®(po,p1,--sPn)

This uses (7.5.1) in the third step, with 8 = ¢; (). Here ®(po,p1, ..., pn)
and
(7.5.4) Q(Pr(0)s Pr(1)s - - s Pr(n)) = [Pr(0)> Pr(1)s - - - » Pr(n)]

are as in Subsection 7.3.1, and the integrals over them are as in Subsection
6.15.1. Of course, (7.5.3) may be considered as a version of the remarks in
Subsection 6.15.2. This corresponds to Theorem 10.27 on p267 of [205].

7.5.2 Orientations of affine simplices

Let us put

(755) (I)(pT(O)va(l)v s apT(n)) = SgIl(T) (I)(pOapla s 7pn)a

or equivalently

(756) [p‘r(O)7pT(1)7 te 7p'r(n)] = Sgn(T> [p07p17 s apn]

If 7 is an even permutation, then this means that

(757) (I)(p07p1a s 7pn) and (I)(pT(O)va(l)a s ap‘r(n))
have the same orientation,
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even though they may be parameterized differently as n-surfaces in R". Simi-
larly, if 7 is an odd permutation, then this means that

(758) (b(pOapla s apn) and (I)(pT(O)?pT(l)7 s 7pT(n))
have opposite orientations.

This corresponds to some remarks on p267 of [205]. Of course, this notation is
compatible with (7.5.3).

7.5.3 Positive and negative orientations

Remember that ¢, ,,,... p, is one-to-one on R if and only if the corresponding
linear mapping

(7.5.9) Dpo,p1,epn (T) — P0 = ij (pj — o)
j=1

is a one-to-one linear mapping from R" into R, as in Subsection 7.1.1. This
happens if and only if

(7.5.10) pj —po, 1 <j <mn, are linearly independent in R™.

If m = n, then we may say that ®(pg, p1, ..., pn) is positively oriented when the
determinant of (7.5.9) is positive, and negatively oriented when the determinant
is negative, as on p267 of [205].

7.5.4 0-Simplices

An oriented affine 0-simplex in R™ is defined to be a point pg € R™ with a
sign attached to indicate the orientation, i.e., +pg or —po, as on p267 of [205].
This may be denoted

(7.5.11) ® = epo,

with e = £1. If f is a differential O-form defined at pg, which is to say a
real-valued function, then we put

(7.5.12) [Pf = ¢ f(po)

in this case, as in [205].
Alternatively,
(7.5.13) the standard 0-simplez Q°

may be defined as the set {0} with 0 as its only element, as on pl41 of [239]. A
parameterized 0-simplex in R™ may be considered as a mapping from Q° into
R™, as on pl42, 191 of [239]. This is essentially the same as a point in R™,
without including a sign, as in the preceding paragraph. If p € R™, then we
may use

(7.5.14) D(p)
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for the corresponding parameterized 0-simplex in R™. The corresponding in-
tegral may be defined as in (7.5.12), without the extra factor of € on the right
side.

However, signs may also be included in chains, as in the next section. Using
this, the difference mentioned in the previous paragraphs does not really matter.

7.6 Affine chains

Let m and n be positive integers, and let V' be a nonempty open subset of
R™. An affine n-chain T in V consists of finitely many parameterized affine
n-simplices

(7.6.1) Dy,..., Dy

in V' with signs

(7.6.2) €1y -y €k

attached. More precisely, for each [ = 1,... k, ®; corresponds to an affine

mapping ¢; from R™ into R™ such that

(7.6.3) w(Q") SV,

as in Subsection 7.3.1, where Q™ is the standard simplex in R"™, as in Section
6.2. This basically corresponds to the definition in Section 10.28 on p268 of
[205].

In [205], the signs ¢, = 1 are not included directly in this way, and instead
they correspond to using odd permutations of the vertices of the simplices. As
in [205], the n-simplices are not required to be distinct, so that they may occur
with multiplicity. We can also allow n = 0 here, using parameterized affine
0-simplices in R™, as in Subsection 7.5.4. This is equivalent to using oriented
affine 0-simplices in R™, by including the signs directly here.

We shall consider “simplices” that are parameterized by mappings that are
r-times continuously differentiable for some nonnegative integer r, or infinitely
differentiable, in Section 7.9. We shall also consider corresponding notions of
chains there. We shall say a bit more about some aspects of chains in Section
7.13.

7.6.1 Integrals over affine chains

Let a be a differential n-form on V' that is continuous on V. If T" is as before,
then we put

(76.4) / z [ o

as in (82) on p268 of [205]. Remember that the integrals on the right are defined
as in Subsection 6.15.1 when n > 1, and as in Subsection 7.5.4 when n = 0.
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An affine n-chain I' as before is often expressed as a formal sum

k
(7.6.5) r=> e,
=1

as in (83), (84) on p268 of [205]. The commutativity of addition reflects the fact
that we are not really concerned with the order in which the terms are listed, as
in the right side of (7.6.4). Similarly, if ¢1,..., ¢, are integers, then the formal
sum

k
(7.6.6) Z a®
=1

may be considered as an affine n-chain in V. If ¢; # 0, then this means that
sign(c;) ®; occurs with multiplicity |¢| in the chain.

Note that this type of formal sum is different from taking sums of affine
mappings from R™ into R™ when n > 1, as mentioned on p268 of [205]. Sim-
ilarly, if n = 0, then this type of formal sum is different from taking sums of
elements of R™.

7.6.2 Defining ~ for affine chains

Let 51, e 5;@ be parameterized affine n-simplices in V' with signs €1, ..., €, so
that

k
(7.6.7) r=> a@
=1
is an affine n-chain in V. Suppose that
(7.6.8) a® ~¢d

foreachl =1,...,k, in the notation of Subsection 7.5.2. Under these conditions,
we extend this notation by putting

(7.6.9) I ~T.

If « is as before, then (7.6.8) implies that

(7.6.10) El/ a:a/Na
P, D;

foreach [ =1,...,k, as in Section 7.5. It follows that

(7.6.11) /Faz/Fa,

by summing over [, as in (7.6.4).
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7.7 Boundaries of affine simplices

Let m and n be positive integers, and let pg,p1,...,p, be elements of R™,
so that ®(pg, p1,...,pn) defines a parameterized affine n-simplex in R™, as in
Subsection 7.3.1. The

(7.7.1) boundary of ®(po,p1,...,Pn)

is defined as an affine (n — 1)-chain in R™ by

n

(772) 8¢<p07p17 e ap’n) = Z(_l)l (I)(pO» ey Pl—1,DP141 - - - apn)a
=0

as in (85) on p269 of [205]. Note that

(7.7.3) the image of ®(po,...,Dj—1,Pj+1s---+Pn)
is contained in the image of ®(pg,p1,-..,Pn)

for each j, by a remark in Subsection 7.3.1. If n = 1, then we get that

(7.7.4) 0®(po, p1) = ®(p1) — ®(po),

where ®(p) is the parameterized 0-simplex corresponding to p € R™ as in
Subsection 7.5.4.

If n = 2, then
(7.7.5) 0% (po, p1,p2) = P(p1,p2) — (po, p2) + L(po, p1),
as on p269 of [205]. Note that
(7.7.6) ®(po, p2) = —(p2,p0),

in the notation of Subsection 7.5.2. We can extend this notation to affine n-
chains, as in Subsection 7.6.2, to get that

(7.7.7) 0®(po, p1,p2) = ®(po,p1) + ®(p1,p2) + P(p2,p0),
as in [205].

7.7.1 Any positive integer n

If n is any positive integer and 1 <[ < n, then

(778) (I)(p()a vy Pl—15Pl415 - - 7pTL) = [pOa ce s Pl—15,Pl415 - - - apn]

is the parameterized affine (n — 1)-simplex in R™ associated to these vertices
as in Subsection 7.3.1. If n > 2, then this corresponds to the affine mapping

(7'7'9) o= ¢po,--<7pzf1,pz+17~--,pn
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from R™! into R™ defined by
-1 n—1
(7.7.10) di(z) = po + Zl’j (pj — po) + Z zj (pj+1 — Po),
j=1 j=l
as on p269 of [205]. Remember that the parameter domain of (7.7.8) is the
standard simplex Q™! in R*~ 1.
The [ = 0 term on the right side of (7.7.2) uses the parameterized affine
(n — 1)-simplex

(7.7.11) S(p1,...,pn) = [P15- - Pn)
in R™. If n > 2, then this corresponds to the affine mapping
(7.7.12) P0 = Ppy,....pn

from R™! into R™ defined by
n—1

(7.7.13) ¢o(z) =p1+ > _ j (pjs1 — p1),

j=1

as on p269 of [205].

7.7.2 Boundaries of affine chains

Let V' be a nonempty open subset of R™, and let I be an affine n-chain in V|
as in (7.6.5). The boundary of I" is defined as an affine (n — 1)-chain in V' by

k
(7.7.14) o =Y "€ 0P,
=1

This corresponds to (90) on p270 of [205], in the case of affine chains. The
boundary of a parameterized affine 0-simplex may be interpreted as being equal
to 0, so that the boundary of an affine 0-chain is interpreted as being equal to
0 as well.

7.8 Boundaries and permutations

Let n be a positive integer, and let [ be an integer with 0 <[ < n. Put
(7.8.1) E,i=A{0,...,1—-1,14+1,...,n},

which is a set with n elements. Let p,; be the unique mapping from
(7.8.2) {0,1,...,n—1}

onto E, ; that is strictly increasing, so that

(7.8.3) pni(i) = J when j <[1—1
= j+1 whenj>1I.
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Equivalently, p,’ % is the unique mapping from E,,; onto (7.8.2) that is strictly
increasing, with

(7.8.4) poi(k) = k when k <1 —1
= k—1 whenk>1+1.

If 7 is a permutation on {0, 1,...,n}, then the restriction of 7 to E,, ; defines
a one-to-one mapping onto E,, .. Put

(785) T = p;’lT(l) oTO Pn,l,

which defines a permutation on (7.8.2). We can define sgn(7) and sgn(7;) as in
Section 1.4, by identifying these permutations with elements of Sym(n + 1) and
Sym(n), respectively, in the obvious way.

7.8.1 An expression for sgn(7)

More precisely,

(7.8.6) sen(r) =[] sien(r(k) - 7(j)),

0<j<k<n
as before. Similarly,
(7.8.7) sen(n) =[] sien(ne) — n(p)).
0<p<g<n-1
It is easy to see that this is the same as saying that
(7.8.8) sen(n) =[] sien(r(k) — 7(5)

0<j<k<n
J,k#l

in this case. It follows that
-1 n

(7.8.9) sgn(r) = sen(n) ([ sien(r) = (7)) ( T sien(r(k) - 7(2))).
j=0 k=I+1

We would like to check that

n

(7.8.10) (ﬁsign(T(l)—T(j)))( [T sin(r(k) — (1)) = (~1)"O~".
j=0

k=l+1

Observe that

(7.8.11) (1) = #{j=0,....0—1:7(j) < 7(I)}
bk =141, n: (k) <)},
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because there are 7(I) nonnegative integers less than 7(I), which correspond to
values of 7 on E,, ;. Similarly,

(7.8.12) I = #{j=0,...,0—-1:7(5) <)}
+#{7j=0,...,0—1:7(j) > 7},

because there are | nonnegative integers less than [, and the value of 7 at each
of these integers is not 7(l). This implies that

(7.8.13) T)=1 = #{k=1+1,...,n:7(k) <7()}
—#{j=0,...,0=-1:7(5) > 1)}

The total number of factors of —1 in the products on the left side of (7.8.10) is
equal to

(7.814) #{j=0,...,0=1:7(j) >7(\)}+ #{k=1+1,....,n:7(k) <7()}.
One can use this and (7.8.13) to get (7.8.10), so that
(7.8.15) sgn(n) = (—1)"W~ sgn(r),

by (7.8.9).

7.8.2 Permuting vertices of affine simplices

Let m be another positive integer, let pg, p1,...,pn be elements of R™, and let
®(pg,p1,--.,pn) be as in Subsection 7.3.1. Remember that

(7816) (I)(pT(O)apT(l)7 s ap‘r(n)) = Sgn(T) q)(p())ph s apn)7

in the notation of Subsection 7.5.2. Similarly, one can verify that

(7817) (I)(pT(O)v e Pr(i-1)Pr(+1)s - - - apT(n))
= Sgn(Tl)(I)(p()v"'7p‘r(l)—17p7’(l)+17~'-apn)7

as parameterized affine (n — 1)-simplices in R™. Basically,

(7818) Pos-- s Pr()—1:Pr(1)+15-- -5 Pn
and
(7819) Pr0)y -y Pr(—1)sPr(1+1)y - - - s Pr(n)

list the same set of vertices in R™, where the order in the second list corresponds
to the restriction of T to E, ;.
This implies that

(7.820)  ®(Pr(0)s- -+ Pr(1—1)s Pr(i41)s - - - s Pr(n))
= (_1)T(l)_l Sgn(T) (b(p07 e Pr() -1 Pr()+1s - - - 7pn)a
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by (7.8.15). It follows that

(7821) aq)(pT(O)va(l)a v ap‘r(n))

n

= Z(_:l)lq)(p‘r(o)v'--ap'r(lfl)7p'r(l+1)a-~-apn)

1

=0
Z(_l)T(Z) Sgn(T) (b(p07 cee 7p7—(l)—17p~r(l)+1» s 7p’n)
=0

= Sgn(T) aé(p07p17"'apn)7

by the definition (7.7.2) of the boundary.
Let V be a nonempty open subset of R™, and let I', I be affine n-chains in
V', as in (7.6.5) and (7.6.7), respectively. If (7.6.8) holds, then we get that

(7.8.22) or ~ ar,

because of (7.8.21).

7.9 (" Simplices and chains

Let m, n, and r be positive integers, and let U, V be nonempty open subsets of
R”™, R™, respectively. Remember that Q™ is the standard simplex in R", as in
Section 6.2, and suppose that

(7.9.1) Q" CU.
Let ¢ be an r-times continuously-differentiable mapping from U into R™ with
(7.9.2) P(Q") C V.

This defines a C" n-surface ® in V with parameter domain Q", as in Section
6.15.
Under these conditions,

(7.9.3) ® is considered as a parameterized C" n-simplex in V.

One may also call ® an oriented C™ n-simplex in V', which basically corresponds
to the definition at the beginning of Section 10.30 on p269 of [205] when r = 2.
Similarly, if ¢ is infinitely differentiable on U, then

(7.9.4) ® is considered as a parameterized C*° n-simplex in V.

This corresponds to a definition in Section 4.6 on pl41 in [239]. As before, ®
may be called an oriented C'*° n-simplex in V in this case as well. Of course, a
parameterized affine n-simplex in V' is a parameterized C'*>° n-simplex in V in
particular.

If » = 0, then one can simply ask that

(7.9.5) ¢ be a continuous mapping from Q" into V.
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This is mentioned on p142, 191 of [239], and is used in algebraic topology.

We may interpret a parameterized C" or C*° 0-simplex in V' to be the same
as a parameterized affine 0-simplex in V, as in Subsection 7.5.4. Similarly,
an oriented C” or C'°° 0-simplex may be interpreted as being the same as an
oriented affine O-simplex in V.

7.9.1 (" chains

A C" or C*° n-chain I' in V consists of finitely many parameterized C” or C*°
n-simplices

(7.9.6) ®y,..., D

in V, respectively, with signs
(7.9.7) €1, .-, Ek

attached. This basically corresponds to the definition on p270 of [205] when
r = 2. As in Section 7.6, the n-simplices are not required to be distinct. Note
that an affine n-chain in V' is a C*° n-chain in V' in particular. Some aspects of
these notions will be discussed further in Section 7.13.

As before, I' is often expressed as a formal sum

k
(7.9.8) r= Zel P,
=1

Similarly, if c1, ..., c, are integers, then the formal sum

k
(7.9.9) > ad
=1

may be considered as a C" or C'**° n-chain in V, as appropriate. In an analogous
definition on p142 of [239], one considers formal sums of parameterized C* n-
simplices in V' with coefficients in R. A related definition on p192 of [239] uses
formal sums of continuous n-simplices in V' with integer coefficients. We shall
say more about this in Section 7.13 as well.

Let I’ be a C! n-chain in V as in (7.9.8), and let a be a differential n-form
on V that is continuous on V. Under these conditions, we put

k
(7.9.10) /a: el/ «,
r ; @,

where the integrals on the right are defined as in Subsection 6.15.1 when n > 1,
and as in Subsection 7.5.4 when n = 0. This corresponds to (87) on p270 of
[205], and to (10) on p143 of [239].
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7.10 Simplices and compositions

Let us continue with the same notation and hypotheses as in the previous sec-
tion. If ¢ and U are as before, then

(7.10.1) pH(V)={reU:¢(x)eV}

is an open set in R™, because ¢ is continuous on U, as in Section 5.9. We also
have that

(7.10.2) Q" C o (V),
because of (7.9.1) and (7.9.2). Note that

(7.10.3) ¢~ (V) S V.

Let ¢ be another positive integer, and let  be a mapping from V into RY
that is r-times continuously differentiable or infinitely differentiable on V', as
appropriate. Observe that

(7.10.4) Y=no¢

defines a mapping from ¢~1(V) into RY that is r-times continuously differen-
tiable or infinitely differentiable, as appropriate. Let W be a nonempty open
subset of R? with

(7.10.5) n(V) cw,
so that
(7.10.6) P(@Q") = n(p(Q™)) S n(V) C W.

Using 9, we get a C™ or C*° n-surface ¥ in W, as appropriate, with parameter
domain @™, as in Section 6.15. This may be considered as a parameterized C"
or C'*° n-simplex in W, as appropriate.

Under these conditions, we may use the notation

(7.10.7) U =nod.

Of course, if ¢ and n are both affine mappings, then

(7.10.8) 1 is affine

too, as in Section 7.1. Sometimes we may be concerned with cases where ¢ is

affine and 7 may not be, which is related to some of the remarks in Section
10.30 starting on p269 of [205].

7.10.1 Chains and compositions

Suppose that I" is a C" or C*° n-chain in V' as in (7.9.8). Thus

(7.10.9) U, =nod,
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is a parameterized C" or C'*° n-simplex in W for each [ = 1,. .., k, as appropri-
ate. Put

k
(7.10.10) noF:Zel 0,

1=1

which is a C™ or C* n-chain in W. This is related to some remarks on p270 of
[205].

Let 8 be a differential n-form on W that is continuous on W, so that n*(53)
is a differential n-form on V that is continuous on V. If I' is a C'' n-chain in V,
then

(7.10.11) /Mﬁ—/rn*(ﬂ)-

Of course, both sides of the equation are defined as in (7.9.10). This follows
from the analogous statement for integrals over n-surfaces in Subsection 6.15.3.
7.11 Boundaries of C" simplices

Let n be a positive integer, let ey, ..., e, be the standard basis in R", and put
eo = 0, as before. Consider the parameterized affine n-simplex

(7.11.1) D(eg, e1,...,6n) = [eo,€1,--.,€n]

in R™ associated to eg,e1,...,e, as in Subsection 7.3.1. The corresponding
affine mapping

(7'11'2) ¢€O7517-'-;€n

from R into itself is the identity mapping on R™. In particular, this maps the
standard simplex Q" in R"™ onto itself.

We may consider (7.11.1) as the standard parameterized affine n-simplex in
R". Its boundary

n

(T11.3)  0(eg,e1,... en) = > (=1)' ®(eo,. ., e 1,141, -, €n)
=0

is an affine (n — 1)-chain in R", as in Section 7.7. This may be called
(7.11.4) the positively oriented boundary of Q",

as in Section 10.31 on p270 of [205].

7.11.1 (" Simplices as compositions

Let m be another positive integer, and let U, V' be nonempty open subsets of R™,
R™, respectively, with Q™ C U. Also let ¢ be a mapping from U into R such
that ¢(Q™) C V, and suppose that ¢ is r-times continuously differentiable on
U for some nonnegative integer r, or infinitely differentiable on U. This defines
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a parameterized C" or C*° n-simplex ® in V', as appropriate, as in Section 7.9.
Observe that
(7115) @:¢O¢(€0761,...,8n),

using the notation in the previous section on the right side. More precisely,
(7.11.2) corresponds to ¢ in the previous section, and ¢ here corresponds to 7
in the previous section.

Under these conditions,

(7.11.6) the boundary of ®
may be defined as a C" or C*° (n — 1)-chain in V', as appropriate, by
(7117) 0d = (bo(aq)(eo,el,...,en))

n

= Z(fl)l po®(ep, ..., €1—1,€141,-,€n),

=0

where the right side is as in the previous section. This basically corresponds to
the definition of the boundary in (89) on p270 of [205]. One can check that this
also corresponds to the definition of the boundary in (4) on p142 of [239]. To
see this, let us look a bit more closely at (7.11.3).

7.11.2 Another description of the boundary of ¢

If 1 <1 < n, then the Ith term on the right side of (7.11.3) uses the parameter-
ized affine (n — 1)-simplex

(7.11.8) D(egy . vy €11, €l4lsevr€n) = €0y s €1—1, €141y -, En)

in R™. If n > 2, then this corresponds to the affine mapping

(7119) ¢l = dje(),...,e[,l,€l+17...7en
from R™! into R™ defined by

-1 n—1
(711.10)  di(x) = eo+ Y z;(e;—eo)+ D xj(ej41— eo)
j=1 j=l

-1 n—1
= E $j€j+§ Tj€j41,
j=1 j=l

where the first step is as in (7.7.10). Similarly, if [ = 0, then the right side of
(7.11.3) uses the parameterized affine (n — 1)-simplex

(7.11.11) Dler,...,en) =e1,...,€n]

in R™. If n > 2, then this corresponds to the affine mapping

(7.11.12) D0 = Pe,...en
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from R™! into R™ defined by

n—1

(7.11.13) Go(z) =e1+ Yz (ej01 —€1),
j=1

as in (7.7.13). One can use (7.11.10) and (7.11.13) to verify that (7.11.7) corre-
sponds to the definition of the boundary in (4) on p142 of [239].

If ¢ is an affine mapping from R"™ into R™, then ® is a parameterized affine
n-simplex in R™. In this case, one can check that (7.11.7) is equivalent to the
definition of the boundary of ® as an affine (n — 1)-chain in R™, as in Section
7.7. This corresponds to a remark on p270 of [205].

7.11.3 Boundaries of C" chains

Ifr= Zle € ®; is a C" or C* n-chain in V, then the boundary of I' may be
defined as a C" or C* (n — 1)-chain in V, as appropriate, by

k
(7.11.14) or =Y " 0®,
=1

as in Subsection 7.7.2. This corresponds to (90) on p270 of [205], and to a
remark on p142 of [239].

7.12 Compositions and affine simplices

Let m and n be positive integers, and let pg,pi,...,p, be elements of R™.
Using this, we get an affine mapping ¢y, p, ... p,, from R"™ into R™ as in Section
7.3, and the corresponding parameterized affine n-simplex ®(pg,p1,...,ps) in
R™. Let V be a nonempty open subset of R™, and suppose that

(7.12.1) Dpopr.pn (@) EV,

so that ®(pg, p1,. .., pn) may be considered as a parameterized affine n-simplex
inV.

Let g be another positive integer, and let n be a mapping from V into R?
that is r-times continuously differentiable for some nonnegative integer r, or
infinitely differentiable. Thus

(7.12.2) Y =10°Ppopr,..pn
defines a mapping from

—1
(7123) P05P15---Pn (V)

into RY that is r-times continuously differentiable or infinitely differentiable, as
appropriate. Let W be a nonempty open subset of R? with (V) C W, so that

(7.12.4) P(Q™) = n(bpypr,...0n Q™)) S (V) S W.
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Using v, we get a parameterized C" or C°° n-simplex

(7125) \P:no¢(p0apla"'7pn)

in W, as appropriate, as in Section 7.10.

7.12.1 Defining ~ for C" simplices

Let 7 be a permutation on {0, 1,...,n}, and remember that
(7'12'6) ¢PT(0),P7—(1)7~~,PT(”)(Qn) = ¢p07P17"~,Pn(Qn)’
as in Sections 7.3 and 7.4. In particular,

(7127) ¢PT(0)7PT(1)7-~~7PT(n) (Qn) g ‘/’

so that

(7.12.8) 10 @(Pr(0), Pr(1)s - -+ s Pr(n))

may be considered as a parameterized C" or C* n-simplex in W, as appropriate,
as before. Under these conditions, let us put

(7129) no (I)(pT(O)va(l)v cee 7p'r(n)) = Sgl’l(’T) (77 o (I)(vapl, s apn))

This extends the notation in Subsection 7.5.2 from parameterized affine n-
simplices to parameterized C" and C*° n-simplices. If 5 is an affine mapping
from R™ into R, then (7.12.5) and (7.12.8) are parameterized affine n-simplices
in RY, and (7.12.9) is equivalent to the analogous notation in Subsection 7.5.2.

7.12.2 Defining ~ for C'" chains
Suppose that
k N koo
(7.12.10) r=>a®, I'=) g
1=1 1=1
are C" or C* n-chains in W, as in Subsection 7.9.1. If
(7.12.11) a® ~a P
for each [ =1,...,k, then we put
(7.12.12) L~T,
as in Subsection 7.6.2. In this case, one can check that

(7.12.13) ar ~ or,

as in Subsection 7.8.2.
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7.13 Some remarks about n-chains

Let m and n be positive integers, and let V' be a nonempty open subset of R™.
If r is a nonnegative integer, then

(7.13.1) the space of C" n-chains in V

may be defined as the free abelian group generated by the parameterized C" n-
simplices in V. This is often used when r = 0 in algebraic topology, as on p192
of [239]. Similarly, the spaces of affine and C'* n-chains in V' may be defined
as the free abelian groups generated by the parameterized affine and C*° n-
simplices in V', respectively. Although the details of this will not be discussed
here, we would like to mention some related aspects of this in this section.

One could also consider finite linear combinations of parameterized affine,
C", or C'*° n-simplices in V with coefficients in the real numbers, as on p142
of [239], and as mentioned in Subsection 7.9.1. The spaces of these finite linear
combinations may be defined as the free vector spaces over the real numbers
generated by the parameterized affine, C", or C'*° n-simplices, as appropriate.
We shall not get into the details of this here either, aside from some related
aspects in this section.

7.13.1 Linear functionals on differential forms

Let ® be an n-surface in V, as in Section 6.15. If « is a differential n-form on
V' that is continuous on V', then the integral of o over ® may be defined as a
real number as in Subsection 6.15.1. Thus

(7.13.2) aH[Da

defines a real-valued function on the space
(7.13.3) C(V, AM,(R™))

of all differential n-forms on V' that are continuous on V', as mentioned in Section
10.28 on p268 of [205]. More precisely, (7.13.2) defines a linear functional on
(7.13.3), which is to say a linear mapping from (7.13.3) into R. This uses the
linearity of Riemann integrals.

Similarly, if T' is a C! n-chain in V, then the integral of a over I' may be
defined as a real number as in Subsection 7.9.1. This means that

(7.13.4) o /F o

defines a real-valued function on (7.13.3) too, which is a linear functional as well.
By construction, this is a linear combination of linear functionals on (7.13.3)
associated to finitely many parameterized C! n-simplices in V as in (7.13.2).
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7.13.2 Defining = for C'! n-chains

If I'y, 'y are C! n-chains in V, then put
(7.13.5) I =T,

when

(7.13.6) /1“a:/1“ o

for every differential n-form « on V' that is continuous on V. This is the same
as saying that the functions on (7.13.3) associated to I'; and T's as in (7.13.4)
are the same.

One could simply look at a C' n-chain in V as a type of linear functional
on (7.13.3), as in Section 10.28 on p268 of [205]. If the space of C' n-chains
in V is considered as a commutative group with respect to addition, then we
get a homomorphism from this group into the space of linear functionals on
(7.13.3), as another commutative group with respect to addition. If the space
of C! n-chains in V is defined using coefficients in R, then we get a linear map
from that space into the space of linear functionals on (7.13.3).

7.13.3 Comparing ~ and =

Let @, ® be parameterized C! n-simplices in V such that
(7.13.7) P~

for some €,¢ = +1, as in Subsection 7.12.1. Under these conditions, one can
check that _
(7.13.8) ed 2Ed.

This follows from a remark in Section 7.5 when ® and ® are parameterized
affine n-simplices in V. One can reduce to that case as in Subsection 6.15.3. If
[y, T'y are C! n-chains in V that satisfy (7.12.12), then it follows that (7.13.5)
holds as well.

7.14 An associativity property

Let m and n be positive integers again, and let U, V' be nonempty open subsets
of R™, R™, respectively, with Q™ C U. Also let ¢ be a mapping from U into
R™ such that ¢(Q™) C V and ¢ is r-times continuously differentiable on U for
some nonnegative integer r, or infinitely differentiable on U, so that we get a
parameterized C” or C*° n-simplex ® in V| as appropriate, as in Section 7.9.
Let ¢ be another positive integer, let 7 be a mapping from V into R? that is
r-times continuously differentiable or infintely differentiable, as appropriate, and
let W be a nonempty open subset of R? with n(V) C W. Thus ¢ = no¢ defines
a mapping from ¢~1(V) into RY that is 7-times continuously differentiable or
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infinitely differentiable, as appropriate, which leads to a parameterized C" or
C* n-simplex ¥ = 7o ® in W, as in Section 7.10.

Similarly, let g; be a positive integer, let 7; be a mapping from W into
R% that is r-times continuously differentiable or infinitely differentiable, as
appropriate, and let W7 be a nonempty open subset of R% with

(7141) T]l(W) Q Wl.

Under these conditions,
(7.14.2) Yr=moy

defines a mapping from ¢~1(V) into R that is r-times continuously differen-
tiable or infinitely differentiable, as appropriate, with

(7.14.3) P1(Q") = m((Q") € m(W) € Wi

As before, we can use ¥ to get a parameterized C” or C*° n-simplex ¥q in W7y,
as appropriate, which may be expressed as

Observe that
(7.14.5) C=mon

defines a mapping from V into R that is r-times continuously differentiable
or infinitely differentiable, as appropriate, with

(7.14.6) ¢(V) C Wy,

This means that

(7.14.7) oo

defines a mapping from ¢~1(V) into R that is r-times continuously differen-
tiable or infinitely differentiable, as appropriate. This determines a parameter-
ized C" or C'*° n-simplex ¢ o ® in W7, as in Section 7.10 again. Of course,

(7.14.8) op=monod=nmn oy =1,
so that
(7.14.9) Cod =10,

7.14.1 Associativity and chains

Let I be a C" or C*™ n-chain in V, so that noI'is a C" or C*° n-chain in W,
as appropriate, as in Subsection 7.10.1. Similarly 7 o (poT') and (o T" are C"
or C'*° n-chains in W7, as appropriate. It is easy to see that

(7.14.10) mo(mel)=(mon)ol,

as in (7.14.9).
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7.15 Compositions and boundaries

Let us return to the notation and hypotheses at the beginning of the previous
section. In particular, ¥ = no ® is a parameterized C" or C*° n-simplex in W,
as appropriate. Also let eq,...,e, be the standard basis in R™, and put ey = 0,
as before. Remember that

(7.15.1) 0P = ¢ o (0P (eg, e1,---,6n)),

as in (7.11.7). Similarly,

(7.15.2) OV =)o (0D(eg, e1,...,€p)).
This means that

(7153) d(no®) =90V = (no@)o (0d(ep,e1,---,6n))
noe (¢ o (aq)(eanh s 76”))) =ne° (8(1))7

where the second step is the same as (7.15.2), the third step is as in (7.14.10),
and the fourth step uses (7.15.1). This is related to some of the remarks on
p270 of [205].

IfI''is a C" or C*™ n-chain in V, then noI' is a C" or C*™ n-chain in
W, as appropriate, as in Subsection 7.10.1. Similarly, n o (9I') is a C" or C*
(n — 1)-chain in W, as appropriate. Under these conditions, it is easy to see
that
(7.15.4) d(noTl) =mno(al),

using (7.15.3).

7.15.1 Boundaries of boundaries

If pg, p1,...,pn are elements of R™, then one can check that

as in Exercise 16 on p291 of [205]. More precisely, this is trivial when n < 1,
because the boundary of a 0-simplex or O-chain is interpreted as being equal to
0, as in Subsection 7.7.2.

If ¢ and ® are as before, then we get that

(7.15.6) 0(0®) = (o (0®(eg,e1,-..,€n)))
= ¢o(0(0P(eg,€e1,..-,6n))) =0,
using (7.11.7) or equivalently (7.15.1) in the first step, and (7.15.3) in the second

step. This implies that
(7.15.7) A(oT) =0

for every C" or C* n-chain I' in R™. This corresponds to the second part of
Exercise 16 on p291 of [205], and to (7) on p143 of [239].



Chapter 8

Stokes’ theorem and other
matters

8.1 Stokes’ theorem

Let m and n be positive integers, and let V' be a nonempty open set in R™.
Also let

(8.1.1) w be a continuously-differentiable differential (n — 1)-form on V,

so that the exterior derivative dw of w is a differential n-form on V that is
continuous on V, as in Section 4.6. If

(8.1.2) I is a 2 n-chain in V,

then Stokes’ theorem states that

(8.1.3) /BFWZ/Fdw.

This corresponds to Theorem 10.33 on p272 of [205], and Theorem 4.7 on p144
of [239]. More precisely, if n = 1, then it suffices to ask that

(8.1.4) I be a C* 1-chain in V,

instead of (8.1.2).

8.1.1 Some basic consequences

In particular, if

(8.1.5) or' =0,

then

(8.1.6) / dw =0,
r
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by (8.1.3). Similarly, let I'y, T's be C? n-chains in V, or C* 1-chains in V. If
(8.1.7) or'y = Iy,

then

(8.1.8) /F dw = /F dw.

This corresponds to Remark (b) on p276 of [205].
Suppose now that w is a closed (n — 1)-form on V, so that

(8.1.9) dw =0

on V. In this case, (8.1.3) reduces to

(8.1.10) /arwzo.

This corresponds to Remark (c) on p276 of [205].

8.1.2 Stokes’ theorem and =

Let 'y, I'; be C? n-chains in V again, or C' 1-chains in V. Suppose that
'y = T, in the sense of Subsection 7.13.2. If w is as in (8.1.1), then we
have that (8.1.8) holds, by hypothesis. Under these conditions, Stokes’ theorem
implies that

(8.1.11) / w:/ w.
8F1 81“2

One can use this to get that
(8.1.12) OI'; =2 00y,

in the sense of Subsection 7.13.2 again. More precisely, (8.1.12) was defined to
mean that (8.1.11) holds for all differential (n—1)-forms w on V' that are contin-
uous on V', and not just when w is continuously differentiable on V. Sometimes
this type of property is defined using smooth differential forms on V', for which
(8.1.11) could be used directly. One can also approximate continuous differ-
ential forms on V, uniformly on compact subsets of V', by differential forms
that are continuously differentiable, or even smooth, using partitions of unity,
for instance. Using this, one can get (8.1.11) when w is continuous from the
analogous statement when w is continuously differentiable.

8.2 More on Stokes’ theorem

Let us continue with the same notation and hypotheses as at the beginning of
the previous section. Let U be a open subset of R with Q™ C U, and let ¢ be
a mapping from U into R™ such that ¢(Q™) C V and

(8.2.1) ¢ is twice continuously differentible on U,
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so that we get
(8.2.2) a parameterized C? n-simplex ® in V,

as in Section 7.9. In this case, Stokes’ theorem says that

(8.2.3) /{M)cu:[bdw,

as in (92) on p273 of [205], and (2) on pl44 of [239]. If n = 1, then it suffices to
ask that
(8.2.4) ¢ be continuously differentiable on U,

as before. It is easy to see that this version of Stokes’ theorem implies the
previous one for n-chains in V', as in [205, 239].

8.2.1 Reducing to the standard parameterized n-simplex
in R"”

Let ey, ..., e, be the standard basis in R", put eg = 0, and let

(825) (I)O = @(60,61,...,(3”)

be the standard parameterized affine n-simplex in R™. Thus

(8.2.6) P =¢od,
and
(8.2.7) 00 = ¢ o (0%y),

as in Subsection 7.11.1. Remember that
(8.2.8) Up=¢ (V)

is an open set in R™ that contains Q™, as in Section 7.10.
Of course, ¢*(w) is a differential (n — 1)-form on ¢~1(V), as in Subsection
4.4.1. More precisely,

(8.2.9) ¢*(w) is continuously differentiable on U,

as in Subsection 4.5.3, because w is continuously differentiable on V', and ¢ is
twice continuously differentiable on U, by hypothesis. If n = 1, then it suffices
to ask that ¢ be continuously differentiable on U, as before.

Remember that

(8.2.10) / dw = " (dw),
) i
as in Subsection 6.15.3. We also have that

(8.2.11) ¢ (dw) = d(¢"(w))
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on ¢~1(V), as in Section 4.9. Thus

2. dw = d(¢* (w)).

(8212) Joo= [ e

Similarly,

(8.2.13) / w= " (w),
o0 o,

because of (8.2.7). If n = 1, then this involves integrals over parameterized
0-simplices, as in Subsection 7.5.4.
This means that (8.2.3) is the same as saying that

(8.2.14) (W)= [ d(¢"(w))

2d, o,

Thus we can reduce to the case where ® = ®y. This corresponds to (94) on
p273 of [205], and to (3) on pl44 of [239]. If n = 1, then this is the same as the
fundamental theorem of calculus, as in [205, 239).

8.3 Stokes’ theorem for &

Let n > 2 be an integer, let ey, ..., e, be the standard basis for R", put eg = 0,
and let ®g be the standard parameterized n-simplex in R™, as in (8.2.5). Also
let V' be an open set in R™ with

(8.3.1) Qr CV,

and let w be a continuously-differentiable differential (n — 1)-form on V. We
would like to show that

(8.3.2) / w:/ dw,
0P (o1

which corresponds to (8.2.3) with m = n and ® = ®y. This will imply Stokes’
theorem, as in the previous section.
Let k£ be an integer with 1 < k£ < n, and suppose that w is of the form

(8.3.3) w=wi(@)dry A ANdxg_1 Ndzger A A day,
where
(8.3.4) wi(x) is a continuously-differentiable real-valued function on V.

Note that every continuously-differentiable differential (n —1)-form on V' can be
expressed a sum of differential forms of this type. Thus it suffices to show that
(8.3.2) holds in this case, because of the linearity of the integrals on both sides
of the equation. This corresponds to (96) on p273 of [205], and to a remark
shortly after (5) on p144 of [239].
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8.3.1 The integral over 09,

Remember that

n

(8.3.5) 0%¢ = Z(—l)l ®(eo, .-, €1-1,€141,- - €n),
=0

as in Section 7.11. The parameterized affine (n — 1)-simplex
(8.3.6) D(eg,. .-y €1—1,E141,---5Cp)

in R™ corresponds to the affine mapping

(8'3'7) o= ¢60,.~>€z—1~,€L+17~-,6n

from R™! into R™ for each [ = 0,1,...,n, as in Subsection 7.3.1. We have
seen that

(8.3.8) bo(y) = e1 + Z yj (ejy1 —e1)

for every y € R"™!, as in Subsection 7.11.2. Similarly, if 1 < < n, then

-1 n—1
(8.3.9) di(y) = Zyj ej + Z Yj €j+1
j=1 j=l

for every y € R"™!, as before.
Observe that

n

_ - _1)¢ = —1)! *
(8.3.10) /Béow_lz_%( 1) /b(eo,“.,ez1,ez+1,4..,en)w Z( 1) /"—1 ¢l (W)7

=0

where the first step is as in Subsection 7.6.1, and the second step is as in Sub-
section 6.15.1. If [ > 1, then it is easy to see that

(8.3.11) o7 (dzy) = 0,
because the lth component of ¢; is equal to 0, as in (8.3.9). This implies that
(8.3.12) of(w) =

when [ # 0,k and w is as in (8.3.3). Thus (8.3.10) reduces to

(83.13) [oe= [ et [ o

in this case. This basically corresponds to the first line in (102) on p274 of [205],
and to part of (9) on p145 of [239)].
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8.3.2 The integral over @,

If wis as in (8.3.3), then

(8.3.14) dw = dwg Ndxy N -+ Ndxp_1 Ndxge1 A ANdzy,

as in Section 4.6. This implies that

(8.3.15)  dw = (Ogwg) dxp Adxy A+ ANdxg—1 ANdxgpr A= Aday,

because the wedge products of the other terms in dwy with the rest are equal
to 0. It follows that

(8.3.16) dw = (=1)* (Opwy) dzy A -+ A day,.

This corresponds to remarks on p275 of [205], and on p144 of [239].
Using (8.3.16), we get that

(8.3.17) do = (—1)F1 / (O () d,

@9

as in Section 6.12. If x € Q™, then

(8.3.18) (T, The1y Tt 1y -« -5 Ty)

is an element of Q™ !, as in Section 6.2. Let an element of Q™! be given as in
(8.3.18), and consider

l—z1——Tp—1—Th41—""—2Tn
(8.3.19) / (Orwi) (X1 vy The1y Ty Tt 1, - - - 5 Tpy) AT
0

This is equal to the sum of

(8.320) wi(wy,..., w1, 1 =@y — - —Tp_1 —Thy1 — " — Ty Thp1s - - -1 Tn)
and
(8.3.21) —wi (1, 1,0, Tpg1, - oy T,

by the fundamental theorem of calculus.
Observe that

(8.3.22) / () (2)

is equal to the integral of (8.3.19), as a function of (8.3.18), over Q1. This
is related to some of the remarks in Section 6.2. Thus (8.3.22) is equal to the
sum of the integrals of (8.3.20) and (8.3.21) over Q" !, as in the preceding
paragraph.
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8.3.3 Matching a pair of terms
If w is as in (8.3.3), then it is easy to see that

(8.3.23) dp(w) = (wk o dr)dyr A -+ ANdyp—1,
using (8.3.9), with [ = k. This means that

©320 (0 [ oiw
= (_1)k /n_1 wk(ylv ey Yk—1, ankv sy ynfl) dy7

as in Section 6.12. Of course, this is the same as (—1)*~! times the integral
of (8.3.21) over Q"~!. Remember that there is also a factor of (—1)*~1 on the
right side of (8.3.17).

8.3.4 Matching the other two terms
If y € R"1, then

n—1 n—1
(8.3.25) do(y) = (1 -y yj) et Y yjeii
j=1 j=1
as in (8.3.8). This implies that
n—1
(8.3.26) ¢ (day) = = dy;
j=1
and
(8327) ¢8(d$l) = dyl,1
fori=2,...,n. fwis asin (8.3.3) and k = 1, then we get that
(8.3.28) do(w) = (w1 0¢g)dyr A -+ Adyp—1.
If £ > 2, then we obtain that
$o(w) =
n—1
(8.3.29)  —(wp 0 o) ( S dyj) Adyi A Adys—a Adyg A+ A dyn_1.
j=1

This means that
(8.3.30) ¢p(w) = —(wr 0 Go) dyr—1 Adyr A+ Ndyg—o Adyr A= Adyn_1,

because all but one of the terms in the sum on the right side of (8.3.29) leads
to a wedge product that is equal to 0. Thus

(8.3.31) o (w) = (=) Y (wr o po)dyr A Adyy_1,
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by rearranging the wedge product on the right side of (8.3.30) appropriately.
Note that this is the same as (8.3.28) when k = 1.
It follows that

(83.32) [ o =0 [ o) dy

If k = 1, then this corresponds exactly to (—1)*~! times the integral of (8.3.20)
over Q" 1. If k > 2, then we basically need an additional change of variables,
as on p274 of [205], and pl45 of [239]. More precisely, one can use a change
of variables as in (10) on p145 of [239] to get that (8.3.32) is equal to (—1)*~1
times the integral of (8.3.20) over Q™~!. This is related to some of the remarks
in Subsection 7.4.1.

On p274 of [205], one considers a permutation of the standard basis vectors
so that the argument is like the k = 1 case before. This will be discussed further
in the next section.

8.4 A related argument

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Remember that

(84.1) /H 9o(w) = /{;(el,...,en) -

as in Subsection 6.15.1, which corresponds to the [ = 0 term in the second
step in (8.3.10), and in the right side of (8.3.13). Let 7 be the permutation on
{1,...,n} defined by

(8.4.2) () = k when [ =1
= [|—1 whenl=2,....k
l whenl=k+1,...,n.

One can check that
(8.4.3) sgn(r) = (—1)F 1.

As in Subsection 7.5.2, we have that
(8.4.4) Per(ry; - s ern)) = sgn(r) (er, ..., en).

More precisely, the n in Subsection 7.5.2 should be taken to be n — 1 here, so
that {0,1,...,n} before should be taken to be {0,1,...,n — 1} now. However,
here we are basically using {1,...,n} instead. Equivalently, we get that

(8.4.5) D(eg, €1, ey Ch1yChply---yCn) (—1)”“*1 Dler, ... en).

This corresponds to a remark on p274 of [205].
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We also have that

(8.4.6) / w= (=11 / w,
<I’(ek7el,...,ek,1,ek+1,...,e”) @(61,...76-”)

as in Section 7.5. Remember that the parameterized affine (n — 1)-simplex
(8.4.7) D(eg, €1,y Ch1,Chilys---5Cn)

corresponds to the affine mapping

(848) wk = ¢ek,el,...,ek,l,ekJrl,...,en

from R™ ! into R™ as in Subsection 7.3.1. In this case, we have that
k—1 n—1

(8.4.9) Gr(y) =ex+ Y yj(ej—ex) + Yy (ej11 — ex)
j=1 j=k

for every y € R"~!, as in Subsection 7.7.1. This means that

n—

1 k—1 n—1
(8.4.10) or) = (1= w) er+ D wies+ D wyesun
1 j=1 k—k

j:
for every y € R~ 1.
As in Subsection 6.15.1,

(8.4.11) Wi (w).

/<1> Qn—
(ex,e1,---sex 1»Ck+17---76n) n-1
Observe that

(8.4.12) Yip(de) = dy whenl=1,...,k—1
n—1
= — Z dy; whenl=F%
j=1
= dy_1 when =k +1,...,n.

If wis as in (8.3.3), then we get that

(8413) 111,:(w) e (wk o ’L/}k) dyy N ANdyp—1.

This means that
(8.414) Lo vie)= [ et
as in Section 6.12. This corresponds exactly to the integral of (8.3.20) over
anl.

As before, we get that (8.3.32) corresponds to (—1)*~! times the integral of
(8.3.20) over Q"1 because of the factor of (—1)*~! on the right side of (8.4.6).
This shows that (8.3.13) is equal to (8.3.17), as desired.
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8.5 Stokes’ theorem on cells

Let n be a positive integer, let aq,...,a, and by, ...,b, be real numbers with
aj <b;foreach j=1,...,n,and let C = H?Zl[aj, b;] be the corresponding cell
in R™, as in Section 5.13. Also let U be an open set in R™ with

(8.5.1) ccu,

and let 8 be a continuously-differentiable differential (n — 1)-form on U. Thus
B may be expressed as

(852) BZ Zﬁ] dxl /\"'/\dl‘j_l /\dxj+1 /\"'/\dl‘n

j=1

on U, as in Subsection 3.14.1, where 3; is a continuously-differentiable real-
valued function on U for each j. The exterior derivative of 5 can be expressed
as

n

(8.5.3) dB =" (=177 (9;8;) dwy A -+ A day,

Jj=1

as in Subsection 6.12.2.
This means that

(8.5.4) [ (~1)7 (9,8))(x) da

[

J

=1

(—1)! /C (9;8,)(x) da.

[
M=

1

<.
Il

In the jth term on the right side, we can integrate in the jth variable first, and
use the fundamental theorem of calculus. Let us express the result in terms of
integrals of 8 over suitable (n — 1)-surfaces in R™. We suppose from now on
in this section that n > 2, since otherwise one can simply use the fundamental
theorem of calculus directly.

If 1 <1< mn, then put

(8.5.5) Cl = [al,bl] X+ X [alfl,blfl] X [al+1,bl+1] X oo X [an,bn],

which is a cell in R"~!. Consider the mappings ¢; and 1/; from R"~! into R"
defined by

(8.5.6) dr(w) = (w1, ..., w—1,a;, W, ..., Wy_1)

and

(857) wl(w) = (wla'"7wl—1ablawl7"'7wn—1)

for each w = (w1, ..., w,_1) € R"~!. Using ¢; and vy, we get (n — 1)-surfaces

(858) (I)l = (I)l(Cl) and \I/l = \IIZ(CZ)
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in R™ with parameter domain C;, as in Section 6.15. More precisely, these are
(n — 1)-surfaces in U, because
(8.5.9) ou(Cr), hi(C) CCC U

Observe that
s50)  [@a))de = [ atniw)du— [ slow) do,

C C C

by the fundamental theorem of calculus. We also have that ¢; *(U), 1, '(U)
are open subsets of R" ™1, with
(8.5.11) G C o N (U), v H(U),

because of (8.5.9).
It is easy to see that

(8512) ¢?(5) = (ﬁl o¢l)dw1 /\~--/\dwn,1

on ¢; ' (U). This uses the fact that ¢; (dz;) = 0, so that only the j = [ term in
sum on the right side of (8.5.2) can have a nonzero pull-back with respect to ¢;.
Similarly,

(8.5.13) Y (B) = (Broy)dwy A~ Adwy—q
on ¢ (U).

It follows that
(8.5.14) /C(Z?Bl)(x) dx = [I,l 8- . B.

More precisely, the two integrals on the right side are defined as in Subsection
6.15.1, with n replaced with n — 1.
Combining this with (8.5.4), we get that

(8.5.15) /cdﬁ_zn:(l)ll (/P Bf[p B).
— , z

This is a version of Stokes’ theorem for cells in R™. This version could be
obtained from the previous one, by expressing integrals over cells as integrals
over affine chains.

8.6 More on vector fields

Let n and r be positive integers, and let U be a nonempty open subset of R™.
Also let € be an (r—1)-times continuously-differentiable vector field on U, which
is to say an (r — 1)-times continuously-differentiable function on U with values
in R™, as in Section 4.3. Thus

= 0
(86.1) () =D 6 50
j=1
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defines a linear mapping from C"(U,R) into C"~}(U,R), as before. If ¢ is
infinitely differentiable on U, then this defines a linear mapping from C*° (U, R)
into itself.

Note that
(8.6.2) € Xe

defines a linear mapping from C"~1(U, R"™) into the space
(8.6.3) L(C™(U,R),C""1(U,R))

of linear mappings from C"(U,R) into C"~}(U,R). Similarly, (8.6.2) defines a
linear mapping from C*° (U, R™) into the space

(8.6.4) L(C®(U,R))

of linear mappings from C*°(U, R) into itself. If fj(z) =x;on U forl =1,...,n,
then
(8.6.5) Xe(fr) =&

In particular, this means that (8.6.2) is injective as a mapping from C™~1(U, R™)
into (8.6.3), and from C*°(U,R"™) into (8.6.4).

8.6.1 Commutators and Lie brackets

Suppose that r > 2, and let 5 be another (r—1)-times continuously-differentiable
vector field on U. Note that X; and X, define linear mappings from C" (U, R)
into C"~1(U,R), and from C"~*(U,R) into C"~2(U,R). This implies that the
compositions

(866) Xé o XT? and Xn @) X{

of X¢ and X)), in either order, define linear maps from C" (U, R) into C"~2(U, R).
Thus
(8.6.7) [Xe, X,] = Xe 0 Xy — X, 0 X

defines a linear mapping from C" (U, R) into C"~2(U, R) as well. One can check
that there is a unique (r — 2)-times continuously-differentiable vector field ¢ on
U such that

(8.6.8) [Xe, X)) = X
on C"(U,R).

We may use the notation
(8.6.9) ¢=[&m)

in this case. This may be called the Lie bracket of £ and 7, as in Definition 1.44
on p36 of [239]. This defines a bilinear mapping from

(8.6.10) C"YU,R") x C"1(U,R™)

into C"~2(U,R™). It is easy to see that this mapping is antisymmetric, in the
sense that

(8.6.11) [§,m] = —=[n. €]
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Similarly if £ and 7 are infinitely differentiable on U, then X¢o X, and &, 0 A
define linear mappings from C°°(U,R) into itself, so that their commutator
(8.6.7) defines a linear mapping from C*°(U, R) into itself too. As before, there
is a unique smooth vector field ¢ on U such that (8.6.8) holds on C*°(U,R).
This may also be denoted

(8.6.12) ¢ = [ nlcwrm

under these conditions. This defines an antisymmetric bilinear mapping from
C>(U,R™) x C>(U,R"™) into C*°(U,R™).

8.7 Some more compositions

Let n and r be positive integers again, and let U be a nonempty open subset of
R"™. Suppose now that r > 3, and put

(8.7.1) Vi = C"F(U,R™)

for k=0,1,2,3. Thus
(8.7.2) Vs C Vo C Vi C W,

as in Section B.3. If o is an (r — 1)-times continuously-differentiable vector field
on U, then X, defines linear mappings from C"~*(U,R) into C"~*~1(U, R) for
k =0,1,2. This means that

(8.7.3) Xy € L32(V1, V),

in the notation of Section B.3.

If 8 is another (r — 1)-times continuously-differentiable vector field on U,
then
(8.7.4) X0 Xg € L3(Va, V),

in the notation of Section B.3. Thus
(8.7.5) [Xo, X5] € L3(Va, Vo).

If v is an (r — 1)-times continuously-differentiable vector field on U too, then

(8.7.6) XooXgo X, € L(V5,V)).
Similarly,

(8.7.7) ([Xa, Xp]) 0 Xy, Xy o ([Xa, X3]) € L(V3, V).
Thus

(8.7.8)  [[Xa, Xp], X] = ([Xa, Xp]) 0 Xy — &, o ([Xa, X)) € L(V5, Vo).

In fact,
(8.7.9) s sl ) + [, X, ], o] + [y, X, K] = 0

in £(V3,Vy), as in Section B.3. This is a version of the Jacobi identity.
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8.7.1 The Jacobi identity for brackets

Note that
(8.7.10) [a, 8], [B,7], and [v, a]

may be defined as (r — 2)-times continuously-differentiable vector fields on U as
in (8.6.9). Similarly,
(8.7.11) [[ev, B1.7]

and analogous expressions may be defined as vector fields on U that are (r — 3)-
times continuously differentiable. One can verify that

(8'7'12) [[a7/6]77] + Hﬁa’)/]v a] + H’y’ O‘]vﬁ] =0,

which is essentially the same as (8.7.9).

If o, B, and +y are infinitely differentiable on U, then &, X, and &, define
linear mappings from C*°(U,R) into itself, so that their various compositions
define linear mappings from C*°(U, R) into itself too. In this case, the analogue
of (8.7.9) on C°(U, R) is a bit simpler, as mentioned at the beginning of Section
B.3. This implies that

(8.7.13) C*(U,R") is a Lie algebra

over the real numbers with respect to (8.6.12), as in Section B.1. This corre-
sponds to a remark after Proposition 1.45 on p36 of [239], and to example 3.5
(a) on p84 of [239].

8.8 Lie derivatives of functions and vector fields

Let n and r be positive integers, and let U be a nonempty open subset of R"™.
If € and 7 are r-times continuously-differentiable vector fields on U, then

(8.8.1) Le(n) = [&:]

is an (r —1)-times continuously-differentiable vector field on U, as in Subsection
8.6.1. This may be called the Lie derivative of n with respect to £&. More
precisely, this type of Lie derivative is discussed in Definition 2.24 on p69 of
[239] for smooth vector fields. The fact that the Lie derivative may be expressed
as in (8.8.1) corresponds to part (b) of Theorem 2.25 on p70 of [239)].
Similarly, if £ is an (r — 1)-times continuously-differentiable vector field on U
and f is an r-times continuously-differentiable real-valued function on U, then

(8.8.2) Le(f) = Xe(f)

is an (r — 1)-times continuously-differentiable real-valued function on U, where
X is as in Section 8.6. This may be called the Lie derivative of f with respect
to £&. This type of Lie derivative may be considered as a particular case of those
discussed on the top of p70 of [239] for smooth vector fields. The fact that the
Lie derivative may be expressed in this way corresponds to part (a) of Theorem
2.25 on p70 of [239].
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8.8.1 Multiplying vector fields by functions

Let r be a nonnegative integer, let a be an r-times continuously-differentiable
real-valued function on U, and let ¢ be an r-times continuously-differentiable
vector field on U. We can define a £ as an r-times continuously-differentiable
vector field on U, using scalar multiplication on R"™, so that

(8.8.3) (@&)(x) = a(x) &(x)

for every x € U. If f is an (r + 1)-times continuously-differentiable real-valued
function on U, then

(8.8.4) Xag(f) = aXe(f)

on U.

Suppose that » > 1 again, let a, £, and 1 be as before, and let b be another
r-times continuously-differentiable real-valued function on U. One can check
that

(8.8.5) @&, bnl=abl&n]+aXe(b)n—bX,)(a)€

on U. This corresponds to part (b) of Proposition 1.45 on p36 of [239]. Equiv-
alently, this means that

(8.8.6) Lag(bn) = abLe¢(n) +aLe(b)n—bLy(a)g
on U. In particular, if a = 1 on U, then

(8.8.7) Le(bn) = Le(b) n + b Le (n)

on U.

8.8.2 Lie derivatives of Lie brackets

Suppose now that r > 2, let £ and n be as before, and let 77 be another r-times
continuously-differentiable vector field on U. Under these conditions, one can
check that

(8.8.8) Le([n,)) = [Le(n), 0] + [, Le ()]

on U, using the Jacobi identity (8.7.12). If & is infinitely differentiable on U,
then L¢ is a derivation on the Lie algebra of smooth vector fields on U, as in
Section B.4.

8.8.3 Some remarks about Lie derivatives

Let r be a positive integer again, and let £, 7, and f be as before. Thus X, (f)
is an r-times continuously-differentiable function on U, and

Le(X(f)) = Xe(Xy(f)) = (Xe( X (f)) — Xp(Xe(f))) + X (Xe(f))
(88.9) Xiew) (F) + Xy (Le(1) = Xp () + X(Le()

on U.
Note that L¢(n) is uniquely determined by (8.8.9), as in Section 8.6.
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8.9 ¢-Related vector fields

Let n and m be positive integers, let U be a nonempty open subset of R", and
let V' be a nonempty open subset of R™. Also let ¢ be a differentiable mapping
from U into V, let a be a vector field on U, and let £ be a vector field on V. This
means that « is an R™-valued function on U, and £ is an R™-valued function
on V. We say that

(8.9.1) « and & are ¢-related
if
(8.9.2) dpz(a(z)) = &(o(x))

for every x € U. This corresponds to Definition 1.54 on p41 of [239].
Let f be a differentiable real-valued function on V', so that f o ¢ is differen-
tiable on U, as in Section 3.9. Let us use

(8.9.3) X

for the first-order differential operator associated to a on U as in Subsection
4.3.1 and Section 8.6, and let us use

(8.9.4) Ve

for the analogous differential operator associated to £ on V. One can check that

(8.9.5) Xo(fod) = (Ve(f)) oo

on U, using (8.9.2) and the chain rule. Conversely, one can get (8.9.2) from this
property, using fi(y) =y, on V for I =1,...,m.

8.9.1 Brackets of ¢-related vector fields

Suppose now that ¢ is a twice continuously-differentiable mapping from U into
V, a and [ are continuously-differentiable vector fields on U, and £ and 7
are continuously-differentiable vector fields on V. Note that [, 5] and [€, 7]
are continuous vector fields on U and V, respectively, as in Subsection 8.6.1.
Suppose that (8.9.1) holds, and that

(8.9.6) B and 7 are ¢-related
too. We would like to show that
(8.9.7) [, B] and [€, n] are ¢-related

under these conditions. This corresponds to Proposition 1.55 on p41 of [239].
Let f be a twice continuously-differentiable real-valued function on V. This

implies that fo¢ is twice continuously differentiable on U, as in Subsection 3.9.4,

so that X, (f o ¢) and Xg(f o ¢) are continuously differentiable on U. Similarly,
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Ye(f) and YV, (f) are continuously differentiable on V, and their compositions
with ¢ are continuously differentiable on U. Observe that

(8.9.8) Xja,g(f 0 d) = ([Xa, Xs])(f 0 ¢) = Xa(Xs(f 0 ¢)) — Xp(Xa(f © ¢))

on U, as in Subsection 8.6.1. Using (8.9.1) and (8.9.6), we get that the right
side is equal to

(8.9.9) Xo(Vy(f) © @) = Xa(Ve(f) 0 9),
as in (8.9.5).
This is equal to
(8.9.10) Ye(Vu(£))) 0 ¢ = (Vn(Ve(f))) o ¢,
as in (8.9.5) again. This is the same as
(8.9.11) Vi (f)) © ¢,
as in Subsection 8.6.1. Thus we get that
(8.9.12) Xap(f o @) = Vg (f)) oo

on U. This implies (8.9.7), as before.

8.10 Polynomial vector fields

Let (A,b) be an algebra in the strict sense over the real numbers, as in Section
A.2. Also let § be a derivation on A with respect to b, as in Subsection A.2.1.
One can check that the kernel of § is a subalgebra of A. If A has a multiplicative
identity element e with respect to b, then one can verify that d(e) = 0.

Let m and n be positive integers. Consider the space

(8.10.1) PR",R™)

of functions on R™ with values in R™ each of whose components is a polynomial
on R™ with real coefficients. This is a linear subspace of the space C*°(R"™, R™)
of infinitely-differentiable functions on R™ with values in R™.

Let us now take m = n. One may describe

(8.10.2) PR",R")

as the space of polynomial vector fields on R™. This is a linear subspace of the
space C°(R™, R™) of all smooth vector fields on R™. Let £ be a polynomial
vector field on R", and let X be the corresponding first-order differential oper-
ator on R", as in Section 8.6. It is easy to see that X defines a linear mapping
from the space

(8.10.3) PR") =PR"R)

of polynomials on R™ with real coefficients into itself.
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As before, £ — X defines a linear mapping from (8.10.2) into the space
(8.10.4) L(P(R"))

of linear mappings from P(R™) into itself. This mapping is injective, for the
same reasons as in Section 8.6. If £ and 7 are polynomial vector fields on R"™,
then it is easy to see that

(8.10.5) [€.n] € P(R",R").

This means that (8.10.2) is a Lie subalgebra of C*°(R™,R"), with respect to
the Lie bracket, as in Section B.2.

Of course, P(R") is a commutative associative algebra over the real numbers
with respect to ordinary multiplication. If £ is a polynomial vector field on R™,
then A is a derivation on P(R"™). It is not too difficult to show that every
derivation on P(R™) is of this type.

8.11 Cell-nice sets in R"

Let n be a positive integer, and let x,y € R™ be given. Consider the cell

(8.11.1) C(xz,y) = [ [Imin(z;,y;), max(z;, y;)]

j=1
in R™, as in Section 5.13. Of course,

(8.11.2) z,y € Clx,y),
by construction. If C is any cell in R™ such that
(8.11.3) z,y €C,

then it is easy to see that
(8.11.4) C(z,y) CC.

Let us say that a subset F of R is cell-nice about a point w € E if for every
rx € F,
(8.11.5) C(w,z) CE.

Cells in R™ are cell-nice about each of their elements, for instance. Remember
that the open ball B(w,r) in R™ centered at w € R™ with radius r > 0 with
respect to the standard Euclidean metric may be defined as in Subsection 3.4.3.
One can check that

(8.11.6) B(w,r) is cell-nice about w.

It is easy to see that

(8.11.7) unions and intersections of families of subsets of R"

that are cell-nice about w are cell-nice about w too.
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8.11.1 Projecting R"” onto R?

Let p be a positive integer with p < n, and let 7, be the obvious projection
from R™ onto RP, so that

(8.11.8) mp(x) = (21,...,2p)

for each = (z1,...,2,) € R™. If C is a cell in R™, then
(8.11.9) mp(C) is a cell in RP.

If £ C R" is cell-nice about w € E, then one can verify that
(8.11.10) 7p(E) is cell-nice about m,(w),

as a subset of RP. If A C R?, m,(w) € A, and A is cell-nice about 7, (w) in R?,
then it is easy that
(8.11.11) 71';1(14) is cell-nice about w in R".

If w e R™ and r > 0, then it is easy to see that
(8.11.12) mp(B(w,r))

is the same as the open ball in R? centered at m,(w) with radius =, with respect
to the standard Euclidean metric on RP. If U is an open set in R", then it
follows that

(8.11.13) 7p(U) is an open set in RP.

This means that
(8.11.14) Tp is an open mapping from R™ onto R?,

as in Subsection 5.10.1.

8.12 Integrating some functions

Let n and p be positive integers with p < n again, and let W be an open set in
R™ that is cell-nice about a point w € W. Thus

(8.12.1) V =7, (W)

is an open set in R” that is cell-nice about m,(w), where 7, is the obvious pro-
jection from R™ onto RP, as before. Also let f be a continuously-differentiable
real-valued function on W, and suppose that

(8.12.2) 8;f(z) =0

for each x € W and j = p+1,...,n. Of course, this condition holds vacuously
when p = n.
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One can check that this implies that f(z) does not depend on z; for j =

p+1,...,n, because W is cell-nice about w. More precisely, if + € W and
p < n, then
(8.12.3) (T1ye ey Ty Wpi1, ..., Wy) €W,

because W is cell-nice about w. One can verify that

(8.12.4) flx)=fz1, ., Tpy Wpt1, ..., Wy)

for every x € W under these conditions.
This means that f can be expressed as

(8.12.5) f(@) = ¢(my(2)),
where ¢ is a real-valued function on V. In fact,
(8.12.6) ¢ is continuously differentiable on V,

because it is the same as the right side of (8.12.4). If y = (y1,...,yp) € V, then

(8.12.7) (y1,...,yp_1,t) eV

when

8.12.8 wy <t <y, ory, <t < w,p,
P p P P

as appropriate, because V is cell-nice about 7,(w) in R?.

8.12.1 Integrating ¢ in the pth variable on V'

Consider the real-valued function ® defined on V by

Yp
D(y1,...,Yyp) = oY1, .-, Yp—1,t)dt when y, > w,
(8.12.9) = —/ O, Yp—1,t) dt when yp, < wp.
Yp
Note that
(8.12.10) D(y1,...,Yp) = 0 when y, = w,,.

One can check that
(8.12.11) ® is continuous on V.

This is straightforward when p = 1, and otherwise one can use the uniform
continuity of ¢ on compact subsets of V. Of course,

(8.12.12) 9, = ¢

on V', by construction.
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Ifp>2andj=1,...,p—1, then 0;® can be obtained by differentiating
under the integral sign, to get that

Yp
(Y1, .-, Yp) = / 0;0(y1s .-, Yp—1,t)dt when y, > w,
Wp
(8.12.13) = 7/ 0;0(y1, ..., Yp—1,t)dt when y, < w,.
Yp

More precisely, the difference quotients of ® used to define 9;® are equal to
analogous integrals of difference quotients of ¢, because of the linearity of the
integral. In order to differentiate under the integral sign, it is enough to have
uniform convergence of the difference quoitents of ¢ along the appropriate closed
segment. This can be obtained from the uniform continuity of d;¢ on compact
subsets of V', and the mean-value theorem of the fundamental theorem of cal-
culus.
If p > 2, then
(8.12.14) 0;® is continuous on V/

for each j =1,...,p — 1. This follows from the continuity of 9;¢ on V, in the
same way as in (8.12.11). This means that

(8.12.15) ® is continuous differentiable on V,

because (8.12.12) is continuous on V', by hypothesis.

8.12.2 Some properties of these functions

Consider the real-valued function F' defined on W by

(8.12.16) F=%on,
Note that
(8.12.17) F is continuously differentiable on W,

because @ is continuously differentiable on V. It is easy to see that
(8.12.18) OpF=f

on W, because of (8.12.12). If p < n, then F(z) does not depend on z; for
j=p+1,...,n, so that
(8.12.19) 0;F(z) =0

for every x € W.

This basically corresponds to Theorem 10.38 on p278 of [205], which is stated
for convex open sets in R™. The argument here is essentially the same as in
[205], with some simplifications in this case. This is also related to Exercise 29
on p297 of [205], as mentioned in [205].
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Let r be a positive integer, and suppose now that f is r-times continuously
differentiable on W, which implies that ¢ is r-times continuously differentiable
on V. Under these conditions, one can check that

(8.12.20) ® is r-times continuously differentiable on V,
using the same type of arguments as before. This implies that
(8.12.21) F is r-times continuously differentiable on W.
If f is infinitely differentiable on W, then it follows that

(8.12.22) F' is infinitely differentiable on W.

8.13 A version of Poincaré’s lemma

Let n be a positive integer, and let W be an open set in R that is cell-nice
about a point w € W again. Also let

(8.13.1)  j be an infinitely-differentiable differential k-form on W
for some k = 1,...,n, and suppose that
(8.13.2) B is a closed form on W,

so that d3 = 0 on W. We would like to find an infinitely-differentiable differen-
tial (k — 1)-form o on W such that

(8.13.3) doa=p

on W, so that 3 is exact on W.
This is a version of the famous Poincaré lemma. This basically corresponds
to Theorem 10.39 in [205], which is stated for convex open subsets of R™.
More precisely, suppose that g is r-times continuously differentiable on W
with
(8.13.4) r>n—k+1,

instead of infinite differentiability. Under these conditions, the proof will show
that we can find a differential (k — 1)-form o on W such that

(8.13.5)  ais (r —n+ k)-times continuously differentiable on W,
and (8.13.3) holds on W.

8.13.1 Invariance under diffeomorphisms
Let U be a nonempty open subset of R™, and suppose that

(8.13.6) every infinitely-differentiable differential k-form on U
that is closed on U can be expressed as the exterior derivative

of an infinitely differentiable differential (k — 1)-form on U.
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If
(8.13.7) ¢ is a C*° diffeomorphism from U onto another open set V' C R",

as in Subsection 5.12.2, then one can check that V' has the same property. This
corresponds to Theorem 10.40 on p280 of [205].

8.14 Some initial steps

Let us continue with the same notation and hypotheses as at the beginning of
the previous section. Let p and r be positive integers, with

(8.14.1) kE<p<n.

Consider the space
(8.14.2) Y(k,p,r)

of r-times continuously-differentiable differential k-forms v on W of the form
(8.14.3) N = > v dal.
IC{L,....p} #I=k

More precisely, the sum on the right is taken over all subsets I of {1,...,p}
with exactly k elements.

Of course, if p = n, then (8.14.2) consists of all r-times continuously-
differentiable differential k-forms on W.

8.14.1 The p = k case
Suppose for the moment that
(8.14.4) v e Y (k k1)

This means that
(8.14.5) v=fdzi A--- ANdzy

for some r-times continuously-differentiable real-valued function f on W. Ob-
serve that

= Z(ajf)dmj/\dx1/\~--/\dxk
J=1

= 3 (-DF@if)dr A+ Aday A day,
j=k+1

where the sum on the right is interpreted as being equal to 0 when k£ = 1. It
follows that
(8.14.7) dy=20
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on W if and only if
(8.14.8) 9;f =0

on W for each j =k +1,...,n, which is vacuous when k = n.
In this case, there is an r-times continuously-differentiable real-valued func-
tion F on W such that

(8.14.9) oF =f
on W, and
(8.14.10) 0;F =0

on W for each j > k+ 1, as in Subsection 8.12.2. Note that F' does not depend
on r. In particular, if f is infinitely differentiable on W, then F' is infinitely
differentiable on W too, as before.

Thus
(8.14.11) (DY Fdoy A Adxp_ €Y (k—1,k—1,7).

Observe that

(8.14.12) d(~1D)* Y Fdxy A--- Adxg_y)
= (=D)*YdF Adzy A Adap_y
= (71)}671 (8kF) drp Ndxy A Ndxg_q
= (OxF)dxy N+ Ndaxg_1 Ndxg =7

under these conditions. Note that this implies the Poincaré lemma when k& = n.

8.14.2 The induction hypothesis

Suppose now that
(8.14.13) k+1<p<n,

so that p > 2 in particular. Our induction hypothesis is that

(8.14.14) if r > p — k and an element of Y (k,p — 1,7) is closed as a
differential form on W, then it can be expressed as the exterior
derivative of an element of Y(k—1,p—2,r —p+ k + 1).

More precisely, this element of Y (k—1,p—2,r) should not depend on r, so that

it is infinitely differentiable when the initial element of Y (k,p— 1,7) is infinitely
differentiable. Note that

(8.14.15) (8.14.14) holds when p — 1 = k,

as in (8.14.12).
We would like to use (8.14.14) to show that
(8.14.16) if r > p— k41 and an element of Y (k,p,r) is closed as a
differential form on W, then it can be expressed as the exterior

derivative of an element of Y (k — 1,p — 1,7 —p + k).
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As before, this element of Y (k —1,p — 1,7 — p + k) should not depend on r, so
that it is smooth when the initial element of Y (k, p, r) is smooth.

We shall discuss (8.14.16) further in the next section. Of course, (8.14.14)
is the same as (8.14.16) with p replaced with p — 1. The version of the Poincaré
lemma mentioned in the previous section will follow from (8.14.16) with p = n.

8.15 The induction step

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Suppose that the induction hypothesis (8.14.14) holds, and let us show
that (8.14.16) holds as well, as in [205]. Let  be an element of Y (k,p,r) as in
(8.14.3), with

(8.15.1) r>p—k+1,

and suppose that v is closed on W.

8.15.1 Some preliminary remarks about ~

Observe that

(8.15.2) dy = > dyr A dz!
Ig{l,...,p},#lzki

= Z Z(ﬁjw) drj A dx!
IC{1,....p},#I=Fk j=1
on W. This is equal to 0 on W, by hypothesis. It follows that
(8.15.3) > (9;vr) daj A dx' =0
Ig{17"'7p}7#I:k
on W for j =p+1,...,n. In fact, one can use this to get that
(8.15.4) 9jv1 =0

on W for every I C {1,...,p} with exactly k elements and j =p+1,...,n.

8.15.2 Some functions I'; on W

Note that r > 2, because of (8.14.13) and (8.15.1). If I C {1,...,p} has
exactly k elements, then there is an r-times continuously-differentiable real-
valued function I'y on W such that

(8155) 6PF[ =
and
(8.15.6) ;T =0

on W for j =p+1,...,n, as in Subsection 8.12.2. Remember that I'; does not
depend on 7, so that it is smooth on W when ~y is smooth on W.



8.15. THE INDUCTION STEP

8.15.3 Some auxiliary differential forms

Put

(8.15.7) &= Z vr dat
IC{1,...p—1},#1=k

and

(8.15.8) n= Z yrdat.

IC{1,....p}.pel #I=k

By construction,

(8.15.9) EeY(k,p—1,1)

and

(8.15.10) y=E4.

If I C{1,...,p} has exactly k elements and p € I, then put
(8.15.11) I(p) =1\ {p},

so that I(p) C {1,...,p — 1} has exactly k — 1 elements.
Put
(8.15.12) ¢= > Ty da'®),
IC{1,...,p},pEl #I=Fk

which is a differential (k — 1)-form on W. Observe that

i = > dl'; A da'®
IC{1,....p},pel, #I=k
p—1

(81513) = Z Z(ajfl) dl‘j A dﬂfI(p)

IC{1,....p},pel #I=k j=1

+ Z v da, A da! P,
IC{1,...,p},pEl #I=k

This implies that

p—1

(8.15.14) d¢ = 3 > (Oir) daj A da"®) 4 (1),

IC{1,...,p},pEl #I=k j=1
It follows that
v = (=D d¢

p—1

(8.15.15) = £—(—1)F1 > > (0,Ty) daj A da’P).

IC{1,...,p},pel,#I=k j=1
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This is (r — 1)-times continuously differentiable on W, because 7 and the I';’s

are r-times continuously differentiable on W. It is easy to see that

(8.15.16) y—(-DFtd¢ e Y(k,p—1,7 1),
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by construction. We also have that
(8.15.17) d(y — (=1)F1d¢) =0

on W, because + is closed on W, by hypothesis.

8.15.4 Using the induction hypothesis

Of course,
(8.15.18) r—1>p—k,

because of (8.15.1). This permits us to apply our induction hypothesis (8.14.14),
with r replaced with » — 1. It follows that

(8.15.19) v — (—1)*71d¢ can be expressed as the exterior derivative
of an element of Y(k — 1,p — 2,7 — p+ k).

Note that
(8.15.20) CeY(k—-1p-1,7),

by construction. This implies that

(8.15.21) v can be expressed as the exterior derivative
of an element of Y(k —1,p— 1,7 —p+ k),

as in (8.14.16).



Chapter 9

Lie derivatives and tensor

fields

9.1 Tensor fields and multilinearity

Let k and n be positive integers, and let E be a nonempty subset of R™. Also
let a be a tensor field of type (0,k) on E, as in Section 4.1. If 7y,...,m are
vector fields on E, then

(9.1.1) a(miy .-y 7k)

defines a real-valued function on F, as in Section 4.3. Thus

(9.1.2) (M, osmi) = alm, ...y nk)

may be considered as a mapping from the space of k-tuples of vector fields on
E to the space of real-valued functions on FE.

The spaces of real-valued functions on E and vector fields on E are vector
spaces over the real numbers with respect to pointwise addition and scalar multi-
plication, as before. In fact, (9.1.2) may be considered as a multilinear mapping
from the space of k-tuples of vector fields on E into the space of real-valued
functions on E, as in Section 2.2.

Let f; be a real-valued function on E for some positive integer | < k. If
is a vector field on F, then
(9.1.3) S

defines a vector field on E as well, whose value at x € E is fi(x)m(z). If
M1, ...,Nk are vector fields on E, then

(9.14) a(miy -y M1, s M1y -5 mk) = fra(m, ..., me)

on F. This may be considered as a stronger version of the multilinearity of
(9.1.2).

The space of real-valued functions on F is a commutative associative algebra
over the real numbers, as in Section A.2. The space of vector fields on E may

205
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be considered as a module over the algebra of real-valued functions with respect
to multiplication as in (9.1.3), as in Subsections B.7.1 and B.7.2. One does not
need to distinguish between left and right modules here, because the algebra
is commutative. Note that the algebra of real-valued functions on E may be
considered as a module over itself, as in Subsections B.7.1 and B.7.2.

This means that we may consider (9.1.2) as a mapping from the space of
k-tuples of vector fields on E into the space of real-valued functions on F,
where the spaces of vector fields on E and real-valued functions on E are both
considered as modules over the algebra of real-valued functions on E. We may
say that this mapping is multilinear over the algebra of real-valued functions on
E, because of (9.1.4). This is related to some remarks in Section 2.18 beginning
on p64 of [239].

9.1.1 Multilinearity over C(E,R)

Suppose that @ is continuous as a tensor field of type (0,%k) on E, as in Sub-
section 4.1.1. If ny,...,n, are continuous vector fields on E, then (9.1.1) is a
continuous real-valued function on E. The space C(E,R) of continuous real-
valued functions on F is a subalgebra of the space of all real-valued function on
FE, and in particular it is a commutative associative algebra over R as well. The
space C'(E,R"™) of continuous vector fields on E may be considered as a module
over C(E,R), with multiplication as in (9.1.3). We may consider C(E,R) as a
module over itself, as before.

Thus we may consider (9.1.2) as a mapping from the space C(E,R")* of
k-tuples of continuous vector fields on E into C(E,R), where C(E,R) and
C(E,R"™) are both considered as modules over C(E,R). This mpping is multi-
linear over C(E,R), because of (9.1.4).

9.1.2 Multilinearity over C"(U,R)

Let U be a nonempty open subset of R™, let r be a nonnegative integer, and
suppose that a is an r-times continuously differentiable tensor field of type (0, k)
on U, as in Section 4.2. If ny,...,n, are r-times continuously-differentiable
vector fields on U, then (9.1.1) is r-times continuously differentiable as a real-
valued function on U, as in Subsection 4.3.1. The space C"(U,R) of r-times
continuously-differentiable real-valued functions on U is a subalgebra of the
space C(U,R) of continuous real-valued functions on U, and in particular is
a commutative associaitve algebra over R. The space C"(U,R") of r-times
continuously-differentiable vector fields on U may be considered as a module
over C"(U,R), with multiplication as in (9.1.3). We may consider C"(U,R) as
a module over itself, as usual.

We may consider (9.1.2) as a mapping from C” (U, R")* into C" (U, R), where
C"(U,R) and C"(U,R"™) are considered as modules over C" (U, R). This map-
ping is multilinear over C™ (U, R), because of (9.1.4).

Similarly, suppose that a is infinitely differentiable as a tensor field of type
(0,k) on U, as in Section 4.2. If n,...,n; are infinitely differentiable vector
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fields on U, then (9.1.1) is infinitely-differentiable as a real-valued function on U,
as in Subsection 4.3.1. The space C°°(U, R) of infinitely-differntiable real-valued
functions on U is a subalgebra of C"(U,R) for each r > 0, and in particular
C*(U,R) is a commutative associaitve algebra over R. The space C>°(U, R"™)
of infinitely-differentiable vector fields on U may be considered as a module over
C>(U,R), with multiplication as in (9.1.3), and we may consider C*°(U,R) as
a module over itself. If we consider (9.1.2) as a mapping from C>(U, R")* into
C>(U,R), then this mapping is multilinear over C*°(U, R), because of (9.1.4).

9.2 Spaces of multilinear mappings

Let k be a positive integer, and let Vi,..., Vs, Z be vector spaces over the real
numbers. Consider the space

(9.2.1) LOVA,..., Vi Z)

of multilinear mappings from Hle V; into Z, as in Section 2.2. This is a linear
subspace of the space of all functions on Hle Vi with values in Z. In particular,
this is a vector space over the real numbers with respect to pointwise addition
and scalar multiplication of functions.

Let V' be a vector space over the real numbers, and suppose now that V; =V
for each I = 1,..., k. In this case, (9.2.1) is the same as the space of multilinear
mappings from the space V* of k-tuples of elements of V into Z. This space
may be denoted
(9.2.2) M(V, Z),

and is a linear subspace of the space of all Z-valued functions on V*, as before.
This is the same as My (V') when Z = R, considered as a one-dimensional vector
space over itself.

Let p be a multilinear mapping from V* into Z, and let ¢ be a permutation
on {1,...,k}. Put

(9.2.3) 1 (V1,0 0k) = w(Va(1)s - -+ s Vo(k))

for all v1,...,vr € V, as in Section 2.4. This is another multilinear mapping
from V* into Z, as before. If 7 is another permutation on {1,...,k}, then
(9.2.4) uer =),

as in Section 1.9 and 2.4. Note that g — p” is a one-to-one linear mapping
from (9.2.2) onto itself, as before.
We say that p is a symmetric multilinear mapping from V* into Z if

(9.2.5) weo=pu

for every o € Sym(k), as in Section 1.9 and Subsection 2.4.1. Similarly, we say
that p is an alternating if

(9.2.6) u’ =sgn(o)p
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for every o € Sym(k), as in Section 1.11 and Subsection 2.4.1. As usual, it suf-

fices to check that these conditions hold when o is a transposition on {1,...,k}.
Let
(9.2.7) SM(V,Z) and AM(V, Z)

be the spaces of symmetric and alternating multilinear mappings from V* into
Z, respectively. It is easy to see that these are linear subspaces of M (V, Z).

9.2.1 Multilinear mappings and R"

Let n be a positive integer, and let eq,...,e, be the standard basis for R™,
as usual. If y is a multilinear mapping from (R™)* into Z, then y is uniquely
determined by its values

(9.2.8) (€myy ey my)

on k-tuples of standard basis vectors in R", as in Subsection 1.6.1. These may
be arbitrary elements of Z, for the same reasons as before. It is easy to see that
u is symmetric or alternating on (R™) if and only if its values (9.2.8) on k-tuples
of standard basis vectors in R™ has the analogous property, as in Section 1.9
and Subsection 1.11.1.

If p is a multilinear mapping from V* into R™, then the jth component f;
of u is a k-linear form on V for each j = 1,...,n. Of course, p is symmetric
or alternating on V* if and only if 5 is symmetric or alternating on VE as
appropriate, for each j =1,...,n.

If 41 is a multilinear mapping from (R™)* into R™, then

(9.2.9) Wi(emyy ey emy)

is a real number for each j = 1,...,n and 1 < mq,...,m; < n. We also have
that p is uniquely determined by this family of real numbers, and that these
real numbers may be arbitrary. In particular, this implies that

(9.2.10) dim M (R™, R") = n*1,

It is sometimes convenient to identify My (R™ R™) with R”Hl7 by listing
the elements of
(9.2.11) {1,...,n}rH

in a sequence with n**! terms. The order in which the elements of (9.2.11)
will normally not matter, as before. In particular, this leads to a metric on
M (R™,R"™), corresponding to the standard Euclidean metric on R"k“7 that
does not depend on the order in which the elements of (9.2.11) are listed.

9.3 Tensor fields of type (1,k)

Let k£ and n be positive integers, and let E be a nonempty subset of R™. A
tensor field of type (1,k) on E is a function on E with values in the space
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M (R™, R"™) of multilinear mappings from (R™)* into R™. This corresponds to
part of Definition 2.15 on p63 of [239]. The space of tensor fields of type (1, k)
on F is a vector space over the real numbers with respect to pointwise addition
and scalar multiplication.

Let us say that a tensor field of type (1, k) on E is continuous if it corresponds

to a continuous mapping from E into R as in Subsection 9.2.1. The space

(9.3.1) C(E,M,(R",R")) = C(E,R"

k+1>

of continuous tensor fields of type (1,%) on E is a linear subspace of the space
of all tensor fields of type (1,k) on E.

Remember that one can get a multilinear mapping from (R™)* into R" by
multiplying an element of R™ by a k-linear form on R"”, as in Subsection 2.2.1.
Similarly, if @ is a tensor field of type (0,k) on E, as in Section 4.1, and ¢ is a
vector field on F, as in Section 4.3, then

(9.3.2) a&

defines a tensor field of type (1,k) on E. If a and £ are continuous on F, then

it is easy to see that (9.3.2) is continuous on E, as a tensor field of type (1, k).
Let p be a tensor field of type (1, k) on E, so that p, is a multilinear mapping

from (R"™)* into R™ for each x € E. If 1;,...,n;, are vector fields on E, then

(9.3.3) (s )

defines another vector field on E. The value of this vector field at x € E is

If pand 1, ..., n, are continuous on F, then (9.3.3) is a continuous vector field
on F.

Let U be a nonempty open subset of R”, and let r be a nonnegative integer.
A tensor field of type (1, k) on U is said to be r-times continuously differentiable
if it corresponds to an r-times continuously-differentiable mapping from U into
R™"" as before. This is interpreted as being the same as continuity when r = 0,
as usual. The space
(9.3.5) C"(U, M (R",R")) = C"'(U7 R"

k+1)

of all r-times continuously-differentiable tensor fields of type (1,k) on U is a

linear subspace of the space of all continuous tensor fields of type (1,%) on U.
A tensor field of type (1,k) on U is said to be infinitely differentiable or

smooth if it corresponds to an infinitely-differentiable mapping from U into

R as before. The space
(9.3.6) C®(U,Mi(R",R")) =C™ (U, R™

k+1)

of all infinitely-differentiable tensor fields of type (1, %) on U is a linear subspace
of (9.3.5) for each r.
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Let u be a tensor field of type (1,k) on U, and let 5y, ..., n; be vector fields
on U. If y and 1y, ..., n; are r-times continuously differentiable on U, then

(9.3.7) w(n1, ..., m) is r-times continuously differentiable on U,

as a vector field on U. Similarly, if 4 and 71, ...,n; are infinitely differentiable
on U, then
(9.3.8) w(n, ..., n,) is infinitely differentiable on U

as well.

9.4 Some more multilinearity conditions

Let k and n be positive integers, let E be a nonempty subset of R", and let p
be a tensor field of type (1,k) on E, as in the previous section. If 7y,...,n; are
vector fields on E, then (9.3.3) is another vector field on E, as before. In fact,

(941) (771757716) '_>,u(771a777k)

defines a multilinear mapping from the space of k-tuples of vector fields on F
into the space of vector fields on E. If f; is a real-valued function on E for some
positive integer [ < k, then

(9.4.2) BL, - =1 i s k) = frp(nn, -, M)

on E. This may be considered as a stronger version of multilinearity of (9.4.1),
as in Section 9.1.

As before, the spaces of real-valued functions on E and vector fields on E
may be considered as modules over the algebra of real-valued functions on FE.
We may say that (9.4.1) is multilinear over the algebra of real-valued functions
on E, because of (9.4.2). This is related to some remarks on p65 of [239].

Suppose that
(9.4.3) 1 is continuous on E,

and remember that the space C(E,R"™) of continuous vector fields on E may
be considered as a module over C(E,R), as in Subsection 9.1.1. If ny,..., 7%
are continuous on E, then (9.3.3) is continuous on F, as in the previous section.
In this case, (9.4.1) is multilinear over C(E,R), as a mapping from C(E, R"™)*
into C(E,R"™), because of (9.4.2).

Let U be a nonempty open subset of R", let r be a nonnegative integer, and
suppose that £ is an r-times continuously-differentiable tensor field of type (1, k)
on U, as in the previous section. The space C" (U, R™) of r-times continuously-
differentiable vector fields on U may be considered as a module over C" (U, R), as
in Subsection 9.1.2. If n;,...,m are r-times continuously-differentiable vector
fields on U, then (9.3.3) is an r-times continuously-differentiable vector field
on U as well, as in (9.3.7). Under these conditions, (9.4.1) is multilinear over
C"(U,R), as a mapping from C" (U, R™)* into C"(U, R™), because of (9.4.2).
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Similarly, suppose that p is infinitely differentiable as a tensor field of type
(1,k) on U, as in the previous section. The space C°(U,R"™) of infinitely-
differentiable vector fields on U may be considered as a module over C*°(U, R),
as in Subsection 9.1.2. If 5y, ..., n; are infinitely-differentiable vector fields on
U, then (9.3.3) is an infinitely-differentiable vector field on U too, as in (9.3.8).
If we consider (9.4.1) as a mapping from C>(U, R"™)* into C°°(U, R™), then it
is multilinear over C*° (U, R), because of (9.4.2).

9.5 Some more Lie derivatives

Let n be a positive integer, and let U be a nonempty open subset of R™. Also
let k be a positive integer, and let a be a tensor field of type (0,k) on U that
is r-times continuously differentiable on U for some positive integer r, as in
Sections 4.1 and 4.2. If £ is an r-times continuously-dfferentiable vector field on
U, then we would like to define the Lie derivative

(9.5.1) Le(a)

of a with respect to £ as a tensor field of type (0,%) on U that is (r — 1)-times
continuously differentiable on U. This type of Lie derivative is mentioned on

p70 of [239].

If m1,...,m, are vector fields on U that are r-times continuously differen-
tiable, then
(9.5.2) a(m,...,nK)

is a real-valued function on U that is r-times continuously differentiable as well,
as in Section 4.3. We would like to define (9.5.1) so that

L&(a(nlv s 777k)) = (Lf(a))(nla s 777k)

(953) + Za(nla sy -1, Lf(nl)vnl+1v oo ank)v
=1

where the Lie derivatives of (9.5.2) and 71,...,m are as in Section 8.8. This
means that

Xe(alm,--me)) = (Le(@)(m, k)
(954) + Za(nl, ey Mi—1, [g,m],m_,_l, . ,nk),
=1

where X and [£, 7] are as in Sections 4.3 and 8.6.
Thus we would like to define (9.5.1) so that

(Le(@)(m, - ome) = Xelalm, - - mx))

(955) 720’(7717"'777l—17[€7nl]anl+17"'7nk)
=1
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on U. This can be used to define (9.5.1) as a tensor field of type (0, k) on U, by
taking 71, ..., 7, to be constant vector fields on U equal to any combination of
standard basis vectors in R™. More precisely,

(9.5.6) L¢(a) is (r — 1)-times continuously differentiable on U,

because the right side of (9.5.5) is (r — 1)-times continuously differentiable on
U. Similarly, if a and £ are infinitely differentiable on U, then

9.5.7 L¢(a) is infinitely differentiable on U.
3

If (9.5.1) is defined as in (9.5.5) when 71, ...,n; are constant vector fields
on U, each of which is a standard basis vector in R, then it is easy to see that
(9.5.5) holds for any constant vector fields 7, ..., n; on U, using multilinearity.
In fact, (9.5.5) holds when 7, ...,n, are any continuously-differentiable vector
fields on U. This will be discussed further in the next section.

9.6 Using nonconstant vector fields

Let us continue with the same notation and hypotheses as in the previous sec-

tion. Let n1,...,m, be continuously-differentiable vector fields on U, and let
f1,--., fr be continuously-differentiable real-valued functions on U. Note that
(9.6.1) Jim oo frene

are continuously-differentiable vector fields on U as well, as in Subsection 8.8.1.
Of course,

(9.6.2) a(fim, . feme) = (fr-- fe)aln, ..., )
on U. We also have that

(9.6.3) €, fim] = Xe(f) m + fr 1§, mi]

on U for each I =1,...,k, as in Subsection 8.8.1.
It follows from (9.6.2) that

(9.6.4)  Xe(a(fim,---, fime)) = Xe(fr- fu)alm, ... k)
+(fre e fi) Xela(n, - m))

on U. We can use (9.6.3) to get that

(9.6.5) a(fin, - ficam—1, [& fimls frermas, - femw)
= (fi- ficr Xe(f)) frgr - fe)a(ne, o me)
+(f1 o fk:) a’(nla' <o Mi—1, [fﬂ?l]ﬂ?l-i-lw .. 777k:)
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on U for each [ =1,...,k. Combining (9.6.4) and (9.6.5), we obtain that
(9.6.6) Xe(a(fim,--- k)

k
- Za(ﬁ Mooy fimrm—1, [§ fumls frer mias - fome)
1=1

= (e ) (Xelatn,ooom)) = D aln, oo [€om) mns - om))
=1
onU.
Note that

(9.6.7) (Le(@)(frms--os frome) = (fr - fi) (Le(@) (s - - i)

on U, as in (9.6.2). Suppose that 7,...,n; are constant vector fields on U,
so that (9.5.5) holds on U, by construction. This means that the right side of
(9.6.7) is equal to the right side of (9.6.6), so that

(9.6.8) (Le(a))(frms -y fene) = Xe(alfim, -y fenr))

_Za(fl nlv"wflfl M-1, [gafl/r]l]afl+l 77[+17-~-7fk77k)

=1

on U. This is the same as (9.5.5), with 71,...,n; replaced with f1n1, ..., fx k.
One can use this and multilinearity to get that (9.5.5) holds for all continuously-
differentiable vector fields 71,...,n; on U.

9.7 Another family of Lie derivatives

Let k and n be positive integers, and let U be a nonempty open subset of R™.
Also let p be a tensor field of type (1,k) on U, as in Section 9.3. Suppose that
1 is -times continuously differentiable on U for some positive integer r, and let
& be an r-times continuously-differentiable vector field on U. We would like to
define the Lie derivative

(9.7.1) Le(n)

of 1 with respect to £ as an (r — 1)-times continuously-differentiable tensor field
of type (1,%k) on U. This type of Lie deriviative is mentioned on p70 of [239] as
well.

Let n1,...,m, be r-times continuously-differentiable vector fields on U, so
that
(9.7.2) (s - -5 mE)

is r-times continuously differentiable as a vector field on U, as before. We would
like to define (9.7.1) so that

Le(pm, - sme)) = (Le()) (15 - -+ m)
k

(9.7.3) 3 (e, Le(m)s mas - )
=1
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using Lie derivatives of vector fields as in Section 8.8. This is the same as saying
that

k
A e [l s ),
=1

where the brackets of vector fields are as in Section 8.6.1.
As in Section 9.5, we can define (9.7.1) by taking

(Le(u) (s - me) = 16 plms o me)]
k
(975) _Zu(nh'"?nlfla[ganl]anl+17"'7nk)
1=1
on U when ny,...,n; are constant vector fields on U equal to any combination

of standard basis vectors in R"™. Note that
(9.7.6) Le¢(p) is (r — 1)-times continuously differentiable on U,

because the right side of (9.7.5) is r-times continuously differentiable on U.
Similarly, if © and & are infinitely differentiable on U, then

(9.7.7) L¢(w) is infinitely differentiable on U.

It is easy to see that (9.7.5) also holds when 7y, ...,n; are any constant vector
fields on U, using multilinearity. We would like to check that (9.7.5) when
M, ...,N are any continuously-differentiable vector fields on U too.

9.7.1 Using nonconstant vector fields again

Let 11, ..., nx be continuously-differentiable vector fields on U, and let f1,..., fr
be continuously-differentiable real-valued functions on U, so that

(9.7.8) fim oo, fenk

are continuously-differentiable vector fields on U, as before. Note that

(9.7.9) plfim, - feme) = (freo fi) p(n, - o),

as vector fields on U. This implies that

(9710) [£7M(f17717"'afk77k)] = [57 (flfk)lu’(nlavnk)]
Xe(fre- fr) p(m, - mk)
+(fr fe) (6 i, -]

on U, where the second step is as in Subsection 8.8.1.
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‘We also have that

(9.7.11) p(fim, s ficvme1, 16 fomds frer men, -5 i)
= (i fiea Xe(fo) fron - o) (e, -0 M)
+(f1- ',fk)ﬂ(nh s Mi-1, [fam]amﬂ,mﬂ?k)

on U for each [ = 1,...,k, as in the previous section. Combining this with
(9.7.10), we get that

(9.7.12) [§ u(frms - -+ fromn)]

k
=S ulfim, - foamen (6 fomds froermaas - Frem)
=1

= (frfu) ([S,u(m, )] = e, [57771]777l+1>~--a77k))
=1

on U.
Of course,

(9.7.13)  (Le(u)(frm, s feme) = (fr-- fr) (Le() (1, -+, 0e)

on U, as in (9.7.9). If ny,...,n are constant vector fields on U, then the right
side of (9.7.12) is equal to the right side of (9.7.13), as in (9.7.5). This implies
that

(9.7.14) (Ls(ﬂ))(fl M- o) = 1§ n(fim, - frene)]
k

= ulfimy s fievs mens 6 fom-fiva maas o from)

=1

on U. This is the same as (9.7.5), with 11, ..., n; replaced with fin, ..., fi 7.
One can use this to get that (9.7.5) holds for all continuously-differentiable
vector fields ny,...,m, on U.

9.8 Lie derivatives as representations

Let n and r be positive integers, and let U be a nonempty open subset of
R™. Also let &, ¢ be r-times continuously-differentiable vector fields on U, so
that [¢,¢] is an (r — 1)-times continuously-differentiable vector field on U, as
in Subsection 8.6.1. If f is an r-times continuously-differentiable real-valued
function on U, then

(9.8.1) Lie.q(f) = Xe,q(f)

is an (r — 1)-times continuously=differentiable real-valued function on U, as in
Section 8.8. If f is twice continuously differentiable on U, then

(9-8.2)  Lieq(f) = Xe(X(f) — Xe(Xe(f) = Le(Le(f) — Le(Le(f))
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on U, where the first step is as in Subsection 8.6.1.

If ¢ is an infinitely-differentiable vector field on U, then X defines a linear
mapping from the space C*(U, R) of infinitely-differentiable real-valued func-
tions on U into itself, as in Subsection 4.3.1. Thus we may consider

(9.8.3) £ Le = X

as a linear mapping from the space C°°(U, R™) of infinitely-differentiable vector
fields on U into the space
(9.8.4) L(C*(U,R))

of linear mappings from C*°(U, R) into itself. Remember that C*°(U,R") is a
Lie algebra over the real numbers with respect to the Lie bracket, as mentioned
in Section 8.7.1. Using (9.8.2), we get that (9.8.3) defines a representation of
C>(U,R"), as a Lie algebra over R, on C*°(U,R), as in Section B.7.

Suppose that r > 2, and let 7 be another r-times continuously-differentiable
vector field on U. Note that

(9.8.5) Lie.qg(n) = [[€ <],

on U, as in Section 8.8. One can check that

(9.8.6) Lie,g(n) = [§,[¢,n]] = (€, [€,n]] = Le(Le(n) — Le(Le(n))

on U, using the Jacobi identity in the first step, as in Subsection 8.7.1.
If ¢ is an infinitely-differentiable vector field on U, then L¢ defines a linear
mapping from C*° (U, R™) into itself, as in Subsection 8.6.1. In fact,

(9.87) § Le = 6.
defines a linear mapping from C*° (U, R™) into the space
(9.8.8) L(C*(U,R"))

of linear mappings from C°° (U, R") into itself. This defines a representation of
C>(U,R"), as a Lie algebra over R, on itself, as a vector space over the real
numbers. This is the same as the adjoint representation of C*°(U,R"), as in
Section B.8.

9.9 Some more representations

Let n, k, and r be positive integers, let U be a nonempty open subset of R™,
and let a be a tensor field of type (0,k) on U that is r-times continuously
differentiable on U. Suppose that r > 2, and that £, ¢ are r-times continuously-
differentiable vector fields on U. Thus [¢,(] is an (r — 1)-times continuously-
differentiable vector field on U, as in Subsection 8.6.1, and one can check that

(9.9.1) Lie¢g(a) = Le(L¢(a)) — Le(Le(a))
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on U, where these Lie derivatives of a are as in Section 9.5. This uses the
analogous statements for Lie derivatives of functions and vector fields mentioned
in the previous section.

Remember that C*° (U, M(R"™)) is the space of all infinitely-differentiable
tensor fields of type (0, %) on U, as in Section 4.2. If £ is infinitely differentiable
on U, then L¢ defines a linear mapping from C'*(U, M (R™)) into itself, as in
Section 9.5. Note that
(9.9.2) & Le

defines a linear mapping from C'*° (U, R™) into the space
(9.9.3) L(C>(U, Mi(R™)))

of linear mappings from C*°(U, M;(R"™)) into itself. This is a representation
of C>°(U,R"™), as a Lie algebra over the real numbers with respect to the Lie
bracket, on C*°(U, M (R™)), because of (9.9.1).

Similarly, let u be a tensor field of type (1,%) on U that is r-times continu-
ously differeneitable on U. One can check that

(9.9.4) Lig,q)(1) = Le(Le () — Le(Le(p)

on U, where these Lie derivatives are as in Section 9.7. This uses the analogous
statement for vector fields in the previous section.

The space of all infinitely-differentiable tensor fields of type (1,k) on U is
denoted C*(U, M (R™,R™)), as in Section 9.3. If £ is infinitely differentiable
on this space, then L¢ defines a linear mapping from this space into itself, as in
Section 9.7. As before, £ — L¢ defines a linear mapping from C*(U,R") into
the space
(9.9.5) L(C(U, M (R",R™)))

of linear mappings from C*°(U, M (R"™, R")) into itself. This is a representa-
tion of C*°(U,R™), as a lie algebra over R with respect to the Lie bracket, on
C>(U, M (R™,R™)), by (9.9.4).

9.10 Some properties of Lie derivatives

Let n, k, and r be positive integers, let U be a nonempty open subset of R", let
a be a tensor field of type (0, k) on U that is r-times continuously differentiable
on U, and let £ be an r-times continuously-differentiable vector field on U. If
o is a permutation on {1,...,k}, then let a® be the tensor field of type (0, k)
defined on U by

(9.10.1) (a%)z = (ag)?

for every z € U. More precisely, if x € U, then a, is a k-linear form on R", so
that (a;)? may be defined as a k-linear form on R™ as in Section 1.9. It is easy
to see that a” is r-times continuously differentiable on U as well, as in Section
4.2.
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One can verify that
(9.10.2) Le(a”) = (Le(a))?,

where these Lie derivatives are as in Section 9.5. If a, is a symmetric k-linear
form on R™ for every x € U, then it follows that

(9.10.3) (Le(a))q is a symmetric k-linear form on R"™ for every x € U.

Similarly, if a, is an alternating k-linear form on R"™ for every x € U, then

(9.10.4) (Le(a))s is an alternating k-linear form on R™ for every z € U.
This means that

(9.10.5) if a is a differential k-form on U,
then L¢(a) is a differential k-form on U too.

Lie derivatives of smooth differential forms are discussed on p70 of [239]. The
definition of the Lie derivative of a differential form used here corresponds to
part (e) of Proposition 2.25 on p70 of [239].

9.10.1 Lie derivatives of products

Let f be an r-times continuously-differentiable real-valued function on U, and
note that fa defines an r-times continuously-differentiable tensor field of type
(0,k) on U. If my,...,mx are vector fields on U, then

(9106) (fa)(nla v 777k) = fa(nla s 7"776))

as real-valued functions on U. Remember that L¢(f) = Xe(f) on U, as in
Section 8.8. One can check that

(9.10.7) Le(fa) = Le(f) a+ f Le(a),

as tensor fields of type (0,%) on U.

Let k’ be another positive integer, and let b be a tensor field of type (0, k')
on U that is r-times continuously differentiable on U. Remember that a ® b may
be defined as a tensor field of type (0, k1 + k2) on U that is r-times continuously
differentiable on U, as in Sections 4.1 and 4.2. If 7....,ng+x are vector fields
on U, then

(9.10.8) (@a®@b) (M, Me+1) = a1y o sME) OMrt1s - ooy Mtk )s
as real-valued functions on U. One can verify that
(9.10.9) Le(a®b) = (Le(a)) @b+ a® (Le (b)),

as tensor fields of type (0,k + k') on U.
If a, b are differential k, k’-forms on U, respectively, then

(9.10.10) Le(anbd) = (Le(a)) Nb+a A (Le(D)),

as differential (k + k’)-forms on U. This can be obtained from (9.10.9) using
(9.10.2). This corresponds to part of part (c) of Proposition 2.25 on p70 of [239].
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9.10.2 Lie derivatives and exterior differentiation

Let f be an (r + 1)-times continuously-differentiable real-valued function on U,
so that
(9.10.11) a =df

is an r-times continuously-differentiable differential one-form on U, or equiv-
alently a tensor field of type (0,1) on U. If 5 is an r-times continuously-
differentiable vector field on U, then

(9-10.12) a(n) = (df)(n) = X,(f)

is an r-times continuously-differentiable real-valued function on U. Observe that

(Le(a))(n) = Xea(n) —a([§,n]) = Xe(Xy(f)) — Afem(f)
(9.10.13) = Xy (Xe(f) = (d(Xe () (),

where the first step is as in Section 9.5, and the second step is as in Subsection
8.6.1. This means that

(9.10.14) Le(df) = d(Le(f)),

as differential one-forms on U.
Of course, L¢(f) = Xe(f) is an r-times continuously-differentiabl real-valued
function on U. If r > 2, then it follows that

(9.10.15) d(Le(df)) = d(d(Le(f))) = 0,

as in Section 4.8.

Let « be a differential k-form on U that is twice continuously differentiable on
U, so that da is a differential (k+1)-form on U that is continuously differentiable
on U. If € is twice continuously differentiable on U, then one can check that

(9.10.16) Le(da) = d(Le(a))

as differential (k+ 1)-forms on U. More precisely, if k& = 0, then this is the same
as (9.10.14), and it is enough to ask that £ be continuously differentiable. If
k > 1, then this can be obtained using the earlier remarks about Lie derivatives
of products. This corresponds to another part of part (c¢) of Proposition 2.25
on p70 of [239].

9.10.3 Tensors of type (1, k)

Let u be a tensor field of type (1,%) on U that is r-times continuously differen-
tiable on U. If o € Sym(k), then let ;” be the tensor field of type (1,k) on U
defined by

(9.10.17) 1)z = (pa)”

for each x € U, where the right side is as in Section 9.2. Note that u“ is r-times
continuously differentiable on U as well.
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One can check that
(9.10.18) Le(p”) = (Le(p)),

where these Lie derivatives are as in Section 9.7. If p, is symmetric as a multi-
linear mapping from (R™)* into R™ for each z € U, then it follows that

(9.10.19) (Le(p))z is symmetric as a multilinear mapping
from (R™)* into R" for every z € U.

Similarly, if y, is alternating as a multilinear mapping from (R™)* into R" for
each z € U, then

(9.10.20) (Le(p))s is alternating as a multilinear mapping
from (R™)* into R" for every x € U.

Let a be a tensor field of type (0,k) on U that is r-times continuously
differentiable on U agagin, and let ¢ be a vector field on U that is r-times
continuously differentiable on U. Consider

(9.10.21) p=ag,

as in Section 9.3, which is also r-times continuously differentiable on U. If
M, ..., Nk are vector fields on U, then

(9.10.22) (s k) = a(ms - me) G
as vector fields on U. One can check that
(9.10.23) Le(a§) = (Leg(a)) ¢+ a Le(C),

as tensor fields of type (1,k) on U.

9.11 Some interior products

Let W be a vector space over the real numbers, and let « be an element of W.
Also let k£ and p be positive integers, with p < k. If 1 is a k-linear form on W,
then let

(9.11.1) (ikp(u)) (1)
be the (k — 1)-linear form on W defined by

(9.11.2) ((,p(u)) (1)) (Wi, .y wr—1) = p(W1, -« Wp—1, Uy Wy, « ., Wh—1).

This defines a linear mapping
(9.11.3) i p(u)

from My (W) into Mj,_1(W). This linear mapping may be described as the pth
interior product by u on My (W).
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If £k =1, then p is a linear functional on W. In this case, p = 1, and

(9.11.4) (i1.1(w) (1) = p(w),

which is a real number. Remember that My(W) = R, as in Subsection 2.12.1.
Put

k
(9.11.5) kot (1) =Y ik p(u),

which is another linear mapping from My (W) into My_1(W). This may be
described as the total interior product by u on My (W). It is convenient to take
i tot (1) to be 0 on Mo(W) when k = 0.

9.11.1 Connection with products of forms

Let k1 and ko be positive integers, and let w1, pus be ki, ko-linear forms on W,
respectively. Thus p1 ® e may be defined as a (k1 + k2)-linear form on W, as
in Section 2.8. One can check that

(9'11'6) (ikl-‘rkz,p(u))(/”'l Y MQ)
((krp(w)) (1)) @ p2 - when 1 <p <k
= p1 ® ((iky,p—r: (W) (p2))  When ky +1 < p < k1 + ko.

Using this, one can verify that

(9.11.7) (k1 +ea ot (W) (1 @ p12)
= (i ,tot (W) (1)) ® p2 + p1 ® ((iky,tor (1)) (12))-

This also holds when kq or ks is 0, with suitable interpretations.

The algebra M(W) of multilinear forms on W may be defined as the direct
sum of My (W) over all nonnegative integers k, as in Section A.6. One can
define a linear mapping
(9118) itot (U)

from M (W) into itself, using ix ¢or(u) on My (W) for each & > 0. This may be
described as the total interior product by uw on M(W). It is easy to see that

(9.11.9) itor(u) is a derivation on M(W),

as in Subsection A.2.1.

9.12 Interior products and symmetrizations

Let W be a vector space over the real numbers, let u be an element of W, and
let k be a positive integer. If p is a symmetric k-linear form on W, then it is
easy to see that

(9-12.1) (ik,p(u)) (1) = (in.q())(p)
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for all positive integers p, ¢ < k. This implies that

(9.12.2) k (ik,p(u) (1) = (ik,tot(w)) (1)
for each p < k. Note that

(9.12.3) (ig,p(u)) () is a symmetric (k — 1)-linear form on W

in this case. Thus the restriction of 5 ,(u) to SMy (W) defines a linear mapping
into SM]@71<W)

Suppose that & > 2, let u be any k-linear form on W, and let 7 be a
permutation on {1,...,k — 1}. Observe that

((ikp(u) ()" (wr, -y wk—1) = ((Gep (W) () (Wrr), - - - Wre—1))
(9.12.4) = u(wT(l), ey wT(p,l), u, w,,(p), N ,’U)T(kfl))
for each p < k and w1,...,wr_1 € W, where the left side is as in Section 2.4.

We also have that
k
(9.12.5) St (i ot (w) () = ﬁ S (),
p=17€Sym(k—1)

where Sj_1 is as in Subsection 2.4.2. It follows that

(9:12.6)  Sk—1((ik, 0t (W) (1)) (w1, - -, wr—1)

k
S Y T () )

p=17€Sym(k—1)

1 k
- (k—1)! ;

> ety W (1) Uy W) We(k—1))
Sym(k—

TE 1)

for all wq,...,wE_1 € W.

One can check that this is equal to
(9.12.7) k(Sk(p))(u,wy, ..., wg_1)
for all wy,...,wx_1 € W. One can look at this in terms of shuffles, as in Section
2.15, with r =2, k; = 1, and k3 = k — 1. This means that
(9.12.8) Sk—1((ir,tor (w)) (1)) =k (ig,1(w))(Sk(1))-
Equivalently,
(9.12.9) Sk—1((ir,tot (u)) (1)) = (ik,t0t (1)) (Sk (1)),

because of (9.12.2). Of course, this is the same as saying that
(9.12.10) Sk—1 0k tot(U) = ik tot(u) o S

on My (W).
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9.12.1 Connection with symmetric products

Let k1, ko be positive integers, and let 1, pe be symmetric ky, ko-linear forms
on W, respectively. Remember that pu; ® pus may be defined as a symmetric
(k1 + ko)-linear form on W as in Section 2.9. Observe that

(ik1+k27t0t (u))(:ul © :LLQ) = (ik1+k27t0t (U))(Sk1+k2 (H’l ® :uQ))
(9.12.11) = Skitho—1((Thy ks tot (1)) (11 @ p2)),

using (9.12.9) in the second step. Combining this with (9.11.7), we get that
(ks ko stor (W) (1 © p2) = Sy ks —1 (kg ot (1)) (1)) @ p2)

(9.12.12) +Sky +ka—1,t0t (111 © ((Uy,tot (1)) (12)))
((hey tot () (1)) © p2 + p1 © ((igy ot (w)) (112))-

The algebra SM (W) of symmetric multilinear forms on W may be defined
as the direct sum of SMy (W) over all nonnegative integers k, as in Subsection
A.6.1. This may be considered as a linear subspace of M(W). Note that the
restriction of iy tot(u) to SMy (W) defines a linear mapping into SMj_1(W)
for each k, so that

(9.12.13) itot (u) maps SM(W) into itself.
In fact,
(9.12.14) itot(u) is a derivation on SM(W),

as in Subsection A.2.1, because of (9.12.12).

9.13 Interior products and polynomials

Let k and n be positive integers, and let us now take W = R™. If u is a k-linear
form on R”, then P,(x) = p(z,...,z) defines a homogeneous polynomial of
degree k on R", as in Section 1.8. Let u € R™ be given, so that (i q(u))(n) is
defined as a (k — 1)-linear form on R™ as in Section 9.11 for each ¢ =1,... k.
Thus

(9.13.1) Pl g (w) ()

defines a homogeneous polynomial of degree £k — 1 on R™ for each ¢. Simi-
larly, (igtoe(u))(p) is a (k — 1)-linear form on R™, which corresponds to the
homogeneous polynomial

k
(9.13.2) Plisror ) w) = D Plir o))

q=1

of degree k — 1 on R™.
One can check that

(9.13.3) Pliy ror ) () () = (P () (w) = d(Pp)z(u)
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for each € R™. This is the same as the directional derivative of P, at x in the
direction u, as in Subsection 3.8.1.

Similarly, if 4 € M(R™), then P, may be defined as a polynomial on R"
with real coefficients as in Subsection A.6.2. Remember that (i:0:(u))() may
be defined as an element of M(R™) as in Subsection 9.11.1. As before, we have
that

(9.13.4) Plisorw)(w () = (P (2)) (1) = d(Py)z(u)

for every x € R™.

9.14 Interior multiplication on AM (W)

Let W be a vector space over the real numbers, let u be an element of W, and
let k be a positive integer. If u is an alternating k-linear form on W, then let

(9.14.1) (i () (1)
be the (k — 1)-linear form defined on W by
(9.14.2) ((ir(w) () (w1, .« ywg—1) = p(u, wy, ..., WE—1).

It is easy to see that this is an alternating (k —1)-linear form on W. This defines
a linear mapping from AM (W) into AMj_1 (W), which is known as interior
multiplication by u. This corresponds to part of Section 2.11 on p61 of [239].

Equivalently, ir(w) is the same as the restriction of i 1(u), as in Section
9.11, to AMy(W). Similarly,

(9.14.3) ik p(u) = (=1)P"Lig(u) on AM(W)

for each p < k. It is convenient to take ix(u) to be 0 on AM(W) = R when
k = 0. We can define i(u) as a linear mapping from AM (W) into itself, which
corresponds to ix(u) on AMy (W) for each k > 0. This uses the definition of
AM (W) in Subsection 2.12.3 when W has finite dimension, or the definition in
Section A.7 otherwise.

Let k; and k2 be nonnegative integers, and let w1, pe be alternating ki,
ko-linear forms on W, respectively. We would like to show that

(9.14.4) (Gey ko () (11 A pi2)
= (i, () (1)) Az + (= 1) g A (i, () (12)).-

This means that i(u) is an anti-derivation on AM(W), as in Section 2.11 on p61
of [239]. This corresponds to Proposition 2.12 on p61 of [239]. It is easy to see
that (9.14.4) holds when k; or ks is 0, and so we suppose now that ki, ks > 1.

9.14.1 Checking the anti-derivation property

Put
(9.14.5) E1 = {1,. . .,]fl} and E2 = {kl + 1,...,]4;1 + ]422},
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as in Section 2.13, with r = 2. Remember that 7 € Sym(k; + k2) is said to be
a shuffle with respect to ki, ko if the restriction of 7 to each of E; and Fs is
increasing, as in Section 2.15. Let = be the set of 7 € Sym(k; + k2) that are
shuffles with respect to k1, ks, as in Subsection 2.15.1. Thus

(9.14.6) Az = sgn(T) (1 ® p2)7,

TEE

T

as in Subsection 2.15.2. Of course, (u1 ® u2)” is defined as in Sections 2.4 and

2.8.
If vi,..., 6,4k, € W, then
(11 @ p2)™ (V1o Uk k) = (01 @ p2)(Vr(1)s -+ o s V(g tka))
(9147) = M1 (UT(l), ce ,’UT(kl)) /LQ(UT(kl—H)v e 7UT(k21+k2))

for every 7 € Sym(ky + ko). If 7 is a shuffle with respect to k1, k2, then it is
easy to see that
(9.14.8) 7 '(1) =1or ky +1.

This means that

(9.14.9) Ay = > sen(r) (m ® pa)”

TeE, 7 1(1)=1

+ > sgn(7) (11 @ p2)"
TEE, T 1(1)=k1+1

In order to get (9.14.4), it suffices to verify that

(914.10) Y sgn(r) (i (W) (1 © 12)7) = ((iny (W) (1)) A oo

TeZ, T 1(1)=1

and

(9.14.11) > Sg(T) (i +ky (1)) (11 @ p2)")
TEE, T 1(1)=k1+1

= (=" pa A (i, (w)) (p2)).-

This uses (9.14.7) with v; = u in both cases.

Note that the wedge products on the right sides of (9.14.10) and (9.14.11)
may be expressed as in Subsection 2.15.2 as well, using shuffles with respect to
k1 — 1, ko and kq, ko — 1, respectively. More precisely, this works when k; > 2
or ko > 2, as appropriate, and otherwise these wedge products reduce to the
product of a real number and an alternating multilinear form. If 771(1) = 1
and k1 > 2, then 7 corresponds to a shuffle with respect to k1 — 1, ko in a
simple way, which can be used to obtain (9.14.10). This is easier when k; = 1,
so that (ig, (u))(p1) is a real number. Similarly, if 771(1) = k1 + 1 and kg > 2,
then 7 corresponds to a shuffle with respect to ki, k2 — 1 in a nice way. This
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can be used to obtain (9.14.11), because the shuffle with respect to ki, ks — 1
corresponding to 7 has sign equal to (—1)¥ sgn(7). This is easier when ko = 1,
as before.

One may focus on finite-dimensional vector spaces, as on p54 of [239], which
is often of primary interest anyway. One can also reduce to that case, by con-
sidering finite-dimensional linear subspaces of W.

9.15 More on interior multiplication

Let n, k, and r be positive integers, let U be a nonempty open subset of R,
let a be a differential k-form on U that is r-times continuously differentiable on
U, and let £ be an r-times continuously-differentiable vector field on U. We can
define

(9.15.1) (ir(8)) ()

as a differential (k — 1)-form on U using interior multiplication pointwise on U.
This means that for each x € U,

(9.15.2) (k) (@) = (ir(§(2)))(az),

where the right side is defined as an alternating (k — 1)-linear form on R™ as
in the previous section. Omne can check that (9.15.1) is r-times continuously
differentiable on U as well. It is convenient to interpret (9.15.1) as being equal
to 0 when k = 0, as before.

9.15.1 Some related linear mappings

Put
(9.15.3) Lig(a) = (ik41(8))(da) + d((ir(€)) (),

which is a differential k-form on U that is (r—1)-times continuously differentiable
on U. If k = 0, then this is interpreted as being

(9-15.4) Lo g() = (ir(£))(da) = (da)(§) = Xe().

Let k' be another positive integer, and let 8 be a differential &’-form on U
that is r-times continuously differentiable on U. One can check that

(9.15.5) Litr g(anB) = (Lge(a)) AB+aA(Lie(B)),

as differential (k + k’)-forms on U. This also works when k or k' is 0, with
the usual interpretations. This uses the anti-derivation properties of interior
multiplication and exterior differentiation. This corresponds to a remark on
p72 of [239], related to the proof of part (d) of Proposition 2.25 on p70 of [239].

Suppose that « is (r + 1)-times continuously differentiable on U, so that do«
is a differential (k 4 1)-form on U that is r-times continuously differentiable on
U. In this case,

(9.15.6) Lit1.¢(da) = d((ir41(£))(dav))
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on U, which also works when k = 0. If £ is (r + 1)-times continuously differen-
tiable on U too, then (9.15.1) is (r + 1)-times continuously differentiable on U
as well, and

(9.15.7) d(Lkg(a)) = d((ir+1(£))(da))

on U. This means that
(9.15.8) d(kag(a)) = Lk+17f(da)

on U under these conditions. This corresponds to another remark on p72 of
[239].

9.15.2 Connections with Lie derivatives

If fis an (r 4+ 1)-times continuously-differentiable real-valued function on U,
then df is an r-times continuously-differentiable differential 1-form on U, and

(9.15.9) Ly e(df) = d((i1(£))(df)) = d((df)(€)) = d(Xe(f))

on U. One can check that
(9.15.10) Lk’g(a) = Lg(a)

on U, where the right side is the Lie derivative of «, as in Section 9.5. This is
the same as (9.15.4) when k = 0, and it follows from (9.15.9) when k£ = 1 and
a = df, as in Subsection 9.10.2. One can reduce to these cases using (9.15.5)
and the analogous statement for Lie derivatives, as in Subsection 9.10.1. This
corresponds to part (d) of proposition 2.25 on p70 of [239)].



Chapter 10

Some additional topics

10.1 Jacobians of linear mappings

Let m and n be positive integers, and let us consider R™ and R™ to be equipped
with their standard inner products (-,-)r» and (-, -ygrm, respectively, as in Sec-
tion 3.3. If T is a linear mapping from R™ into R™, then let T™ be the corre-
sponding adjoint linear mapping from R into R™, with respect to the standard
inner products on R™ and R™, as in Section A.9. Thus 7™ o T is a linear map-
ping from R™ into itself, and it is well known that the determinant of T* o T is
nonnegative, as in Subsection A.10.1.
The Jacobian of T may be defined by

(10.1.1) [[T]] = (det(T* o T))'/2.

This uses the notation and terminology in part (i) of the definition on p88 of
[70], and the characterization in part (i) of Theorem 3 on p88 of [70].

If m = n, then the determinant of T o T is equal to the square of the
determinant of 7', as in Subsection A.10.1. This implies that

(10.1.2) (7)) = | det T

in this case.

10.1.1 Some properties of Jacobians

If
(10.1.3) T is injective on R",

then T* o T is injective too, as mentioned in Subsection A.10.1. This means
that T™ o T' is invertible on R", so that its determinant is nonzero. It follows
that

(10.1.4) [[T]] >0
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under these conditions. If T is not injective on R"™, then T* o T' is not injective
on R”, and its determinant is equal to 0. This means that

(10.1.5) [[T]] = 0.
Suppose that (10.1.3) holds again, so that
(10.1.6) T(R") is an n-dimensional linear subspace of R™.

Remember that the restriction of the standard inner product on R™ to T'(R"™)
defines an inner product on T(R™). If E is a reasonably nice subset of T'(R"),
then we can define the n-dimensional volume of E as in Section 4.15. If Ej is a
reasonably nice subset of R", then

(10.1.7) the n-dimensional volume of T'(Ep) in T(R"™)
is equal to [[T] Vol,(Ey),

as in Section A.11. This may be interpreted as holding trivially when 7' is not
injective on R"™, in the sense that both sides of the equation are equal to 0.

10.1.2 Jacobians and compositions

Let A be a linear mapping from R"™ into itself, so that T' o A is another linear
mapping from R" into R™. Remember that

(10.1.8) (T o A)* = A* o T,

as in Subsection A.9.1, where A* is the adjoint of A as a linear mapping from
R™ into itself. Thus

(10.1.9) (ToA)*o(ToA)=A"0o(T"oT)o A,

so that
(10.1.10) det((T o A)* o (T o A)) = (det A*) (det(T™* o T')) (det A),

because A, A*, and T* oT are linear mappings from R" into itself. This means
that
(10.1.11) det((T o A)* o (T 0 A)) = (det(T* o T)) (det A)?,

because det A* = det A, as mentioned in Subsection A.10.1. It follows that

(10.1.12) ([T 0 A]] = [[T]] | det Al.

Similarly, let R be a linear mapping from R™ into itself, so that RoT is a
linear mapping from R"™ into R™. Observe that

(10.1.13) (RoT)*o(RoT)=T"0o(R*oR)oT.

Suppose that
(10.1.14) R is an orthogonal transformation on R™,
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so that R* o R is the identity mapping on R™, as n Subsection A.9.1. Under
these conditions, we get that

(10.1.15) (RoT)* o(RoT)=T"0T,
so that
(10.1.16) det((RoT)" o (RoT))=det(T*oT).

This implies that
(10.1.17) [RoT]) = [[T]]

when (10.1.14) holds.

10.2 Jacobians of differentiable mappings

Let us continue with the same notation and hypotheses as at the beginning of
the previous section. Let U be a nonempty open subset of R"™, and let ¢ be a
mapping from U into R™. Suppose that ¢ is differentiable at x € U, so that the
differential d¢, of ¢ at x is a linear mapping from R" into R™. Under these
conditions, we put

(10.2.1) (J(@)(2) = (Jn(9))(z) = [[de-]],

where the right side is as in (10.1.1).

This may be called the n-dimensional Jacobian of ¢ at x. This corresponds
to the definition of the Jacobian on p91 of [70]. This also corresponds to part
(ii) of Definition 3.8.3 on p125 of [132], using a remark just after that definition.
This corresponds to Definition 3.6 on p25 of [174] as well.

10.2.1 Continuity of J(¢)

Using the standard bases for R™ and R", we have that d¢, corresponds to an
m x n matrix of real numbers in the usual way. Similarly, d¢} corresponds to
an n X m matrix of real numbers. This matrix is the same as the transpose of
the matrix associated to d¢,, as mentioned in Section A.9. The entries of both
matrices are given by the partial derivatives of the components of ¢.

Supose from now on in this section that ¢ is continuously differentiable on
U, so that ¢ is differentiable at every point in U in particular. In this case, the
entries of the matrices associated to d¢, and d¢} are continuous functions of
zelU.

Of course, d¢:odg, corresponds to the nxn matrix of real numbers obtained
by multiplying the matrices associated to d¢} and d¢,. Thus the entries of this
matrix are continuous functions of z on U. This implies that the determinant
of d¢¥ o dg, is a continuous function of x on U. It follows that

(10.2.2) J(¢) is continuous on U.
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10.2.2 The area formula

Let K be a reasonably-nice nonempty compact subset of U, and let V' be an
open subset of R™ such that ¢(K) C V, so that the restriction of ¢ to K may
be considered as an n-surface in V, as in Section 6.15. One may consider

(10.2.3) /K (Jal0)) (@) de

as the n-dimensional volume of this n-surface ®(K). More precisely, this in-
cludes appropriate multiplicities when ¢ is not injective. This is a version of the
area formula, as in Theorem 1 on p96 of [70], Theorem 3.8.1 on p123 of [132],
and part (1) of Theorem 3.7 on p25 of [174].

Let a be a continuous real-valued function on ¢(K). One may consider

(10.2.4) /K a(6(2)) (Ju(6))(2) da

as the integral of a over the n-surface ®(K) with respect to the element of
integration associated to n-dimensional volume. This includes appropriate mul-
tiplicities when ¢ is not injective, as before.

Some related results concerning changes of variables may be found in The-
orem 2 on p99 of [70] and part (2) of Theorem 3.7 on p25 of [174].

10.3 Pushing vector fields forward

Let n be a positive integer, let U, V be nonempty open subsets of R™, and let
¢ be a one-to-one mapping from U onto V. Suppose that ¢ is differentiable on
U, which is to say that ¢ is differentiable at every point in U, as in Section 3.8.
Also let « be a vector field on U, as in Section 4.3. Under these conditions, we
can define a vector field £ on V' by putting

(10.3.1) §(0(x)) = doo(a(x))
for every x € U. Equivalently, this means that
(10.3.2) £(y) = doy-1()(a(¢™ (1))

for every y € V.
Remember that (10.3.1) is the same as saying that

(10.3.3) «a and & are ¢-related,

as in Section 8.9. We may also say that ¢ is obtained by pushing o forward in
this case, and we may put

(10.3.4) £ = ¢u(a).

Note that ¢, defines a linear mapping from the space of vector fields on
U into the space of vector fields on V, as vector spaces over R. Of course, if
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U =V and ¢ is the identity mapping on U, then ¢, is the identity mapping on
the space of vector fields on U.

Let W be another nonempty open subset of R™, and let ¢ be a one-to-one
mapping from V onto W that is differentiable on W. Thus the composition
1 0 ¢ is a one-to-one mapping from U onto W that is differentiable on U. One
can check that

(10.3.5) (¢ 0 @)s(@) = Yu(@x(a)),

using the chain rule.

10.3.1 Push-forwards with more regularity

Suppose that ¢ is continuously differentiable on U, and that ¢ is a homeomor-
phism from U onto V. If « is a continuous vector field on U, then it is easy to
see that

(10.3.6) ¢« () is a continuous vector field on V.

In particular, this works when ¢ is a C! diffeomorphism from U onto V. In
this case, ¢! is a C'! diffeomorphism from V onto U, and

(10.3.7) (071 = ()"
More precisely,
(10.3.8) ¢ is a one-to-one linear mapping from C(U,R") onto C(V,R"),
with inverse as in (10.3.7).

Similarly, if ¢ is a C* diffeomorphism from U onto V for some k > 2, and «
is (k — 1)-times continuously differentiable on U, then

(10.3.9) ¢« () is (k — 1)-times continuously differentiable on V.

In fact,
(10.3.10) ¢, maps C*~ (U, R™) onto C*~1(V,R"),

as before.
If ¢ is a C*° diffeomorphism from U onto V', and « is infinitely differentiable
on U, then it follows that
(10.3.11) ¢« () is infinitely differentiable on V.
We also get that

(10.3.12) ¢« maps C°(U,R") onto C*°(V,R").
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10.3.2 Push-forwards and Lie brackets

Suppose now that ¢ is a C? diffeomorphism from U onto V, and that « is
continuously differentiable on U, so that ¢, («) is continuously differentiable on
V', as before. Let 8 be another continuously-differentiable vector field on U, so
that ¢.(8) is another continuously-differentiable vector field on V. Of course,

(10.3.13) B and ¢.(B) are ¢-related,

as before.
This implies that

(10.3.14) [, B] and [P« (), ¢« (B)] are ¢-related,

as in Subsection 8.9.1. This means that

(10.3.15) O+ ([av, B]) = [¢+(), 0+ (B)],

as vector fields on V.

Remember that the space C°(U,R"™), C*(V,R"™) of smooth vector fields
on U, V, respectively, are Lie algebras over the real numbers with respect to the
corresponding Lie brackets, as in Subsection 8.7.1. If ¢ is a C*° diffeomorphism
from U onto V, then

(10.3.16) ¢4 is an isomorphism between these Lie algebras.

10.4 Transforming other tensor fields

Let n be a positive integer, let U, V be nonempty open subsets of R™, and let
¢ be a C! diffeomorphism from U onto V. If £ is a vector field on V, then we
can pull & back to a vector field on U, by pushing & forward using ¢!, as in
the previous section. Thus we may put

(10.4.1) ¢*(€) = (&7 1)« (8).

Similarly, let k& be a nonnegative integer, and let a be a tensor field of type
(0,k) on U, as in Section 4.1. We can push a forward to a tensor field of type
(0,k) on V by pulling a back using ¢!, as in Section 4.4, so that we may put

(10.4.2) ¢u(a) = (67)*(a).

10.4.1 Transforming some multilinear mappings

Let Y and Z be vector spaces over the real numbers, and let T be a one-to-one
linear mapping from Y onto Z. Also let k be a positive integer, and let u be a
multilinear mapping from Y* into Y. We can get a multilinear mapping T, (1)
from Z* into Z by putting

(10.4.3) (T (1)) (21, -+ s 2) = T((T~1(21), ..., T~ (1))
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for all z1,...,2, € W.

Remember that the space My(Y,Y) of all multilinear mappings from Y*
into Y is a linear subspace of the space of all Y-valued functions on Y*, as in
Section 9.2. Using (10.4.3), we get a one-to-one linear mapping from My (YY)
onto Mp(Z,Z). f Y = Z and T is the identity mapping on Y, then T, is the
same as the identity mapping on M (Y,Y).

Let X be another vector space over the real numbers, and let A be a one-to-
one linear mapping from X onto Y. Thus T o A is a one-to-one linear mapping
from X onto Z, and one can check that

(10.4.4) (ToA),=T.0A,,
as mappings from My (X, X) onto My(Z, Z). In particular,
(10.4.5) (Tﬁl)* = (T*)ilv

as mappings from My(Z, Z) onto My(Y,Y).
Similarly, if v is a multilinear mapping from Z* into Z, then

(10.4.6) (T, ye) =T @W(T (1), - T(yk)))

defines a multilinear mapping from Y* into Y. This is the same as
(10.4.7) (T, (v),

defined as in (10.4.3). This defines a one-to-one linear mapping from My (Z, Z)
onto M (Y,Y), which is the inverse of the previous mapping, as in (10.4.5).

10.4.2 Transforming some more tensor fields

Let U, V be nonempty open sets in R™ again, with a C'! diffeomorphism from
U onto V. Also let k be a positive integer, and let u be a tensor field of type
(1,k) on U, as in Section 9.3. If z € U, then

(10.4.8) (Px(11)x = (ds ) ()

defines a multilinear mapping from (R™)* into R", as before. This defines the
push-forward ¢.(u) of p with respect to ¢ as a tensor field of type (1,%) on V.
If U =V and ¢ is the identity mapping on U, then ¢, is the identity mapping
on the space of tensor fields of type (1,k) on U.

Note that ¢, defines a one-to-one linear mappung from the space of all tensor
fields on U of type (1, k) onto the space of all tensor fields on V of type (1, k). Let
W be another nonempty open subset of R™, and let ¥ be a C'! diffeomorphism
from V onto W, so that 1 o ¢ is a C! diffeomorphism from U onto W. One can
check that

(10.4.9) (¢ 0 @)u(1) = Pu(: (1),



10.5. SOME FAMILIES OF MAPPINGS 235

as tensor fields on W of type (1, k). This uses the chain rule and the analogous
statement (10.4.4) for transforming multilinear mappings using invertibe linear
mappings, as in the previous subsection. In particular,

(10.4.10) (6= (ds)7",

as linear mappings from the space of all tensor fields of type (1,%) on V onto
the space of all tensor fields of type (1,%) on U.

If v is a tensor field of type (1,k) on V, then we can pull v back to a tensor
field of type (1,k) on U by pushing v forward using ¢!, so that we put

(10.4.11) (1) = (671 (w).

This is the same as (¢,)~1(v), as in (10.4.10).

Suppose that ¢ is a C" diffeomorphism from U onto V for some positive
integer r. If 11 is a tensor field of type (1, k) on U that is (r—1)-times continuously
differentiable on U, as in Section 9.3, then one can check that

(10.4.12)  ¢.(p) is (r — 1)-times continuously differentiable on V.
This implies that
(10.4.13) ¢ (C"H (U, Mp(R™,R"™))) = C"1(V, M, (R", R")),

using the analogous statement for ¢—!.
If ¢ is a C*° diffeomorphism from U onto V', and p is infinitely differentiable
on U, then it follows that

(10.4.14) ¢+ () is infinitely differentiable on V.
This means that
(10415) 6. (C=(U, My(R™, R™)) = C*(V, M (R", R™),

as before.

10.5 Some families of mappings

Let n be a positive integer, and let us identify R™ x R with R"*! in the standard
way. This means that if x € R™ and t € R, then (z,t) € R™ x R is identified
with

(10.5.1) (21,...,2p,1),

as an element of R**!. In particular, a subset of R™ x R is considered to be an
open set if it corresponds to an open set in R™t! in this way, and similarly for
closed sets, and so on. Continuity properties of functions defined on subsets of
R" x R correspond to the analogous notions for functions on subsets of R**1,
and similarly for differentiability properties of functions on open sets in R™ x R.
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Let U be an open subset of R™ x R, and put
(10.5.2) U ={zeR": (z,¢t) €U}
for each t € R. One can check that
(10.5.3) U, is an open set in R
for every t € R. Similarly, if z € R™, then one can verify that
(10.5.4) {teR: (z,t) e U}

is an open set in the real line.

10.5.1 Mappings from U; into R™

Let m be another positive integer, and let V' be an open set in R™. Suppose
that for each t € R,

(10.5.5) ¢¢ is a mapping from Uy into V.

Of course, one only need be concerned with ¢ € R such that U; # 0 here. It is
sometimes convenient to put

(10.5.6) U(z,t) = di(x)

for every (z,t) € U, so that ¢ defines a mapping from U into V.
Ift € R and x € Uy, then put

(10.5.7) wie(z) = (2,1).

This defines a mapping from U; into U, and more precisely

(10.5.8) wie(Us) = Uy x {t}.
Clearly
(1059) ¢t - w oLy,

by construction.

10.5.2 Differentiability in ¢
Suppose that for each x € R",

(10.5.10) ¢¢(x) is differentiable as a function of ¢
on (10.5.4) with values in R™.

Of course, this holds trivially when (10.5.4) is the empty set. Put

(10.5.11) () = %(qﬁt(x))
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for each x € Uy, as usual.
Let f be a differentible real-valued function on V. This implies that

(10.5.12) f(de(x))

is differentiable as a function of ¢ in (10.5.4) for each x € R"™. More precisely,

(105.13) L (F(6u(@) = (o))

for every (z,t) € U, by the chain rule.

10.5.3 Compatible vector fields on V'

Let £ be a vector field on V, as in Section 4.3. Let us say that the family of
mappings ¢ is compatible with £ on V if

(10.5.14) AOEFICAC)

for every (z,t) € U.
In this case, (10.5.13) is the same as saying that

(105.15) L(F6u) = o) EG2)))

for every (z,t) € U. If X¢ is as in Subsection 4.3.1, then we get that

d

10.5.16 —
( ) o

(f(0e())) = (Xe () (De(2))

for every (z,t) € U.
As a basic type of example, we can take m =n + 1, V = U, and

(10.5.17) Gt = Lo

for each t € R, so that

(10.5.18) 1) is the identity mapping on U.

In this case, we can take £ to be the constant vector field equal to
(10.5.19) 0,...,0,1)

at each point. This is clearly compatible with our family of mappings, and

(10.5.20) Xe =/ 0t.
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10.6 Some more families of mappings
Let n be a positive integer, and let us identify R™ x R with R™*! in the same
way as before. Also let U be an open set in R™ x R again, and let U; be as in

(10.5.2) for each t € R. We would like to consider some of the same types of
questions as in the previous section, with m =n + 1.

Let V' be another open set in R™ x R, and let V; be as in (10.5.2) for each
teR. Ift e R and =z € V,, then put
(10.6.1) wie(w) = (z,1),

as in (10.5.7). This defines a mapping from V; onto V; x {t}, as before.
Suppose that for each t € R,

(10.6.2) 0, is a mapping from U into V;.

This implies that
(10.6.3) O(z,t) = (0:(x),t)

defines a mapping from U into V. In this case,
(10.6.4) ¢r=tviob,
is a mapping from U; into V; x {t} CV for each t € R. If ¢ is as in (10.5.6),

then 1 = ©.

10.6.1 Differentiability in ¢ again

Suppose that for every x € R",

(10.6.5) 0¢(x) is differentiable as a function of ¢
on (10.5.4) with values in R".

If x € U, then put

(10.6.6) fila) = S (0u(2)),

as before. If ¢; is as in (10.6.4), so that
(10.6.7) pi(x) = (6:(x),1)
for every x € Uy, then (10.6.5) is equivalent to (10.5.10), with

(10.6.8) 1(x) = (0(x), 1).
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10.6.2 Compatible families of vector fields

Suppose that for each t € R,
(10.6.9) 7¢ is a mapping from V; into R™.

This may be considered as a vector field on V;, as in Section 4.3. If y € V;, then
put

(10.6.10) £y, t) = (m(y), 1),

which may be considered as an element of R™*. This may be considered as a
vector field on V.

Let us say that the family of vector fields 7; is compatible with the family of
mappings 0; if

(10.6.11) 0r(x) = ny(0(x))

for every (z,t) € U. If ¢, is as in (10.6.4), (10.6.7), then this is the same as
saying that

(10.6.12)  ¢¢(x) = (0:(x),1) = (me(6:(2)), 1) = £(Oe (), 1) = E(¢1 ()

This means that £ is compatible with the family of mappings ¢;, as in Subsection
10.5.3.

10.6.3 Differentiability of ©

Suppose for the moment that © is differentiable at a point (xg, o) € U. This is
equivalent to asking that 6;(x) be differentiable as a function of (z,t) € U with
values in R™ at (zo,tp).

The differential of © at (zg,to) is a linear mapping from R"*! into itself,
which may be identified with a linear mapping from R™ x R into itself in the
usual way. If (v,7) € R™ x R, then

(10613) dg(xo,to) ((Uv T)) = ((dato)ro (’U) +r étoa T)7

where (df,)q
itself.
One can check that

(10.6.14) dO (z,10) is invertible

, is the differential of 6;, at z, as a linear mapping from R™ into

as a linear mapping from R"*! ~ R™ x R onto itself if and only if
(10.6.15) (dby, )z, is invertible,

as a linear mapping from R"™ onto itself.
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10.7 Some families of diffeomorphisms

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Suppose now that

(10.7.1) 0, is a one-to-one mapping from U; onto V;
for each ¢t € R. One can check that this is the same as saying that
(10.7.2) O is a one-to-one mapping from U onto V.

This permits us to define 7; on V; by (10.6.11) for each ¢t € R.

Suppose that © is continuously differentiable on U, which is equivalent to
asking that 6;(x) be continuously differentiable as a function of (z,t) € U with
values in R™. In this case,

(10.7.3) O is a C' diffeomorphism from U onto V
if and only if
(10.74) 6;isa C! diffeomorphism from U, onto V; for each t € R.

This follows from the equivalence of (10.6.14) and (10.6.15).

Similarly, suppose that © is k-times continuously differentiable on U for
some positive integer k, which is equivalent to asking that 6;(x) be k-times
continuously differentiable as a function of (z,t) € U with values in R™. As
before,

(10.7.5) O is a C* diffeomorphism from U onto V

if and only if
(10.7.6) 6G;isa C* diffeomorphism from U, onto V; for each ¢t € R.

Suppose instead that © is infinitely differentiable on U, which is equivalent to
asking that 6;(z) be infinitely differentiable as a function of (z,t) € U with
values in R™. As usual,

(10.7.7) © is a C* diffeomorphism from U onto V'
if and only if

(10.7.8)  6; is a C*° diffeomorphism from U; onto V; for each t € R.

10.7.1 The corresponding inverse mappings

If ¢ € R, then the inverse mapping 6; !is defined as a one-to-one mapping from
V; onto Uy, because of (10.7.1). Similarly, the inverse ©~! of © is a one-to-one
mapping from V onto U, because of (10.7.2). It is easy to see that

(10.7.9) 07y, 1) = (6; *(v),1)
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for every (y,t) € V, by the definition (10.6.3) of ©.
If © is a C* diffeomorphism from U onto V for some k > 1, then

(10.7.10) ©7 ! is a C* diffeomorphism from V onto U.

In particular, this implies that © ! is k-times continuously differentiable on V/,
so that

(10.7.11) 0; *(y) is k-times continuously differentiable

as a function of (y,t) € V with values in R",
as before. Similarly, if © is a C'*° diffeomorphism from U onto V, then
(10.7.12) 07! is a C* diffeomorphism from V onto U.
This implies that

(10.7.13) 0, '(y) is infinitely differentiable
as a function of (y,t) € V with values in R",

as usual.

10.7.2 Corresponding families of vector fields

Suppose that 6;(z) is continuously differentiable as a function of (z,t) € U, and
that (10.7.4) holds, so that (10.7.3) holds. This implies that (10.7.10) holds
with k& = 1, so that (10.7.11) holds with k£ = 1 as well. In particular, this means
that

(10.7.14) 0; ' (y) is differentiable as a function of ¢.

If (x,t) € U, then 6,(z) may be defined as an element of R™ as in (10.6.6).
Similarly, if (y,t) € V, then put

(10.7.15) 0: 1) (y) = %(9{1@))-
Of course, in this case,

(10.7.16) 0:(0;, " (v)) = v,

so that

(10.7.17) i(et(egl(y))) =0

We also have that

(10.7.18) %(Htw{l(y))) =00, 1) + (001, (07 1) (1))

This means that _
(10.7.19) (d9t)9t—1(y)((9;1)'(y)) = _et(e;l(y))'
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It follows that
(10.7.20) (071 () = =)y (007 ().

If (x,t) € U, then put )
(10.7.21) Ce(x) = —(dby); " (0:(x)),

which is an element of R™. This may be considered as a vector field on U; for
each t € R. If (y,t) € V, then 6; ' (y) € Uy, and

(10.7.22) (0:1) (y) = (67 (v)),

by (10.7.20). This means that the family of vector fields ¢; is compatible with
the family of mappings #; !, as in Subsection 10.6.2.



Appendix A

Some linear and abstract
algebra

A.1 Some remarks about vector spaces

Let V be a vector space over the real numbers. We shall not get into the abstract
definition of a vector space too much here, but it is sometimes convenient to
use the terminology. Basically V' should be a set with a distinguished element
called 0, and with operations of addition and scalar multiplication defined on
V' that satisfy some standard properties. These include commutativity and
associativity of addition, and distributivity of scalar multiplication with respect
to addition.

If n is a positive integer, then the space R"™ of n-tuples of real numbers
is a vector space over R with respect to coordinatewise addition and scalar
multiplication. Similarly, if X is a nonempty set, then the space of all real-valued
functions on X is a vector space over R with respect to pointwise addition and
scalar multiplication.

If V' is a vector space over the real numbers, then a linear subspace of V is
a subset Vj of V' that satisfies the following three conditions. First,

(A.1.1) 0 € V.

Second, if u,v € Vj, then
(A.1.2) u+tv e V.

Third, if v € Vj and t € R, then
(A].3) tv e V.

Note that (A.1.3) implies (A.1.1) when V # 0, by taking ¢ = 0.

Under these conditions, Vj is a vector space over the real numbers too, with
respect to the restrictions of the operations of addition and scalar multiplication
on V to V. Many of the vector spaces with which we shall be concerned here
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are linear subspaces of R™ for some n, or linear subspaces of the space of all
real-valued functions on some nonempty set X.

Let X be a nonempty set again, and let W be a vector space over the real
numbers. The space of all W-valued functions on X is a vector space over the
real numbers with respect to pointwise addition and scalar multiplication. Thus
linear subspaces of this space are vector spaces over R as well.

A.2 Algebras over the real numbers

Let A be a vector space over the real numbers, and let b be a bilinear mapping
from A x A into A, as in Section 2.2. Under these conditions, (A,b) is said to
be an algebra in the strict sense over the real numbers. This corresponds to the
definition of an F-algebra, with F' = R, in Section 1.3 on p4 of [109], and to the
definition of a k-algebra, with £k = R, on p2 of [210]. This also corresponds to
the definition of a not-necessarily-associative algebra over R on p225 of [112],
and on p2 of [113]. One may describe b as a bilinear operation on A as well, as
in Definition 3.53 on pl17 of [239].
If
(A.2.1) b(z,y) = b(y,x)

for every z,y € A, then (A,b) is said to be commutative as an algebra in the
strict sense over R. If

(A.2.2) b(b(z,y),2) = b(z,b(y, 2))

for every x,y,z € A, then (A,b) is said to be an associative algebra over the
real numbers.

An element e of A is said to be a multiplicative identity element with respect
to b if
(A.2.3) ble,x) = b(x,e) =x

for every x € A. It is easy to see that this is uique when it exists.
Let Ay be a linear subspace of A. If

(A.2.4) b(x,y) € Aoy

for every x,y € A, then Ag is called a subalgebra of A with respect to b. This
means that Ag is an algebra in the strict sense over the real numbers with
respect to the restriction of b(z,y) to z,y € A.

A.2.1 Algebra homomorphisms

Let (A1,b1) and (Asg,bs) be algebras over the real numbers in the strict sense,
and let ¢ be a linear mapping from A; into A;. We say that ¢ is a homomor-
phism from A; into As, as algebras in the strict sense with respect to by, b,
respectively, if

(A.2.5) o(bi(z,y)) = b2(d(2), B(y))
for every z,y € A;.
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If ¢ is a homomorphism from A; into As with respect to b; and by, respec-
tively, then it is easy to see that

(A.2.6) ¢(A7) is a subalgebra of Ay with respect to bs.

If A is a subalgebra of A with respect to b, then the obvious inclusion mapping
from Ag into A is a homomorphism, with respect to b on A and its restriction
to Ao.

Let (As, b3) be another algebra in the strict sense over the real numbers. If ¢
is a homomorphism from A; into Ay with respect to by and bo, respectively, and
1 is a homomorphism from A, into A3z with respect to by and bs, respectively,
then one can check that

(A.2.7) 1) o ¢ is a homomorphism from A; into Az,

with respect to b1 and b3, respectively.

Suppose that ¢ is a homomorphism from A; into As with respect to b; and
b, respectively, again. If ¢ is a one-to-one mapping from A; onto As, then
it is easy to see that the inverse mapping ¢! is a homomorphism from A,
into A; with respect to by and by, respectively. In this case, ¢ is said to be an
isomorphism from A; onto As with respect to b; and by, respectively.

If ¢ is an isomorphism from A; onto A, with respect to b; and by, respec-
tively, and 1 is an isomorphism from A; onto Az with respect to by and bs,
respectively, then

(A.2.8) 1) o ¢ is an isomorphism from A; onto Az,

with respect to by and b3, respectively.

An isomorphism from A onto itself with respect to b is said to be an au-
tomorphism of A with respect to b. Note that the identity mapping on A is
automatically an automorphism of A with respect to b. The set of automor-
phisms of A with respect to b is a subgroup of the group of all one-to-one
mappings from A onto itself, as in Section 2.6.

A linear mapping § from A into itself is said to be a derivation with respect
to b if

(A.2.9) 6(b(z,y)) = b(d(x),y) + b(z,6(y))
for every x,y € A.

A.3 DMore on vector spaces

Let V and W be vector spaces over the real numbers, and let ¢ be a one-to-one
linear mapping from V onto W. It is well known and easy to see that ¢!
is a linear mapping from W onto V in this case. One may say that ¢ is an
isomorphism from V onto W as vector spaces over R under these conditions.
The space of one-to-one linear mappings from V onto itself is denoted GL(V).
This is a subgroup of the group of all one-to-one mappings from V onto itself,
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as in Section 2.6. In particular, GL(V') is a group with respect to composition
of mappings on V', which is known as the general linear group of V.

Let V* be the space of all linear functionals on V', which is to say the space
of all linear mappings from V into R, as a vector space over itself. This is known
as the dual of V, which is sometimes denoted V’. This is a linear subspace of the
space of all real-valued functions on V', as a vector space over the real numbers
with respect to pointwise addition and scalar multiplication. In particular, V*
is a vector space over the real numbers.

If V has finite dimension, then it is well known that

(A.3.1) dimV* =dim V.

If n is a positive integer, then the n standard coordinate functions on R™ form
a basis for the dual of R".

A.3.1 Dual linear mappings

Let T be a linear mapping from V into W. If A is a linear functional on W,
then

(A.3.2) T*(\) = Ao T

is a linear functional on V. This defines a linear mapping 7™ from W* into
V*, which is the dual linear mapping corresponding to T'. This corresponds to
the k£ = 1 case of an analogous definition in Section 2.3. If the dual spaces are
denoted V', W', then one may use the notation 7" for the dual linear mapping
associated to T'.

Let Z be another vector space over the real numbers, and let R be a linear
mapping from W into Z. One can check that

(A.3.3) (RoT)*=T"o R",

as linear mappings from Z* into V*, as in Subsection 2.3.1. If T' is a one-to-one
linear mapping from V onto W, then T* is a one-to-one linear mapping from
W* onto V*, with

(A.3.4) ()=t = (),

as before.

A.3.2 Direct sums and dual spaces

Let N be a positive integer, and let V7, ...,V be N vector spaces over the real
numbers. The direct sum of the V;’s may be defined as a vector space over R
as in Section 2.1. Similarly, the direct sum

(A.3.5) Pv;
j=1
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of the corresponding dual spaces is defined as a vector space over R. The dual
(A.3.6) (Pv)
j=1

of @;\/21 V; is defined as a vector space over R as well. There is a natural iso-
morphism between (A.3.5) and (A.3.6), as vector spaces over the real numbers,
as follows.

If A\; is a linear functional on Vj; for each j =1,..., N, then
N
(A.3.7) v @ oy = Y Ai(v;)
j=1

defines a linear functional on EB;\;l V;j. This defines a linear mapping from
(A.3.5) into (A.3.6), which sends A\; @ --- @ Ay to the linear functional (A.3.7).
One can check that this mapping is a bijection. More precisely, let A be a linear
functional on @;yzl V;, and let ¢; be the natural mapping from V; into @jvzl V;
foreachl=1,...,N. Thus

(A.3.8) Aoy

is a linear functional on V] for each [ = 1,..., N. This can be used to define
a linear mapping from (A.3.6) into (A.3.5). It is easy to see that this is the
inverse of the previous mapping.

A.4 Some direct sums and products

Let V; be a vector space over the real numbers for each nonnegative integer j.
Of course, one could restrict one’s attention to positive integers here, or use any
nonempty set of indices. Consider the Cartesian product

(A.4.1) 11V

which is the set of infintie sequences {v;}52, with v; € V; for each j > 0. This

is a vector space over the real numbers, with respect to coordinatewise addition

and scalar multiplication. This is known as the direct product of the V;’s, j > 0.
The direct sum of the V;’s, j > 0, is defined by

(A4.2) @V] = {{vj}?;o € H V; :v; =0 for all but finitely many j}.
3=0 §=0

This is a linear subspace of the direct product. The direct sum of finitely many
vector spaces over the real numbers, as in Section 2.1, may also be considered
as a direct product.
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If [ is a nonnegative integer, then there is an obvious mapping ¢; from V; into
the direct sum (A.4.2). This mapping sends w; € V] to the sequence whose Ith
term is equal to w;, and whose jth term in V; is equal to 0 when j # [. This is
a one-to-one linear mapping from V; into (A.4.2) for each I > 0, and one may
wish to identify V; with its image in the direct sum for each /. The direct sum is
the same as the linear subspace of the direct product generated by the images
of the V’s.

A.4.1 Sums, products, and dual spaces

Consider the direct product
(A.4.3) I1v:
§=0

of the duals of the V;’s. Let us also consider the dual

(A.4.4) (é Vj) ’

of the V;’s. There is a natural isomorphism between (A.4.3) and (A.4.4), as
vector spaces over the real numbers, which is analogous to the corresponding
statement for finite direct sums in Subsection A.3.2. If A; is a linear functional
on V; for each j, v; € V; for each j, and v; = 0 for all but finitely many j, then

(A.4.5) Aj(v;) = 0 for all but finitely many j.

This means that

(A.4.6)

I

Aj(v5)

<
Il
o

may be defined as a real number, which is the same as

(A47) )‘j (’Uj)

n
i—0

<

when n is sufficiently large. This defines a linear functional on @;io V;. Using
this, we get a linear mapping from (A.4.3) into (A.4.4).

One can check that this mapping is a bijection. More precisely, if A is a
linear functional on @;’;0 V;, then

(A.4.8) Aoy
is a linear functional on V| for each [ > 0. This leads to a linear mapping

from (A.4.4) into (A.4.3). This is the inverse of the mapping described in the
preceding paragraph, as before.



A.5. SOME REMARKS ABOUT LINEAR MAPPINGS 249

A.5 Some remarks about linear mappings
If V and W are vector spaces over the real numbers, then let
(A5.1) LV, W)

be the space of all linear mappings from V into W. This is a linear subspace
of the space of all W-valued functions on V', with respect to pointwise addition
and scalar multiplication of functions. If V and W have finite dimension, then
it is well known that the dimension of £(V, W) is given by

(A.5.2) dim £(V, W) = (dim V) (dim W).

Indeed, one can use bases for V and W to describe linear mappings from V into
W in terms of matrices to get (A.5.2).

Suppose for the moment that W = R, considered as a one-dimensional
vector space over itself. In this case, L(V, W) = L(V,R) is the same as the dual
space V* of linear functionals on V, as in Section A.3.

A.5.1 Linear mappings and direct sums

Let Vi,...,Vn be finitely many vector spaces over the real numbers. If Tj is a
linear mapping from V; into W for each j =1,..., N, then one can get a linear
mapping 7" from @jvzl V; into W as in Subsection 2.1.2. Conversely, every linear
mapping from 69;\/:1 V; into W corresponds to unique linear mappings from V;

into W, 1 < j < N, in this way, as before. This leads to an isomorphism from

N
(A5.3) P L. w)

j=1

onto N
(A.5.4) c(pvi.w),
j=1

as vector spaces over the real numbers.
Similarly, let W1, ..., Wy be finitely many vector spaces over the real num-
bers. If R; is a linear mapping from V into W; for each [ =1,..., M, then

(A.5.5) R(v) = Ry(v) @ -+ @ Ry (v)

defines a linear mapping from V into EB;ZI W;. Conversely, it is easy to see

that every linear mapping R from V into @l]\il Wi corresponds to unique linear
mappings from V into W, 1 <[ < M, in this way. This leads to an isomorphism
from

M
(A.5.6) P v, wy)
=1
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onto o
(A5.7) E(V, b Wz),
=1

as vector spaces over the real numbers.

A.5.2 Linear mappings and direct products

Now let V; be a vector space over the real numbers for each nonnegative integer
j. If T; is a linear mapping from V; into W for each j > 0, then one can get
a linear mapping 7" from EB;”;O V; into W in basically the same way as before.
This defines a linear mapping from

(A.5.8) ﬁqWW)

into -
(A.5.9) c(Pviw).
j=0

Conversely, if T' is any linear mapping from @;’;0 V; into W, then one can get
a linear mapping 7} from V; into W for each [ > 0, by composing the standard
embedding of V; into EB;";OVJ- with 7. This defines a linear mapping from
(A.5.9) into (A.5.8), which is the inverse of the previous mapping.

Similarly, let W; be a vector space over the real numbers for every nonnega-
tive integer [. If R; is a linear mapping from V into W; for each [ > 0, then we
get a linear mapping R from V into [];°, W;, where the Ith coordinate of R(v)
is equal to R;(v) for every v € V and [ > 0. This defines a linear mapping from

(A.5.10) ﬁaum)

1=0
into

(A.5.11) E(V,E)Wl).

Conversely, if R is any linear mapping from V into [],=, W;, then one can get
a linear mapping Ry from V into Wj for each k > 0, by composing R with
the kth standard coordinate projection from Hfio W, onto Wy. This defines a
linear mapping from (A.5.11) into (A.5.10), which is the inverse of the previous
mapping.

A.5.3 Some more direct sums

Of course,

(A.5.12) éamm

=0
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is a linear subspace of (A.5.10), as in the previous section. We also have that
(A.5.13) ﬁ(v, @Wl)
1=0

is a linear subspace of (A.5.11), because @, , W, is a linear subspace of [ [~ W.
The restriction of the linear mapping from (A.5.10) into (A.5.11) defined in the
preceding paragraph is a one-to-one linear mapping from (A.5.12) into (A.5.13).

Let R be a linear mapping from V' into @fio W;, and let Ry be the compo-
sition of R with the kth standard coordinate projection from @20 Wi onto Wy
for each k > 0. If v € V, then

(A.5.14) Ry (v) = 0 for all but finitely many k& > 0,
by the definition of @fio W;. If V has finite dimension, then one can check that
(A.5.15) Ry, = 0 for all but finitely many k > 0.

This means that the linear mapping from (A.5.12) into (A.5.13) defined in the
previous paragraph is surjective when V' has finite dimension.

A.6 The algebra of multilinear forms

Let W be a vector space over the real numbers. Let us define M(W) initially
as a vector space over the real numbers by

(A.6.1) M(W) = éMk(WL
k=0

where the right side is as in Section A.4. We shall normally identify elements of
M;(W) with their images in M(W) under the embeddings defined before, so
that every element of M (W) corresponds to a finite sum of elements of M;(W),
1>0.

If u,v € M(W), then we can define

(A.6.2) RV

as an element of M (W) in an obvious way. More precisely, if 1 € M, (W) and
v € M, (W) for some positive integers Iy, lo, then (A.6.2) may be defined as
an element of M, ;, (W) as in Section 2.8. The cases where [; or I is equal to
0 may be included as in Subsection 2.12.1. Otherwise, p and v correspond to
finite sums of multilinear l1, lo-linear forms on W, I1,ly > 0, and (A.6.2) may
be defined as the corresponding sum of finitely many (I; + l3)-linear forms on
w.

This defines a bilinear mapping from M(W) x M(W) into M(W). This
makes M(W) into an associative algebra over the real numbers, because of
the associativity property of products of multilinear forms on W mentioned in
Subsection 2.8.1. Remember that we take Mo(W) = R, as in Subsection 2.12.1.
In fact, the real number 1 corresponds to the multiplicative identity element of
M(W) in this way.
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A.6.1 The definition of SM(W)

Similarly, we can define SM (W) as a vector space over the real numbers by
(A.6.3) SMW) = P SM(W),
k=0

which is a linear subspace of M(W). Using the symmetrization mapping S
from My (W) onto SMy (W) defined for each £ > 1 in Subsection 2.4.2, we
get a symmetrization mapping S from M (W) onto SM(W). More precisely,
we can take Si to be the identity mapping on Mo(W) = SMy(W) = R when
k =0, as in Subsection 2.12.1.

If v € SM(W), then we can define

(A.6.4) woOv

in an obvious way, to get a bilinear mapping from SM (W) x SM(W) into
SM(W). This uses the bilinear mapping from SM;, (W) x SM,, (W) into
SMy, +1,(W) defined in Section 2.9. This makes SM(W) into a commutative
associative algebra over the real numbers, because of the analogous properties
discussed in Section 2.9. Remember that SMo(R) = R, as in Subsection 2.12.1,
which corresponds to a subalgebra of SM(W). The real number 1 corresponds
to the multiplicative identity element of SM(W), as before.
If pn,v € M(W), then

(A.6.5) S(pev)=S5(S(k) @SWv) =S5 @Sk).

The first step corresponds to a property of multilinear forms mentioned in Sub-
section 2.9.1, and the second step follows from the definition of the right side.
This shows that S is an algebra homomorphism from M (W) onto SM(W).

A.6.2 Polynomials and M(R")
If W = R" for some positive integer n and u € M(R"™), then we can define

(A.6.6) P,

as a polynomial on R™ with real coefficients, using the earlier definition for
multilinear forms on R™. If v € M(R™) too, then

(A.6.7) P.g, =P, P,

because of the analogous property of multilinear forms on R™ mentioned in
Subsection 2.8.1. Thus p + P, defines an algebra homomorphism from M(R")
onto the space P(R"™) of all polynomials on R™ with real coefficients, with
respect to pointwise multiplication of polynomials on R”.

Similarly, the restriction of p — P, to SM(R"™) defines an algebra isomor-
phism onto P(R"™), with respect to ® on SM(R"™). This uses some of the
remarks in Section 1.10.
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A.7 More on AM(W)

Let W be a vector space over the real numbers again. Let us define AM (W)
initially as a vector space over the real numbers by

(A.7.1) AM(W) = éAMk(W),
k=0

where the right side is as in Section A.4. If W has dimension n for some positive
integer n, then AMy, (W) = {0} when k > n, and this is essentially the same as
the definition of AM (W) in Subsection 2.12.3. We can use the alternatization
mapping Ay from My (W) onto AMy (W) defined for £ > 1 in Subsection
2.4.2 to get an alternatization mapping A from M(W) onto AM(W). As in
Subsection 2.12.1, we take Ag to be the the identity mapping on My(W) =
AMy(W) =R.
If p,v € AM(W), then we can define

(A.7.2) [T

as an element of AM (W) in an obvious way, using the analogous definition for
alternating multilinear forms on W in Subsection 2.10.1. This defines a bilinear
mapping from AM(W) x AM(W) into AM(W). This makes AM (W) into an
associative algebra over the real numbers, because of the associativity property
of Ag mentioned in Subsection 2.10.1. As before, AMy(W) = R corresponds to
a subalgebra of AM (W) with respect to Ag, and the real number 1 corresponds
to the multiplicative identity element in AM (W) with respect to Ag.
If pn,v € M(W), then

(A73) Ap® v) = A(A(l) ® Av)) = Aln) Ao A(v),

where the first step corresponds to a property of multilinear forms mentioned
in Section 2.10, and the second step follows from the definition of the right side.
This means that A is an algebra homomorphism from M (W) onto AM (W),
with respect to Ag on AM(W).

If p,v € AM(W), then we can define

(A.7.4) wAY

as an element of AM(W) in an obvious way, using the analogous definition
for alternating multilinear forms on Section 2.11. This defines a bilinear map-
ping from AM(W) x AM(W) into AM(W), which makes AM(W) into an
associative algebra over the real numbers, because of the associativity property
mentioned in Section 2.11. Note that AMy(W) = R also corresponds to a sub-
algebra of AM (W) with respect to A, and that the real number 1 corresponds
to the multiplicative identity element in AM (W) with respect to A.
If 4 € My(W) for some nonnegative integer k, then put

(A.7.5) Ag(p) = k! A (p)-
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Using these mappings, we get a linear mapping A from M(W) onto AM(W).
If u, v are k1, ko-linear forms on W for some nonnegative integers ki, ks,
then p ® v is a (k1 + ko)-linear form on W, and we have that

Zkl+k2 (/u‘ ® l/) = (kl + kQ)' Ak1+k2 (:u‘ ® V) = (kl + kQ)' Akl (M) Ao Ak2 (V)
(A7) = B ) Ao A0 = A ) A A0,

using (A.7.3) in the second step, and the definition of A in the fourth step. This
implies that B B B
(A.7.7) Alp®v) = A(p) AN A(v)

for all y,v € M(W). Thus A is an algebra homomorphism from M (W) onto
AM(W), with respect to A on AM(W).
A.8 More on inner products

Let W be a vector space over the real numbers with an inner product (-, )w,
and let || - ||w be the corresponding norm on W, as in Subsection 3.3.1. We say
that u,w € W are orthogonal with respect to (-, )y if

(A.8.1) (u, w)yw = 0.

It is easy to see that this happens if and only if

2 2 2
(A.8.2) [+ wllw = llulliy + wl

Let n be a positive integer, and let wi,...,w, be n pairwise-orthogonal
vectors in W. We say that wy,...,w, € W are orthonormal with respect to
<., >W if
(A.8.3) lwillw =1
for each j = 1,...,n. It is well known and not difficult to check that this implies
that wy,...,w, are linearly independent in W. Note that the standard basis
vectors ei,...,e, in R™ are orthonormal with respect to the standard inner

product (-, -)g» on R".

If W has finite dimension, then it is well known that W has an orthonormal
basis. In fact, an orthonormal basis for W can be obtained from any basis for
W using the Gram—Schmidt process.

Let V be a vector space over the real numbers with an inner product (-, -}y
and associated norm | - ||y. Also let T be a linear mapping from V into W, and
remember that 7" is an isometry with respect to these norms if and only if T'
preserves the inner products, as in Section 3.15. Suppose that V' has dimension
n, and let vq,...,v, be an orthonormal basis for V. One can check that T is an
isometry if and only if

(A8.4) T(v1),...,T(v,) are orthonormal in W with respect to (-, )w.
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Any sequence of n vectors in W may be realized as
(A.8.5) L(e1),...,L(en),

where L is a linear mapping from R"™ into W. These vectors are linearly inde-
pendent in W exactly when L is one-to-one, and these vectors span W exactly
when L maps R" onto W. If W has dimension n, then we can use an orthonor-
mal basis for W to get an isometric linear mapping from R"™ onto W, with
respect to the standard inner product and norm on R”.

A.9 Inner products and adjoints

Let V be a vector space over the real numbers with an inner product (-, )y . If
v €V, then
(A.9.1) Ap(u) = (u,v)y

defines a linear functional on V. It is easy to see that
(A.9.2) v Ay

defines a linear mapping from V into the dual space of linear functionals on V.
Note that
(A.9.3) Ao(v) = (v, v)v

is equal to 0 if and only if v = 0. This implies that (A.9.2) is one-to-one.

If V has finite dimension, then it is well known that every linear functional
on V may be expressed as in (A.9.1) for a unique v € V. Equivalently, this
means that (A.9.2) is a one-to-one linear mapping from V onto the dual space
of V. This can be verified directly when V' = R"™ for some positive integer n,
with the standard inner product. Otherwise, one can use an orthonormal basis
for V to reduce to that case, or to essentially the same argument. Alternatively,
one can use the fact that the dimension of the dual space of V is the same as
the dimension of V' when the dimension of V' is finite, as in Section A.3.

Let W be another vector space over the real numbers with an inner product
(-, Yw, and let T be a linear mapping from V into W. If w € W, then

(A.9.4) t (w) = (T(u), w)w

defines a linear functional on V. Suppose that V has finite dimension, so that
there is a unique element 7™ (w) of V' such that

(A.9.5) (T(u), w)w = (u, T*(w))v

for every uw € V, as in the preceding paragraph. One can check that T* is a
linear mapping from W into V. This is called the adjoint of T" with respect to
the inner products on V and W.

This is not quite the same as the dual linear mapping associated to T as in
Subsection A.3.1, although we are using the same notation here. Sometimes one
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may use other notation for dual linear spaces and the corresponding dual linear
mappings, such as V/, W', and T”, to distinguish the dual linear mapping from
the adjoint. If W also has finite dimension, then one can characterize linear
functionals on W in terms of the inner product in the same way, so that the
dual linear mapping corresponds more closely to the adjoint.

If W has finite dimension too, then one can use orthonormal bases for V'
and W to characterize T in terms of a matrix. In this case, T corresponds to
the transpose of this matrix, with respect to the same orthonormal bases for V'
and W.

A.9.1 Some properties of the adjoint

Let Z be a third vector space over the real numbers with an inner product
(-,)z, and let R be a linear mapping from W into Z. If V and W have finite
dimension, then the adjoints R*, (RoT)* of R, RoT may be defined as linear
mappings from Z into W, V', respectively, as before. In particular,

(A.9.6) (R(w), 2)z = (w, R*(2))w
for every we W and z € Z. lf u € V and z € Z, then
(A.9.7) (R(T(u)),2)z = (T'(u), B*(2))w = (u, T*(R*(2)))v-

This implies that
(A.9.8) (RoT)*=T"o R",

as linear mappings from Z into V.
Remember that T is an isometric linear mapping from V into W, with respect
to the norms associated to the inner products, if and only if

(A.9.9) (T(u), T(v)w = (u,v)y

for every u,v € V, as in Section 3.15. If V' has finite dimension, then this is the
same as saying that
(A.9.10) (u, T*(T(v)))y = (u,v)y

for every u,v € V. One can check that this holds if and only if
(A.9.11) T oT =1y,

where Iy is the identity mapping on V.

If V has finite dimension and T is a one-to-one linear mapping from V' onto
itself, then
(A.9.12) T o (T = (T oT)* = Iyx = Iy,

using (A.9.8) in the first step. Similarly,

(A.9.13) (T~ Y oT* =(ToT Y =1y = Iy,
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where Iy is the identity mapping on W. This implies that T* is a one-to-one
linear mapping from W onto V', with

(A.9.14) (1)t =(T7Y",

as linear mappings from V into W, using (A.9.8). Note that T is an isometric
linear mapping from V onto W if and only if

(A.9.15) Tt =T",

because of (A.9.11). This is related to a remark in Section 4.12.

A.10 Nonnegativity and self-adjointness

Let n be a positive integer, and let V be an n-dimensional vector space over the

real numbers with an inner product (-, )y and its associated norm || - [|y. Of

course, this includes R™ with its standard inner product and norm, and one can

often reduce to this case using an isometric linear mapping from R™ onto V.

This basically corresponds to choosing an orthonormal basis for V', as before.
A linear mapping B from V into itself is said to be self-adjoint if

(A.10.1) B* = B.

This means that the matrix associated to B with respect to an orthonormal
basis of V' is symmetric, in the sense that it is equal to its transpose.
Under these conditions, it is well known that

(A.10.2) there is an orthonormal basis for V'

consisting of eigenvectors for B.

This is often stated for real symmetric matrices, or self-adjoint linear mappings
from R™ into itself, and one can reduce to that case.

A self-adjoint linear mapping B from V into itself is said to be nonnegative
if
(A.10.3) (B(v),v)y 20

for every v € V. One can check that this implies that the eigenvalues of B are
nonnegative real numbers. Conversely, if the eigenvalues of B are nonnegative
real numbers, then one can use diagonalization of B mentioned in the preceding
paragraph to get that B is nonnegative in this sense. We also get that

(A.10.4) det B >0

when B is nonnegative, because the determinant of B is equal to the product
of its eigenvalues.
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A.10.1 A family of examples

Let W be another vector space over the real numbers with an inner product

(-, yw and associated norm || - ||y, and let T be a linear mapping from V into
W. Let us check that
(A.10.5) (T*)* =T,

as linear mappings from V into W. If u € V and w € W, then
(A.10.6) (T (), whw = (0, T (w))y = (T*)* (u), wh,

using the definition of T* in the first step, and the definition of (7%)* in the
second step. This implies (A.10.5).

Note that T o T is a linear mapping from V into itself. This mapping is
self-adjoint, because

(A.10.7) (T* o) =T*o (T*) =T oT.
If v € V, then
(A10.8) ((T" o T)(v),v)v = (T*(T(v)),v)v = (T(v), T())w = |T(v)l[3y-

Thus T% o T is nonnegative as a self-adjoint linear mapping from V into itself.
This implies that
(A.10.9) det(T* o T) > 0,

as before.

If T is injective on V, then (A.10.8) implies that T* o T is injective on V as
well. Conversely, if T o T is injective on V', then T is injective on V.

Of course, if V=W, then T and T™* are linear mappings from V into itself,
and

(A.10.10) det(T* oT) = (det T™*) (det T').
If <'a '>V = <'a >W too, then
(A.10.11) det T* = det T.

This is because the matrix associated to T with respect to an orthonormal
basis for V is the same as the transpose of the matrix associated to T with
respect to that basis. This implies that

(A.10.12) det(T* o T) = (det T)?

in this case. This is another way to get (A.10.9) under these conditions.

A.11 Adjoints and volumes

Let n be a positive integer, and let W be an n-dimensional vector space over the
real numbers with an inner product (-, )y and associated norm || - ||r. We can
use an orthonormal basis for W to get an isometric linear mapping L from R™
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onto W, as in Section A.8, with respect to the standard inner product (-, )gn
and norm || - |[g» on R™. If E is a reasonably nice subset of W, then put

(A.11.1) Aw (E) = Vol,,(L™Y(E)),
as in Section 4.15. Remember that this depends only on the inner product on
W, and not the particular choice of L.

Let T be a linear mapping from R™ into W. If Ej is a reasonably nice subset
of R", then
(A11.2) Aw(T(Ey)) = Vol (L™ (T(Eyp))) = |det(L~" o T)| Vol,,(Ey),

where the second step is as in Section 4.12. In particular, if eq,..., e, is the
standard basis in R"™, then

(A11.3) Pw(T(e1),...,T(en)) =T (Prn(er,...,en)) =T([0,1]"),
as in Section 4.14. If we take Ey = [0,1]™ in (A.11.2), then we get that
(A.11.4) Aw (Pw (T(e1),...,T(en))) = |det(L™ o T)).

Observe that
(A.11.5) (LYo =T*o (L™Y)*=T"0L,

where the second step uses the fact that L is an isometry from R™ onto W.
This means that

(A.11.6) (Lr'oT) o(L7'oT)=T*oLoL ' oT =T*0T.
It follows that
(A11.7) det(T*oT) =det((L ' oT)* o (L™ oT)) = (det(L™ o T))?,
where the second step is as in (A.10.12). This shows that
(A.11.8) |det(Lt o T)| = (det(T™ o T))*/2.
If Ey is a reasonably nice subset of R™, then we get that
(A.11.9) Aw (T(Eg)) = (det(T* o T))*/? Vol,,(Ey),
by (A.11.2). In particular,
(A.11.10) Aw (Pw (T(e1), ..., T(en))) = (det(T* o T'))*/2,

by (A.11.4). This is very close to Theorem 7 on p328 of [25], and we shall return
to that in a moment.
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A.11.1 Another inner product space

Let Z be another vector space over the real numbers with an inner product
(,")z. Suppose that W is a linear subspace of Z, and that (-, )y is the same as
the restriction of (-,-)z to W. Let T} be the same as T, considered as a linear
mapping from R"™ into Z. The adjoint 77 of 77 may be defined as before, as a
linear mapping from Z into R™. Let us check that

(A.11.11) TFoTy =TT,

as linear mappings from R"™ into itself.
If u,v € R", then

(T" o T)(w),vime = (T*(T(w)),v)re = (T(w), T(v))w
(A.11.12) — (D), Ti())z = (T} (T3 (), vy
= (T} o Th)(w), V).

This implies (A.11.11). Of course, it follows that
(A.11.13) det(T} o T1) = det(T* o T).

In Theorem 7 on p328 of [25], one basically takes Z to be another Euclidean
space, with the standard inner product. It is also stated in terms of the matrix
associated to T7j.

More precisely, the volume of a parallelepiped in a Euclidean space is defined
on p328 of [25], and Theorem 7 there expresses the square of the volume as a
determinant. This is used to determine the effect of a linear mapping from R™
into itself on the n-dimensional volumes of parallelepipeds or other subsets of
R".

If W is an n-dimensional linear subspace of a Euclidean space, then the
restriction of the standard inner product on the Euclidean space to W defines an
inner product on W. Remember that an admissible volume on W is determined
by its value at a parallelepiped corresponding to a basis for W, as in Subsection
4.14.1. If the n-dimensional volume of a parallelepiped in a Euclidean space has
already been defined, then one can use that to determine Ay .

A.12 Traces and transposes of matrices

Let m and n be positive integers, and let a = (aj,l)Tl’Zl be an m xn matrix of real
numbers. The transpose of a is defined to be the n x m matrix a’ = (aj ;);'/2,
of real numbers with

(A.12.1) aj ;= ajy

foreach j=1,...,mand [ =1,...,n. If m = n, then the trace of a is defined
as usual by

n
(A.12.2) tra=>a;;.
=1
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This defines a linear functional on the space M, ,(R) of n x n matrices with
entries in R. Clearly
(A.12.3) tra’ =tra

in this case.

Let r be another positive integer, and let b be an n xr matrix of real numbers.
If a is an m X n matrix of real numbers again, then ab is defined as an m x r
matrix of real numbers, by matrix multiplication. It is well known and not
difficult to check that
(A.12.4) (ab)t =b"a’,

as r X m matrices of real numbers.

Suppose that m = r, so that ab is an m X m matrix of real numbers, and
ba is an n X n matrix of real numbers. Under these conditions, it is well known
and not difficult to verify that

n

(A.12.5) tr(ab) = tr(ba) = > > a1 by;.

j=11=1

[

Let I,, be the identity matriz in M, ,,(R), whose diagonal entries are equal
to 1, and whose other entries are equal to 0. If a« € M,, ,(R) and ¢ € R, then
put
(A.12.6) pa(t) = det(I, + ta),

which is a polynomial in ¢ with real coeflicients. It is well known and not too
difficult to check that
(A12.7) p,(0) = tra.

A.12.1 Traces of linear mappings

Let V be a vector space over the real numbers of dimension n, and let vy, ..., v,
be a basis for V. If T is a linear mapping from V into itself, then T corresponds
to an n X n matrix ¢(T") of real numbers with respect to this basis for V' in a
standard way. The trace of T may be defined as a real number by

(A.12.8) tr T = tre(T).

It is well known that this does not depend on the basis for V', and we shall
return to this in a moment.

Let W be a vector space over the real numbers of dimension m, and let
w1, ..., W, be a basis for W. Omne can use this basis to define the trace of a
linear mapping from W into itself, as in the preceding paragraph. Let A be a
linear mapping from V into W, and let B be a linear mapping from W into V.
Using the bases for V' and W, we can associate m x n and n X m matrices a
and b of real numbers to A and B, respectively.

Of course, Ao B is a linear mapping from W into itself, and Bo A is a linear
mapping from V into itself. These linear mappings correspond to the product
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matrices a b and ba, respectively, with respect to the given bases on V and W.
It follows that
(A.12.9) tr(Ao B) =tr(Bo A),

because of (A.12.5).
In particular, this holds with V' = W, and v; = w;. If R is a one-to-one
linear mapping from V onto itself, then it follows that

(A.12.10) tr(RoToR™ Y =trT.

One can use this to get that (A.12.8) does not depend on the particular basis
for V, by standard arguments.



Appendix B

Lie algebras

B.1 The definition and some examples

Let A be a vector space over the real numbers, and let [-,-] = [-,-]4 be a bilinear
mapping from A x A into A. Thus, if z,y € A, then [z,y] = [z,y] 4 is an element
of A too, and this is linear in each of z and y. We say that A is a Lie algebra over

the real numbers with respect to [, -] if the following two additional conditions
hold, as in Definition 3.4 on p84 of [239]. The first condition is that

for every x,y € A. The second condition is that
(B.1.2) ([, 9], 2] + [[y, 2], 2] + [[2, 2], y] = 0

for every z,y, z € A, which is known as the Jacobi identity.
Sometimes the Jacobi identity is formulated as saying that

(B.1.3) [, [y, 2]] + [y, [z, 2]] + [z, [z, y]] = 0

for every x,y,z € A. It is easy to see that this is equivalent to (B.1.2) when the
first condition (B.1.1) holds.
Of course, (B.1.1) implies that

(B.1.4) [z,2] =0

for every x € A. Conversely, if (B.1.4) holds for every x € A, then one can
check that (B.1.1) holds for every x,y € A, as in Section 1.7. The definition of
a Lie algebra is often formulated using (B.1.4) instead of (B.1.1), as on pl of
[109], and Definition 1 on p2 of [210]. These formulations are used more broadly,
where (B.1.4) implies (B.1.1), but the converse may not hold.

If A is a Lie algebra with respect to [-, -], then [-,-] may be called the Lie
bracket on A. Of course, a Lie algebra over R is a particular type of algebra
over R in the strict sense, as in Section A.2. In particular, the notions of
homomorphisms and isomorphisms between Lie algebras may be defined in the
same way as before.

263
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B.1.1 Some examples of Lie algebras

Suppose for the moment that A is an associative algebra over the real numbers,
where multiplication of z,y € A is expressed as xy. In this case, one can verify
that A is a Lie algebra with respect to

(B.1.5) [z, y] =2y —yx.

This corresponds to Example (iii) on p2 of [210].
Let V be a vector space over the real numbers, and let

(B.1.6) L(V)=L(V,V)

be the space of linear mappings from V into itself. This is a vector space over
the real numbers, as in Section A.5. In fact, £(V') is an associative algebra over
R, with composition of linear mappings as multiplication.

If R, T € L(V), then put

(B.1.7) [R,T] = [R,T]zvy=RoT -ToR,

which is another element of L(V'). As before, £L(V) is a Lie algebra over R with
respect to (B.1.7). This is known as the general linear algebra associated to V,
and denoted

(B.1.8) gl(V),

as on p2 of [109]. Of course, this is the same as £(V') as a vector space over R.

Let n be a positive integer, and let M, ,(R) be the space of n x n matrices
with entries in R, as in Sections 5.1 and 5.2. This is a vector space over the
real numbers with respect to entrywise addition and scalar multiplication, and
an associative algebra over R with respect to matrix multiplication, as before.
The general linear algebra

(B.1.9) 9l(n, R)

of n xn matrices with entries in R is the same as M, ,,(R) as a vector space over
the real numbers, considered as a Lie algebra with respect to the corresponding
commutator bracket (B.1.5). This is example 3.5 (¢) on p84 of [239].

There is a standard one-to-one correspondence between linear mappings from
R” into itself, and n x n matrices of real numbers, using the standard basis for
R™. This defines an isomorphism between L(R") and M,, ,,(R), as vector spaces
over R, and associative algebras over R. This also defines an isomorphism
between gl(R"™) and gl(n,R), as Lie algebras over R.

If A is any vector space over the real numbers, then A is a Lie algebra with
respect to the Lie bracket defined by putting

(B.1.10) [z,y] =0

for every x,y € A. In this case, we may say that A is abelian or commutative
as a Lie algebra, as in Section 1.4 on p4 of [109], Example (ii) on p2 of [210],
and example 3.5 (b) on p84 of [239].
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If (A,[,-]) is any Lie algebra over R, then A is commutative as an algebra
in the strict sense if and only if

(B.1.11) [z,y] = [y, 2]

for every xz,y € A, as in Section A.2. Of course, (B.1.1) and (B.1.11) imply
(B.1.10). However, this does not always work when considering vector spaces
over other fields, or modules over other commutative rings. In those cases, a
Lie algebra is considered to be abelian or commutative if the corresponding Lie
bracket is identically 0, and not merely symmetric. Thus a Lie algebra over
other fields or commutative rings could be commutative as an algebra in the
strict sense, and not commutative as a Lie algebra.

B.2 Subalgebras of Lie algebras

Let (A, -, -]) be a Lie algebra over the real numbers. If Ay is a linear subspace
of A such that
(B.2.1) [z,y] € Ao

for every x,y € Ag, then Ag is said to be a Lie subalgebra of A. This is the same
as saying that Ag is a subalgebra of A as an algebra in the strict sense over R,
as in Section A.2. It is easy to see that A is also a Lie algebra with respect to
the restriction of [z,y] to z,y € Ao in this case.

Suppose for the moment that A is an associative algebra over R, with mul-
tiplication of x,y € A expressed as xy. If Ay is a subalgebra of A, then Ay
is also a subalgebra of A as a Lie algebra with respect to the corresponding
commutator bracket (B.1.5).

If n is a positive integer, then the special linear algebra

(B.2.2) sl(n,R)
consists of the n x n matrices a with entries in R such that
(B.2.3) tra =0.

It is easy to see that this is a Lie subalgebra of gi(n,R), using (A.12.5). More
precisely, if a, b are any n x n matrices of real numbers, then

(B.2.4) ab—"ba € sli(n,R).

Similarly, if V is a finite-dimensional vector space over the real numbers,
then the special linear algebra
(B.2.5) sl(V)

associated to V' consists of the linear mappings T from V into itself such that

(B.2.6) tr T = 0.
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If R and T are any linear mappings from V into itself, then
(B.2.7) RoT —ToResl(V),

because of (A.12.9). In particular, si(V) is a Lie subalgebra of gl(V'), as on p2 of

[109]. The isomorphism between gl(R™) and gl(n,R), as Lie algebras over the

real numbers, mentioned in Subsection B.1.1 also maps s/(R™) onto si(n,R).
The orthogonal algebra

(B.2.8) o(n,R)

consists of the n x n matrices a of real numbers that are anti-symmetric, in the
sense that
(B.2.9) a'' = —a.

One can check that this is a Lie subalgebra of gi(n,R), using (A.12.4). More
precisely, this is a Lie subalgebra of si(n,R).

Let V be a finite-dimensional vector space over the real numbers with an
inner product (-, -)y. If T is a linear mapping from V into itself, then the adjoint
T* of T with respect to (-, )y may be defined as a linear mapping from V into
itself as in Section A.9. Under these conditions, we say that T is anti-self-adjoint
if
(B.2.10) T =-T.

The orthogonal algebra
(B.2.11) o(V)

associated to (-,-)y on V consists of the anti-self-adjoint linear mappings from
V into itself. One can check that this is a Lie subalgebra of gl(V'), using (A.9.8).
If V.= R"™ with the standard inner product, then o(R"™) corresponds to
o(n,R) under the Lie algebra isomorphism between gi(R™) and gi(n,R) men-
tioned in Subsection B.1.1. This follows from the fact that the adjoint of a
linear mapping from R”™ into itself with respect to the standard inner product
corresponds to the transpose of the associated n x n matrix, as in Section A.9.
Let V be a vector space over the real numbers, and let b be a bilinear form
on V. Let us say that a linear mapping T from V into itself is anti-symmetric
with respect to b if
(B.2.12) b(T(v), w) = —b(v, T (w))

for every v,w € V. One can check that the collection of these linear mappings
is a Lie subalgebra of gl(V'). This corresponds to part of Theorem 3.56 on p119
of [239].

B.3 Some linear mappings

Let V; be a vector space over the real numbers. If R and T are linear mappings
from Vj into itself, then let [R,T] put

(B.3.1) [R,T]|=RoT —ToR,
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as in (B.1.7). If U is another linear mapping from Vj into itself, then
(B.3.2) ([R,T], U] +[[T,U], R] + [[U, R],T] = 0,

by the Jacobi identity, as in Section B.1.
Let Vi, V5, V3 be linear subspaces of V, with

(B.3.3) V3 CV, C V.

Consider the space
(B.3.4) L32(V1, Vo)

of linear mappings 1" from V; into Vj such that
(B.3.5) T(V3) C Vo, T(Va) € V3.
This is a linear subspace of the space L£(V7,Vp) of all linear mappings from V;

into V4.
Similarly, let

(B.3.6) L3(V2, V)

be the space of linear mappings B from V5 into V{ such that
(B.3.7) B(V3) C V.

This is a linear subspace of L(Va,Vp). If R, T € L3 5(V41,0), then
(B.3.8) RoT e L3(Va, Vo).

In this case, the commutator (B.3.1) of R and T is defined as a linear mapping
from V5 into Vp, and in fact

(B.3.9) [R,T] € L5(Va, Vp).

If R,T,U € £3,2(‘/1,‘/0), then

(B.3.10) RoToU € L(V3, V).

Similarly,

(B.3.11) ([R,T) oU, Uo ([R,T]) € L(V3,Vp),

so that

(B.3.12) [R,T], U]l =([R,T)) oU —U o ([R,T)) € L(V3,V}).

One can check that (B.3.2) holds in £(V3, V) under these conditions.
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B.4 Some more Lie subalgebras

Let (A,b) be an algebra in the strict sense over the real numbers, as in Section
A.2. Thus A is a vector space over the real numbers in particular, so that the
space L(A) of all linear mappings from A into itself is a vector space over R, and
an associative algebra over R with respect to composition of linear mappings.
Similarly gl(A) is a Lie algebra over R with respect to the usual commutator
of linear mappings, as in Section B.2.
Let
(B.4.1) Der(A) = Der(A,b)

be the space of derivations on A with respect to b, as in Subsection A.2.1. It is
easy to see that this is a linear subspace of £(A). In fact, one can check that

(B.4.2) Der(A) is a subalgebra of gl(A),

as a Lie algebra over R. This corresponds to a remark on p4 of [109], to Example
(iv) on p2 of [210], and to part of Theorem 3.54 on p117 of [239].

Suppose for the moment that A is an associative algebra, where multiplica-
tion of x, y in A is expressed as xy. If a € A, then put

(B.4.3) do(x) =[a,z] =ax —za

for each x € A. One can check that

(B.4.4) dq € Der(A).

More precisely, d, is called an inner derivation of A. Note that
(B.4.5) a v dq

defines a linear mapping from A into Der(A).
If b € A too, then one can verify that

(B46) 0q 00y — 0p 00, = 5[a,b]'

This implies that
(B.4.7) {0a 1 a € A}

is a Lie subalgebra of Der(A).

Suppose now that (A,[,-]4) is a Lie algebra over the real numbers. In
particular, A is an algebra over R in the strict sense, so that the previous
notions and remarks about algebras in the strict sense may be used in this case.
Thus a linear mapping § from A into itself is a derivation of A as a Lie algebra
if
(B.4.8) [z, yla) = [0(z), yla + [x,0(y)]a
for every z,y € A, as in Subsection A.2.1.

If x € A, then let ad x = ad, be the linear mapping from A into itself defined
by
(B.4.9) adz(y) = [z,y]a
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for every y € A. One can check that
(B.4.10) ad, € Der(A),

using the Jacobi identity. This corresponds to a remark on p4 of [109], and
the first part of Theorem 3 on p3 of [210]. In fact, ad, is called an inner
derivation of A, as on p4 of [109]. It is sometimes convenient to use the notation
adg x = ada , for ad,, to indicate the role of A.

Clearly
(B.4.11) x> ad,

is a linear mapping from A into Der(A). One can check that
(B.4.12) ad; o ad, — ady o ad, = ad[; ],

for every x,y € A, using the Jacobi identity. This corresponds to a remark on
p8 of [109], and to the second part of Theorem 3 on p3 of [210]. It follows that

(B.4.13) {ad, : z € A}

is a Lie subalgebra of Der(A).

B.5 Some multiplication operators

Let (A,b) be an algebra over the real numbers in the strict sense, as in Section
A.2. If a € A, then put

(B.5.1) Ly(z) = b(a,x)
and
(B.5.2) R.(x) = b(x,a)

for every x € A. These define linear mappings from A into itself, which are the
left and right multiplication operators on A associated to a, respectively. Note
that

B.5.3 a— L,
(B.5.3)

and

(B.5.4) a— R,

define linear mappings from A into the space L£(A) of all linear mappings from
A into itself.

Suppose for the moment that A has a multipicative identity element e with
respect to b. In this case,
(B.5.5) Lo(e) = Ro(e) =a

for every a € A. In particular, this means that (B.5.3) and (B.5.4) are one-to-one
mappings from A into L(A).
Let 6 be a derivation on A with respect to b. It is easy to see that

(B56) do La - La 0 = L&(a)
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for every a € A. Similarly,
(B.5.7) doR, —R,00= R(;(a)

for every a € A.
Of course, if A is commutative with respect to b, then L, and R, are the
same. If (A, [, ]4a) is a Lie algebra over R, then

(B.5.8) L, =ad,
and

B.5.9 R, = —ad,
(

for every a € A.

B.5.1 Multiplication operators on associative algebras

Suppose now that A is an associative algebra over the real numbers, where
multiplication of x,y € A is expressed as xy. Thus

(B.5.10) Ly(z)=ax
and
(B.5.11) Ry(x)=ax

for all a,z € A. If a1,as € A, then
(B.5.12) Lo, a,(x) = (a1 a2) 2 = a1 (a2 ) = La, (La, ())

for every x € A. This means that

(B.5.13) Laya; = La, © La,
on A.
Similarly,
(B.5.14) Ry, o, () =z (a1 a2) = (xa1)as = Re, (R, ()

for every x € A. This is the same as saying that

(B.5.15) Ra, a; = Ra, © Ra,

on A. Observe that

(B.5.16) La, (Ra, (7)) = a1 (z ag) = (a1 7) ag = Ra,(La, (2))
for every x € A. This shows that

(B.5.17) Lo, 0o Ry, = Ry, Lo,

on A.
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If a € A, then put
(B.5.18) 00 = Lo — R,

as in (B.4.3). If § is a derivation on A, then
(B519) do 5a - 5(1 0d = 65((1),

because of (B.5.6) and (B.5.7).
Suppose that A is commutative as well. If § is a derivation on A, then it is
easy to see that

(B.5.20) L, o6 € Der(A)

for every a € A.

B.6 Ideals in algebras over R

Let (A,b) be an algebra over the real numbers in the strict sense again, as in
Section A.2. A linear subspace Ag of A is said to be a left ideal in A with respect
to b if

(B.6.1) b(z,y) € Ao

for every x € A and y € Ag. Similarly, Ay is said to be a right ideal in A if
(B.6.1) holds for every x € Ag and y € A. If Ag is both a left and right ideal in
Ap, then Ag is said to be a two-sided ideal in A. Of course, if A is commutative
with respect to b, then left and right ideals in A are the same.

If Ay is a left or right ideal in A, then Ay is a subalgebra of A. It is easy
to see that the kernel of a homomorphism from A into another algebra in the
strict sense over R is a two-sided ideal in A.

Let Ag be a linear subspace of A. One can define the quotient space A/Ag
as a vector space over the real numbers in a standard way. This includes a
quotient mapping ¢, which is a linear mapping from A onto A/Ay with

(B.6.2) ker g = Ap.

If Ap is a two-sided ideal in A, then it is not too difficult to show that there is
a unique bilinear mapping by from (A/Ag) x (A/Ap) into A/Ag such that

(B.6.3) q(b(z,y)) = bo(q(x),q(y))

for every z,y € A. This means that A/Ag is an algebra in the strict sense over
the real numbers with respect to by, and that ¢ is an algebra homomorphism
from A onto A/Ay. This corresponds to a remark on p2 of [210].

If A is commutative or associative, then it is easy to see that A/Ap has the
same property. If A has a multiplicative identity element e with respect to b,
then g(e) is the multiplicative identity element in A/Aq with respect to by.
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B.6.1 Ideals in Lie algebras

Let (A, [,-]a) be a Lie algebra over the real numbers. A linear subspace Ay of
A is said to be an ideal in A if

(B.6.4) [z,y]a € A

for every € A and y € Ay, as on p6 of [109]. This is the same as being a left,
right, or two-sided ideal in A, because of the antisymmetry of the Lie bracket.
It is easy to see that A/Ap is also a Lie algebra in this case, as on p7 of [109].

If n is a positive integer, then si(n,R) is an ideal in gl(n,R). Similarly, if
V is a finite-dimensional vector space over R, then sl(V) is an ideal in gi(V).

If B is an associative algebra over R, then the set Der(B) of derivations on
B is a Lie subalgebra of gl(B), as in Section B.4. We have also seen that the
set of derivations on B defined by commutators with elements of B is a Lie
subalgebra of Der(B). In fact, this is an ideal in Der(B), as a Lie algebra over
R, as in (B.5.19).

Similarly, the set Der(A) of derivations on A as a Lie algebra is a Lie subal-
gebra of gl(A), and the set (B.4.13) of derivations on A of the form ad,, x € A,
is a Lie subalgebra of Der(A). More precisely, (B.4.13) is an ideal in Der(A),
because of (B.5.6). This corresponds to Exercise 1 on p9 of [109].

The center of an associative algebra B is defined to be the set of elements
of B that commute witl all other elements of B. It is easy to see that this is a
subalgebra of B. The center of A as a Lie algebra is defined by

(B.6.5) Z(A)={z e A:[z,yla=0forall y € A}.

This is an ideal in A, as mentioned on p6 of [109].

B.7 Representations

Let (A, [-,-]a) be a Lie algebra over the real numbers, and let V be a vector space
over R. A representation of A on V is defined to be a homomorphism from A
into the Lie algebra gl(V') of linear mappings from V into itself. If p is such a
representation, then we may use p, for the linear mapping on V' corresponding
to z € A. In order for p to be a representation of A as a Lie algebra on V', we
should have that

(B.7.1) T Py

is linear as a mapping from A into the space of linear mappings on V', and that

(B.7.2) Pleyla = Pa © Py — Py © Pa;

as linear mappings from V into itself, for every x,y € A.
Under these conditions, we may say that V is a module over A, as a Lie
algebra over R. We may also put

(B.7.3) v = pgy(v)
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for each x € A and v € V, which is another element of V. Using this notation,
the condition that (B.7.1) be a linear mapping from A into the space of linear
mappings on V is equivalent to asking that

(B.7.4) (x,v) = x v

be a bilinear mapping from A x V into V. Similarly, (B.7.2) is the same as
saying that
(B.7.5) ([x,9]a) v=2-(y-v)—y-(x-v)

for every z,y € Aand v e V.
This corresponds to some remarks on p8, 25 of [109], p31 of [210], and p90
of [239].

B.7.1 Representations of associative algebras

Suppose now that A is an associative algebra over the real numbers, where
multiplication of z,y € A is expressed as zy. A representation of A on a vector
space V' over the real numbers is defined to be a homomorphism from A into the
algebra £(V') of linear mappings from V into itself. If p is such a representation,
then we may use p, for the linear mapping on V' corresponding to = € A, as
before. In order for p to be a representation of A as an associative algebra on
V', we should have that x — p, is linear as a mapping from A into £(V'), and
that

as linear mappings from V into itself, for every z,y € A.

Remember that A may also be considered as a Lie algebra over R with
respect to the corresponding commutator bracket, as in Subsection B.1.1. If
p is a representation of A as an associative algebra on V', then p may also be
considered as a representation of A as a Lie algebra on V.

If p is a representation of A, as an associative algebra over R, on V, then
we may say that V is a left module over A. We may use the notation z - v for
pz(v) when z € A and v € V, as before. With this notation, the linearity of
Z — pg as a mapping from A into £(V) is equivalent to the bilinearity of z-v as
a mapping from A x V into V, as before. We also have that (B.7.6) is equivalent
to the condition that

(B.7.7) (zy) - v=x-(y-v)

for every x,y € A and v € V. If A has a multiplicative identity element e, then
one may ask that
(B.7.8) e-v=uv

for every v € V too, so that p. is the identity mapping on V.

We may consider A as a left module over itself, using multiplication in the
algebra. This corresponds to the mapping that sends a € A to the left multipli-
cation operator L, on A, as in Subsection B.5.1.
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B.7.2 Right modules over associative algebras

Let V be a vector space over the real numbers again, and suppose that v -z is
defined as an element of V for every z € A and v € V. More precisely, we ask
that

(B.7.9) (v,x)—v-x

be a bilinear mapping from V x A into V. If
(B.7.10) (v-z)-y=v-(xy)

for all z,y € A and v € V, then we say that V is a right module over A. If A
has a multiplicative identity element e, then one may ask that

(B.7.11) v-e=v

for every v € V as well.

It is easy to see that A may be considered as a right module over itself, using
multiplication in the algebra.

Suppose that V is a right module over A, and put

(B.7.12) Tv=—v-T

for every x € X and v € V. One can check that V is a module over A, as a Lie
algebra with respect to the corresponding commutator bracket, in this way.

B.8 More on representations

Let (A, [-,-]a) be a Lie algebra over the real numbers, and let V' be a vector space
over the real numbers. The trivial representation sends every element of A to
the linear mapping equal to 0 on V. In particular, R may be considered as a
module over A with respect to the trivial representation. We shall normally only
be concerned with trivial representations of Lie algebras on R, unless otherwise
indicated, as on p31 of [210].

As in Section B.4, we put ad,(y) = [z, y]a for every z,y € A. This defines a
representation of A on itself, as before. This is called the adjoint representation
of A. Note that the kernel of
(B.8.1) x — ady

is the center Z(A) of A as a Lie algebra, defined in Subsection B.6.1, as men-
tioned on p8 of [109].

B.8.1 Subrepresentations

Let p be any representation of A on V', and let W be a linear subspace of V. If

(B.8.2) pz(W) CW



B.8. MORE ON REPRESENTATIONS 275

for every x € A, then the restriction of p, to W defines a representation of A
on W. This is called a subrepresentation of p. Equivalently, W is said to be a
submodule of V', as a module over A. An ideal in A is the same as a submodule
of A as a module over itself with respect to the adjoint representation.

Now let A be an associative algebra over R, where multiplication of z,y € A
is expressed as xy, and let p be a representation of A on V, as in Subsection
B.7.1. If W is a linear subspace of V' that satisfies (B.8.2) for every = € A,
then the restriction of p, to W defines a representation of A on W, called a
subrepresentation of p again. We may also call W a submodule of V', as a left
module over A. A left ideal in A is the same as a submodule of A as a left
module over itself, using multiplication on A, as in Subsection B.7.1.

Suppose that V is a right module over A, as in Subsection B.7.2. If

(B.8.3) w-rzeW

for every w € W and x € A, then W is said to be a submodule of V', as a right
module over A. A right ideal in A is the same as a submodule of A as a right
module over itself, using multiplication on A, as in Subsection B.7.2.

B.8.2 Direct sums of representations

Let Vi,..., Vx be finitely many vector spaces over the real numbers, so that their
direct sum @;\;1 V; may be defined as a vector space over the real numbers as
in Section 2.1. If (A, [,-]a) is a Lie algebra over R and V; is a module over A
for each j, then @;Vzl V; may be considered as a module over A in a natural
way too, so that

N
(B.8.4) V; corresponds to a submodule of @ Vi

Jj=1

for each {. Similarly, if A is an associative algebra over R and Vj is a left module
over A for each j, then @;Vzl Vj is a left module over A in a natural way. If V;

is a right module over A for each j, then 69;\/:1 Vj is a right module over A in
a natural way.

If V; is a vector space over R for each nonnegative integer j, then the direct
sum @77 V; and direct product [[;2, Vj of the Vj’s may be defined as vector
space over R as in Section A.4. If A is a Lie algebra again and A; is a module
over A for each j, then it is easy to see that H;’io V; is a module over A too,
where the action of z € A on an element of H;io V; is defined coordinatewise.
In this case,

(B.8.5) @VJ is a submodule of H Vi,
=0 Jj=0

as a module over A. There are analogous statements for left and right modules
over associative algebras, as before.
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B.8.3 Representations and dual spaces

Let V be a vector space over the real numbers, and let V* be the dual space
of linear functionals on V', as in Section A.3. If T' is a linear mapping from V'
into itself, then T*(A) = A o T defines a linear mapping from V* into itself, as
in Subsection A.3.1. If R is another linear mapping from V into itself, then we
have seen that

(B.8.6) (RoT)*=T"o R".

This implies that
(B.8.7) (RoT —ToR)"=—(R"oT*"—T" o R").

Note that T+ T* defines a linear mapping from £(V) into itself.
Let A be an associative algebra over R again, and suppose for the moment
that V is a left module over A. If z € A and A € V*, then put

(B.8.8) A-z)(v) = Mx - v)

for every v € V. This defines \-x as a linear functional on V', and one can check
that V* is a right module over A in this way, using the remarks in the preceding
paragraph. Equivalently, if T, is the linear mapping from V into itself defined
by

(B.8.9) T,(v) =2 v,
then
(B.8.10) A-x=Tr(N)

for every x € A and \ € V*.

Similarly, suppose that V is a right module over A. If € A and v € V|,
then put
(B.8.11) (z-N)(v) =Av-x)

for every v € V, which defines a linear functional on V. One can check that V*
is a left module over A in this way.

Let (A,[,-]4) be a Lie algebra over R, and let p = p" be a representation
of Aon V. If x € A, then p, is a linear mapping from V into itself, so that the
dual linear mapping (p,)* is defined on V* as before. One can check that

(B.8.12) py = —(ps)"

defines a representation of A on V. Equivalently, if x € A acts on V as in
(B.7.3), and A € V*, then put

(B.8.13) (- A)(v) ==Xz -v)

for each v € V. One can verify that V* is a module over A in this way, as before.
This is the dual representation or module of A associated to V, as on p26 of
[109]. This is related to some remarks on p31 of [210], which will be discussed
further in the next section.



B.9. REPRESENTATIONS AND MULTILINEAR MAPPINGS 277

B.8.4 Commuting representations of Lie algebras

Let (A, [-,]a) be a Lie algebra over R again, and let p!,..., p" be finitely many
representations of A on V. Suppose that these representations commute with
each other, in the sense that

(B.8.14) p; o pé = p; o ch
on V for all z,y € A and j,l =1,...,n. Under these conditions, one can check
that
(B.8.15) Pp = Zpg
j=1

defines a representation of A on V.

B.9 Representations and multilinear mappings

Let (A, [,-]a) be a Lie algebra over the real numbers, let k be a positive integer,
and let Vp,...,V; and Z be vector spaces over R. Suppose that

(B.9.1) pV
is a representation of A on V; for each [ = 1,...,k, and that
(B.9.2) I

is a representation of A on Z. It will be convenient to express the actions of
x€AonVy,...,Vi and Z as in (B.7.3).

Remember that
(B.9.3) LVy,...,.Vi; Z)

denotes the space of multilinear mappings from Hle V, into Z, as in Section
9.2. We would like to define representations

(B.9.4) pt, ..., p" and p°

on (B.9.3) corresponding to p"1,..., p"* and p?, respectively, as follows. If u
is a multilinear mapping from Hle V, into Z and = € A, then let p2(u) be the
multilinear mapping from Hle V; into Z defined by

(B.9.5) (P2 (1) (v1, ... vp) =2 - (v, ..., vk)
for each vy, ..., v, in Vq,..., Vi, respectively. Equivalently,
(B.9.6) po(p) = pZ o p

on Hle V,. Tt is easy to see that this defines a representation p® of A on (B.9.3).
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Similarly, for each [ = 1,...,k, let p! (1) be the multilinear mapping from
15, Vi into Z defined by

(B.9.7) (plm(,u))(vl, oy Uk) = (U1, V1, X UL, Ui, e UR)
= —p(vr,...,v_1,pY (0), Vg1, VR)
for every vy,...,vr in Vq,..., Vi, respectively. One can check that this defines

a representation p' of A on (B.9.3) as well. This is related to the remarks in
Subsection B.8.3.

It is easy to see that these representations on (B.9.3) commute with each
other, as in (B.8.14). This implies that

(B.9.8) p= Zpl

defines a representation of A on (B.9.3) too, as in (B.8.15). This corresponds
to some remarks on p27 of [109], and on p31 of [210].
This is a bit simpler when k = 1, so that (B.9.3) is the same as the space

(B.9.9) LV, Z)
of linear mappings from V; into Z. In this case,

(B.9.10) pr(p) = —po p;

for every x € A and linear mapping g from V; into Z.

B.9.1 Representations on M (V,Z)

Let V be a vector space over the real numbers, and suppose that
(B.9.11) Vi=V

for each | = 1,...,k. This means that (B.9.3) is the same as the space
(B.9.12) M (V, Z)

of multilinear mappings from V* into Z, as in Section 9.2. Also let p¥ be a
representation of A on V, and suppose that

(B.9.13) PVt =pY

foreachl=1,...,k.

Let p be a multilinear mapping from V* into Z, and let ¢ be a permuta-
tion on {1,...,k}. Remember that u” may be defined as another element of
M(V,Z) as in Section 9.2. Tt is easy to see that

(B.9.14) Pa(n”) = (pa ()"



B.10. HOMOMORPHISMS BETWEEN REPRESENTATIONS 279

forevery x € A. f z € Aand 1 <[ <k, then

(P (7)) (V1 -, ve)

(B.9.15) = —p7(V1,.. V=1, @ - U}, U141y - -+, V)

= _N(Ua(l)a <5 Vo (o=1(1)=1)) L Vs Vg (o=1(1)+1)5 -+ - - 7vn(k))

—1 -1

= (pg (l)(ﬂ))(vo(l)v ceey Ua(k)) = (Pg ® (:u))a(vla cee 7Uk)

for every vy,...,vx € V. Thus
—1
(B.9.16) oL () = (o ()"
One can use (B.9.14), (B.9.16), and the definition (B.9.8) of p to get that

(B9.17) po(17) = (pa(1))°

If 11 is symmetric or antisymmetric on V*, as in Section 9.2, then it follows that
pz (1) has the same property. This means that

(B.9.18) Pz (SMR(V,Z)) C SM(V, Z)
and
(B.9.19) pe(AM(V, 2)) € SM(V, Z),

where AMy,(V, Z) and SMy(V, Z) are as in Section 9.2. Thus SM(V, Z) and
AM . (V, Z) are submodules of My (V, Z), as a module over A with respect to
p, as in Subsection B.8.1.

B.10 Homomorphisms between representations

Let (A, [-,-]a) be a Lie algebra over the real numbers, let V', W be vector spaces
over the real numbers, and let p¥', p" be representations of A on V., W, respec-
tively. A linear mapping ¢ from V into W is said to define a homomorphism
between these representations if

(B.10.1) bpop, =py 0

for every x € A. Equivalently, this means that

(B.10.2) oz -v) =z d(v)

for every © € A and v € V, where the actions of z on v and ¢(v) are defined
using pY and p¥', as in Section B.7. We may also say that ¢ is a homomorphism
from V into W as modules over A under these conditions, as on p25 of [109],
and on p31 of [210].

Let Wy be a linear subspace of W that is a submodule of W, as a module
over A, as in Subsection B.8.1. In this case, the obvious inclusion mapping from
Wy into W is a module homomorphism.
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If ¢ is a homomorphism from V into W, as modules over A, then it is easy
to see that
(B.10.3) ker ¢ is a submodule of V,

as a module over A. Similarly,
(B.10.4) ¢(V) is a submodule of W,

as a module over A.
Let Z be another module over A, and let ¥ be a homomorphism from W
into Z, as modules over A. One can check that

(B.10.5) 1 o ¢ is a homomorphism from V into Z,

as modules over A.
If ¢ is a homomorphism from V into W, as modules over A, and ¢ is a
one-to-one mapping from V onto W, then

(B.10.6) ¢~ is a homomorphism from W onto V,

as modules over A. Under these conditions, we say that ¢ is an isomorphism
from V onto W, as modules over A, or equivalently that ¢ is an isomorphism
between these representations of A. Of course, this means that ¢! is an iso-
morphism from W onto V', as modules over A. If ¢ is also an isomorphism from
W onto Z, as modules over A, then

(B.10.7) 1 o ¢ is an isomorphism from V onto Z,

as modules over A.

Let V5 be a linear subspave of V' that is a submodule of V', as a module
over A. The quotient space V/V; can be defined as a vector space over the real
numbers in the usual way, with the corresponding quotient mapping ¢ from V'
onto V/Vy with kernel V. If © € A and v € V, then we would like to put

(B.10.8) z-qv) =q(z-v).

It is easy to see that the right side depends only on = and ¢(v), because Vj is a
submodule of V.

One can check that V/Vj is a module over A with respect to (B.10.8). This
may be described as a quotient module or quotient representation. Of course, g
is a homomorphism from V onto V/V}, as modules over A, by construction.

B.10.1 Modules over associative algebras

Now let A be an associative algebra over the real numbers, where multiplication
of z,y € A is expressed as xy, let V., W be vector spaces over the real numbers,
and let ¢ be a linear mapping from V into W. If V and W are left nodules over A,
and ¢ intertwines the corresponding representations of A, then we say that ¢ is
a homomorphism between these representations, or equivalent a homomorphism
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from V into W, as left modules over A. Similarly, if V' and W are right modules
over A, and if

(B.10.9) p(v-z) =¢(v)

for every x € A and v € V, then we say that ¢ is a homomorphism from V into
W, as right modules over A.

B.11 Invariant elements

Let A be an associative algebra over the real numbers, where multiplication of
x,y € A is expressed as zy, and let V' be a vector space over R. If v € V and
V is a left module over A, then it is easy to see that

(B.11.1) {reAd:z - v=0}
is a left ideal in A. Similarly, if V' is a right module over A, then
(B.11.2) {reA:v-z=0}

is a right ideal in A.

Suppose now that (A, [-,-]4) is a Lie algebra over R, and that V is a module
over A. If v € V, then one can check that (B.11.1) is a subalgebra of A.

An element v of V is said to be invariant under the representation of A on
Vv if
(B.11.3) z-v=0

for every « € A, as on p31 of [210]. The collection of invariant elements of V' is
a linear subspace of V, and a submodule of V, as a module over A.

B.11.1 Invariant linear mappings

Let V and W be vector spaces over the real numbers that are also modules over
A. The space L(V, W) of linear mappings from V into W may be considered as
a module over A as well, as in Section B.9. More precisely, if T € L(V, W) and
x € A, then

(B.11.4) x-TeLl(V,W)
is defined by putting
(B.11.5) (x-T)w)=z-(T())—T(z-v)

for every v € V, as before. It is easy to see that 7' is an invariant element
of L(V,W) with respect to this representation of A if and only if T is a ho-
momorphism from V into W, as modules over A, as in Example 1 on p31 of
[210).



282 APPENDIX B. LIE ALGEBRAS

B.11.2 Invariant bilinear forms

Let V and W be modules over A again, and consider the space
(B.11.6) L(V,W;R)

of all bilinear mappings from V x W into R. This may be considered as a
module over A too, as in Section B.9, using the trivial representation of A on
R. If e L(V,W;R) and = € A, then

(B.11.7) z-peL(V,W:R)
is defined by
(B113) (2 B)(v,w) = —Bz - v,w) — B,z - w)

for every v € V and w € W. It follows that § is invariant with respect to this
representation of A if and only if

(B.11.9) Blx-v,w) =—PF(v,z-w)

for every x € A, v € V, and w € W, as in Example 2 on p31 of [210]. If
V =W = A, considered as a module over itself with respect to the adjoint
representation, then this corresponds to the condition that a bilinear form on
A be associative, as on p21 of [109].



Appendix C

Complex numbers and
complex analysis

C.1 Complex numbers
A complex number z can be expressed in a unique way as
(C.1.1) z=x+yi,

with 2,y € R, and where i2 = —1. We may call = and y the real and imaginary

of Z, respectively, and these may be denoted Re z and Im z, respectively. The

set of complex numbers is denoted C, and addition and multiplication on R can

be extended to C in a standard way. Note that addition and multiplication on

C satisfy the usual commutativity, associativity, and distributivity properties.
If z € Cis asin (C.1.1), then the complex conjugate of z is defined by

=x—yi.

x|

(C.1.2)

If w is another complex number, then one can check that

(C.1.3) ztw=z+w
and
(C.1.4) ZW=ZW.

The absolute value or modulus is defined by
(C.1.5) 2] = (2 + )12,

using the nonnegative square root on the right side. If z € R, then this is the
same as the absolute value of z as a real number.

Observe that
(C.1.6) 2% = |z

283



284 APPENDIX C. COMPLEX NUMBERS AND COMPLEX ANALYSIS

for every z € C. One can use this and (C.1.4) to get that
(C.1.7) |z w| = |z |w]|
for every z,w € C. If z # 0, then |z| > 0, one can check that

(C.1.8) 1_=

2 P

is the multiplicative inverse of z in C. This means that C is a field, although
we shall not discuss this in detail here.

If z € Cis as in (C.1.1), then we may identify z with (z,y) € R?. Note that
addition of complex numbers corresponds to addition on R?, and that (C.1.5)
is the same as the standard Euclidean norm of (x,y) in R?. Similarly, we may
identify the complex plane C with R? as a metric space, with respect to the
standard Euclidean metric.

C.1.1 Complex vector spaces

One can define the notion of a vector space over the complex numbers in essen-
tially the same way as for vector spaces over the real numbers, using complex
numbers as the scalars instead of real numbers, although we shall not discuss
this in detail here. If n is a positive integer, then the space C™ of n-tuples of
complex numbers is a vector space over C, with respect to coordinatewise addi-
tion and scalar multiplication. Similarly, if X is a nonempty set, then the space
of all complex-valued functions on X is a vector space over C, with respect to
pointwise addition and scalar multiplication.

Note that any vector space over the complex numbers may be considered as
a vector space over the real numbers, by simply not using multiplication by 1.
In particular, C may be considered as a two-dimensional vector space over R,
which may be identified with R?, as before.

If V and W are vector spaces over the complex numbers, then the notion of
a linear mapping from V into W, as vector spaces over the complex numbers,
may be defined in the usual way. We may also consider linear mappings from
V into W as vector spaces over R. In order to be precise, we may refer to a
mapping 7" from V into W as being real-linear if T is linear as a mapping from
V into W when they are considered as vector spaces over the real numbers, and
we may say that T is complex-linear if T is linear as a mapping from V into W
when they are considered as vector spaces over the complex numbers. Thus T
is complex-linear if and only if T is real-linear and

(C.1.9) T(iv) =4iT(v)

for every v € V. A complex-linear mapping from C into itself corresponds to
multiplication by a complex number, for instance, and a real-linear mapping
from C into itself is really the same as a linear mapping from R? into itself.
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C.2 Complex derivatives

Let U be a nonempty open subset of the complex plane, and let f be a complex-
valued function on U. The complex derivative of f at a point z € U is defined

by
(C.2.1) f'(z) = lim M,
w—z w—2z
when the limit on the right exists. If the complex derivative of f exists at every
z € U, then f is said to be complex analytic or holomorphic on U.

A complex-valued function on U corresponds to a mapping from U into R?2,
using the usual identification between C and R2. If the complex derivative of
f at z € U exists, then one can check that f is differentiable at z as a mapping
from U into R2, as in Section 3.8. In this case, the differential of f at z is the
linear mapping from R? into itself that corresponds to

(C.2.2) multiplication by f/(z) on C,

which is a complex-linear mapping from C into itself.
Conversely, suppose that f is differentiable at z as a mapping from U into
R?, as in Section 3.8, and that

(C.2.3) the differential of f at z is complex-linear,
when considered as a mapping from C into itself. This means that

(C.2.4) the differential of f at z corresponds to

multiplication by a complex number on C,

and one can verify that the complex derivative of f at z exists and is equal to
that complex number.

The condition (C.2.3) is characterized by a first-order linear system of partial
differential equations in the real and imaginary parts of f, which are known as
the Cauchy—Rieamann equations.

C.2.1 More on holomorphic functions

If f is complex analytic on U, then it is well known that
(C.2.5) the complex derivatives of f of all orders exist on U.

In particular, this implies that f is infinitely differentiable on U, as a mapping
from U into R2.

Let g be another complex-valued function on U. If the complex derivatives
of f and g exist at z € U, then one can show that the complex derivatives of
f+gand fg exist at z, with

(C.2.6) (f+9) () =f'(2) +4'(2)
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and

(C.2.7) (f9)(2) = f'(2) 9(2) + f(2) g’ (2).
If f and ¢ are both holomorphic on U, then it follows that
(C.2.8) f+ g and fg are holomorphic on U
as well.

Of course, constant functions are holomorphic on C, with complex derivative
equal to 0. It is easy to see that the identity mapping on C is holomorphic,
with complex derivative equal to 1. Using this and (C.2.8), we get that

(C.2.9) all polynomials in z with complex coefficients are holomorphic on C.

Suppose that f is not equal to 0 at any point in U, so that 1/f defines
a complex-valued function on U too. If the complex derivative of f exists at
z € U, then one can show that the complex derivative of 1/f exists at z, with

f'(2)
f(z)?

(C.2.10) (1/F)(z) = —
This implies that

(C.2.11) 1/f is holomorphic on U when f is holomorphic on U.

One can use this to get that rational functions of z are holomorphic on the set
where the denominator is not zero.

C.2.2 Some related differential operators

Let f be a complex-valued function on U again. If U is considered as an open
set in R?, then the partial derivatives

(C.2.12) Of /0x and Of /Oy

may be defined as complex numbers, when they exist, in the same way as for
real-valued functions on U. This is the same as taking the partial derivatives of
f as a function on U with values in R?, and interpreting the partial derivatives,
when they exist, as complex numbers.

Put of 1,0f .of
and of 1,0f .of
(C.2.14) ==>(5 ”aﬁ,)’

when the partial derivatives on the right sides of these equations exist. We
may be particularly concerned with these expresseions at points where f is
differentiable as a mapping from U into R?. One can check that

of _

(C.2.15) 5 =0
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is equivalent to the system of Cauchy—Riemann equations for the real and imag-
inary parts of f. If the complex derivative of f at a point z € U exists, then
one can verify that

_9f

(C.2.16) f'(2) = 55 (2).

C.3 Complex differential forms

Let k be a positive integer, and let V be a vector space over the real numbers.
Consider the space

(C.3.1) My (V,C)

of multilinear mappings from the space V* of k-tuples of eleents of V into C, as
a vector space over the real numbers. This is the same as in Section 9.2, with
Z = C, as a vector space over the real numbers.

The elements of (C.3.1) may be described as complez-valued k-linear forms
on V. Note that a complex-valued function on V¥ is an element of (C.3.1) if
and only if its real and imaginary parts are real-valued k-linear forms on V.

It is easy to see that (C.3.1) is a linear subspace of the space of all complex-
valued functions on V¥, as a vector space over the complex numbers with respect
to pointwise addition and scalar multiplication of functions. This means that
(C.3.1) may be considered as a vector space over the complex numbers, with
respect to pointwise addition and scalar multiplication on V*.

Basically everything that we did before for ordinary differential forms can
be extended to differential forms with complex-valued coefficients.

C.3.1 Complex differential forms on C

In particular,
(C.3.2) dz =dx+idy and dz = dx — idy

may be considered as differential 1-forms on the the complex plane with complex
coefficients. Observe that

(C.3.3) dzANdz=dzNdz=0

and

(C.3.4) dzNdz = —dz Ndz = —2idx A dy.

Of course,

(C.3.5) dx = (1/2) (dz + dz) and dy = (—i/2) (dz — dz).

Thus any differential 1-form on a subset E of C with complex-valued coefficients
may be expressed in a unique way as

(C.3.6) adz+bdz,

where a and b are complex-valued functions on E.
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Let U be a nonempty open set in C, and let f be a complex-valued function
on U. Suppose that f is continuously differentiable as an R2-valued function
on U. One can check that

of of
.3. df = —dz+ —=dz
(C.3.7) if 5, ¢ + 55

on U, as differential 1-forms on U with complex coefficients.

C.3.2 Some closed forms on C

Similarly,
(C.3.8) d(fdz):df/\dz:%df/\dz:—%dz/\df
on U, using (C.3.3) in the second step. This implies that fdz is closed as a
differential 1-form on U with complex coefficients if and only if f is holomorphic
on U.

Let F' be another complex-valued function on U, and suppose that F is

continuously-differentiable as an R2-valued function on U. It is easy to see that
(C.3.9) dF = fdz

on U if and only if F' is holomorphic on U, with

(C.3.10) F=f

on U.
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quotients, 280
submodules, 275
quotients, 272
representations, 272
adjoint representation, 274
direct products, 275
direct sums, 275
dual, 276
homomorphisms, 279
isomorphisms, 280
quotients, 280
subrepresentations, 275
trivial, 274
subalgebras, 265
Lie brackets, 189, 263
Lie derivatives
of differential forms, 218
of functions, 191
of tensor fields
of type (0,k), 211
of type (1,k), 213
of vector fields, 191
limit point property, 110
limit points, 108
linear functionals, 3, 25, 246
linear subspaces, 243
locally constant functions, 90

M(W), 251
MO(W)a 41
Mi(R"™), 7
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M;(V), 25

M(V,Z), 207

M, m(R), 100

Mml,m2 (R)a 98

manifolds, 138

matrices, 61

matrix multiplication, 61

matrix-valued functions, 98
C* (smooth), 99
c", 99
continuous, 98

metric spaces, 48

metrics, 48

modulus of a complex number, 283

monomials, 2

multi-indices, 2

multilinear forms, 7, 25, 41
alternating, 15, 27, 31, 41
alternatization, 19, 28, 31, 41
products, 33, 35, 38, 39, 41
symmetric, 12, 27, 31, 41
symmetrization, 13, 28, 31, 41

multilinear functions, 7, 24

multilinear mappings, 24, 205, 206, 210

alternating, 207

over C(E,R), 206, 210

over C*°(U,R), 207, 211

over C"(U,R), 206, 210

symmetric, 207
multinomial coefficients, 19
multinomial theorem, 19
multiplication operators, 269
multiplicative identity elements, 244

n-surfaces, 149
C*, 150
C", 150
negative orientations, 160
nonnegativity, 257
norms, 49
associated to inner products, 51

o(n,R), 266

o(V), 266

open balls, 53

open mappings, 114

open sets, 53
orientation-preserving, 148
orientation-reversing, 148
orientations

negative, 160

opposite, 160

positive, 160

same, 159
oriented affine simplices, 156, 160
oriented simplices

0-simplices, 160, 168

affine, 156, 160

C>, 167

Cr, 167
orthogonal algebras, 266
orthogonal transformations, 93
orthogonal vectors, 254
orthonormal vectors, 254

PR™), 3
PR™,R™), 194
Pi(R™), 4
parallelepipeds, 94
nondegenerate, 95
parameter domains, 149
parameterized affine simplices, 156
parameterized simplices
0-simplices, 160, 168
affine, 156
C>, 167
Cr, 167
partial derivatives, 54, 286
partitions of unity, 126
path-connected components, 91
path-connected sets, 91
permutations, 4
even, 5
odd, 5
Poincaré lemma, 199
polynomials, 2, 3
positive orientations, 160
pull-backs, 78, 146, 233, 235
push-forwards, 231, 233, 234

R, 1
R", 1
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(R")", 6

real part, 283

relatively closed sets, 108
relatively open sets, 109

self-adjointness, 257
sequential compactness, 110
shuffles, 44
signum of a permutation, 4
sl(n,R), 265
sl(V), 265
SM(W), 252
SMo(W), 41
SMi(R™), 14
SM(V,Z), 208
SM (W), 27
smooth functions, 57
special linear algebras, 265
standard basis, 7
standard Euclidean metrics, 48, 50
standard Euclidean norms, 49
standard inner products, 51
standard simplex
0-simplex, 160
in R", 127
parameterized affine, 170
positively oriented bounary, 170
Stokes’ theorem, 178, 188
submanifolds, 137
supports of functions, 121
of differential forms, 144
Sym(k), 11
Sym(X), 11
subgroups, 30
symmetric matrices, 257
symmetric group, 11

tangent spaces, 137
tensor fields
of type (0, k)
continuous, 75
of type (0,k), 74
C* (smooth), 76
Cr, 75
of type (1,

1,0, 77
of type (1,k

), 208

INDEX

C*° (smooth), 209
C", 209
continuous, 209
of type (r,s), 74
trace
of a linear mapping, 261
of a matrix, 260
transpose of a matrix, 260
transpositions, 5
triangle inequality, 48, 49

uniform continuity, 111
unit cube in R", 127

V', 246
V>, 246
vk 25
vector fields, 77
¢-related, 193
polynomial, 194
vector space isomorphisms, 245
vector spaces
complex, 284
complex-linear mappings, 284
linear mappings, 284
real-linear mappings, 284
real, 243
vertices of affine simplices, 156

wedge product, 39, 41



