
Some basic aspects of probability theory,

using some basic analysis

Stephen Semmes
Rice University



Preface

A fundamental question to be addressed in these informal notes is

What is a probability space?

A slight variant of this question that one may ask is

What is a probability measure?

In fact, a probability measure is included in the definition of a probability space.
More precisely, a probability space is defined to be a measurable space with a
probability measure. We shall discuss these and related matters in some detail
here.

Of course, these questions are related to measure theory and integration
more broadly. The reader is not necessarily expected to be familiar with measure
theory, and indeed part of the aim here is to give an introduction to some of
the relevant notions and results. However, this is not intended to be a detailed
treatment of measure theory, and instead we would like to emphasize some
aspects related to probability theory.

The reader is expected to be familiar with some basic analysis, along the lines
of metric spaces, sequences and series, continuous mappings, and compactness.
Some topics may be reviewed briefly, as needed.

Some familiarity with topological structures and spaces could be helpful
in some places, although it is not required. In particular, measures are often
defined on metric or topological spaces, and this can be relevant for the corre-
sponding collections of measurable sets, as well as some regularity properties of
the measures. There are some analogies between measurability and continuity
of functions, although there are some additional properties of measurable func-
tions too. Cartesian products of measure spaces are very important, and this is
related to products of metric and topological spaces.

There are many connections with Fourier analysis and functional analysis as
well, and we shall see some aspects of this here. The reader is not necessarily
expected to be familiar with these topics either.

There are certainly connections with geometric measure theory too, although
we do not really get into this too much here. In particular, we do at least mention
some techniques commonly used to get regularity properties of Borel measures
on metric spaces, for instance.
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There are also connections with ergodic theory, that are not discussed here,
other than the definition of a measure-preserving transformation. Silva’s book
[317] includes an introduction to measure theory, and the reader may be inter-
ested in [9, 17, 122, 146, 147, 221, 266, 318, 363] as well.

Halmos’ survey [144] may be particularly interesting for many readers, and
Fréchet’s paper [120] has some interesting perspectives too. A question came up
about references related to counterexamples, and the reader may be interested
in [28, 127, 128, 290, 308, 330, 338, 378] in this regard.
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Chapter 1

Some basic notions

1.1 Extended real numbers

The set of extended real numbers is defined to be the set R of real numbers
together with two additional elements, +∞ and −∞, such that

−∞ < x < +∞(1.1.1)

for every x ∈ R. When we use extended real numbers here, we shall typically
only be concerned with nonnegative extended real numbers.

It is customary to put

x+ (+∞) = (+∞) + x = +∞(1.1.2)

when −∞ < x ≤ +∞, and

x+ (−∞) = (−∞) + x = −∞(1.1.3)

when −∞ ≤ x < +∞. Similarly, we put

x (+∞) = (+∞)x = +∞, x (−∞) = (−∞)x = −∞(1.1.4)

when 0 < x ≤ +∞, and

x (+∞) = (+∞)x = −∞, x (−∞) = (−∞)x = +∞(1.1.5)

when −∞ ≤ x < 0.
We also put x/(+∞) = x/(−∞) = 0 when x ∈ R. Although 1/0 is not

normally defined, it may be appropriate to interpret it as being +∞ when
dealing with nonnegative extended real numbers.

The product of 0 and ±∞ is normally not defined. However, in measure
theory and integration, it turns out to be convenient to interpret it as being
equal to 0.

1



2 CHAPTER 1. SOME BASIC NOTIONS

1.1.1 Some remarks about sequences of real numbers

Let {xj}∞j=1 be a sequence of real numbers. We say that xj tends to +∞ as
j → ∞, or xj → +∞ as j → ∞, if for every nonnegative real number R there
is a positive integer L such that

xj > R for every j ≥ L.(1.1.6)

Similarly, we say that xj tends to −∞ as j → ∞, or xj → −∞ as j → ∞, if for
every nonnegative real number R there is a positive integer L such that

xj < −R for every j ≥ L.(1.1.7)

Suppose that xj → x as j → ∞ for some extended real number x, and
similarly that {yj}∞j=1 is a sequence of real numbers with yj → y as j → ∞ for
some extended real number y. If x + y is defined as an extended real number,
then

xj + yj → x+ y as j → ∞.(1.1.8)

Of course, this is well known when x, y ∈ R. If x = +∞, for instance, then one
can check that

xj + yj → +∞ as j → ∞(1.1.9)

when the set of yj ’s has a lower bound in R. In particular, this holds when
yj → y as j → ∞, with y > −∞.

Similarly, if x y is defined as an extended real number, then

xj yj → x y as j → ∞.(1.1.10)

This does not include the case where one of x or y is 0 and the other is ±∞.
If x, y ∈ R, then (1.1.10) is well known, as before. If x = +∞ and y > 0, for
example, then

xj yj → +∞ as j → ∞.(1.1.11)

More precisely, this works when there is a positive real number a such that
yj ≥ a for all but finitely many j.

If {xj}∞j=1 is a sequence of nonzero real numbers such that

|xj | → +∞ as j → ∞,(1.1.12)

then it is easy to see that

1/xj → 0 as j → ∞.(1.1.13)

If {xj}∞j=1 is a sequence of positive real numbers that converges to 0, then one
can verify that

1/xj → +∞ as j → ∞.(1.1.14)
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1.1.2 A topology on the set of extended real numbers

One might like to have a metric on the set of extended real numbers so that
sequences of real numbers tending to +∞ or −∞ correspond to convergent
sequences with respect to that metric. It is not too difficult to do that, although
one cannot simply extend the standard metric on the real line to the set of
extended real numbers in a convenient way. Instead one may consider metrics
on the set of extended real numbers whose restriction to R is equivalent to the
standard metric in a suitable sense, so that they determine the same convergent
sequences in R in particular.

It is somewhat simpler to define an appropriate topology on the set of ex-
tended real numbers, if one is familiar with the notion of a topological space.
This topology is determined by a metric on the set of extended real numbers,
as in the preceding paragraph. One can choose this topology so that the corre-
sponding induced topology on the real line is the same as the standard topology
on R. One can also choose this topology so that sequences of real numbers
tending to +∞ or −∞ correspond to convergent sequences with respect to the
topology.

It is sometimes convenient to consider sequences of extended real numbers
as well. One can define what it means for a sequence of extended real numbers
to tend to +∞ or to −∞ in the same way as for sequences of real numbers. A
sequence of extended real numbers can converge to a real number only when all
but finitely many terms in the sequence are real numbers, so that convergence
is basically the same as for sequences of real numbers.

1.2 More on extended real numbers

If A is any set of extended real numbers, then the notions of upper and lower
bounds for A in the set of extended real numbers may be defined in the usual
way. Similarly, the notions of supremum or least upper bound and infimum or
greatest lower bound for A in the set of extended real numbers may be defined
as usual. In fact, the supremum and infimum of A in the set of extended real
numbers always exist, as follows.

If +∞ ∈ A, or if A ∩ R has no upper bound in R, then supA = +∞. If
+∞ 6∈ A, and if A ∩ R is nonempty and has an upper bound in R, then the
supremum of A is the same as the supremum of A∩R in R. Otherwise, if A = ∅
or A = {−∞}, then supA = −∞.

The infimum of A may be characterized analogously. Note that

inf A ≤ supA(1.2.1)

when A 6= ∅.
Let t be a positive real number, and put

tA = {t x : x ∈ A}.(1.2.2)
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One can check that
sup(tA) = t (supA),(1.2.3)

and similarly for the infimum of tA.

1.2.1 Suprema and infima of functions

Let E be a set, and let f be a function on E with values in the set of extended
real numbers. We may use the notation

sup
x∈E

f(x) = sup f(E)(1.2.4)

and
inf
x∈E

f(x) = inf f(E).(1.2.5)

If t is a positive real number, then

sup
x∈E

(t f(x)) = t
(
sup
x∈E

f(x)
)

(1.2.6)

and
inf
x∈E

(t f(x)) = t
(
inf
x∈E

f(x)
)
,(1.2.7)

as in (1.2.2) and (1.2.3), with A = f(E), respectively.
Let g be another function on E with values in the extended real numbers.

One can check that

sup
x∈E

(f(x) + g(x)) ≤
(
sup
x∈E

f(x)
)
+

(
sup
x∈E

g(x)
)

(1.2.8)

and
inf
x∈E

(f(x) + g(x)) ≥
(
inf
x∈E

f(x)
)
+

(
inf
x∈E

g(x)
)
.(1.2.9)

Suppose now that f, g ≥ 0 on E. One can verify that

sup
x∈E

(f(x) g(x)) ≤
(
sup
x∈E

f(x)
)(

sup
x∈E

g(x)
)

(1.2.10)

and
inf
x∈E

(f(x) g(x)) ≥
(
inf
x∈E

f(x)
)(

inf
x∈E

g(x)
)
.(1.2.11)

1.2.2 Infinite series with nonnegative terms

Let {xj}∞j=1 be a sequence of real numbers that is monotonically increasing, so
that xj ≤ xj+1 for each j. If the set of xj ’s has an upper bound in R, then it
is well known that {xj}∞j=1 converges to the supremum of this set. Otherwise,
if the set of xj ’s does not have an upper bound in R, then it is easy to see that
xj → +∞ as j → ∞. In both cases, if we put

x = sup
l≥1

xl,(1.2.12)
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then we have that xj → x as j → ∞.
Consider an infinite series

∑∞
j=1 aj of nonnegative real numbers. Of course,

the corresponding sequence of partial sums
∑n

j=1 aj is monotonically increas-

ing. If the sequence of partial sums has an upper bound in R, then
∑∞

j=1 aj
converges, with

∞∑
j=1

aj = sup
n≥1

n∑
j=1

aj ,(1.2.13)

as in the preceding paragraph. Otherwise, if the sequence of partial sums does
not have an upper bound on R, then we may interpret the value of

∑∞
j=1 aj as

being +∞.
If t is a positive real number, then

n∑
j=1

t aj = t

n∑
j=1

aj(1.2.14)

for each positive integer n. This implies that

∞∑
j=1

t aj = t

∞∑
j=1

aj .(1.2.15)

More precisely, this also works when the sums are equal to +∞. This works
when t = 0 too, with the right side interpreted as being equal to 0 even when∑∞

j=1 aj = +∞, as in the previous section.

Let
∑∞

j=1 bj be another infintie series of nonnegative real numbers, and note
that

n∑
j=1

(aj + bj) =

n∑
j=1

aj +

n∑
j=1

bj(1.2.16)

for every positive integer n. One can use this to get that

∞∑
j=1

(aj + bj) =

∞∑
j=1

aj +

∞∑
j=1

bj .(1.2.17)

This also works with suitable interpretations when any of the sums are equal to
+∞, as before.

1.3 Upper and lower limits of sequences in R

Let {xj}∞j=1 be a sequence of real numbers, and let E be the set of extended
real numbers x such that there is a subsequence {xjl}∞l=1 of {xj}∞j=1 with

xjl → x as l → ∞.(1.3.1)

It is well known that
E 6= ∅.(1.3.2)
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Indeed, if the set of xj ’s has upper and lower bounds in R, then E ∩R 6= ∅,
because closed intervals in R are sequentially compact. If the set of xj ’s does
not have an upper bound in R, then it is not too difficult to show that +∞ ∈ E.
Similarly, if the set of xj ’s does not have a lower bound in R, then −∞ ∈ E.

1.3.1 Defining upper and lower limits

The upper limit or limit superior of {xj}∞j=1 may be defined by

lim sup
j→∞

xj = supE,(1.3.3)

as on p56 of [299]. Similarly, the lower limit or limit inferior of {xj}∞j=1 may
be defined by

lim inf
j→∞

xj = inf E,(1.3.4)

as in [299]. Some other equivalent formulations are sometimes used, and we
shall say more about that soon.

Note that

lim inf
j→∞

xj ≤ lim sup
j→∞

xj .(1.3.5)

If there is an extended real number x such that xj → x as j → ∞, then

E = {x},(1.3.6)

and

lim sup
j→∞

xj = lim inf
j→∞

xj = x.(1.3.7)

One can check that

lim sup
j→∞

xj ≤ sup
j≥1

xj(1.3.8)

and

lim inf
j→∞

xj ≥ inf
j≥1

xj ,(1.3.9)

directly from the previous definitions, or using some of the other characteri-
zations of the upper and lower limits that we shall discuss. It is easy to give
examples where these inequalities are strict.

1.3.2 Some properties of the upper and lower limits

Put y = lim supj→∞ xj and u = lim infj→∞ xj . It is not too difficult to show
that

if z ∈ R and y < z, then xj < z for all but finitely many j.(1.3.10)

Otherwise, there would be a subsequence {xjl}∞l=1 of {xj}∞j=1 such that

xjl ≥ z(1.3.11)
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for each l. This would imply that there is an element of E greater than or equal
to z, using a subsequence of {xjl}∞l=1 that tends to an extended real number
that is necessarily greater than or equal to z. This corresponds to part (b) of
Theorem 3.17 on p56 of [299].

Similarly,

if t ∈ R and t < u, then xj > t for all but finitely many j.(1.3.12)

This can be obtained using an analogous argument, or by reducing to the pre-
vious case, for {−xj}∞j=1 in place of {xj}∞j=1.

We also have that

if w ∈ R and w < y, then xj > w for infinitely many j.(1.3.13)

Indeed, if w < y, then w is not an upper bound for E, by definition of the
supremum, so that there is an x ∈ E with w < x. One can use this to get that
xj > w for infinitely many j. Alternatively, if xj ≤ w for all but finitely many
j, then one can check that w is an upper bound for E.

Similarly,

if v ∈ R and u < v, then xj < v for infinitely many j.(1.3.14)

One can check that y is uniquely determined by (1.3.10) and (1.3.13). Sim-
ilarly, u is uniquely determined by (1.3.12) and (1.3.14).

1.3.3 Some variants and related properties

Part (a) of Theorem 3.17 on p56 of [299] says that

y ∈ E.(1.3.15)

This can be obtained from (1.3.10) and (1.3.13). Note that (1.3.15) implies
(1.3.14).

Another part of Theorem 3.17 on p56 of [299] states that y is uniquely
determined by (1.3.10) and (1.3.15). This is essentially the same as before.

Similarly,
u ∈ E,(1.3.16)

and u is uniquely determined by (1.3.12) and (1.3.16).
Suppose for the moment that

lim sup
j→∞

xj = lim inf
j→∞

xj ,(1.3.17)

and let x be their common value. One can check that xj → x as j → ∞, using
(1.3.10) and (1.3.12).

If {aj}∞j=1 and {bj}∞j=1 are sequences of real numbers, then it is well known
that

lim sup
j→∞

(aj + bj) ≤ lim sup
j→∞

aj + lim sup
j→∞

bj ,(1.3.18)

as long as the right side is defined as an extended real number, so that it is not
a sum of +∞ and −∞. This corresponds to part (b) of Exercise 4 on p32 of
[298], and to Exercise 5 on p78 of [299].
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1.3.4 Another approach to upper and lower limits

Let {xj}∞j=1 be a sequence of extended real numbers, and consider

sup
j≥l

xj(1.3.19)

for each positive integer l. This is a monotonically decreasing sequence of ex-
tended real numbers, and the upper limit of {xj}∞j=1 is sometimes defined by

lim sup
j→∞

xj = inf
l≥1

(
sup
j≥l

xj

)
,(1.3.20)

as in Definition 1.13 on p14 of [298].
Similarly,

inf
j≥l

xj(1.3.21)

is a monotonically increasing sequence of extended real numbers, and the lower
limit of {xj}∞j=1 is sometimes defined by

lim inf
j→∞

xj = sup
l≥1

(
inf
j≥l

xj

)
,(1.3.22)

as in [298]. This is essentially the way that upper and lower limits of sequences
of real numbers are defined in Section 2.9 beginning on p46 of [135].

If (1.3.19) is finite for each l, then this sequence tends to the infimum of
its terms as l → ∞. This also works when (1.3.19) may be ±∞, with suitable
interpretations. Similarly, the sequence (1.3.21) tends to the supremum of its
terms as l → ∞, with suitable interpretations when these terms may be ±∞.

It is mentioned on p14 of [298] that (1.3.20) satisfies the same conditions
as the previous definition of the upper limit, so that the two approaches are
equivalent. It is perhaps a bit simper to check that (1.3.20) satisfies (1.3.10)
and (1.3.13), and similarly that (1.3.22) satisfies (1.3.12) and (1.3.14). This
corresponds to Theorem 2.9 L on p50 of [135] for bounded sequences of real
numbers. It is mentioned just after the proof that (1.3.20) and (1.3.22) are
characterized by these properties.

The fact that (1.3.20) is an element of the set E defined earlier is shown
in the proof of Theorem 2.9 M on p51 of [135] for bounded sequences of real
numbers. The analogous statement for (1.3.22) is the first part of Exercise 3 on
p51 of [135]. Exercise 2 on p51 of [135] states that (1.3.20) is an upper bound
for E, and the second part of Exercise 3 on p51 of [135] is the same as saying
that (1.3.22) is a lower bound for E.

1.4 Indicator functions

Let X be a set, and let A be a subset of X. The indicator function of A with
respect to X is defined by

1A(x) = 1 when x ∈ A(1.4.1)

= 0 when x ∈ X \A.
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This is also known as the characteristic function of A, and denoted χA. However,
this terminology is often used for something else.

1.4.1 Some upper and lower limits

Let {xj}∞j=1 be an infinite sequence such that for each j, xj = 0 or 1. One can
check that

lim sup
j→∞

xj = 1 when xj = 1 for infinitely many j(1.4.2)

= 0 when xj = 0 for all but finitely many j.

Similarly,

lim inf
j→∞

xj = 0 when xj = 0 for infinitely many j(1.4.3)

= 1 when xj = 1 for all but finitely many j.

1.4.2 Upper and lower limits of sequences of sets

Let {Aj}∞j=1 be a sequence of subsets of X. The upper limit or limit superior
of {Aj}∞j=1 may be defined as a subset of X by

lim sup
j→∞

Aj = {x ∈ X : x ∈ Aj for infinitely many j},(1.4.4)

as in Definition 2.12 B on p65 of [135].

Similarly, the lower limit or limit inferior of {Aj}∞j=1 may be defined as a
subset of X by

lim inf
j→∞

Aj = {x ∈ X : x ∈ Aj for all but finitely many j},(1.4.5)

as in [135]. Note that

lim inf
j→∞

Aj ⊆ lim sup
j→∞

Aj ,(1.4.6)

as in Exercise 1 on p65 of [135].

If x ∈ X, then

lim sup
j→∞

1Aj (x) = 1lim supj→∞ Aj (x),(1.4.7)

as mentioned on p65 of [135]. Similarly,

lim inf
j→∞

1Aj (x) = 1lim infj→∞ Aj (x),(1.4.8)

as in [135]. This uses the remarks in the previous subsection.
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1.4.3 More on sequences of subsets of X

One can show that

lim sup
j→∞

Aj =

∞⋂
l=1

( ∞⋃
j=l

Aj

)
,(1.4.9)

as in part (b) of Exercise 3 on p66 of [135]. Similarly,

lim inf
j→∞

Aj =

∞⋃
l=1

( ∞⋂
j=l

Aj

)
,(1.4.10)

as in part (b) of Exercise 4 on p66 of [135].
If Aj ⊆ Aj+1 for each j, then

lim sup
j→∞

Aj = lim inf
j→∞

Aj =

∞⋃
j=1

Aj ,(1.4.11)

as in part (a) of Exercise 5 on p66 of [135]. Similarly, if Aj+1 ⊆ Aj for each j,
then

lim sup
j→∞

Aj = lim inf
j→∞

Aj =

∞⋂
j=1

Aj ,(1.4.12)

as in part (b) of Exercise 5 on p66 of [135].
If

lim sup
j→∞

Aj = lim inf
j→∞

Aj ,(1.4.13)

then one may say that {Aj}∞j=1 converges, with limit

lim
j→∞

Aj(1.4.14)

equal to (1.4.13). This means that

lim
j→∞

1Aj (x) = 1limj→∞ Aj (x)(1.4.15)

for each x ∈ X. Monotonic sequences of subsets of X converge, as in the
preceding paragraph.

1.5 Algebras and σ-algebras of sets

We are often interested here in defining something like the “measure” or “prob-
ability” of a subset of a set X. However, we may only want to do this for some
collection of subsets of X. In this section, we consider some types of collections
of subsets of X that can be helpful for this.

Let A be a nonempty collection of subsets of X. We say that A is an algebra
of subsets of X if it has the following two properties. First, if A,B ∈ A, then

A ∪B ∈ A.(1.5.1)
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Second, if A ∈ A, then
X \A ∈ A.(1.5.2)

This corresponds to part of Definition 2.1 on p11 of [20], parts of 11.1 on p118
of [158] and Definition 1.11 on p4 of [159], with some minor differences in the
formulation, and it is also mentioned on p21 of [118], p10 of [298], and p270 of
[335].

If A is an algebra of subsets of X and A,B ∈ A, then it is easy to see that

A ∩B ∈ A.(1.5.3)

This uses the fact that

X \ (A ∩B) = (X \A) ∪ (X \B).(1.5.4)

We also have that
X ∈ A,(1.5.5)

because X = A∪ (X \A) for every A ⊆ X and A 6= ∅, by hypothesis. Similarly,
the empty set is an element of A.

1.5.1 σ-Algebras of sets

We say that A is a σ-algebra of subsets of X if (1.5.2) holds for every A ∈ A,
and if for every sequence A1, A2, A3, . . . of elements of A, we have that

∞⋃
j=1

Aj ∈ A.(1.5.6)

This corresponds to Definition 2.23 on p26 of [14], part of Definition 2.1 on p11
of [20], parts of 11.1 on p118 of [158] and Definition 1.13 on p4 of [159], and to
part (a) of Definition 1.3 on p9 of [298], and it is mentioned on p21 of [118] and
p23, 263 of [335].

If A is a σ-algebra of subsets of X, then A is an algebra of subsets of X,
and (1.5.5) holds in particular. In this case, if A1, A2, A3, . . . is a sequence of
elements of A, then

∞⋂
j=1

Aj ∈ A,(1.5.7)

because

X \
( ∞⋂

j=1

Aj

)
=

∞⋃
j=1

(X \Aj).(1.5.8)

The collection of all subsets of X is a σ-algebra, as is the collection consisting
only of X and ∅.

A σ-algebra of subsets of X is called a Borel family in Definition 2.2.1 on
p59 of [113]. The σ-algebra of Borel sets in a metric or topological space will
be discussed in Section 2.2.
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1.5.2 Rings of sets

We say that A is a ring of subsets of X if for every A,B ∈ A we have that
(1.5.1) holds, and also

A \B ∈ A.(1.5.9)

This is mentioned in Exercise 1 on p24 of [118], and it corresponds to parts
of 11.1 on p118 of [158] and Definition 1.11 on p4 of [159] again, as well as
Definition 11.1 on p301 of [299], although the condition that A be nonempty
does not appear to be included in [299]. The nonemptiness of A implies that

∅ ∈ A,(1.5.10)

as mentioned in [159].
If A is a ring of subsets of A and A,B ∈ A, then (1.5.3) holds, because

A ∩B = A \ (A \B),(1.5.11)

as mentioned in [159, 299]. If X ∈ A, then A is an algebra of subsets of X, as
in [159].

If A and B are subsets of X, then their symmetric difference is the subset
of X defined by

A4B = (A \B) ∪ (B \A).(1.5.12)

If A is a ring of subsets of X and A,B ∈ A, then

A4B ∈ A,(1.5.13)

as mentioned on p4 of [159].
Conversely, suppose that (1.5.3) and (1.5.13) hold for all A,B ∈ A, and let

us check that A is a ring of subsets of X. If A, B are any subsets of X, then

A \B = A4(A ∩B).(1.5.14)

This implies that (1.5.9) holds when A,B ∈ A. We also have that

(A \B)4B = ((A \B) \B) ∪ (B \ (A \B)) = (A \B) ∪B = A ∪B.(1.5.15)

It follows that (1.5.1) holds when A,B ∈ A.

1.5.3 More on rings of sets

If A and B are any subsets of X, then

1A(x)1B(x) = 1A∩B(x)(1.5.16)

for every x ∈ X. We also have that

1A(x) + 1B(x) = 1A∪B(x) + 1A∩B(x) = 1A△B(x) + 21A∩B(x)(1.5.17)
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for every x ∈ X. This uses the fact that

A4B = (A ∪B) \ (A ∩B).(1.5.18)

In particular, this means that

1A(x) + 1B(x) ≡ 1A△B(x) modulo 2(1.5.19)

for every x ∈ X.
It is well known that {0, 1} is a field with respect to addition and multi-

plication modulo 2. The collection of all functions on X with values in {0, 1}
may be considered as a commutative ring with respect to pointwise addition
and multiplication of functions module 2. Of course, these functions on X are
the same as indicator functions of subsets of X.

This means that the collection of all subsets of X may be considered as a
commutative ring with respect to symmetric differences as addition and inter-
sections as multiplication. Rings of subsets of X correspond to subrings of this
ring, as discussed in [377].

1.5.4 σ-Rings of sets

A ring A of subsets of X is said to be a σ-ring of subsets of X if (1.5.6) holds
for every sequence A1, A2, A3, . . . of elements of A, as in Exercise 1 on p24 of
[118], 11.1 on p118 of [158], Definition 1.13 on p4 of [159], and Definition 11.1
on p301 of [299]. If X ∈ A, then it follows that A is a σ-algebra of subsets of
X. This condition is included in the definition of a measurable space on p310
of [299].

If A is a σ-ring of subsets of X and A1, A2, A3, . . . is a sequence of elements of
A, then (1.5.7) holds, as mentioned on p301 of [299]. This uses the observation
that

∞⋂
j=1

Aj = A1 \
( ∞⋃

j=1

(A1 \Aj)
)
.(1.5.20)

The collection of all finite subsets of X is a ring of subsets of X. If X has
infinitely many elements, then this is neither an algebra of subsets of X, nor a
σ-ring of subsets of X. This example is mentioned on p4 of [159], when X is
the set Z+ of positive integers.

Similarly, the collection of all subsets of X with only finitely or countably
many elements is a σ-ring of subsets of X. If X is uncountable, then this is not
a σ-algebra of subsets of X, as mentioned on p4 of [159].

1.6 Some remarks about intervals

Let a and b be extended real numbers with a < b. We may use (a, b) for the set
of real numbers x such that

a < x < b.(1.6.1)
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Similarly, we may use [a, b] for the set of extended real numbers x such that

a ≤ x ≤ b.(1.6.2)

We may also use this notation when a = b, so that the set contains only one
element. In the same way, we may use the notation [a, b) for the set of extended
real numbers x such that

a ≤ x < b,(1.6.3)

and the notation (a, b] for the set of extended real numbers x such that

a < x ≤ b.(1.6.4)

A subset of the real line any of these four types may be described as an
interval. The length of such an interval is defined to be b− a. Thus the length
of the interval is finite exactly when a, b ∈ R, and we may say that the interval
is bounded in this case. The empty set may be considered as an interval in R
as well, with length 0.

1.6.1 Some elementary subsets of R

Let us say that a subset of R is a bounded elementary set if it can be expressed as
the union of finitely many bounded intervals. This corresponds to an elementary
subset ofR as defined on p303 of [299]. Let E(R) be the collection of all bounded
elementary subsets of R. This is a ring of subsets of R, and not a σ-ring, as in
(12) on p303 of [299]. Note that E(R) is not an algebra of subsets of R.

Let us say that a subset of the real line is a possibly unbounded elementary
set if it can be expressed as the union of finitely many intervals that are not
necessarily bounded. Let E1(R) be the collection of all possibly unbounded
elementary subsets of R. This is an algebra of subsets of R that is not a σ-
algebra.

1.6.2 Intervals in Rn

Let n be a positive integer, and let A1, . . . , An be n sets. The Cartesian product
of A1, . . . , An may be denoted

A1 ×A2 × · · · × An or

n∏
j=1

Aj ,(1.6.5)

and is the set of n-tuples a = (a1, . . . , an) with aj ∈ Aj for j = 1, . . . , n.
In particular, the space Rn of n-tuples of real numbers is the same as the

Cartesian product of n copies of the real numbers. A subset of Rn may be
called a bounded interval if it is the Cartesian product of n bounded intervals
in R. This corresponds to the definition of an interval in Rn in Definition 11.4
on p302 of [299]. The n-dimensional volume of such a bounded interval may be
defined as the product of the lengths of these n intervals, as on p303 of [299].
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Note that the empty set is considered to be a bounded interval in Rn, with
n-dimensional volume equal to 0.

Let us say that a subset of Rn is a possibly unbounded interval if it is the
Cartesian product of n intervals in the real line that are not necessarily bounded.
The n-dimensional volume may be defined as the product of the lengths of these
n intervals, as before. This is interpreted as being +∞ when each of the intervals
has positive length, and at least one of the intervals has length +∞. If at least
one of the intervals has length 0, then we interpret the product as being equal
to 0, even if some of the other intervals have length +∞.

1.6.3 Some elementary subsets of Rn

Let us say that a subset of Rn is a bounded elementary set if it can be expressed
as the union of finitely many bounded intervals in Rn. This corresponds to an
elementary subset of Rn as defined on p303 of [299] again. The collection E(Rn)
of all bounded elementary subsets of Rn is a ring of subsets of Rn, and not a
σ-ring, as in (12) on p303 of [299]. This is also not an algebra of subsets of Rn,
as before.

Let us say that a subset of Rn is a possibly unbounded elementary set if it
can be expressed as the union of finitely many possibly unbounded intervals in
Rn. The collection E1(Rn) of all possibly unbounded elementary subsets of Rn

is an algebra of subsets of Rn that is not a σ-algebra.
Sometimes one may be interested in elementary subsets of a subset of Rn,

and this will be discussed more broadly in the next subsection.

1.6.4 Some more rings and algebras of sets

Let X be a set, let A be a nonempty collection of subsets of X, and let Y be a
subset of X. Note that

AY = {A ∩ Y : A ∈ A}(1.6.6)

is a nonempty collection of subsets of Y . If A is a ring, algebra, σ-ring, or
σ-algebra of subsets of X, then one can check that AY has the same property
as a collection of subsets of Y .

Suppose for the moment that there is an element A1 of A such that

Y ⊆ A1.(1.6.7)

This means that

Y = A1 ∩ Y ∈ AY .(1.6.8)

If A is a ring or σ-ring of subsets of X, then it follows that AY is an algebra or
σ-algebra of subsets of Y , as appropriate.

Let AY,0 be the collection of elements of A that are subsets of Y . Observe
that

AY,0 ⊆ AY ,(1.6.9)
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because A ∩ Y = A when A ⊆ Y , and that ∅ ∈ AY,0 when ∅ ∈ A. If A is a ring
or σ-ring of subsets of X, then AY,0 has the same property, as a collection of
subsets of Y or X. We also have that

AY,0 = AY(1.6.10)

when Y ∈ A and A is a ring of subsets of X.

1.7 Finitely and countably additive measures

Let X be a set, and let A be a ring of subsets of X. Also let µ be a function on
A with values in the set of nonnegative extended real numbers. We say that µ
is a finitely additive measure on X with respect to A if

µ(∅) = 0(1.7.1)

and
µ(A ∪B) = µ(A) + µ(B)(1.7.2)

for all A,B ∈ A with A∩B = ∅. If A1, . . . , An are finitely many pairwise-disjoint
elements of A, then it follows that

µ
( n⋃

j=1

Aj

)
=

n∑
j=1

µ(Aj).(1.7.3)

This corresponds to part of 11.1 on p118 of [158], and to part of Definition 10.3
on p126 of [159] when A is an algebra of subsets of X.

This basically corresponds to part of Definition 11.2 on p301 of [299] as well.
Nonnegativity of µ is not part of this definition, although that is mostly what
is considered, as in Definition 11.12 on p310 of [299]. Other types of measures
are very interesting and important, but they are not our main focus here. More
precisely, in [299], µ is allowed to take the value +∞ on A, or the value −∞,
but not both, so that the sum on the right side of (1.7.2) is defined. One also
asks that µ(A) be finite for some A ∈ A, and this is used to obtain (1.7.1), as
in (5) on p301 of [299].

Suppose that µ is a finitely additive measure on X with respect to A, and
that A, B are elements of A with A ⊆ B. Observe that

µ(A) ≤ µ(A) + µ(B \A) = µ(B),(1.7.4)

as in part (c) of Theorem 1.19 on p17 of [298], and (8) on p302 of [299].

1.7.1 Countable additivity

Similarly, we say that µ is a countably additive measure on X with respect to
A if (1.7.1) holds, and if

µ
( ∞⋃

j=1

Aj

)
=

∞∑
j=1

µ(Aj)(1.7.5)
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for every sequence A1, A2, A3, . . . of pairwise-disjoint elements of A such that

∞⋃
j=1

Aj ∈ A.(1.7.6)

This corresponds to parts of 11.1 on p118 of [158], Definition 10.3 on p126 of
[159], and Definition 11.2 on p301 of [299], as before. If A is an algebra of
subsets of X, then µ may be called a premeasure, as on p36 of [20], p30 of [118],
and p270 of [335].

Of course, (1.7.6) holds automatically when A is a σ-ring of subsets of X.
This also corresponds to part (a) of Definition 1.18 on p17 of [298] when A is
a σ-algebra of subsets of X. One may refer to µ as a positive or nonnegative
measure, for emphasis, as in [298]. This corresponds to the definition of a
measure on p41 of [14], p17 of [20], p24 of [118], and p263 of [335] when A is a
σ-algebra of subsets of X as well.

1.7.2 Measurable and measure spaces

If A is a σ-algebra of subsets of X, then (X,A) may be called a measurable
space, as in Definition 2.26 on p27 of [14], on p11 of [20], p25 of [118], p149 of
[159], and in part (b) of Definition 1.3 on p9 of [298]. In this case, the elements
of A may be called measurable subsets of X with respect to A.

If (X,A) is a measurable space and µ is a nonnegative countably additive
measure on (X,A), then (X,A, µ) is called a measure space. This corresponds
to Definition 2.56 on p42 of [14], remarks on p18 of [20] and p25 of [118], part
of Definition 10.3 on p126 of [159], and to part (b) of Definition 1.18 on p17
of [298], and it is the same as on p263 of [335]. These terms are used a bit
differently on p310 of [299].

If (X,A, µ) is a measure space and

µ(X) < +∞,(1.7.7)

then (X,A, µ) is said to be a finite measure space, and µ is said to be a finite
measure, as in Definition 5.18 on p123 of [14], Definition 3.7 on p19 of [20], a
remark on p25 of [118], and Definition 10.3 on p126 of [159]. If

µ(X) = 1,(1.7.8)

then (X,A, µ) may be called a probability space, and µ a probability measure, as
in Definition 12.1 on p381 of [14], on p20 of [20], and on p313 of [118].

1.7.3 Some basic examples of measures

Let X be any set, and let A be the collection of all subsets of X. If A is any
subset of X, then let µ(A) be the number of elements of A, interpreted as +∞
when A has infinitely many elements. One can check that this is a countably
additive measure, called counting measure on X. This corresponds to the first
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example in 2.55 on p41 of [14], Example 3.2 on p18 of [20], an example on p25 of
[118], Example 10.4 (a) on p127 of [159], and Example 1.20 (a) on p18 of [298],
and it is mentioned on p310 of [299] with X = Z+. This is also mentioned in
(i) on p263 of [335] when X is countable.

Let x0 ∈ X be given. If A is any subset of X, then put

δx0
(A) = 1 when x0 ∈ A(1.7.9)

= 0 when x0 6∈ A.

It is easy to see that this is a probability measure, as in the second example in
2.55 on p41 of [14], Example 3.4 of p18 of [20], an example on p25 of [118], and
Example 1.20 (b) on p18 of [298].

1.7.4 Some more examples of measures

Let X be an uncountable set, and let A1 be the collection of subsets A of X
such that either A has only finitely or countably many elements, or X \ A has
only finitely or countably many elements. Put

µ1(A) = 0(1.7.10)

in the first case, and

µ1(A) = 1(1.7.11)

in the second case. One can check that A1 is a σ-algebra of subsets of X, and
that µ1 defines a probability measure. This corresponds to Exercise 3.3 on p20
of [20], some remarks on p21, 25 of [118], and Exercise 6 on p33 of [298], and it
is mentioned in a slightly different way on p42 of [14].

Now let X be any infinite set, and let A0 be the collection of subsets A of
X such that either A has only finitely many elements, or X \A has only finitely
many elements. Put

µ0(A) = 0(1.7.12)

in the first case, and

µ0(A) = 1(1.7.13)

in the second case. One can verify that A0 is an algebra of subsets of X, and
that µ0 is finitely additive. If X is uncountable, then A0 ⊆ A1, and µ0 is the
same as the restriction of µ1 to A0. However, if X is countably infinite, then
µ0 is not countably additive on A0.

Alternatively, one can get a finitely additive measure µ on the σ-algebra of
all subsets of X by taking the measure of finite subsets of X to be 0 and of
infinite subsets of X to be equal to +∞. This is not countably additive, as
mentioned on p25 of [118].
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1.8 Measures and nonnegative sums

Let X be a nonempty set, and let A0 be the collection of all finite subsets of X.
This is a ring of subsets of X, as mentioned in Subsection 1.5.4. Also let w be
a function on X with values in the set of nonnegative extended real numbers.
If E ∈ A0, then put

µw(E) =
∑
x∈E

w(x).(1.8.1)

This should be interpreted as being equal to 0 when E = ∅.
It is easy to see that µw is a finitely additive measure on X with respect to

A0. Conversely, if µ is any finitely additive measure on X with respect to A0,
then µ is of this form in a unique way. In fact, µ = µw exactly when

w(x) = µ({x})(1.8.2)

for every x ∈ X.

1.8.1 Nonnegative sums over arbitrary sets

Let f be a nonnegative real-valued function on X. The sum∑
x∈X

f(x)(1.8.3)

may be defined as a nonnegative extended real number as the supremum of the
finite subsums ∑

x∈A

f(x)(1.8.4)

over all nonempty finite subsets A of X. Of course, if X has only finitely many
elements, then this is the same as the usual sum over X.

We may also consider functions f on X with values in the set of nonnegative
extended real numbers, by interpreting (1.8.4) as being +∞ when f(x) = +∞
for some x ∈ A. This means that (1.8.3) is equal to +∞ when f(x) = +∞ for
some x ∈ X.

1.8.2 Comparison with infinite series of nonnegative num-
bers

Let {xj}∞j=1 be a sequence of distinct elements of X, and suppose for the moment
that f(x) = 0 when x ∈ X is not one of the terms of this sequence. One can
check that ∑

x∈X

f(x) =

∞∑
j=1

f(xj)(1.8.5)

under these conditions. More precisely, the sum on the right should also be
interpreted as being equal to +∞ when any of its terms is +∞. Note that the
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partial sums
n∑

j=1

f(xj)(1.8.6)

of the sum on the right side of (1.8.5) are of the form (1.8.4). It is easy to see
that any finite subsum of the form (1.8.4) is less than or equal to (1.8.6) when
n is sufficiently large.

1.8.3 Summable functions on X

Let us say that f is summable on X when∑
x∈X

f(x) < +∞.(1.8.7)

If there is an ϵ > 0 such that
f(x) ≥ ϵ(1.8.8)

for infinitely many x ∈ X, then one can check that f is not summable on X.
If f is summable on X, then it follows that (1.8.8) holds for only finitely many
x ∈ X.

One can use this to get that

f(x) > 0(1.8.9)

for only finitely or countably many x ∈ X when f is summable on X. More
precisely, if f is summable on X, then for each positive integer l there are only
finitely many x ∈ X such that (1.8.8) holds with ϵ = 1/l, and the set of x ∈ X
such that (1.8.9) holds is the same as the union of this sequence of finite sets.

1.8.4 Some properties of the sum

If t is a positive real number, then one can check that∑
x∈X

t f(x) = t
∑
x∈X

f(x),(1.8.10)

where the right side is interpreted as being +∞ when (1.8.3) is +∞, as usual.
This uses the fact that ∑

x∈A

t f(x) = t
∑
x∈A

f(x)(1.8.11)

for every finite set A ⊆ X. This also works with t = 0, with the right side
of (1.8.10) interpreted as being 0 even when (1.8.3) is +∞, as in a remark in
Section 1.1.

If g is another nonnegative extended real-valued function on X, then∑
x∈X

(f(x) + g(x)) =
∑
x∈X

f(x) +
∑
x∈X

g(x).(1.8.12)
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To see this, let A be a finite subset of X, and observe that∑
x∈A

(f(x) + g(x)) =
∑
x∈A

f(x) +
∑
x∈A

g(x) ≤
∑
x∈X

f(x) +
∑
x∈X

g(x).(1.8.13)

This implies that ∑
x∈X

(f(x) + g(x)) ≤
∑
x∈X

f(x) +
∑
x∈X

g(x).(1.8.14)

If B is another finite subset of X, then∑
x∈A

f(x) +
∑
x∈B

g(x) ≤
∑

x∈A∪B

f(x) +
∑

x∈A∪B

g(x)

=
∑

x∈A∪B

(f(x) + g(x)) ≤
∑
x∈X

(f(x) + g(x)).(1.8.15)

One can use this to get that∑
x∈X

f(x) +
∑
x∈X

g(x) ≤
∑
x∈X

(f(x) + g(x)).(1.8.16)

If E is any subset of X, then
∑

x∈E f(x) may be defined as before, as the
supremum of the sums (1.8.4) over all finite subsets A of E. If E1 and E2 are
disjoint subsets of X, then we get that∑

x∈E1∪E2

f(x) =
∑
x∈E1

f(x) +
∑
x∈E2

f(x).(1.8.17)

This can be obtained from the remarks in the preceding paragraph, by consid-
ering the functions on X that are equal to f on E1 and E2, and to 0 elsewhere.

1.8.5 Monotone convergence for nonnegative sums

Let {fj}∞j=1 be a sequence of functions on X with values in the nonnegative
extended real numbers, and suppose that

fj(x) ≤ fj+1(x)(1.8.18)

for each j ≥ 1 and x ∈ X. Put

f(x) = sup
l≥1

fl(x)(1.8.19)

for all x ∈ X so that fj(x) → f(x) as j → ∞ for every x ∈ X, as mentioned
near the beginning of Subsection 1.2.2. Note that∑

x∈X

fj(x) ≤
∑
x∈X

fj+1(x) ≤
∑
x∈X

f(x)(1.8.20)
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for each j. Under these conditions, a version of the monotone convergence
theorem states that ∑

x∈X

fj(x) →
∑
x∈X

f(x) as j → ∞.(1.8.21)

More precisely, ∑
x∈X

fj(x) → sup
l≥1

fl(x) as j → ∞(1.8.22)

and
sup
l≥1

∑
x∈X

fl(x) ≤
∑
x∈X

f(x),(1.8.23)

because of (1.8.20). Thus (1.8.21) is the same as saying that

sup
l≥1

∑
x∈X

fl(x) =
∑
x∈X

f(x),(1.8.24)

and it suffices to show that∑
x∈X

f(x) ≤ sup
l≥1

∑
x∈X

fl(x).(1.8.25)

To see this, let A be a finite subset of X, and observe that∑
x∈A

fj(x) →
∑
x∈A

f(x) as j → ∞.(1.8.26)

This means that ∑
x∈A

f(x) = sup
l≥1

∑
x∈A

fl(x) ≤ sup
l≥1

∑
x∈X

fl(x).(1.8.27)

It follows that ∑
x∈X

f(x) ≤ sup
j≥1

∑
x∈X

fj(x),(1.8.28)

by the definition of the sum on the left.

1.8.6 Sums over countable unions of subsets of X

Let f be any nonnegative extended real-valued function on X again, and let
E1, E2, E3, . . . be an infinite sequence of pairwise-disjoint subsets of X. One
can use this version of the monotone convergence theorem to get that

n∑
j=1

∑
x∈Ej

f(x) =
∑

x∈
⋃n

j=1
Ej

f(x) →
∑

x∈
⋃∞

j=1
Ej

f(x) as n→ ∞.(1.8.29)

More precisely, one can take fn(x) = f(x) when x ∈
⋃n

j=1Ej , and fn(x) = 0
otherwise, to get a monotonically increasing sequence of functions that converges
to f pointwise on

⋃∞
j=1Ej . Equivalently,

∞∑
j=1

∑
x∈Ej

f(x) =
∑

x∈
⋃∞

j=1
Ej

f(x).(1.8.30)
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1.8.7 Measures defined using these sums

Let w be a nonnegative extended real-valued function on X again, and now let
µw(E) be as in (1.8.1) for every subset E of X. This defines a nonnegative
countably additive measure on the collection of all subsets of X. This is men-
tioned on p25 of [118], and it basically corresponds to an example mentioned
on p42 of [14], Example 3.3 on p18 of [20], and to the example (i) on p263 of
[335] when X is countably infinite.

Let A1 be the collection of all subsets of X with only finitely or countably
many elements, and remember that this is a σ-ring of subsets of X, as in Sub-
section 1.5.4. If µ is any countably additive measure on X with respect to A1,
then it is easy to see that µ = µw on A1 exactly when w is as in (1.8.2).

1.9 Some basic properties of measures

Let X be a set, let A be a ring of subsets of X, and let µ be a countably
additive nonnegative measure on X with respect to A. Also let B1, B2, B3, . . .
be a sequence of elements of A such that

Bj ⊆ Bj+1(1.9.1)

for each j, and put

B =

∞⋃
j=1

Bj .(1.9.2)

If B ∈ A, then it is well known that

µ(Bj) → µ(B) as j → ∞.(1.9.3)

This corresponds to 2.59 on p43 of [14], part (3) of Proposition 3.5 on p18 of
[20], part c of Theorem 1.8 on p25 of [118], Theorem 10.13 on p130 of [159],
part (d) of Theorem 1.19 on p17 of [298], and Theorem 11.3 on p302 of [299].

To see this, put A1 = B1, and

Aj = Bj \Bj−1(1.9.4)

for j ≥ 2. This defines a sequence of pairwise-disjoint elements of A. Observe
that

Bn =

n⋃
j=1

Aj(1.9.5)

for each n, and that

B =

∞⋃
j=1

Aj .(1.9.6)

This implies that

µ(Bn) =

n∑
j=1

µ(Aj)(1.9.7)
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for each n, and

µ(B) =

∞∑
j=1

µ(Aj).(1.9.8)

Clearly (1.9.8) is the same as (1.9.3), because of (1.9.7).

1.9.1 A partial converse

Now let A1, A2, A3, . . . be any sequence of pairwise-disjoint elements of A, let Bn

be as in (1.9.5) for each n, and let B be as in (1.9.6). Note that B1, B2, B3, . . . is
a sequence of elements of A that satisfies (1.9.1) and (1.9.2). Of course, (1.9.7)
only uses finite additivity of µ on A. In this case, if B ∈ A, then (1.9.3) implies
the countable additivity property (1.9.8). This corresponds to Exercise 3.1 on
p20 of [20], and to the first part of Exercise 11 on p27 of [118].

1.9.2 Decreasing sequences of measurable sets

Let C1, C2, C3, . . . be a sequence of elements of A such that

Cj+1 ⊆ Cj(1.9.9)

for each j, and put

C =

∞⋂
j=1

Cj .(1.9.10)

If C ∈ A and
µ(C1) < +∞,(1.9.11)

then it is well known that

µ(Cj) → µ(C) as j → ∞.(1.9.12)

This corresponds to 2.60 on p44 of [14], part (4) of Proposition 3.5 on p18 of
[20], part d of Theorem 1.8 on p25 of [118], Theorem 10.15 on p131 of [159],
and part (e) of Theorem 1.19 on p17 of [298].

This can be reduced to the previous statement, by taking

Bj = C1 \ Cj(1.9.13)

for each j. This defines a sequence of elements of A that satisfies (1.9.1), because
of (1.9.9). If B is as in (1.9.6), then

B =

∞⋃
j=1

(C1 \ Cj) = C1 \
( ∞⋂

j=1

Cj

)
= C1 \ C(1.9.14)

under these conditions. If C ∈ A, then B ∈ A, and (1.9.3) implies that

µ(C1 \ Cj) → µ(C1 \ C) as j → ∞.(1.9.15)
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Of course,

µ(C1) = µ(C1 \ Cj) + µ(Cj)(1.9.16)

for each j, and

µ(C1) = µ(C1 \ C) + µ(C),(1.9.17)

using finite additivity. If (1.9.11) holds, then (1.9.12) may be obtained from
(1.9.15).

1.9.3 Another partial converse

Let B1, B2, B3, . . . be a sequence of elements of A that satisfies (1.9.1) again,
and let B be as in (1.9.2). Suppose that B ∈ A, and put

Cj = B \Bj(1.9.18)

for each j. This implies that (1.9.9) holds, and if C is as in (1.9.10), then

C =

∞⋂
j=1

(B \Bj) = B \
( ∞⋃

j=1

Bj

)
= ∅.(1.9.19)

In this case, (1.9.12) says that

µ(B \Bj) = µ(Cj) → 0 as j → ∞.(1.9.20)

We also have that

µ(B) = µ(Bj) + µ(B \Bj)(1.9.21)

for each j, using finite additivity. Thus (1.9.20) implies (1.9.3). This corresponds
to Exercise 3.2 on p20 of [20], and to the second part of Exercise 11 on p27 of
[118].

1.9.4 A counterexample with µ(C1) = +∞
Let X be the set Z+ of positive integers, and let µ be counting measure on X.
If Cj is the set of positive integers greater than or equal to j for each j, then
(1.9.9) holds, and (1.9.10) is the empty set. However, (1.9.12) does not hold.
This is Example 3.6 on p19 of [20], an example on p26 of [118], and Example
1.20 (c) on p18 of [298].

1.10 Subadditivity and outer measures

Let X be a set, let A be a ring of subsets of X, and let µ be a nonnegative
extended real-valued function on A.
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1.10.1 Finite subadditivity

We say that µ is finitely subadditive on A if for any finite sequence B1, . . . , Bn

of elements of A, we have that

µ
( n⋃

j=1

Bj

)
≤

n∑
j=1

µ(Bj).(1.10.1)

If µ is finitely additive, then it is well known that µ is finitely subadditive.
To see this, put A1 = B1, and

Aj = Bj \
( j−1⋃

l=1

Bl

)
(1.10.2)

for j = 2, . . . , n. It is easy to see that A1, A2, . . . , An are pairwise-disjoint
elements of A. We also have that

n⋃
j=1

Aj =

n⋃
j=1

Bj .(1.10.3)

More precisely, if x ∈ Bl for some l, then x ∈ Aj for the first j such that x ∈ Bj .
Note that Aj ⊆ Bj for each j, so that

µ(Aj) ≤ µ(Bj),(1.10.4)

as in (1.7.4). Thus

µ
( n⋃

j=1

Bj

)
= µ

( n⋃
j=1

Aj

)
=

n∑
j=1

µ(Aj) ≤
n∑

j=1

µ(Bj).(1.10.5)

1.10.2 Countable subadditivity

Similarly, we say that µ is countably subadditive if for any infinite sequence
B1, B2, B3, . . . of elements of A with

∞⋃
j=1

Bj ∈ A,(1.10.6)

we have that

µ
( ∞⋃

j=1

Bj

)
≤

∞∑
j=1

µ(Bj).(1.10.7)

If µ is countably additive, then it is well known that µ is countably subba-
ditive, for essentially the same reasons as before. Indeed, if we put A1 = B1

and let Aj be as in (1.10.2) for j ≥ 2, then A1, A2, A3, . . . is a sequence of
pairwise-disjoint elements of A such that

∞⋃
j=1

Aj =

∞⋃
j=1

Bj .(1.10.8)
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It follows that

µ
( ∞⋃

j=1

Bj

)
= µ

( ∞⋃
j=1

Aj

)
=

∞∑
j=1

µ(Aj) ≤
∞∑
j=1

µ(Bj),(1.10.9)

because of (1.10.4). This corresponds to 2.58 on p43 of [14], to part (2) of
Proposition 3.5 on p18 of [20], and to part b of Theorem 1.8 on p25 of [118].

1.10.3 A criterion for countable additivity

Suppose that µ is finitely additive on A, and let A1, A2, A3, . . . be a sequence
of pairwise-disjoint elements of A whose union is an element of A. If n is any
positive integer, then

n∑
j=1

µ(Aj) = µ
( n⋃

j=1

Aj

)
≤ µ

( ∞⋃
j=1

Aj

)
.(1.10.10)

This implies that
∞∑
j=1

µ(Aj) ≤ µ
( ∞⋃

j=1

Aj

)
.(1.10.11)

If µ is also countably subadditive, then it follows that µ is countably additive.

1.10.4 Outer measures

Now let µ be a nonnegative extended real-valued function defined on the col-
lection of all subsets of X. We say that µ is a (Carathéodory) outer measure
on X if it satisfies the following three conditions, as in Definition 4.1 on p24 of
[20], on p28 of [118], and Definition 10.2 on p126 of [159]. First,

µ(∅) = 0.(1.10.12)

Second, if A ⊆ B ⊆ X, then

µ(A) ≤ µ(B).(1.10.13)

Third, µ should be countably subadditive on the collection of all subsets of X.

Outer measures are also known as exterior measures, as on p264 of [335].
Sometimes outer measures are simply called measures, as on p1 of [110], p53 of
[113], and p8 of [247].

1.11 More on outer measures

Let X be a set, and let µ be an outer measure on X.
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1.11.1 Measurability with respect to µ

A subset A of X is said to be measurable with respect to µ if

µ(Y ) = µ(Y ∩A) + µ(Y \A)(1.11.1)

for every subset Y of X. This is due to Carathéodory, and corresponds to
Definition 4.5 on p26 of [20], Definition 10.5 on p127 of [159] and Definition 1.3
on p8 of [247], and it is also mentioned on p2 of [110], p54 of [113], p29 of [118],
and p264 of [335].

Of course,
µ(Y ) ≤ µ(Y ∩A) + µ(Y \A)(1.11.2)

automatically, by subadditivity. Thus, in order to get (1.11.1), it suffices to
check that

µ(Y ) ≥ µ(Y ∩A) + µ(Y \A).(1.11.3)

In particular, this implies that A is measurable when µ(A) = 0.
Note that A is measurable with respect to µ if and only if X\A is measurable

with respect to µ, by the definition of measurability, and because Y \ A =
Y ∩ (X \A). It is well known that

the collection of subsets of X that are measurable(1.11.4)

with respect to µ is a σ-algebra,

and that

the restriction of µ to this σ-algebra is countably additive.(1.11.5)

This corresponds to Theorem 4.6 on p26 of [20], parts (i) and (ii) of Theorem
1 on p2 of [110], parts (2) and (3) of Theorem 2.1.3 on p54 of [113], Theorem
1.11 on p29 of [118], Theorem 10.11 on p129 of [159], and Theorem 1.1 on p265
of [335], and it is mentioned in parts (1) and (3) of Theorem 1.4 on p8 of [247].

1.11.2 Metric outer measures

Suppose for the moment that (X, d) be a metric space. Let A, B be nonempty
subsets of X, and suppose that there is a positive real number η such that

d(x, y) ≥ η(1.11.6)

for all x ∈ A and y ∈ B. If

µ(A ∪B) = µ(A) + µ(B)(1.11.7)

under these conditions, then µ is said to be a metric outer measure or metric
exterior measure on X.

In this case, it is well known that

open and closed sets in X are measurable with respect to µ,(1.11.8)
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as in Theorem 5 on p9 of [110], Exercise 10.48 on p144 of [159], and Theorem
1.2 on p267 of [335]. This is part of Carathéodory’s criterion, as in (9) on p75
of [113], and as mentioned in Theorem 1.7 on p10 of [247].

In order to verify (1.11.7), it suffices to check that

µ(A ∪B) ≥ µ(A) + µ(B),(1.11.9)

because of subadditivity, as before. Metric outer measures can often be defined
using suitable coverings of subsets of X. More precisely, one may be able to use
covering by subsets of X with arbitrarily small diameter. If A and B satisfy
(1.11.6), then any subset of X with diameter less than η can intersect at most
one of A and B. This means that a covering of A ∪ B by sets of diameter less
than η can be split into coverings of A and B separately, and this can often be
used to get (1.11.9).

1.11.3 Some constructions of outer measures

Let X be a set, and let C be a collection of subsets of X such that ∅ ∈ C. Also
let ζ be a nonnegative extended real-valued function on C such that ζ(∅) = 0.
If E is any subset of X, then consider sequences A1, A2, A3, . . . of elements of C
such that

E ⊆
∞⋃
j=1

Aj .(1.11.10)

Using such a sequence, we get a sum

∞∑
j=1

ζ(Aj).(1.11.11)

Let µ∗(E) be the infiumum of these sums over all such coverings of E.
Under these conditions, µ∗ is an outer measure on X, as in Proposition 4.2

on p24 of [20], and Proposition 1.10 on p29 of [118]. More precisely, in [20] one
asks that there be a sequence of elements of C whose union is equal to X, and
in [118] one asks that X ∈ C. These conditions imply that there are coverings
of subsets of X as before, and otherwise one can interpret the infimum as being
equal to +∞.

As a variant of this, one can consider coverings of E by finite or count-
able families {Aj}j of elements of C, and take µ∗(E) to be the infimum of the
corresponding finite or countable sums∑

j

ζ(Aj).(1.11.12)

One can get µ∗(∅) = 0 by considering the empty set to be covered by the empty
family of sets, and the corresponding empty sum to be equal to 0. In a related
construction on p54 of [247], one asks that ζ takes arbitrarily small values at
some elements of C, without asking that ∅ ∈ C.
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Suppose that X is a metric space again, and that 0 < δ ≤ ∞. Let C(δ) be
the collection of elements of C with diameter less than or equal to δ, where the
diameter is defined as in Section A.5. One can define µ∗

δ in the same way as
before, using C(δ) instead of C, as on p170 of [113], and p54 of [247]. This is an
outer measure on X, as mentioned in [113, 247], for the same reasons as before.
More precisely, in [247] one asks that there be a sequence of elements of C(δ)
whose union is equal to X, and that ζ take arbitrarily small values on C(δ).

Note that C = C(+∞), so that

µ∗ = µ∗
+∞.(1.11.13)

If 0 < δ1 ≤ δ2 ≤ +∞, then
C(δ1) ⊆ C(δ2),(1.11.14)

and thus
µ∗
δ2(E) ≤ µ∗

δ1(E)(1.11.15)

for every E ⊆ X. One can check that

sup
δ>0

µ∗
δ(E)(1.11.16)

is a metric outer measure on X, as in [113, 247]. This is known as Carathéodory’s
construction associated to C and ζ.

1.11.4 A very nice extension theorem

Let X be any set again, let A be an algebra of subsets of X, and let µ be a
countably additive measure on X with respect to A. Also let µ be the outer
measure µ∗ defined in the previous subsection with C = A and ζ = µ. It is well
known that

µ(A) = µ(A)(1.11.17)

for every A ∈ A, and that

the elements of A are measurable with respect to µ.(1.11.18)

This corresponds to parts (1), (2), and (3) of Theorem 4.17 on p37 of [20],
Proposition 1.13 on p31 of [118], parts (a), (b), and (c) of Exercise 10.36 on
p141 of [159], and to Lemma 1.4 on p271 of [335]. This implies the extension
theorem, that µ can be extended to a countably additive measure on a σ-algebra
of subsets of X that contains A, as in the first part of Theorem 1.14 on p31 of
[118], part (d) of Exercise 10.36 on p142 of [159], and Theorem 1.5 on p272 of
[335].

As a variant of this, let µ be a finitely additive measure on X with respect
to A, and suppose that for every sequence C1, C2, C3, . . . of elements of A such
that Cj+1 ⊆ Cj for each j and

∞⋂
j=1

Cj = ∅,(1.11.19)
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we have that
µ(Cj) → 0 as j → ∞.(1.11.20)

This implies that µ satisfies the condition mentioned at the beginning of Section
1.9, as in Subsection 1.9.3. It follows that µ is countably additive on X with
respect to A, as in Subsection 1.9.1. Thus the remarks in the previous paragraph
hold in this case as well, as in Exercise 10.37 on p142 of [159].

1.12 Some regularity conditions for measures

Let X be a metric space, or at least a topological space. Also let A be a ring
of subsets of X, and let µ be a finitely additive measure on X with respect to
A. Sometimes µ may satisfy some additional conditions related to the metric
or topology on X.

1.12.1 An outer regularity condition

Let us say that µ is outer regular if for every A ∈ A we have that

µ(A) = inf{µ(U) : U ∈ A, A ⊆ U, and U is an open set in X}.(1.12.1)

If X is equipped with the discrete metric or topology, then every subset of X is
an open set, and this outer regularity condition is trivial.

1.12.2 Two inner regularity conditions

Let us say that µ is inner regular with respect to closed sets if for every A ∈ A
we have that

µ(A) = sup{µ(E) : E ∈ A, E ⊆ A, and E is a closed set in X}.(1.12.2)

If X is equipped with the discrete metric or topology, then every subset of X is
a closed set, and this is trivial, as before.

Similarly, let us say that µ is inner regular with respect to compact sets if for
every A ∈ A we have that

µ(A) = sup{µ(K) : K ∈ A, K ⊆ A, and K is a compact set in X}.(1.12.3)

It is well known that compact sets are closed sets in metric spaces, and in
Hausdorff topological spaces. Thus inner regularity with respect to compact
sets implies inner regularity with respect to closed sets in these cases.

If X is compact, then it is well known that closed sets in X are compact
too. This means that inner regularity with respect to closed sets implies inner
regularity with respect to compact sets in this case.

Suppose for the moment that A is an algebra of subsets of X, and that
µ(X) < +∞. One can check that inner regularity with respect to closed sets
is equivalent to outer regularity under these conditions. More precisely, inner
regularity with respect to closed sets for A ∈ A corresponds to outer regularity
for X \A.
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1.12.3 Some examples concerning inner regularity

Suppose for the moment that A contains all one-element subsets of X, and thus
all finite subsets of X. Of course, finite subsets of X are automatically compact.
If w is a nonnegative extended real-valued function on X and µw is defined on
A as in Subsection 1.8.7, then µw is inner regular with respect to compact sets,
by construction.

Suppose for the moment as well that X is equipped with discrete metric or
topology. It is well known that the finite subsets of X are the only compact sets
in this case. If µ is inner regular with respect to compact sets, then one can
check that µ = µw on A exactly when w is obtained from µ as at the beginning
of Section 1.8.

Let us continue to suppose for the moment that X is equipped with the
discrete metric or topology. If X has infinitely many elements, then the finitely
additive measure defined on the algebra A0 of subsets of X considered in Sub-
section 1.7.4 is not inner regular with respect to compact sets. Similarly, if X is
uncountable, then the countably additive measure defined on the σ-algebra A1

of subsets of X considered in Subsection 1.7.4 is not inner regular with respect
to compact sets.

1.12.4 Regularity and elementary sets

Let n be a positive integer, and remember that E(Rn) is the ring of bounded
elementary subsets of Rn, as in Subsection 1.6.3. Also let µ be a finitely additive
measure on Rn with respect to E(Rn) such that µ(A) < +∞ for every A in
E(Rn). One can check that µ is both outer regular and inner regular with
respect to closed sets if and only if µ is regular in the sense of Definition 11.5
on p303 of [299]. Of course, this uses the standard Euclidean metric on Rn.

If µ is any finitely additive measure on E(Rn), then inner regularity with
respect to closed sets implies inner regularity with respect to compact sets. This
uses the well-known fact that closed and bounded sets in Rn are compact. This
also uses the fact that the elements of E(Rn) are bounded subsets of Rn, by
construction.

1.13 Regularity conditions and countable addi-
tivity

Let X be a metric or a topological space, let A be a ring of subsets of X, and
let µ be a finitely additive measure on X with respect to A. Suppose that µ is
outer regular, as well as inner regular with respect to compact sets, as in the
previous section. We would like to show that µ is countably additive on A. It
suffices to show that µ is countably subadditive on A, as in Subsection 1.10.3.

Let A1, A2, A3, . . . be a sequence of elements of A such that
⋃∞

j=1Aj ∈ A,
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and let us show that

µ
( ∞⋃

j=1

Aj

)
≤

∞∑
j=1

µ(Aj).(1.13.1)

We may as well suppose that the sum on the right is finite, since otherwise there
is nothing to do. In particular, this means that µ(Aj) < +∞ for each j.

Let ϵ > 0 be given, and let us use outer regularity to get an open set Uj in
X for each j such that Aj ⊆ Uj , Uj ∈ A, and

µ(Uj) < µ(Aj) + 2−j ϵ.(1.13.2)

This implies that
∞∑
j=1

µ(Uj) <

∞∑
j=1

µ(Aj) + ϵ.(1.13.3)

Let K be a compact subset of X such that K ∈ A and

K ⊆
∞⋃
j=1

Aj .(1.13.4)

It follows that

K ⊆
∞⋃
j=1

Uj ,(1.13.5)

so that

K ⊆
n⋃

j=1

Uj(1.13.6)

for some positive integer n. This means that

µ(K) ≤
n∑

j=1

µ(Uj),(1.13.7)

by finite subadditivity, as in Subsection 1.10.1. Thus

µ(K) ≤
∞∑
j=1

µ(Uj) <

∞∑
j=1

µ(Aj) + ϵ.(1.13.8)

We can now use inner regularity with respect to compact sets to get that

µ
( ∞⋃

j=1

Aj

)
≤

∞∑
j=1

µ(Aj) + ϵ.(1.13.9)

This implies (1.13.1), because ϵ > 0 is arbitrary.
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1.13.1 Volumes of elementary sets

Let n be a positive integer, and remember that the ring E(Rn) of bounded
elementary subsets of Rn and the algebra E1(Rn) of possibly unbounded ele-
mentary subsets of Rn may be defined as in Subsection 1.6.3. More precisely,
one can check that the elements of E(Rn) may be expressed as the union of
finitely many pairwise-disjoint bounded intervals in Rn, as in (13) on p303 of
[299]. Similarly, the elements of E1(Rn) may be expressed as the union of finitely
many pairwise-disjoint possibly unbounded intervals in Rn. This is related to
Proposition 1.7 on p23 of [118], as mentioned later in Section 5.7. Remember
also that the n-dimensional volume of bounded as well as possibly unbounded
intervals in Rn may be defined as in Subsection 1.6.2.

The n-dimensional volume of a bounded elementary set inRn may be defined
as in (11) on p303 of [299]. That is to say, if the bounded elementary set
is expressed as the union of finitely many pairwise-disjoint bounded intervals,
then the volume of the elementary set is equal to the sum of the volumes of these
intervals. This does not depend on the way that the elementary set is expressed
as the union of finitely many pairwise-disjoint intervals, as in (14) on p303 of
[299]. This defines a finitely additive measure on Rn with respect to E(Rn),
as in (15) on p303 of [299]. There are analogous remarks for the n-dimensional
volume of a possibly unbounded elementary set in Rn.

1.13.2 Regularity of the volume

One can check that n-dimensional volume is outer regular and inner regular
with respect to compact sets on E(Rn). This corresponds to Example 11.6 (a)
on p303 of [299]. More precisely, it suffices to verify these regularity properties
for bounded intervals in Rn, and this is easy to do. It follows that n-dimensional
volume is countably additive on E(Rn), as before.

Similarly, n-dimensional volume is inner regular with respect to compact
sets on E1(Rn). As before, it is enough to verify this for possibly unbounded
intervals in Rn, and this is also fairly simple. One can check that 1-dimensional
volume is outer regular on E1(R) as well.

However, if n ≥ 2, then n-dimensional volume is not outer regular on E1(Rn).
This is because of unbounded intervals with n-dimensional volume equal to 0.
Outer regularity does not work for these sets, because unbounded open sets in
E1(Rn) have n-dimensional volume +∞. We shall consider another version of
outer regularity in the next section that works in this case.

1.14 Another outer regularity condition

Let X be a metric or topological space again, let A be a ring of subsets of X,
and let µ be a finitely additive measure on A. Let us say that µ is outer regular
with respect to subsets of compact sets if the outer regularity property (1.12.1)
holds when A ∈ A and there is a compact subset K of X such that A ⊆ K and
K ∈ A. Of course, this is equivalent to outer regularity when X is compact.
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1.14.1 Using this condition to get countable additivity

Suppose that µ is outer regular with respect to subsets of compact sets, and
inner regular with respect to compact sets. We would like to show that µ is
countably additive on A under these conditions as well. It is enough to show
that µ is countably subadditive on A, as before.

Let A1, A2, A3, . . . be a sequence of elements of A such that
⋃∞

j=1Aj ∈ A, so
that we would like to show that (1.13.1) holds. To do this, let K be a compact
subset of X such that K ∈ A and (1.13.4) holds. It suffices to show that

µ(K) ≤
∞∑
j=1

µ(Aj),(1.14.1)

because of inner regularity with respect to compact sets.
In fact, we have that

µ(K) ≤
∞∑
j=1

µ(Aj ∩K).(1.14.2)

To see this, we may as well suppose that the sum on the right is finite, as before.
Let ϵ > 0 be given, and let us use outer reguarity with respect to subsets of
compact sets to get an open set Vj in X for each j such that Aj ∩ K ⊆ Vj ,
Vj ∈ A, and

µ(Vj) < µ(Aj ∩K) + 2−j ϵ.(1.14.3)

Note that
∞∑
j=1

µ(Vj) <

∞∑
j=1

µ(Aj ∩K) + ϵ.(1.14.4)

Using (1.13.4), we get that

K =

∞⋃
j=1

(Aj ∩K) ⊆
∞⋃
j=1

Vj .(1.14.5)

This implies that

K ⊆
n⋃

j=1

Vj(1.14.6)

for some positive integer n, by compactness, so that

µ(K) ≤
n∑

j=1

µ(Vj),(1.14.7)

because of finite subadditivity. It follows that

µ(K) ≤
∞∑
j=1

µ(Vj) <

∞∑
j=1

µ(Aj) + ϵ.(1.14.8)

This means that (1.14.1) holds, because ϵ > 0 is arbitrary.
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1.14.2 More on the n-dimensional volume on E1(Rn)

Let n be a positive integer, and let us continue with the discussion of the n-
dimensional volume on E1(Rn) from the previous section. It is easy to see that
the n-dimensional volume is outer regular with respect to subsets of compact
sets on E1(Rn), because of outer regularity of n-dimensional volume on E(Rn).

It follows that n-dimensional volume is countably additive on E1(Rn), using
the remarks in the previous subsection. This also uses the inner regularity of n-
dimensional volume on E1(Rn) with respect to compact sets, as in the previous
section.

1.15 Lebesgue outer measure on Rn

The remarks in the previous two sections suggest a way to define n-dimensional
Lebesgue outer measure, using the construction discussed in Subsection 1.11.4.
Often one defines Lebesgue outer measure on Rn a bit more directly, and shows
that it has the usual properties using related arguments.

If E is any subset of Rn, then in the construction in Subsection 1.11.4,
one considers coverings of E by sequences of elements of E1(Rn). As a variant
of this, one can consider coverings of E by sequences of possibly unbounded
intervals in Rn. It is easy to see that this leads to an equivalent definition of
the Lebesgue outer measure of E, because of the way that the volume of an
element of E1(Rn) is defined.

As another variant, one can consider coverings of E by sequences of bounded
intervals. It is not too difficult to show that this also leads to an equivalent
definition of Lebesgue outer measure. This is simpler when n = 1, because
the 1-dimensional volume of an unbounded interval in R is +∞. If n ≥ 2,
then the n-dimensional volume of an unbounded interval is either 0 or +∞,
as in Subsection 1.6.2. If it is 0, then one should check that its n-dimensional
Lebesgue outer measure is equal to 0 when it is defined using coverings by
sequences of bounded intervals.

One can also restrict one’s attention to coverings of E by sequences of
bounded open intervals. This is because any bounded interval in Rn is con-
tained in a bounded open interval whose n-dimensional volume is arbitrarily
close to the volume of the initial interval. This approach to defining Lebesgue
outer measure on Rn is essentially the same as in Definition 11.7 on p304 of
[299], where coverings by sequences of bounded open elementary sets is used.
More precisely, in the construction in [299], one considers any finitely additive
measure on E(Rn) that is outer regular, inner regular with respect to closed or
equivalently compact sets, and finite on the elements of E(Rn).

One could consider coverings of E by sequences of cubes as well. To check
that this leads to the same result, one can verify that bounded intervals can
be covered by finitely many cubes, with the sum of the volumes of these cubes
arbitrarily close to the volume of the interval. One can restrict one’s attention
to closed cubes too, as on p10 of [335].
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One-dimensional Lebesgue outer measure is defined on p14 of [14] using
coverings by sequences of possibly unbounded open intervals. It is simply called
“outer measure”, and it is shown afterwards to satisfy the conditions in the
definition of an outer measure used here.

One-dimensional Lebesgue outer measure is defined in Example 4.3 on p25
of [20] using coverings by sequences of intervals that are open on the left and
closed on the right.

One-dimensional Lebesgue outer measure is defined a bit differently on p26
of [110], using coverings of E by sequences of arbitrary subsets of the real line,
and taking the infimum of the sum of the diameters of the sets in the covering,
over all such coverings. This is equivalent to using coverings by sequences of
intervals as before, because the diameter of an interval in R is the same as its
length, or one-dimensional volume. This also uses the fact that any subset of
the real line is contained in an interval with the same diameter. Lebesgue outer
measure on Rn is obtained another way in [110] when n ≥ 2, using the n = 1
case.

Note that one gets an outer measure when defining Lebesgue outer measure
using converings in these ways, as in Subsection 1.11.3. More precisely, one can
check that it is enough to use coverings by sets whose diameter is as small as one
likes. This implies that Lebesgue outer measure is a metric outer measure, as in
Subsection 1.11.2. This corresponds to Observation 4 on p14 of [335], as men-
tioned on p267 of [335]. This is related to the remarks about the Carathéodory
construction in Subsection 1.11.3.

One-dimensional Lebesgue outer measure is obtained using the Riemann
integral on p111 of [113], and in Definition 9.19 on p120 of [159]. This is used
to get n-dimensional Lebesgue outer measure beginning on p119 of [113].

1.15.1 Lebesgue measure on Rn

One may define n-dimensional Lebesgue measure to be the restriction of n-
dimensional Lebesgue outer measure to the corresponding σ-algebra of mea-
surable sets, as in Subsection 1.11.1. A subset of Rn that is measurable with
respect to Lebesgue outer measure may be called Lebesgue measurable. Another
definition of measurability is used on p16 of [335], and Exercise 3 on p312 of
[335] asks one to show that this is equivalent to measurability with respect to
Lebesgue outer measure, as in Subsection 1.11.1.

Lebesgue measure on Rn is defined on the σ-algebra of Lebesgue measurable
sets another way on p53 of [298].

Lebesgue measurability of subsets of R is defined another way on p52 of [14].
The fact that the Lebesgue measurable subsets of R form a σ-algebra, and that
Lebesgue outer measure is countably additive on this σ-algebra, is discussed on
p54 of [14].

Lebesgue measure on R is defined on p37 of [118] as Lebesgue–Stieltjes
measure λα, as in Subsection 2.5.1, with α(x) = x.
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More on measures and
σ-algebras

2.1 Getting an outer measure from a measure

Let X be a set, let A be a σ-algebra of subsets of X, and µ be a nonnegative
countably additive measure defined on X with respect to A. If E is any subset
of X, then put

µ(E) = inf{µ(A) : A ∈ A, E ⊆ A},(2.1.1)

as in Exercise 4.3 on p39 of [20], and (1.2) of p8 of [247]. It is easy to see that
this is the same as in Subsection 1.11.4 under these conditions. This is related
to Exercise 22 on p32 of [118].

The properties of µ mentioned in Subsection 1.11.4 are somewhat simpler in
this case. In particular, one can check more directly that µ is an outer measure
on X, as in Exercise 1 on p22 of [247]. Clearly µ = µ on A, by construction.
One can also verify that the elements of A are measurable with respect to µ, in
the sense described in Subsection 1.11.1.

This construction is related to one mentioned at the bottom of p57 of [113],
and we shall say more about that in Section 2.7.

2.1.1 The infimum in the definition of µ(E) is attained

Let E be any subset of X, and let us check that the infimum on the right side
of (2.1.1) is attained. This is clear when µ(E) = +∞, and so we suppose that
µ(E) <∞. In this case, for each positive integer l there is an Al ∈ A such that
E ⊆ Al and

µ(Al) < µ(E) + 1/l.(2.1.2)

If we put B =
⋂∞

l=1Al, then B ∈ A, E ⊆ B, and

µ(B) ≤ µ(E),(2.1.3)

38
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because µ(B) ≤ µ(Al) for each l. It follows that

µ(E) = µ(B),(2.1.4)

by the definition of µ(E).
In particular, µ(B) = 0 when µ(E) = 0. If E is measurable with respect to

µ, as in Subsection 1.11.1, then one can use (2.1.4) to get that

µ(B \ E) = 0.(2.1.5)

2.1.2 When E is σ-finite with respect to µ

Suppose now that E is σ-finite with respect to µ, in the sense that there is a
sequence E1, E2, E3, . . . of subsets ofX such that E =

⋃∞
j=1Ej and µ(Ej) < +∞

for each j. Let Bj be an element of A such that Ej ⊆ Bj and

µ(Ej) = µ(Bj)(2.1.6)

for each j, as before. Note that Ej ⊆ E ∩Bj for each j, so that

µ(E ∩Bj) = µ(Bj).(2.1.7)

If E is measurable with respect to µ, then E∩Bj is measurable with respect
to µ for each j. This implies that

µ(Bj \ E) = 0(2.1.8)

for each j, as before. It follows that

µ
(( ∞⋃

j=1

Bj

)
\ E

)
= µ

( ∞⋃
j=1

(Bj \ E)
)
= 0.(2.1.9)

2.1.3 Complete measure spaces

The measure space (X,A, µ) is said to be complete if for every subset E of X
such that there is a B ∈ A with E ⊆ B and µ(B) = 0, we have that E ∈ A.
This is mentioned on p19 of [20], on p26 of [118], in Definition 11.20 on p155 of
[159], on p29 of [298], and p266 of [335]. Equivalently, this means that E ∈ A
when µ(E) = 0. Note that any outer measure is complete with respect to the
corresponding σ-algebra of measurable sets, as in Subsection 1.11.1.

It is well known that one can get a completion of A as follows. A subset of
X is said to measurable with respect to the completion if it can be expressed as
A ∪ E, when A ∈ A and E ⊆ X is as in the previous paragraph. In this case,
the measure of A ∪ E is defined to be µ(A). One can check that this defines a
complete measure space, as in Exercise 3.8 on p21 of [20], Theorem 1.9 on p26
of [118], Exercise 10.38 on p142 and Theorem 11.21 on p155 of [159], Theorem
1.36 on p29 of [298], and Exercise 2 on p312 of [335].
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2.1.4 More on σ-finiteness

We say that A ∈ A is σ-finite with respect to µ if A can be expressed as the
union of a sequence of elements of A with finite measure, as on p25 of [118],
p118 of [158], p138 of [159], and p49 of [298]. If X is σ-finite with respect to µ,
then (X,A, µ) is said to be σ-finite as a measure space, as in Definition 5.18 on
p123 of [14], Definition 3.7 on p19 of [20], on p127 of [159], and p263 of [335].
Note that σ-finiteness of a set with respect to an outer measure is defined on
p4 of [110] to mean that the set may be expressed as the union of a sequence
of measurable sets with respect to the outer measure with finite measure. This
property is also known as countable measurability with respect to the outer
measure, as in 2.3.4 on p76 of [113].

It is easy to see that the collection of elements of A that are σ-finite with
respect to µ is a σ-ring.

If X is any set equipped with counting measure, then A ⊆ X is σ-finite if
and only if A has only finitely or countably many elements. This means that
X is σ-finite as a measure space if and only if it has only finitely or countably
many elements.

2.2 Borel sets

Let X be a set, and let E be any collection of subsets of X. Also let A(E) be
the intersection of all of the σ-algebras of subsets of X that contain E . One can
check that A(E) is a σ-algebra of subsets of X as well. Of course,

A(E) is the smallest σ-algebra of subsets of X that contains E ,(2.2.1)

by construction. This is mentioned on p28 of [14], p12 of [20], beginning on
p59 of [113], on p22 of [118], and in Definition 10.19 on p132 of [159], and it
corresponds to Theorem 1.10 on p12 of [298].

Suppose now that X is a metric space, or a topological space. The collection
of Borel sets in X is

the smallest σ-algebra of subsets of X that contains the open sets,(2.2.2)

as in Definition 2.29 on p28 of [14] when X = R, Definition 5.37 on p137 of
[14] when X = Rn, on p13 of [20], p4 of [110], p60 of [113], p22 of [118], p118
of [158], in Definition 10.19 on p132 of [159], p9 of [247], p13 of [298], p309 of
[299], and p23, 267 of [335]. Note that some variants of this terminology have
sometimes been used.

2.2.1 Borel measures

A nonnegative countably additive measure defined on the σ-algebra of Borel
sets in X may be called a Borel measure, as in the footnote on p329 of [159],
in Definition 2.15 on p49 of [298], and on p269 of [335]. However, this term is
sometimes also used for an outer measure µ on X such that the Borel sets in X
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are measurable with respect to µ, in the sense discussed in Subsection 1.11.1,
as on p4 of [110], and in (2) in Definition 1.5 on p9 of [247]. We may use the
term Borel outer measure for this here.

Of course, if µ is a Borel outer measure on X, then the restriction of µ to
the Borel sets is a Borel measure on µ. If X is a metric space, then a metric
outer measure on X is a Borel outer measure on X, as in Subsection 1.11.2.

2.2.2 Two basic families of examples of Borel sets

A subset of X is said to be an Fσ set if it can be expressed as the union of a
sequence of closed sets. Similarly, a subset of X is said to be a Gδ set if it can
be expressed as an intersection of a sequence of open sets. Clearly Fσ sets and
Gδ sets are Borel sets in X. It is easy to see that a subset of X is an Fσ set if
and only if its complement in X is a Gδ set.

Suppose that (X, d(·, ·)) is a metric space. If x ∈ X and r is a positive real
number, then let

B(x, r) = {y ∈ X : d(x, y) < r}(2.2.3)

be the usual open ball in X centered at x of radius r with respect to d. It is well
known and not difficult to show that open balls in X are open sets. Similarly,
if r is a nonnegative real number, then let

B(x, r) = {y ∈ X : d(x, y) ≤ r}(2.2.4)

be the closed ball in X centered at x of radius r with respect to d. One can
check that closed balls in X are closed sets.

It is easy to see that an open ball in X may be expressed as the union of a
sequence of closed balls with the same center. This implies that open balls are
Fσ sets. Similarly, a closed ball in X may be expressed as the intersection of a
sequence of open balls with the same center, and is thus a Gδ set.

If A is any subset of X, then put

Ar =
⋃
x∈A

B(x, r).(2.2.5)

This is an open set in X, because it is a union of open sets. One can check that

A =
⋂
r>0

Ar,(2.2.6)

where A is the closure of A in X. This implies that

A =

∞⋂
l=1

A1/l,(2.2.7)

so that closed sets in X are Gδ sets. It follows that open sets in X are Fσ sets,
because their complements in X are closed sets.
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2.2.3 Some examples concerning intervals

Let a and b be real numbers with a < b. One can check that [a, b) and (a, b]
are each both Fσ sets and Gδ sets in the real line, with respect to the standard
Euclidean metric. More precisely, [a, b) and (a, b] may each be expressed as the
union of a sequence of closed intervals, and as the intersection of a sequence of
open intervals. Similarly, (a, b) may be expressed as the union of a sequence of
closed intervals, and [a, b] may be expressed as the intersection of a sequence
of open intervals. We also have that an open half-line may be expressed as the
union of a sequence of closed half-lines, and a closed half-line may be expressed
as the intersection of a sequence of open half-lines.

Let n be a positive integer, and remember that a subset of Rn may be called
an interval if it can be expressed as the Cartesian product of n intervals in the
real line, as in Subsection 1.6.2. If a subset of Rn can be expressed as a product
of n open intervals in R, then one can check that this set is an open set in Rn,
with respect to the standard Euclidean metric. Similarly, if a subset of Rn can
be expressed as the product of n closed intervals in R, then one can verify that
this set is a closed set in Rn. It is well known that the product of n closed
intervals in R that are also bounded is compact in Rn.

One can check that any interval in Rn is both an Fσ set and a Gδ set. More
precisely, it can be expressed as the union of a sequence of closed intervals, and
as the intersection of a sequence of open intervals. In particular, intervals in Rn

are Borel sets.

2.3 Separability and countable bases

Let X be a metric space, or a topological space. A collection B of open subsets
of X is said to be a base for the topology of X if every open set may be expressed
as a union of elements of B. One may consider the empty set as being the union
of an empty collection of sets, so that it has this property automatically.

Equivalently, B is a base for the topology of X if for every open set U ⊆ X
and point x ∈ U there is a V ∈ B such that x ∈ V and V ⊆ U . If X is a metric
space, then this is also equivalent to saying that for every x ∈ X and r > 0
there is a V ∈ B such that x ∈ V and V ⊆ B(x, r).

The collection of all open balls in X is a base for the topology of X when X
is a metric space. In fact, the collection of all open balls in X with radii of the
form 1/l for some positive integer l is a base for the topology of X.

Suppose that X is a metric space again, and let E be a dense set in X. One
can check that

BE = {B(y, 1/l) : y ∈ E, l ∈ Z+}(2.3.1)

is a base for the topology of X. Indeed, if x ∈ X amd r is a positive real number,
then let l be a positive integer such that 2/l < r, and let y be an element of E
such that

d(x, y) < 1/l.(2.3.2)
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Thus B(y, 1/l) is an element of BE that contains x as an element, and one can
check that

B(y, 1/l) ⊆ B(x, r),(2.3.3)

using the triangle inequality.

2.3.1 Separable metric and topological spaces

A metric or topological space X is said to be separable if there is a dense set
E in X such that E has only finitely or countably many elements. If X is a
metric space, and E ⊆ X has only finitely or countably many elements, then
one can verify that (2.3.1) has only finitely or countably many elements. More
precisely, it is easy to see that

{B(y, 1/l) : y ∈ E}(2.3.4)

has only finitely or countably many elements for every l ∈ Z+, because E has
only finitely or countably many elements. This implies that

∞⋃
l=1

{B(y, 1/l) : y ∈ E}(2.3.5)

has only finitely or countably many elements, and this set is the same as (2.3.1).
It is well known that the set Q of rational numbers is a countable dense

set in the real line with respect to the standard Euclidean metric, so that R is
separable. If n is a positive integer, then it is well known and not too difficult
to show that the set Qn of n-tuples of rational numbers is a countable dense set
in Rn with respect to the standard Euclidean metric, so that Rn is separable.

If X is any set with the discrete metric or topology, then X is the only dense
set in itself. It follows that X is separable if and only if X has only finitely or
countably many elements.

Let X be a metric or topological space again, and let B be a base for the
topology of X. If V ∈ B and V 6= ∅, then let x(V ) be an element of V . Consider
the set E of these points x(V ). One can check that E is dense in X, because
B is a base for the topology of X. If B has only finitely or countably many
elements, then E has only finitely or countably many elements, so that X is
separable.

2.3.2 Bases and Borel sets

If E is any collection of Borel sets, then the σ-algebra A(E) of subsets of X
generated by E , as in the previous section, is contained in the σ-algebra of Borel
sets in X.

If E is a base for the topology of X with only finitely or countable many
elements, then A(E) contains all Borel sets in X. More precisely, if a subset U
of X can be expressed as the union of finitely or countably many elements of E ,
then U ∈ A(E). If this holds for all open sets U in X, then A(E) contains the
Borel sets in X.
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2.3.3 Some more examples of bases using intervals

The collection of all open intervals in the real line is a base for the topology of
R with respect to the standard metric. More precisely, the collection of open
intervals in R with rational endpoints is a countable base for the topology of R.

If n is a positive integer, then the collection of all open intervals in Rn is a
base for the topology of Rn with respect to the standard metric. In fact, the
collection of all open intervals in Rn obtained by taking the Cartesian product
of n open intervals in R with rational endpoints is a countable base for the
topology of Rn.

Let E(Rn) and E1(Rn) be the collections of bounded and possibly unbounded
elementary subsets of Rn, as in Subsection 1.6.3. Note that elementary subsets
of Rn are Borel sets, because intervals are Borel sets, as in the previous section.

We also have that A(E(Rn)) contains all of the Borel sets in Rn, because the
collection of open intervals in Rn obtained from products of open intervals in
R with rational endpoints is a countable base for the topology of Rn, as before.
It follows that A(E(Rn)) and A(E1(Rn)) are both the same as the collection of
all Borel sets in Rn.

2.4 Limits of functions

We would like consider some more Borel measures on the real line, related to
monotonically increasing real-valued functions on R. In order to do this, we
shall first review some facts related to one-sided limits of functions on R.

Let (X, dX) and (Y, dY ) be metric spaces, let E be a subset of X, and let p
be an element of X that is a limit point of E. Also let f be a function on E
with values in Y , and let q be an element of Y . We say that the limit of f(x),
as x ∈ E approaches p, is equal to q, if for every ϵ > 0 there is a δ > 0 such that

dY (f(x), q) < ϵ(2.4.1)

for every x ∈ E with d(p, x) < δ and x 6= p. It is well known and not difficult
to show that the limit q is unique when it exists. In this case, we put

lim
x∈E
x→p

f(x) = q,(2.4.2)

or simply
lim
x→p

f(x) = q(2.4.3)

when E = X.
It is well known that (2.4.2) holds if and only if for every sequence {xj}∞j=1

of elements of E that converges to p and satisfies xj 6= p for each j, we have
that {f(xj)}∞j=1 converges to q in Y . If E = X, then it is easy to see that f is
continuous at p if and only if

lim
x→p

f(x) = f(p).(2.4.4)
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If p is not a limit point of X, then any mapping from X into Y is continuous
at p.

2.4.1 One-sided limits on R

Let us now take E = X = R, with the standard metric. The limit of f(x) as
x ∈ R approaches p from the right is defined by

f(p+) = lim
x→p+

f(x) = lim
x∈(p,+∞)

x→p

f(x),(2.4.5)

when the limit on the right side exists. Similarly, the limit of f(x) as x ∈ R
approaces p from the left is defined by

f(p−) = lim
x→p−

f(x) = lim
x∈(−∞,p)

x→p

f(x),(2.4.6)

when the limit on the right side exists. One can check that

lim
x→p

f(x)(2.4.7)

exists if and only if the one-sided limits (2.4.5) and (2.4.6) exist and are equal.
Of course, (2.4.7) is equal to the common value of the one-sided limits in this
case.

Let us say that f is continuous at p from the right if

lim
x→p+

f(x) = f(p).(2.4.8)

Similarly, we say that f is continuous at p from the left if

lim
x→p−

f(x) = f(p).(2.4.9)

Thus f is continuous at p if and only if f is continuous at p from both the left
and the right.

2.4.2 Monotonically increasing functions on R

Let f be a monotonically increasing real-valued function on R, so that

f(x) ≤ f(y)(2.4.10)

for every x, y ∈ R with x < y. It is well known that the limits of f at p ∈ R
from the left and right exist, with

f(p+) = inf
p<x<+∞

f(x)(2.4.11)

and
f(p−) = sup

−∞<x<p
f(x).(2.4.12)
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This corresponds to Theorem 4.1 H on p102 of [135] and its proof, the first part
of Theorem 8.19 on p111 of [159] and its proof, and to parts of Theorem 4.29
on p95 of [299]. Note that

f(p−) ≤ f(p) ≤ f(p+),(2.4.13)

and that
f(p1+) ≤ f(p2−)(2.4.14)

when p1 < p2, as in [299].
It follows from (2.4.13) that f is continuous at p exactly when

f(p−) = f(p+).(2.4.15)

Thus f is not continuous at p exactly when

f(p−) < f(p+).(2.4.16)

It is well known that f is continuous at all but finitely or countably many
elements ofR, as in the first part of Theorem 8.19 on p111 of [159], and Theorem
4.30 on p96 of [299].

It is convenient to put

f(+∞) = sup
x∈R

f(x)(2.4.17)

and
f(−∞) = inf

x∈R
f(x).(2.4.18)

These satisfy
f(x) → f(+∞) as x→ +∞(2.4.19)

and
f(x) → f(−∞) as x→ −∞,(2.4.20)

with suitable interpretations. This is related to Definition 4.1 E on p101 of
[135], Exercise 11 and 21 at the end of Section 4.1 of [135], and some remarks
on p98 of [299].

2.5 Lengths of intervals with respect to α

Let α be a monotonically increasing real-valued function on the real line. If a
and b are real numbers with a < b, then put

λα([a, b)) = α(b−)− α(a−),(2.5.1)

λα([a, b]) = α(b+)− α(a−),(2.5.2)

λα((a, b]) = α(b+)− α(a+),(2.5.3)

λα((a, b)) = α(b−)− α(a+),(2.5.4)
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as in Example 11.6 (b) on p303 of [299]. We may also use (2.5.2) when a = b.
These may be described as the α-lengths of these intervals. Of course, this is
the same as the ordinary length of an interval when α(x) = x for every x ∈ R.

Similarly, put

λα([a,+∞)) = α(+∞)− α(a−),(2.5.5)

λα((a,+∞)) = α(+∞)− α(a+),(2.5.6)

λα((−∞, b]) = α(b+)− α(−∞),(2.5.7)

λα((−∞, b)) = α(b−)− α(−∞),(2.5.8)

λα((−∞,+∞)) = α(+∞)− α(−∞).(2.5.9)

Note that (2.5.9) is finite if and only if α is bounded on R. Similarly, (2.5.5)
and (2.5.6) are finite exactly when α has a finite upper bound on R, and (2.5.7)
and (2.5.8) are finite exactly when α has a finite lower bound on R.

Let E(R) be the ring of bounded elementary sets in R, and let E1(R) be
the algebra of possibly unbounded elementary sets in R, as in Subsection 1.6.3.
We can extend λα to a finitely additive measure on E(R), in the same way as
in Subsection 1.13.1. Similarly, we can extend λα to a finitely additive measure
on E1(R), and we use λα to denote this extension as well.

One can check that λα is outer regular and inner regular with respect to
compact sets on E(R), as in Example 11.6 (a) on p303 of [299]. Similarly, λα is
outer regular and inner regular with respect to compact sets on E1(R). As in
Subsection 1.13.2, it suffices to check these regularity properties for intervals,
and one can do this directly from the definitions. This implies that λα is count-
ably additive on E1(R), by the remarks at the beginning of Section 1.13. This
is closely related to Proposition 1.15 on p33 of [118].

2.5.1 Lebesgue–Stieltjes outer measures

Using λα, we get an outer measure λα on the real line as in Subsection 1.11.4.
This may be called the Lebesgue–Stieltjes outer measure associated to α. Note
that λα = λα on E1(R), and that the elements of E1(R) are measurable with
respect to λα, as before. This means that the Borel sets in R with respect to
the standard metric are measurable with respect to λα, as in Subsection 2.3.3.

In the construction in Subsection 1.11.4, one considers coverings of a subset
E of the real line by sequences of elements of E1R). One can consider cov-
erings of E by sequences of possibly unbounded intervals instead, and get an
equivalent definition of λα, as in Section 1.15. One can consider coverings by
sequences of bounded intervals too. In fact, one can consider coverings by se-
quences of bounded open intervals, and get an equivalent definition of λα. This
is essentially the same as in Definition 11.7 on p304 of [299], where coverings by
sequences of bounded open elementary sets are used.

Alternatively, one can consider coverings by sequences of bounded intervals
of the form (a, b], as in Example 4.4 on p25 of [20] and discussed further in
Section 4.2 beginning on p28 of [20], and on p282 of [335]. One can also show
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that λα is a metric outer measure on R with respect to the standard metric,
as on p283 of [335]. This is another way to see that the Borel sets in R are
measurable with respect to λα, as shown also in Proposition 4.9 on p30 of [20].

One can obtain Lebesgue–Stieltjes outer measures using Riemann–Stieltjes
integrals as well, as on p111 of [113], and in Definition 9.19 on p120 of [159].

One may define the Lebesgue–Stieltjes measure associated to α to be the
restriction of λα to the corresponding σ-algebra of measurable sets, or simply to
the Borel sets. The restriction of λα to the measurable sets may be denoted λα
again. This is related to Theorem 1.16 on p35 of [118], and some of the remarks
that follow it. Another approach to Lebesgue–Stieltjes measures may be found
in the proof of part (b) of Theorem 8.14 on p173 of [298], and we shall discuss
this in the next subsections.

2.5.2 When α is continuous and strictly increasing

Let us suppose in this subsection that α is continuous and strictly increasing on
R. This implies that

α(R) = (α(−∞), α(+∞)),(2.5.10)

by the intermediate value theorem.
One can check that the inverse of α is continuous as a real-valued function

on α(R), using (2.5.10). As a related matter, it is well known that a one-to-one
continuous mapping from a compact metric space onto another metric space
has a continuous inverse, as in Theorem 4.17 on p90 of [299]. In fact, a one-
to-one continuous mapping from a compact topological space onto a Hausdorff
topological space is continuous. This implies that the restriction of α to any
closed interval in the real line has a continuous inverse. One can use this to
get that α−1 is continuous on closed intervals contained in α(R), so that α−1 is
continuous on α(R).

Let λ be one-dimensional Lebesgue outer measure on the real line, as in
Section 1.15. One can use

λ(α(E))(2.5.11)

as another way to define the Lebesgue–Stieltjes outer measure of E ⊆ R as-
sociated to α. It is easy to see that this basically corresponds to the previous
definitions under these conditions, depending on how λ is defined.

2.5.3 Some properties of monotone functions

If t is a real number, then it is easy to see that α−1({t}) is an interval in R, or
the empty set. More precisely, if x, y, z ∈ R, x < y < z, and α(x) = α(z) = t,
then α(y) = t. If α is continuous, then α−1({t}) is a closed set, and thus a
closed interval.

It is well known that any collection of pairwise-disjoint intervals in the real
line with nonempty interiors can only have finitely or countably many elements,
because each of the intervals contains a distinct rational number. This implies
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that there are only finitely or countably many t ∈ R such that α−1({t}) has
more than one element, as mentioned on p174 of [298].

Suppose that x, z, t ∈ R satisfy x < z and

α(x) < t < α(z).(2.5.12)

Consider
y0 = sup{y ∈ [x, z] : α(y) < t}.(2.5.13)

One can check that
α(w) < t(2.5.14)

when w < y0, and that
α(w) ≥ t(2.5.15)

when w > y0. In particular, this means that

α(y0−) ≤ t ≤ α(y0+).(2.5.16)

If α is continuous at y0, then we get that α(y0) = t.

2.5.4 Another approach to Lebesgue–Stieltjes outer mea-
sures

If x ∈ R, then put
Φ[x] = [α(x−), α(x+)],(2.5.17)

so that Φ[x] = {α(x)} when α is continuous at x. If E is any subset of R, then
we put

Φ[E] =
⋃
x∈E

Φ[x].(2.5.18)

It is easy to see that Φ sends the union of any family of subsets of R to the
union of the sets that Φ associates to the sets in the family.

One can check that

(α(−∞), α(+∞)) ⊆ Φ[R] ⊆ [α(−∞), α(+∞)] ∩R,(2.5.19)

using the remarks in the previous subsection. In particular, Φ[R] is a possibly-
unbounded interval in R.

If E is any subset of the real line, then Φ[R \ E] is equal to the union of
Φ[R] \Φ[E] and a subset of the set of t ∈ R such that α−1({t}) has at least two
elements, as on p174 of [298]. This additional set has only finitely or countably
many elements, as in the previous subsection.

If λ is one-dimensional Lebesgue measure on the real line, then one can use

λ(Φ[E])(2.5.20)

as another way to define the Lebesgue–Stieltjes measure of a Borel set E ⊆ R
associated to α, as on p174 of [298]. Similarly, one can use

λ(Φ[E])(2.5.21)
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as another way to define the Lebesgue–Stieltjes outer measure of E ⊆ R asso-
ciated to α. Note that this is equal to 0 when Φ[E] is contained in the set of
t ∈ R such that α−1({t}) has more than one element, because the Lebesgue
outer measure of a set with only finitely or countably many elements is equal
to 0.

2.6 Monotone classes

Let X be a set, and let M be a collection of subsets of X. We say that M is a
monotone class or monotone family if it satisfies the following two conditions,
as in Definition 5.15 on p122 of [14], Definition 2.9 on p14 of [20], on p380 of
[159], and p145 of [298]. First, if A1, A2, A3, . . . is a sequence of elements of M
such that Aj ⊆ Aj+1 for each j, then

∞⋃
j=1

Aj ∈ M.(2.6.1)

Second, if B1, B2, B3, . . . is a sequence of elements of M such that Bj+1 ⊆ Bj

for each j, then
∞⋂
j=1

Bj ∈ M.(2.6.2)

Note that σ-algebras of subsets of X are monotone classes.

2.6.1 Monotone classes generated by algebras

Let E be any collection of subsets of X, and let M(E) be the intersection of all
of the monotone classes of subsets of X that contains E . One can check that
M(E) is also a montone class of subsets of X, as mentioned on p381 of [159],
and at the beginning of the proof of Theorem 7.3 on p146 of [298]. This is the
smallest monotone class of subsets of X that contains E , by construction.

Let A(E) be the smallest σ-algebra of subsets of X that contains E , as in
Section 2.2. Note that

M(E) ⊆ A(E),(2.6.3)

because σ-algebras of subsets of X are monotone classes.

If E is an algebra of subsets of X, then it is well known that

M(E) = A(E).(2.6.4)

This corresponds to Theorem 5.17 on p122 of [14], Theorem 2.10 on p14 of
[20], and Theorem 21.6 on p380 of [159], and Theorem 7.3 on p146 of [298] is a
particular case of this.
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2.6.2 Monotone classes and finite measures

Let A be a σ-algebra of subsets of X, and let µ, ν be countably additive non-
negative measures on X with respect to A. Suppose for the moment that

µ(X), ν(X) < +∞.(2.6.5)

It is easy to see that the collection M of E ∈ A such that

µ(E) = ν(E)(2.6.6)

is a monotone class, using the remarks in Section 1.9.
Let E be an algebra of subsets of X contained in A, and suppose that (2.6.6)

holds for every E ∈ E , so that
E ⊆ M.(2.6.7)

Suppose also that A is the smallest σ-algebra of subsets of X that contains E .
This implies that A is the smallest monotone class of subsets of X that contains
E , as before. It follows that

A ⊆ M,(2.6.8)

so that
A = M,(2.6.9)

because M ⊆ A, by construction. This means that (2.6.6) holds for every
E ∈ A.

We would like to consider some extensions of this in the next two subsections,
with the same hypotheses aside from (2.6.5).

2.6.3 Monotone classes and some sets of finite measure

Let E0 be an element of A such that

µ(E0), ν(E0) < +∞.(2.6.10)

Consider the collection ME0 of E ∈ A such that

µ(E ∩ E0) = ν(E ∩ E0).(2.6.11)

One can check that ME0
is a monotone class, using the remarks in Section 1.9,

as before.
Suppose that E0 ∈ E , so that if E ∈ E , then E ∩E0 ∈ E , and (2.6.11) holds,

by hypothesis. This means that

E ⊆ ME0
.(2.6.12)

If A is the smallest σ-algebra of subsets of X that contains E , then A is the
smallest monotone class of subsets of X that contains E , and we get that

A = ME0
.(2.6.13)

This is the same as saying that (2.6.6) holds for all E ∈ A with E ⊆ E0.
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2.6.4 Using a σ-finiteness condition on µ, ν

Suppose that E1, E2, E3, . . . is a sequence of elements of E such that

µ(Ej) = ν(Ej) < +∞(2.6.14)

for each j. Thus

µ(E ∩ Ej) = ν(E ∩ Ej)(2.6.15)

for each E ∈ A and j ≥ 1, as in the previous subsection. Equivalently, (2.6.6)
holds when E ∈ A and E ⊆ Ej for some j.

One can use this to get that (2.6.6) holds for every E ∈ A such that

E ⊆
∞⋃
j=1

Ej .(2.6.16)

One way to do this is to reduce to the case where the Ej ’s are pairwise disjoint,

by replacing Ej with Ej \
(⋃j−1

l=1 El

)
when j ≥ 2. Alternatively, one could

reduce to the case where Ej ⊆ Ej+1 for each j, by replacing Ej with
⋃j

l=1El.
One could also express E as the union of a sequence of pairwise-disjoint elements
of A contained in the Ej ’s. In particular, (2.6.6) holds for every E ∈ A when

∞⋃
j=1

Ej = X.(2.6.17)

2.7 Regular outer measures

Let X be a set, and let µ be an outer measure on X. We say that µ is regular
if for every subset A of X there is a subset B of X such that A ⊆ B, B is
measurable with respect to µ, and

µ(A) = µ(B).(2.7.1)

This is mentioned on p4 of [110], on p56 of [113], in Exercise 10.40 on p143 of
[159], and on p9 of [247].

Note that the outer measures constructed in Section 2.1 are regular in this
sense.

If µ is any outer measure on X, then the restriction of µ to the σ-algebra
of subsets of X that are measurable with respect to µ is countably additive, as
in Subsection 1.11.1, and this can be used to obtain an outer measure µ on X
as in Section 2.1. This is mentioned at the bottom of p57 of [113]. It is easy to
see that µ(E) ≤ µ(E) for every E ⊆ X, and of course equality holds when E is
measurable with respect to µ. We also have that µ is regular on X, as before.
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2.7.1 A nice property of regular outer measures

Let µ be a regular outer measure on X, and let A1, A2, A3, . . . be a sequence of
subsets of X with Aj ⊆ Aj+1 for each j. Under these conditions,

µ(Aj) → µ
( ∞⋃

l=1

Al

)
as j → ∞,(2.7.2)

as in Theorem 2 on p5 of [110], 2.1.5 (1) on p56 of [113], and mentioned on p9
of [247]. This is related to Exercise 4.17 on p41 of [20]. Of course,

µ(Aj) ≤ µ
( ∞⋃

l=1

Al

)
(2.7.3)

for each j.
Let C1, C2, C3, . . . be a sequence of subsets of X that are measurable with

respect to µ and satisfy Aj ⊆ Cj and

µ(Aj) = µ(Cj)(2.7.4)

for each j. Put

Bj =

∞⋂
l=j

Cl(2.7.5)

for each j, and note that Bj is measurable with respect to µ. One can check
that

Aj ⊆ Bj ⊆ Cj(2.7.6)

for each j. This implies that

µ(Aj) = µ(Bj) = µ(Cj)(2.7.7)

for each j.
Observe that Bj ⊆ Bj+1 for each j, by construction. It follows that

µ(Bj) → µ
( ∞⋃

l=1

Bl

)
as j → ∞,(2.7.8)

as in Section 1.9. We also have that

∞⋃
l=1

Al ⊆
∞⋃
l=1

Bl,(2.7.9)

so that

µ
( ∞⋃

l=1

Al

)
≤ µ

( ∞⋃
l=1

Bl

)
.(2.7.10)

More precisely, equality holds in this inequality, because of (2.7.3), (2.7.7), and
(2.7.8). This implies (2.7.2).
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2.7.2 Regularity and σ-finiteness

Suppose that A ⊆ X is σ-finite with respect to µ, so that there is a sequence
A1, A2, A3, . . . of subsets of X such that A =

⋃∞
j=1Aj and µ(Aj) < +∞ for each

j. If µ is a regular outer measure on X, then there is a sequence B1, B2, B3, . . . of
measurable subsets ofX with respect to µ such that Aj ⊆ Bj and µ(Aj) = µ(Bj)
for each j. In particular, µ(Bj) < +∞ for each j.

Note that

A =

∞⋃
j=1

(A ∩Bj)(2.7.11)

and µ(A ∩ Bj) < +∞ for each j. If A is measurable with respect to µ, then
A ∩Bj is measurable with respect to µ for each j.

2.7.3 Borel regular outer measures

Suppose now that X is a metric or topological space, and that µ is a Borel outer
measure on X, so that Borel sets in X are measurable with respect to µ, as in
Subsection 2.2.1. We say that µ is Borel regular as an outer measure on X if
for every subset A of X there is a Borel set B ⊆ X such that A ⊆ B and (2.7.1)
holds. This is mentioned on p5 of [110] and p61 of [113], and it corresponds to
(3) in Definition 1.5 on p9 of [247]. Note that this implies that µ is regular on
X.

If A is measurable with respect to µ and µ(A) = µ(B) < +∞, then it follows
that

µ(B \A) = 0.(2.7.12)

Suppose that A is measurable and σ-finite with respect to µ. This implies
that there is a sequence C1, C2, C3, . . . of subsets of X that are measurable with
respect to µ such that

A =

∞⋃
j=1

Cj(2.7.13)

and µ(Cj) < +∞ for each j, as in the previous subsection. This leads to a
sequence B1, B2, B3, . . . of Borel sets in X such that Cj ⊆ Bj and µ(Bj \Cj) = 0
for each j, as in the preceding paragraph. It follows that B =

⋃∞
j=1Bj is a Borel

set in X such that (2.7.12) holds, because

B \A =

∞⋃
j=1

(Bj \A) ⊆
∞⋃
j=1

(Bj \ Cj).(2.7.14)

2.8 Using a collection C of subsets of X

Let X be a set, let ν be an outer measure on X, and let C be a collection of
subsets of X that includes X as an element. If A ⊆ X, then put

νC(A) = inf{ν(C) : C ∈ C and A ⊆ C}.(2.8.1)
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Note that
ν(A) ≤ νC(A),(2.8.2)

and that
ν(A) = νC(A),(2.8.3)

when A ∈ C. If ∅ ∈ C, and if the union of any sequence of elements of C is an
element of C as well, then one can check that νC is an outer measure on X too.
This is related to some remarks at the bottom of p57 of [113] when C is the
collection of subsets of X that are measurable with respect to ν.

Suppose for the moment that νC(A) < +∞, and let Cj be an element of C
such that A ⊆ Cj and

ν(Cj) < νC(A) + 1/j(2.8.4)

for each positive integer j. Let Cδ be the collection of subsets of X that can be
expressed as the intersection of a sequence of elements of C, so that

⋂∞
j=1 Cj ∈ Cδ.

Observe that

ν(A) ≤ ν
( ∞⋂

j=1

Cj

)
≤ νC(A),(2.8.5)

using the fact that A ⊆
⋂∞

j=1 Cj in the first step. If (2.8.3) holds, then we get
that

ν(A) = ν
( ∞⋂

j=1

Cj

)
.(2.8.6)

Note that (2.8.6) implies that

ν
(( ∞⋂

j=1

Cj

)
\A

)
= 0(2.8.7)

when A is measurable with respect to ν, because the right side of (2.8.6) is
finite.

If (2.8.3) holds for every A ⊆ X, and if the elements of C are measurable
with respect to ν, then it follows that ν is a regular outer measure on X. More
precisely, this uses the fact that ν(A) = ν(X) when ν(A) = +∞. If X is a
metric or topological space, ν is a Borel outer measure on X, (2.8.3) holds for
every A ⊆ X, and the elements of C are Borel sets in X, then we get that ν is
Borel regular on X.

2.8.1 Some regular outer measures

Let A be an algebra of subsets of X, let µ be a countably additive measure on
A, and let ν = µ be the corresponding outer measure on X, as in Subsection
1.11.4. If A1, A2, A3, . . . is a sequence of elements of A, then

ν
( ∞⋃

j=1

Aj

)
≤

∞∑
j=1

µ(Aj),(2.8.8)
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by the definition of ν.
Let C = Aσ be the collection of subsets of X that can be expressed as the

union of a sequence of elements of A. One can check that

νC(E) ≤ ν(E)(2.8.9)

for every E ⊆ X, using (2.8.8) and the definition of ν. This corresponds to
part of Proposition 1.6 on p273 of [335]. The other part of that proposition
corresponds to (2.8.6) in this situation.

It follows that νC = ν, because ν ≤ νC automatically, as before. Remember
that the elements of A are measurable with respect to ν, as in Subsection 1.11.4,
so that the elements of C are measurable with respect to ν. This implies that
µ is a regular outer measure on X, as in part (a) of Exercise 10.40 on p143 of
[159].

2.8.2 Outer regular outer measures

Now let X be a metric space, or a topological space, and let ν be an outer
measure on X. Let us say that ν is outer regular if for every A ⊆ X we have
that

ν(A) = inf{ν(U) : U ⊆ X is an open set, and A ⊆ U}.(2.8.10)

This implies that there is a Gδ set B ⊆ X such that A ⊆ B and ν(A) = ν(B),
by the remarks at the beginning of the section.

If ν is also a Borel outer measure on X, then it follows that ν is Borel regular
onX. In this case, we get that the restriction of ν to the σ-algebra of measurable
subsets of X with respect to ν is outer regular as in Subsection 1.12.1.

Conversely, suppose that ν is Borel regular on X. If the restriction of ν to
the σ-algera of Borel sets in X is outer regular as in Subsection 1.12.1, then one
can check that ν is outer regular as an outer measure on X.

If n is a positive integer, then Lebesgue outer measure on Rn is outer regular.
This can be obtained using the characterization of Lebesgue outer measure in
terms of coverings by sequences of bounded open intervals, as in Section 1.15.

If α is a monotonically increasing real-valued function on the real line, then
the corresponding Lebesgue–Stieltjes outer measure λα on R is outer regular.
This can be obtained using the characterization of λα in terms of coverings by
sequences of bounded open intervals, as in Subsection 2.5.1.

2.9 More on the extension theorem

Let X be a set, let A be an algebra of subsets of X, and let µ be a countably
additive measure on X with respect to A. Also let µ be the corresponding
outer measure on X, as in Subsection 1.11.4. Suppose that A1 is a σ-algebra of
subsets of X that contains A and is contained in the σ-algebra of measurable
subsets of X with respect to µ. Let µ1 be the restriction of µ to A1, and note
that µ1 is countably additive, as in Subsection 1.11.1. Remember that µ = µ
on A, so that µ1 = µ on A.
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Suppose that ν1 is another countably additive measure on X with respect
to A1 such that ν1 = µ on A, so that ν1 = µ1 on A. We would like to compare
ν1 with µ1 on A1, as in part (4) of Theorem 4.17 on p37 of [20], Theorem 1.14
on p31 of [118], Exercise 10.39 on p142 of [159], and some remarks beginning
on p272 of [335]. More precisely, in [20, 118, 159, 335], one takes A1 to be the
σ-algebra of subsets of X generated by A, and essentially the same arguments
can be used here.

Let Aσ be the collection of subsets of X that may be expressed as the union
of a sequence of elements of A, as before. In fact, the elements of Aσ may be
expressed as the union of a sequence of pairwise-disjoint elements of A, as in
Section 1.10. This implies that

ν1 = µ1 on Aσ,(2.9.1)

because of countable additivity. This corresponds to part of the hint to part (a)
of Exercise 10.39 on p142 of [159]. This is also mentioned on p38 of [20], p31 of
[118], and p272 of [335], using a slightly different argument.

2.9.1 Showing that ν1 ≤ µ1

Let E be an element of A1, and let A1, A2, A3, . . . be a sequence of elements of
A such that E ⊆

⋃∞
j=1Aj . Observe that

ν1(E) ≤ ν1

( ∞⋃
j=1

Aj

)
≤

∞∑
j=1

ν1(Aj) =

∞∑
j=1

µ(Aj).(2.9.2)

This implies that
ν1(E) ≤ µ(E) = µ1(E),(2.9.3)

by the definition of µ in Subsection 1.11.4. This corresponds to (4.7) on p38 of
[20], part of Theorem 1.14 on p31 of [118], part (a) of Exercise 10.39 on p142 of
[159], and to one of the steps on p272 of [335]. In particular, if µ1(E) = 0, then
ν1(E) = 0.

2.9.2 When µ1(E) < +∞
Suppose that E ∈ A1 and µ1(E) < ∞, and let ϵ > 0 be given. There is a
sequence A1, A2, A3, . . . of elements of A such that E ⊆

⋃∞
j=1Aj

∞∑
j=1

µ(Aj) < µ1(E) + ϵ,(2.9.4)

by the definition of µ1(E) = µ(E). This implies that

µ1

( ∞⋃
j=1

Aj

)
≤

∞∑
j=1

µ1(Aj) < µ1(E) + ϵ,(2.9.5)
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so that

µ1

(( ∞⋃
j=1

Aj

)
\ E

)
= µ1

( ∞⋃
j=1

Aj

)
− µ1(E) < ϵ.(2.9.6)

It follows that

ν1

(( ∞⋃
j=1

Aj

)
\ E

)
< ϵ,(2.9.7)

as in the previous subsection.
Note that

ν1

( ∞⋃
j=1

Aj

)
= µ1

( ∞⋃
j=1

Aj

)
,(2.9.8)

as in (2.9.1). Using this, we get that

µ1(E) ≤ µ1

( ∞⋃
j=1

Aj

)
= ν1

( ∞⋃
j=1

Aj

)
= ν1(E) + ν1

(( ∞⋃
j=1

Aj

)
\ E

)
< ν1(E) + ϵ.(2.9.9)

This implies that
µ1(E) ≤ ν1(E),(2.9.10)

because ϵ > 0 is arbitrary. This means that

ν1(E) = µ1(E),(2.9.11)

because of (2.9.3). This corresponds to part (b) of Exercise 10.39 on p142 of
[159], part of Theorem 1.14 on p31 of [118], and to some of the remarks on p31
of [118], and p272 of [335].

2.9.3 When E is σ-finite with respect to µ1

Suppose that

E =

∞⋃
j=1

Ej ,(2.9.12)

where Ej ∈ A1 and µ1(Ej) < +∞ for each j. One can use the remarks in the
previous subsection to get that (2.9.11) holds under these conditions as well.
More precisely, one can reduce to the case where the Ej ’s are pairwise disjoint,
or to the case where Ej ⊆ Ej+1 for each j.

In particular, (2.9.11) holds for all E ∈ A1 when X can be expressed as the
union of a sequence of elements of A1 with finite measure with respect to µ1.
Note that any subset of X with finite measure with respect to µ is contained
in the union of a sequence of elements of A with finite measure with respect
to µ, by definition of µ, as in Subsection 1.11.4. If X can be expressed as the
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union of a sequence of elements of A1 with finite measure with respect to µ1,
then it follows that X can be expressed as the union of a sequence of elements
of A with finite measure with respect to µ, because the union of a sequence of
countable sets is countable too. This is the way that the σ-finiteness condition
is stated in part (4) of Theorem 4.17 on p37 of [20], Theorem 1.14 on p31 of
[118], part (c) of Exercise 10.39 on p142 of [159], and on p272 of [335].

2.10 Some conditions concerning finite measure

Let (X, d) be a metric space, and let µ be an outer measure on X, or a nonneg-
ative countably additive measure defined on a σ-algebra of subsets of X that
contains the Borel sets. Let us say that µ is locally finite on X if for every x ∈ X
there is an r > 0 such that

µ(B(x, r)) < +∞.(2.10.1)

This is the same as saying that for every x ∈ X there is a t > 0 such that

µ(B(x, t)) < +∞.(2.10.2)

More precisely, (2.10.2) implies (2.10.1) with r = t, and (2.10.1) implies (2.10.2)
with t < r. Local finiteness for outer measures on metric spaces is defined
in part (1) of Definition 1.5 on p9 of [247] in terms of closed balls, using the
notation for open and closed balls on p7 of [247].

Equivalently, µ is locally finite on X if for every x ∈ X there is an open set
U ⊆ X such that x ∈ U and

µ(U) < +∞.(2.10.3)

This formulation works as well when X is a topological space.
We may sometimes be concerned with situations where

µ(K) < +∞(2.10.4)

for every compact set K ⊆ X. If X is a topological space, then one may ask
that X be Hausdorff, so that compact sets in X are closed sets, and thus Borel
sets. If µ is locally finite on X, then it is easy to see that (2.10.4) holds for every
compact set K in X. Indeed, local finiteness implies that K can be covered by
a family of open sets with finite measure. It follows that K can be covered
by finitely many open sets with finite measure, because K is compact, so that
(2.10.4) holds.

2.10.1 Local compactness

We say that X is locally compact at a point x ∈ X if there is an open set U ⊆ X
and a compact set K ⊆ X such that x ∈ U and U ⊆ K. Sometimes this is
defined by taking K to be the closure U of U in K. This version implies the
previous one, and the converse holds when X is Hausdorff, so that compact sets



60 CHAPTER 2. MORE ON MEASURES AND σ-ALGEBRAS

in X are closed sets. If X is a metric space, then local compactness at x is the
same as saying that there is an r > 0 such that B(x, r) is compact.

If X is locally compact at every x ∈ X, then we say that X is locally compact
as a metric or topological space. In this case, if (2.10.4) holds for every compact
set K ⊆ X, then µ is locally finite on X. Locally compact Hausdorff topological
spaces have a lot of nice properties related to analysis.

2.10.2 σ-Compact sets

A subset of X is said to be σ-compact if it can be expressed as the union of a
sequence of compact sets. If (2.10.4) holds for every compact set K ⊆ X, then
σ-compact sets are σ-finite with respect to µ.

It is easy to see that the union of finitely many compact subsets of X is
compact as well. This implies that a σ-compact subset A of X may be expressed
as the union of a sequence of compact subsets of X that is increasing with respect
to inclusion. More precisely, if A can be expressed as the union of a sequence of
compact sets, then one can replace the nth term of the sequence with the union
of the first n terms of the sequence.

Suppose that X is σ-compact, so that there is a sequence K1,K2,K3, . . . of
compact subsets of X such that

X =

∞⋃
j=1

Kj .(2.10.5)

If E is a closed set in X, then it is well known that E ∩Kj is compact for each
j. This implies that

E =

∞⋃
j=1

(E ∩Kj)(2.10.6)

is σ-compact.
It is easy to see that a countable union of σ-compact sets is σ-compact,

because a countable union of countable sets is countable. If X is σ-compact,
then it follows that Fσ sets in X are σ-compact.

If X is locally compact, and if there is a countable base for the topology
of X, then one can check that X is σ-compact. In particular, locally compact
separable metric spaces are σ-compact.

2.10.3 σ-Compactness and inner regularity

Suppose now that µ is a Borel measure on X, and that A ⊆ X is an Fσ

set, so that there is a sequence E1, E2, E3, . . . of closed sets in X such that
A =

⋃∞
j=1Ej . We may as well ask also that Ej ⊆ Ej+1 for each j, by replacing

Ej with
⋃j

l=1El, if necessary. Under these conditions, we get that

µ(Ej) → µ(A) as j → ∞,(2.10.7)
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as in Section 1.9. This implies that A satisfies the inner regularity property
with respect to closed sets mentioned in Subsection 1.12.2.

Similarly, if A is σ-compact, then A satisfies the inner regularity property
with respect to compact sets mentioned in Subsection 1.12.2.

If X is σ-compact, then one can check that inner regulariy with respect
to closed sets implies inner regularity with respect to compact sets. This uses
the fact that closed sets in X are σ-compact in this case, as in the previous
subsection, so that closed sets satisfy the inner regularity property with respect
to compact sets.

2.10.4 Another basic regularity property

Suppose now that A is a Gδ set, so that there is a sequence U1, U2, U3, . . . of
open sets in X such that A =

⋂∞
j=1 Uj . As before, we may as well ask that

Uj+1 ⊆ Uj for each j, by replacing Uj with
⋂j

l=1 Ul, if necessary.
Suppose also that there is an open set V ⊆ X such that A ⊆ V and µ(V ) is

finite. We may as well ask that Uj ⊆ V for each j, by replacing Uj with Uj ∩V ,
if necessary. This means that µ(Uj) is finite too.

It follows that
µ(Uj) → µ(A) as j → ∞,(2.10.8)

as in Subsection 1.9.2. This implies that A satisfies the outer regularity property
mentioned in Subsection 1.12.1.

2.11 Some nice families of sets

Let X be a set, and let F be a family of subsets of X that contains X and
the empty set as elements. Let us say that F is σ-nice if for every sequence
of elements of F , the union and intersection of the sets in the sequence is an
element of F as well. This corresponds to the conditions (2) and (3) near the
bottom of p59 of [113]. Of course, a σ-algebra of subsets of X is a σ-nice family,
and a σ-nice family may be considered as a monotone class in particular.

If F is a σ-nice family of subsets of X, then one can check that

F0 = {A ∈ F : X \A ∈ F}(2.11.1)

is a σ-algebra of subsets of X. This corresponds to a remark near the top of
p60 of [113].

It is easy to see that the intersection of any nonempty collection of σ-nice
families of subsets of X is also a σ-nice family of subsets of X. If E is any
collection of subsets of X, then the intersection of all of the σ-nice families of
subsets of X that contains E is the smallest σ-nice family of subsets of X that
contains E .

Suppose that E contains the complement in X of each of its elements. If F
is a σ-nice family of subsets of X that contains E , then it follows that (2.11.1)
contains E too. This implies that the smallest σ-nice family of subsets of X that
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contains E is the same as the smallest σ-algebra of subsets of X that contains
E , as in [113].

2.11.1 Another characterization of Borel sets

Suppose now that X is a metric space, and remember that

open sets in X are Fσ sets,(2.11.2)

as in Subsection 2.2.2. Equivalently, this means that

closed sets in X are Gδ sets,(2.11.3)

as before. More precisely, it would be enough to ask that X be a topological
space that satisifes these conditions for the moment.

Let F be a σ-nice family of subsets of X that contains all of the open sets
in X. This implies that F contains all of the closed sets in X in this case. It
follows that (2.11.1) contains all of the open sets in X. Using this, we get that
the collection of Borel sets in X is the same as the smallest σ-nice family of
subsets of X that contains the open sets in X, as mentioned on p60 of [113].

Similarly, one can check that the collection of Borel sets in X is the same as
the smallest σ-nice family of subsets of X that contains the closed sets in X, as
mentioned in [113].

2.11.2 Regularity of finite Borel measures

Let us continue to ask that X be a metric space, or a topological space that
satisfies the additional condition mentioned in the previous subsection, and let
µ be a finite Borel measure on X. It is well known that

µ is outer regular, and inner regular with respect to closed sets,(2.11.4)

as in Section 1.12. This corresponds to part of the proof of part (1) of Theorem
1.10 on p11 of [247], and to part of Proposition 1.3 on p269 of [335]. This also
corresponds to part of Lemma 1 on p6 of [110], and Theorem 2.2.2 on p60 of
[113], and there are some related results in [159, 298]. We shall say more about
these matters in the next two subsections, and the next section.

To see this, let A be the collection of all Borel sets A ⊆ X such that for each
ϵ > 0 there are an open set U ⊆ X and a closed set E ⊆ X with E ⊆ A ⊆ U
and

µ(U \ E) < ϵ.(2.11.5)

One can check that open sets in X are elements of A, using the remarks at the
beginning of Subsection 2.10.3, because open sets are Fσ sets and µ is finite, by
hypothesis. Similarly, one can check that closed sets in X are elements of A,
using the remarks in Subsection 2.10.4, because closed sets are Gδ sets and µ is
finite, by hypothesis.
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One can also verify that A is a σ-algebra of subsets of X, as mentioned in
[247]. In particular, if A ∈ A, then it is easy to see that X \A ∈ A, because of
the way that A is defined. This implies that A contains the Borel sets in X. It
follows that µ is outer regular, and inner regular with respect to closed sets.

2.11.3 An analogous argument for inner regularity of µ

Let us continue to suppose that µ is a finite Borel measure on X. A variant of
the previous argument is used in the proof of part (1) in Theorem 2.2.2 on p60
of [113]. In this argument, we let F be the family of Borel sets A ⊆ X such
that for each ϵ > 0 there is a closed set E ⊆ X such that E ⊆ A and

µ(A \ E) < ϵ.(2.11.6)

Clearly closed sets in X are contained in F . One can check that F is a σ-nice
family of subsets of X, as on p61 of [113]. It follows that F contains the Borel
sets in X, as in Subsection 2.11.1. Remember that inner regularity is equivalent
to outer regularity when µ(X) < +∞, as mentioned in Subsection 1.12.2.

2.11.4 Inner regularity for Borel sets of finite measure

Now let µ be any Borel measure on X. If B ⊆ X is a Borel set, then

µB(A) = µ(A ∩B)(2.11.7)

defines another Borel measure on X. Suppose that µ(B) < +∞, so that

µB(X) = µ(B) < +∞.(2.11.8)

Thus µB is outer regular, and inner regular with respect to closed sets, as before.
One can use the inner regularity of µB to get that B satisfies the inner

regularity property with respect to closed sets and µ mentioned in Subsection
1.12.2. This corresponds to part (i) of Lemma 1 on p6 of [110], part (1) of
Theorem 2.2.2 on p60 of [113], and part (1) of Theorem 1.10 on p11 of [247].

Some additional regularity properties under suitable conditions will be dis-
cussed in the next section.

2.12 More on Borel measures

Let X be a metric space, or a topological space with the property mentioned in
Subsection 2.11.1, and let µ be a Borel measure on X.

2.12.1 Outer regularity and open sets of finite measure

Suppose that W is an open set in X with µ(W ) < +∞, and consider the
corresponding Borel measure

µW (A) = µ(A ∩W )(2.12.1)



64 CHAPTER 2. MORE ON MEASURES AND σ-ALGEBRAS

on X. Thus µW (X) = µ(W ) < +∞, so that µW is outer regular, and inner
regular with respect to closed sets, as in the previous section.

If B ⊆ X is a Borel set and ϵ is a positive real number, then there is an open
set U in X such that B ⊆ U and

µW (U \B) < ϵ,(2.12.2)

because of outer regularity. This means that

µ((U ∩W ) \B) = µ((U \B) ∩W ) = µW (U \B) < ϵ.(2.12.3)

If B ⊆W , then U ∩W is also an open set that contains B.
Suppose now that W1,W2,W3, . . . is a sequence of open subsets of X such

that
µ(Wj) < +∞(2.12.4)

for each j, and let B be a Borel set in X with

B ⊆
∞⋃
j=1

Wj .(2.12.5)

If ϵ is a positive real number, then we can use the argument in the two previous
paragraphs to get a sequence of open sets V1, V2, V3, . . . in X such that

B ∩Wj ⊆ Vj(2.12.6)

and
µ(Vj \ (B ∩Wj)) < 2−j ϵ(2.12.7)

for each j. Note that
⋃∞

j=1 Vj is an open set in X with

B =

∞⋃
j=1

(B ∩Wj) ⊆
∞⋃
j=1

Vj .(2.12.8)

We also have that( ∞⋃
j=1

Vj

)
\B =

∞⋃
j=1

(Vj \B) ⊆
∞⋃
j=1

(Vj \ (B ∩Wj)),(2.12.9)

so that

µ
(( ∞⋃

j=1

Vj

)
\B

)
≤ µ

( ∞⋃
j=1

(Vj \ (B ∩Wj))
)

≤
∞∑
j=1

µ(Vj \ (B ∩Wj)) <

∞∑
j=1

2−j ϵ = ϵ.(2.12.10)

This corresponds to part (ii) of Lemma 1 on p6 of [110], part (2) of Theorem
2.2.2 on p61 of [113], part (2) of Theorem 1.10 on p11 of [247], and part of
Proposition 1.3 on p269 of [335].
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2.12.2 More on inner regularity

Suppose that B is a Borel set in X that is σ-finite with respect to µ, so that
there is a sequence B1, B2, B3, . . . of Borel sets in X such that B =

⋃∞
j=1Bj

and µ(Bj) < +∞ for each j. We may as well ask that Bj ⊆ Bj+1 for each j, by

replacing Bj with
⋃j

l=1Bl, if necessary, as usual. This implies that µ(Bj) tends
to µ(B) as j → ∞, as in Section 1.9. One can check that B satisfies the inner
regularity property with respect to closed sets mentioned in Subsection 1.12.2,
because of the analogous properties of the Bj ’s in Subsection 2.11.4. Note that
it suffices to consider the case where µ(B) = +∞ here.

Suppose now that X is a metric space, and that open balls in X have finite
measure with respect to µ. Of course, this is the same as saying that closed
balls in X have finite measure. In particular, this means that X is σ-finite with
respect to µ. If A is a Borel set in X and ϵ is a positive real number, then part
of Proposition 1.3 on p269 of [335] states that there is a closed set E in X such
that E ⊆ A and µ(A \ E) < ϵ. This is equivalent to the usual inner regularity
property of A with respect to closed sets when µ(A) < +∞.

Otherwise, one can use the hypothesis on X to express A as the union of
a sequence A1, A2, A3, . . . of finite measure such that every element of X has
a neighborhood that intersects at most two of the Aj ’s. If ϵ is a positive real
number, then there is a sequence E1, E2, E3, . . . of closed sets in X such that
Ej ⊆ Aj and

µ(Aj \ Ej) < 2−j ϵ(2.12.11)

for each j, as in Subsection 2.11.4. One can check that E =
⋃∞

j=1Ej is a closed
set under these conditions, because every element of X has a neighborhood that
intersects at most two of the Ej ’s. In addition,

A \ E ⊆
∞⋃
j=1

(Aj \ E) ⊆
∞⋃
j=1

(Aj \ Ej),(2.12.12)

and thus

µ(A \ E) ≤
∞∑
j=1

µ(Aj \ Ej) <

∞∑
j=1

2−j ϵ = ϵ.(2.12.13)

2.12.3 Some more regularity results

Let X be a metric space, or a Hausdorff topological space, that is locally com-
pact. Suppose that µ is a Borel measure on X such that µ(K) < +∞ for all
compact sets K in X. A condition on X that is sometimes used to get regularity
properties of µ is that every open set X be σ-compact, as in Exercise 12.55 on
p185 of [159], and Theorem 2.18 on p50 of [298]. This is closely related to the
regularity properties discussed in this and the previous section. Note that this
condition on X is the same as saying that X is σ-compact, and that every open
set in X is an Fσ set, as in Subsection 2.10.2.

If K is a compact set in X, then one can use local compactness to cover
K by finitely many open sets that are contained in compact sets. This implies
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that K is contained in an open set U that is contained in a compact set. In
particular, this means that µ(U) < +∞. If X is σ-compact, then one can use
this to get that X may be expressed as the union of a sequence of open sets
that are contained in compact sets, and thus have finite measure.

2.13 Locally finite Borel measures on the real
line

Let µ be a locally finite Borel measure on the real line, as in Section 2.10. The
local finiteness of µ on R is equivalent to the condition that µ(K) < +∞ for
every compact set K ⊆ R, as before. This means that µ is finite on bounded
Borel sets in R.

Of course, R may be expressed as the union of a sequence of bounded open
intervals. One can use this to get that µ is outer regular on R, as in Subsection
2.12.1.

It follows that µ is uniquely determined as a Borel measure on R by its
restriction to the collection of open sets in R. It is well known that every open
set in R may be expressed as the union of finitely or countably many pairwise-
disjoint open intervals. This means that the measure of such an open set is equal
to the sum of the measures of the corresponding intervals. Thus µ is uniquely
determined by its restriction to the collection of open intervals in R.

It is easy to see that any unbounded open interval in the real line may
be expressed as the union of a sequence of bounded open intervals that are
increasing with respect to inclusion. Under these conditions, the measures of
the bounded open intervals tends to the measure of the unbounded open interval,
as in Section 1.9. This implies that µ is uniquely determined by its restriction
to the collection of bounded open intervals in R. This corresponds to Exercise
3.9 on p21 of [20], although the reader is probably expected to use a somewhat
different argument there.

Let α be a monotonically increasing real-valued function on R, and let λα be
the corresponding Lebesgue–Stieltjes measure onR, as in Section 2.5, considered
as a Borel measure on R. Remember that the measure of an open interval in R
with respect to λα may be expressed in terms of α, as before. The remarks in
the previous paragraphs imply that λα is uniquely determined by this property,
as a Borel measure on R. This corresponds to part of the uniqueness part of
part (b) of Theorem 8.14 on p173 of [298], and to the uniqueness part of the
first part of Theorem 3.5 on p282 of [335]. This also corresponds to part of
Theorem 19.48 on p331 of [159], using Remark 19.49 on p332 of [159]. Note
that the uniqueness of λα could be obtained as in Section 2.9 as well. This is
related to part of Theorem 1.16 on p35 of [118].

2.13.1 Some normalizing conditions on α

However, α is not uniquely determined by λα, or equivalently by the α-lengths
of intervals as in Section 2.5. One can add a constant to α without changing
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the α-lengths of intervals or λα. In order to deal with this, one may ask that

α(0) = 0,(2.13.14)

as in Theorem 19.48 on p331 of [159], and Theorem 3.5 on p282 of [335]. If α
has a finite lower bound on R, then one may ask that

α(−∞) = 0,(2.13.15)

as on p171 of [298].
If α is continuous on R, then it is easy to see that α is uniquely determined

by the α-lengths of intervals and either of the additional conditions (2.13.14)
or (2.13.15). However, the values of α at the points of discontinuity are not
determined. To deal with this, one may ask that α be continuous from the left
at each point, as in Theorem 19.48 on p331 of [159], and on p171 of [298], or
one may ask that α be continuous from the right at each point, as on p28 of
[20], p33 of [118], and p282 of [335].

If α is any monotonically increasing real-valued function on R, then put

αL(x) = α(x−)(2.13.16)

and

αR(x) = α(x+)(2.13.17)

for every x ∈ R. These are monotonically increasing real-valued functions on
R with

αL(x) ≤ α(x) ≤ αR(x)(2.13.18)

for every x ∈ R, as in Subsection 2.4.2. One can check that

αL(x−) = α(x−) = αR(x−)(2.13.19)

and

αL(x+) = α(x+) = αR(x+)(2.13.20)

for every x ∈ R. In particular, this means that αL is continuous from the left
at each point, and that αR is continuous from the right at each point. We
also get that the α-lengths of intervals are the same as the αL-lengths and the
αR-lengths.

2.13.2 Getting monotonically increasing functions

Let µ be a locally finite Borel measure on R again. If x ∈ R, then put

αµ,0,L(x) = µ([0, x)) when x > 0(2.13.21)

= 0 when x = 0

= −µ([x, 0)) when x < 0,
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as in Theorem 19.45 on p329 of [159]. One can check that αµ,0,L is monotoni-
cally increasing on R, and continuous from the left at every point, as in [159].
Theorem 19.48 on p331 of [159] and Remark 19.49 on p332 of [159] say that

µ 7→ αµ,0,L(2.13.22)

is a one-to-one mapping from the set of all locally finite Borel measures on
R onto the set of monotonically increasing real-valued functions on R that are
equal to 0 at 0 and are left continuous at every point. The inverse mapping sends
such a monotonically increasing function on R to the corresponding Lebesgue–
Stieltjes measure.

Similarly, put

αµ,0,R(x) = µ((0, x]) when x > 0(2.13.23)

= 0 when x = 0

= −µ((x, 0]) when x < 0,

as in Exercise 4.1 on p39 of [20], Theorem 1.16 on p35 of [118], and Theorem
3.5 on p282 of [335]. One can verify that αµ,0,R is monotonically increasing on
R, and continuous from the right at every point, as mentioned on p31 of [20],
and in [118, 335].

If µ((−∞, 0)) < +∞, then put

αµ,−∞,L(x) = µ((−∞, x))(2.13.24)

for every x ∈ R, as in part (a) of Theorem 8.14 on p173 of [298]. One can check
that αµ,−∞,L is monotonically increasing and left continuous at every point,
with

αµ,−∞,L(−∞) = 0,(2.13.25)

as in [298]. One can also verify that

αµ,−∞,L(+∞) = µ(R).(2.13.26)

In this case, we can consider

αµ,−∞,R(x) = µ((−∞, x])(2.13.27)

on R as well. One can check that αµ,−∞,R is monotonically increasing and right
continuous at every point, with

αµ,−∞,R(−∞) = 0(2.13.28)

and

αµ,−∞,R(+∞) = µ(R).(2.13.29)
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2.14 Some more families of rings and algebras
of sets

Let X be a metric space, or a topological space. Consider the collection Aop−cl

of subsets of X that are both open and closed. It is easy to see that this is an
algebra of subsets of X. In particular, ∅ and X are elements of Aop−cl, and
these are the only elements of Aop−cl if and only if X is connected.

Similarly, let Aop−cm be the collection of subsets of X that are both open
and compact. If X is a metric space, or a Hausdorff topological space, then
compact subsets of X are closed, and one can check that Aop−cm is a ring of
subsets of X. This uses the fact that the intersection of a closed set and a
compact set is compact in any metric space. If X is not necessarily Hausdorff,
then one can take Aop−cm to be the collection of subsets of X that are open,
closed, and compact, to get a ring of subsets of X. Using this, we get that

Aop−cl = Aop−cm(2.14.1)

when X is compact.
If µ is a finitely additive measure on Aop−cm, then µ is automatically count-

ably additive. Indeed, let A1, A2, A3, . . . be an infinite sequence of pairwise-
disjoint elements of Aop−cm such that

⋃∞
j=1Aj ∈ Aop−cm. Under these condi-

tions, there is a positive integer n such that

n⋃
j=1

Aj =

∞⋃
j=1

Aj ,(2.14.2)

because the Aj ’s are open sets and
⋃∞

j=1Aj is compact, by hypothesis. This
means that Aj = ∅ for j > n, because the Aj ’s are pairwise disjoint. Thus we
can use finite additivity to get that

µ
( ∞⋃

j=1

Aj

)
= µ

( n⋃
j=1

Aj

)
=

n∑
j=1

µ(Aj) =

∞∑
j=1

µ(Aj).(2.14.3)

2.14.1 Some remarks related to the Lindelöf property

A subset E of X is said to have the Lindelöf property if every open covering of
E in X can be reduced to a subcovering with only finitely or countably many
elements. It is easy to see that this happens when E is σ-compact.

If there is a base for the topology of X with only finitely or countably
many elements, then Lindelöf ’s theorem implies that every subset of X has the
Lindelöf property.

Suppose for the moment that X is a metric space with the Lindelöf property.
This implies that

for every r > 0, X can be expressed as the union of(2.14.4)

finitely or countably many open balls of radius r.
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If X is any metric space that satisfies (2.14.4), then one can get a base for
the topology of X consisting of finitely or countably many open balls, using
the union of the collections of open balls of radius r mentioned in (2.14.4) for
r ∈ Z+. Note that one can get a dense set in X with only finitely or countably
many elements using the centers of these open balls.

2.14.2 Zero-dimensional spaces

We say that X is zero dimensional at a point x ∈ X if for every open set V ⊆ X
with x ∈ V there is an open set U ⊆ X such that x ∈ U , U ⊆ V , and U is a
closed set in X too. This is the same as saying that the collection of elements
of Aop−cl that contain x is a local base for the topology of X.

If X is zero dimensional at every x ∈ X, then we say that X is zero dimen-
sional as a metric or topological space. This means that Aop−cl is a base for
the topology of X.

If U is an open set in X such that

U can be expressed as the union of(2.14.5)

a sequence of elements of Aop−cl,

then U is an element of any σ-algebra of subsets of X that contains Aop−cl. If
X is zero dimensional, then this holds when U has the Lindelöf property. If X
is zero dimensional, and every open set in X has the Lindelöf property, then we
get that any σ-algebra of subsets of X that contains Aop−cl also contains the
Borel sets. In particular, this works when X is zero dimensional and there is a
countable base for the topology of X, by Lindelöf’s theorem.

2.14.3 Some remarks about countable bases

Suppose that B0 is a base for the topology of X with only finitely or countably
many elements, and that B is another base for the topology of X. Under these
conditions, it is well known that there is a base B1 for the topology of X such
that

B1 ⊆ B(2.14.6)

and

B1 has only finitely or countable many elements.(2.14.7)

Indeed, Lindelöf’s theorem implies that every element of B0 can be expressed
as the union of finitely or countably many elements of B. One can use this to
get a collection B1 of finitely or countably many elements of B such that every
element of B0 may be expressed as a union of elements of B1. This implies that
B1 is a base for the topology of X too.



2.15. ULTRAMETRICS 71

2.15 Ultrametrics

Let (X, d) be a metric space. We say that d is an ultrametric on X if

d(x, z) ≤ max(d(x, y), d(y, z))(2.15.1)

for every x, y, z ∈ X. Note that this implies the usual version of the triangle
inequality for d on X.

The discrete metric is defined on X by putting d(x, y) equal to 0 when x = y,
and to 1 when x 6= y. It is easy to see that this defines an ultrametric on X.

2.15.1 Open balls in ultrametric spaces

Suppose that d is an ultrametric on X. If x,w ∈ X satisfy

d(x,w) < r(2.15.2)

for some positive real number r, then one can check that

B(w, r) ⊆ B(x, r).(2.15.3)

Similarly, we have that
B(x, r) ⊆ B(x, r),(2.15.4)

so that
B(w, r) = B(x, r).(2.15.5)

Suppose that
B(x, r) ∩B(x, z) 6= ∅(2.15.6)

for some z ∈ X, and let w be an element of B(x, r) ∩B(z, r). Observe that

B(x, r) = B(w, r) = B(z, r),(2.15.7)

as in the preceding paragraph.
Thus, if

B(x, r) 6= B(z, r),(2.15.8)

then
B(x, r) ∩B(z, r) = ∅.(2.15.9)

If z ∈ X \B(x, r), then (2.15.8) holds, so that

B(z, r) ⊆ X \B(x, r),(2.15.10)

as in (2.15.9).
This shows that X \B(x, r) is an open set, so that

B(x, r) is a closed set.(2.15.11)

Alternatively, one can check that B(x, r) contains all of its limit points in X,
using (2.15.3). It follows that X is zero dimensional with respect to d, as in the
previous section.
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2.15.2 Closed balls in ultrametric spaces

Similarly, if
d(x,w) ≤ r,(2.15.12)

then one can verify that
B(w, r) ⊆ B(x, r).(2.15.13)

We also have that
B(x, r) ⊆ B(w, r),(2.15.14)

for the same reasons, so that

B(w, r) = B(x, r).(2.15.15)

In particular, (2.15.13) implies that

B(x, r) is an open set.(2.15.16)

This can be used to get that X is zero dimensional with respect to d as well.
If

B(x, r) ∩B(z, r) 6= ∅,(2.15.17)

and w ∈ B(x, r) ∩B(z, r), then

B(x, r) = B(w, r) = B(z, r),(2.15.18)

as before. If
B(x, r) 6= B(z, r),(2.15.19)

then we get that
B(x, r) ∩B(z, r) = ∅.(2.15.20)

Note that (2.15.20) holds when z ∈ X \B(x, r). One can use this as another
way to get that X \B(x, r) contains all of its limit points, and is thus a closed
set.

Some additional topics related to ultrametrics will be discussed in Appendix
A.



Chapter 3

Measurable functions and
integration

3.1 Measurable functions

Let X and Y be sets, and let f be a mapping from X into Y . If E ⊆ Y , then
it is easy to see that

f−1(Y \ E) = X \ f−1(E).(3.1.1)

Let I be a nonempty set, and let Ej be a subset of Y for each j ∈ I. One
can check that

f−1
( ⋃

j∈I

Ej

)
=

⋃
j∈I

f−1(Ej)(3.1.2)

and

f−1
( ⋂

j∈I

Ej

)
=

⋂
j∈I

f−1(Ej).(3.1.3)

Let AX be a σ-algebra of subsets of X. One can verify that

{E ⊆ Y : f−1(E) ∈ AX}(3.1.4)

is a σ-algebra of subsets of Y , using the previous remarks. This corresponds to
part (a) of Theorem 1.12 on p13 of [298], and it is mentioned in the proof of
Proposition 2.1 on p43 of [118]. This is also part of part (a) of Exercise 11.38
on p161 of [159].

3.1.1 When Y is a metric or topological space

Suppose that Y is a metric space, or a topological space. We say that f is
measurable if for every open set V ⊆ Y , we have that

f−1(V ) ∈ AX .(3.1.5)

73
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This corresponds to part (c) of Definition 1.3 on p9 of [298].

Suppose for the moment that X is a metric or topological space, and that
AX contains the σ-algebra of Borel sets in X. If f is continuous, then f is
automatically measurable in this case, as mentioned on p13 of [298].

3.1.2 Measurable mappings into measurable spaces

Let AY be a σ-algebra of subsets of Y . We say that f is measurable with respect
to AY on Y if (3.1.5) holds for every V ∈ AY , as on p43 of [118].

Suppose that Y is a metric space or a topological space again, and that AY

is the corresponding σ-algebra of Borel sets in Y . If f is a measurable function
in the previous sense, so that (3.1.5) holds when V is an open set in Y , then f is
a measurable mapping with respect to AY . This is because (3.1.4) is a σ-algebra
of subsets of Y that contains the open sets, by hypothesis. This corresponds to
part (b) of Theorem 1.12 on p13 of [298]. This is the way that measurability of
real-valued functions is defined on p31 of [14].

In particular, if X is a metric or topological space, f is continuous, and AX

contains the Borel sets in X, then f is measurable with respect to AY . This
corresponds to Corollary 2.2 on p44 of [118], and part (a) of Exercise 10.42 on
p143 of [159].

3.1.3 Compositions of measurable mappings

Let AY be any σ-algebra of subsets of Y again, and let Z be another set with
a σ-algebra AZ of its subsets. If f is measurable with respect to AY , and if g
is a mapping from Y into Z that is measurable with respect to AZ , then it is
easy to see that the composition g ◦ f of f and g is measurable with respect to
AZ , as a mapping from X into Z, as mentioned on p43 of [118].

Suppose that Y and Z are metric or topological spaces, and that AY and
AZ are the corresponding σ-algebras of Borel sets. In this case, the previous
statement about measurability of compositions corresponds to part (d) of The-
orem 1.12 on p13 of [298]. In particular, we get that g ◦ f is measurable when
f is measurable and g is continuous, as in part (b) of Theorem 1.7 on p11 of
[298], and mentioned immediately after the statement of Theorem 1.12 on p13
of [298].

3.1.4 Measurability and bases for topologies

Suppose that Y is a metric or topological space, B is a base for the topology of
Y , as in Section 2.3, and that every open set in Y can be expressed as the union
of finitely or countably many elements of B. Of course, this holds automatically
when B has only finitely or countably many elements. If (3.1.5) holds for every
V ∈ B, then it is easy to see that it also holds for every open set V in Y , so
that f is measurable.
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3.2 Inclusion mappings and induced σ-algebras

Let X be a set, and let X0 be a subset of X. Also let ι = ιX0,X be the obvious
inclusion mapping of X0 into X, so that ι sends each element of X0 to itself, as
an element of X. If A ⊆ X, then

ι−1(A) = A ∩X0.(3.2.1)

Let AX be a σ-algebra of subsets of X, and put

AX,X0 = {A ∩X0 : A ∈ AX},(3.2.2)

as in Subsection 1.6.4. This is a σ-algebra of subsets of X0, as before, and
we may call this the σ-algebra of subsets of X0 induced by AX . Clearly ι is
measurable as a mapping from X0 into X with respect to these σ-algebras. In
fact, AX,X0 is the smallest σ-algebra of subsets of X0 with this property. If
X0 ∈ AX , then

AX,X0
= {A ∈ AX : A ⊆ X0},(3.2.3)

as in Subsection 1.6.4.
If AX0 is any σ-algebra of subsets of X0, then one can check that

AX0,X = {A ⊆ X : A ∩X0 ∈ AX0}(3.2.4)

is a σ-algebra of subsets of X. This is the largest σ-algebra of subsets of X such
that ι is measurable with respect to AX0

on X0.

3.2.1 More on induced σ-algebras

Suppose now that X is a metric space, or a topological space. A subset of X0

is said to be relatively open if it can be expressed as U ∩X0 for some open set
U ⊆ X. It is well known and not difficult to show that this defines a topology
on X0, called the induced topology associated to the topology on X. If X is a
metric space, then the restriction of the metric on X to X0 is a metric on X0.
In this case, it is well known that the relatively open sets in X0 are the same as
the open sets in X0 with respect to the restriction of the metric on X to X0.

Let AX and AX0
be the σ-algebras of Borel sets in X and X0, respectively.

Thus AX0
is the smallest σ-algebra of subsets of X0 that contains the relatively

open sets in X0. If AX,X0 is as in (3.2.2), then AX,X0 is a σ-algebra of subsets
of X0 that contains the relatively open sets, so that

AX0
⊆ AX,X0

.(3.2.5)

If AX0,X is as in (3.2.4), then AX0,X is a σ-algebra of subsets of X that
contains the open sets in X, so that

AX ⊆ AX0,X .(3.2.6)
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Equivalently, ι is continuous as a mapping from X0 into X, by construction,
and this implies that ι is measurable with respect to AX and AX0 , as in the
previous section. It follows that

AX,X0
⊆ AX0

.(3.2.7)

Thus
AX0

= AX,X0
(3.2.8)

because of (3.2.5) and (3.2.7). If X0 is a Borel set in X, then we get that the
Borel sets in X0 are the same as the Borel sets in X that are contained in X0,
as in (3.2.3).

This is related to the definition of Borel measurability of a real-valued func-
tion on a Borel set in the real line on p33 of [14]. This is also related to 2.44
on p34 of [14], concerning the composition of a measurable real-valued function
with a real-valued Borel measurable function on a subset of the real line.

3.2.2 Borel sets in the set of extended real numbers

A subset E of the set of extended real numbers is defined to be a Borel set on
p36 of [14] if

E ∩R is a Borel set in R(3.2.9)

in the previous sense. It is not too difficult to show that this is equivalent
to defining Borel sets in the set of extended real numbers using the previous
definition and the topology on the set of extended real numbers mentioned in
Subsection 1.1.2.

More precisely, this topology on the set of extended real numbers may be
defined by saying that open intervals in R are open sets, as well as intervals of
the form (a,+∞] and [−∞, b) with a, b ∈ R, and arbitrary unions of these basic
open sets. In particular, R is an open set in the set of extended real numbers
with respect to this topology, and the standard topology on the real line is the
same as the topology induced on R by this topology on the set of extended real
numbers. One can use this and the remarks in the previous subsection to get
that the definition of a Borel set of extended real numbers mentioned in the
preceding paragraph is equivalent to the previous definition using this topology
on the set of extended real numbers.

3.3 Extended real-valued measurable functions

Let (X,AX) be a measurable space, as in Subsection 1.7.2, and let f be an
extended real-valued function on X. It is well known and not too difficult to
show that the following four conditions are equivalent. First,

f−1((a,+∞]) ∈ AX(3.3.1)

for every a ∈ R. Second,
f−1([a,+∞]) ∈ AX(3.3.2)
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for every a ∈ R. Third,

f−1([−∞, b)) ∈ AX(3.3.3)

for every b ∈ R. Fourth,

f−1([−∞, b]) ∈ AX(3.3.4)

for every b ∈ R. This corresponds to part of Theorem 11.3 on p149 of [159],
Theorem 11.15 on p311 of [299], and to some remarks on p28 of [335]. This also
corresponds to Proposition 5.5 on p44 of [20] and part of Proposition 2.3 on p44
of [118] for real-valued functions.

In fact, measurability of f is defined using (3.3.1) in Definition 11.2 on p149
of [159], and Definition 11.13 on p310 of [299], as well as Definition 5.1 on p43 of
[20] for real-valued functions. Similarly, (3.3.3) is used to define measurability
on p28, 273 of [335]. If a, b ∈ R and a < b, then we can use (3.3.1) and (3.3.3)
to get that

f−1((a, b)) = f−1((a,+∞]) ∩ f−1([−∞, b)) ∈ AX .(3.3.5)

One can also define measurability of f as in Subsection 3.1.1, using the
standard topology on the set of extended real numbers, as in Subsection 1.1.2
and the previous section. This topology may be described by saying that (a,+∞]
and [−∞, b) are open sets for all a, b ∈ R, so that (a, b) is an open set too when
a < b, and that these open sets form a base for the topology. In particular,
measurability with respect to this topology implies that (3.3.1) and (3.3.3) hold
for all a, b ∈ R. To get the converse, one can use the fact that every open set of
extended real numbers may be expressed as the union of finitely or countably
many of these basic open sets. This corresponds to part (c) of Theorem 1.12 on
p13 of [298].

Measurability of a real-valued function f on X is defined to p44 of [118] to
mean that f is measurable as a mapping into R with respect to the σ-algebra
of Borel sets in R, as in Subsection 3.1.2. The equivalence of this with the
conditions mentioned at the beginning of the section is also part of Proposition
2.3 on p44 of [118].

3.3.1 Some additional remarks about measurability

In order to check that f is measurable, it suffices to verify any of the previous
conditions with a or b in a dense set in R, as appropriate, as in Theorem 11.3
on p149 of [159]. This is related to Exercise 5.1 on p50 of [20], and Exercise 3
on p32 of [298].

Of course, if f is real-valued on X, then measurability of f may be defined
as in Subsection 3.1.1 using the standard Euclidean metric on R, and the equiv-
alence of this with the measurability conditions discussed in this section is a bit
simpler. This corresponds to 2.39 on p32 of [14], and it is related to Property 1
on p28 of [335].

Measurability of extended real-valued functions is defined on p37 of [14] to
mean measurability as a mapping with respect to the σ-algebra of Borel sets in
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the extended real numbers, using the definition of these Borel sets mentioned
in the previous section. The equivalence of this with (3.3.1) corresponds to 2.52
on p37 of [14]. This is related to Proposition 5.11 on p46 of [20], and Theorem
11.4 on p149 of [159].

Suppose for the moment that X is a metric or topological space, and that
AX contains the Borel sets in X. The measurability of continuous real-valued
functions on X corresponds to Proposition 5.6 on p44 of [20], and is part of
Corollary 11.5 on p150 of [159], and of Property 2 on p29 of [335].

Measurability of compositions of measurable real or extended real-valued
functions with continuous or measurable functions is mentioned in the second
part of Property 2 on p29 of [335], and in Theorem 11.7 on p151 of [159]. This
is related to Exercise 5.9 on p51 of [20].

3.4 Some mappings into finite products

Let X be a set, let Y1, . . . , Yn be finitely many sets, and let

Y = Y1 × Y2 × · · · × Yn =

n∏
j=1

Yj(3.4.1)

be their Cartesian product, as in Subsection 1.6.2. If fj is a mapping from X
into Yj for each j = 1, . . . , n, then

f(x) = (f1(x), . . . , fn(x))(3.4.2)

defines a mapping from X into Y , and every mapping from X into Y is of this
form.

3.4.1 Continuity of mappings into Y

If Y1, . . . , Yn are metric spaces, then suitable metrics on Y may be defined as in
Section A.4. In particular, if Yj = R for each j, then Y = Rn, and one can use
the standard Euclidean metric on Rn.

If Y1, . . . , Yn are topological spaces, then Y may be considered as a topologi-
cal space with respect to the corresponding product topology. This is compatible
with the metrics on Y just mentioned when the Yj ’s are metric spaces.

Suppose for the moment that X is a metric or topological space. It is well
known and not difficult to show that f is continuous as a mapping from X into
Y if and only if fj is continuous as a mapping from X into Yj for each j. This
may be more familiar when Yj = R for each j.

3.4.2 Measurability of mappings into Y

Now let AX be a σ-algebra of subsets of X. If f is measurable as a mapping
from X into Y , then one can check that fl is measurable as a mapping from
X into Yl for each l. One way to do this is to observe that fl is the same as
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the composition of f with the mapping pl(y) = yl from Y into Yl, and that pl
is continuous. Alternatively, if Vl is an open set in Yl, then f−1

l (Vl) may be
expressed as in (3.4.4), with Vj = Yj when j 6= l.

Suppose now that fj is measurable as a mapping from X into Yj for each j.
Let Vj be an open set in Yj for each j, and note that

V =

n∏
j=1

Vj(3.4.3)

is an open set in Y , as in Subsection A.4.2, or by definition of the product
topology on Y if one uses that. In this case, we have that

f−1(V ) =

n⋂
j=1

f−1
j (Vj) ∈ AX .(3.4.4)

One might like to use this to get that f is measurable as a mapping from X
into Y . This works when every open set in Y can be expressed as the union of
finitely or countably many open sets of the form (3.4.3).

Suppose that Bj is a base for the topology of Yj with only finitely or count-
ably many elements for each j. Let B be the collection of open subsets of Y of
the form (3.4.3), when Vj ∈ Bj for each j. It is well known and not difficult
to show that B is a base for the topology of Y with only finitely or countably
many elements. It follows that f is measurable as a mapping from X into Y
under these conditions.

This is related to Propositions 1.5, 2.4 on p23, 44 of [118]. If Yj = R for
each j, then this corresponds to part of the proof of Theorem 1.8 on p11 of [298]
when n = 2, and it is related to Exercise 2 on p32 of [298]. This also basically
corresponds to part of the proof of Theorem 11.18 on p312 of [299] when n = 2
and Y1 = Y2 = R.

3.4.3 Measurability of complex-valued functions

In particular, if one defines measurability of complex-valued functions as in
Subsection 3.1.1, then it follows that this is equivalent to the measurability of
the real and imaginary parts of the function, as in parts (a) and (b) of 1.9
on p12 of [298]. Similarly, measurability of a complex-valued function on X is
defined on p44 of [118] to mean measurability as a mapping with respect to the
σ-algebra of Borel sets in the complex plane C, and Corollary 2.5 on p45 of
[118] says that this is equivalent to the measurability of the real and imaginary
parts of the function.

Measurability of complex-valued functions is defined in terms of the measur-
ability of the real and imaginary parts of the functions on p156 of [14], on p43 of
[20], on p154 of [159], on p325 of [299], and on p68 of [335]. The equivalence of
this with the definition in Subsection 3.1.1 corresponds to Exercise 14 on p334
of [299].
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3.5 More on measurable functions

Let (X,AX) be a measurable space, and let f and g be measurable complex-
valued functions on X. This leads to a measurable mapping from X into
C2 = C × C, as in the previous section. It is well known that addition and
multiplication of complex numbers correspond to continuous functions from C2

into C. One can use this to get that

f + g and f g are measurable on X,(3.5.1)

as in Subsection 3.1.3.

This corresponds to Proposition 2.6 on p45 of [118], and to part (c) of 1.9
on p12 of [298]. More precisely, in [298], this argument is used initially for real-
valued functions, and this is used to get the analogous statement for complex-
valued functions. The statement for real-valued functions is mentioned in The-
orem 11.18 on p312 of [299] too, using essentially the same argument.

3.5.1 More on real-valued functions

If f and g are real-valued, then the measurability of f + g is part of part (a) of
2.46 on p35 of [14], and part of Proposition 5.7 on p44 of [20]. This is also part
of part (ii) of Property 5 on p29 of [335] when f and g are defined on a Lebesgue
measurable subset of Rn, and is mentioned on p273 of [335] for functions on
abstract measure spaces. In the proofs in [14, 335], one uses the fact that

{x ∈ X : f(x) + g(x) > a}(3.5.2)

=
⋃
r∈Q

({x ∈ X : f(x) > r} ∪ {x ∈ X : g(x) > a− r})

for every a ∈ R. The argument in [20] is essentially the same, using < instead
of >.

One can check directly that f2 is measurable. In order to get that f g is
measurable, one can use the measurability of f2, g2, and (f + g)2. This is
another part of part (a) of 2.46 on p35 of [14], and Proposition 5.7 on p44 of
[20]. This is another part of part (ii) of Property 5 on p29 of [335] for functions
on Rn as well, and it is mentioned on p273 of [335] for functions on abstract
measure spaces.

One may want to consider extended real-valued functions too, and then one
should be a bit careful about the points at which the sum or product is not
defined. One often uses an arbitrary constant value on that set, as in Theorems
11.10 and 11.11 beginning on p152 of [159]. The product is defined if one uses
the convention that 0 · (±∞) = 0, although one should be a bit more careful
about the measurability of the sum in this case, as mentioned on p45 of [118].
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3.5.2 The set where two measurable functions are equal

If f and g are measurable extended real-valued functions on X, then Lemma
11.9 on p152 of [159] states that

{x ∈ X : f(x) > g(x)},(3.5.3)

{x ∈ X : f(x) ≥ g(x)},(3.5.4)

{x ∈ X : f(x) = g(x)}(3.5.5)

are measurable sets in X. Indeed, one can check that (3.5.3) is the same as⋃
r∈Q

({x ∈ X : f(x) > r} ∩ {x ∈ X : g(x) < r}).(3.5.6)

One use this to get the measurability of (3.5.3), and to obtain the measurability
of (3.5.4) and (3.5.5) from that.

If f and g are real-valued on X, then one can also get the measurability of
these sets using the measurability of f − g. One can reduce to this case as well,
by considering the sets where these functions are ±∞ separately. Of course,
one can get the measurability of (3.5.5) when f and g are complex-valued on X
using the measurability of f −g again, or by considering the real and imaginary
parts of f and g.

Alternatively, if Y1 = Y2 is the set of extended real numbers, then one can
look at the measurability of these sets in terms of the measurability of

x 7→ (f(x), g(x))(3.5.7)

as a mapping from X into Y = Y1 × Y2, as in the previous section.

3.6 Some more measurability properties

Let (X,AX) be a measurable space again, and let {fj}∞j=1 be a sequence of
extended real-valued measurable functions on X. It is well known that

sup
j≥1

fj(x) is measurable on X.(3.6.1)

Indeed, if a ∈ R, then it is easy to see that{
x ∈ X : sup

j≥1
fj(x) > a

}
=

∞⋃
j=1

{x ∈ X : fj(x) > a}.(3.6.2)

The analogous statement for the infimum may be obtained using a similar ar-
gument, or by reducing to the previous case. This corresponds to 2.53 on p37
of [14], parts of Proposition 5.8 on p45 of [20], parts of Proposition 2.7 on p45
of [118], parts of Theorem 11.12 on p153 of [159], part of Theorem 1.14 on p15
of [298], part of Theorem 11.17 on p311 of [299], and parts of Property 3 on p29
of [335].
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In particular, the maximum or minimum of finitely many extended real-
valued measurable functions on X is measurable on X. This is a bit simpler,
and indeed the case of two such functions is mentioned in Proposition 5.7 on
p45 of [20].

If f is an extended real-valued measurable function on X, then we get that

f+(x) = max(f(x), 0) and f−(x) = −min(f(x), 0)(3.6.3)

are measurable as well. Of course, this can also be verified more directly.

3.6.1 Measurability of pointwise limits

Let {fj}∞j=1 be a sequence of extended real-valued measurable functions on X
again. Observe that

lim sup
j→∞

fj(x) and lim inf
j→∞

fj(x) are measurable on X,(3.6.4)

using the characterizations of the upper and lower limits discussed in Subsection
1.3.4. This corresponds to part (a) of Exercise 17 on p86 of [14], parts of
Proposition 5.8 on p45 of [20], parts of Proposition 2.7 on p45 of [118], parts of
Theorem 11.12 on p153 of [159], part of Theorem 1.14 on p15 of [298], part of
Theorem 11.17 on p311 of [299], and parts of Property 3 on p29 of [335].

In particular, if {fj}∞j=1 converges pointwise on X, then one can use (3.6.4)
to get that

lim
j→∞

fj(x) is measurable on X.(3.6.5)

This is shown directly for sequences of real-valued functions on X in 2.48 on
p36 of [14]. This is also part of Proposition 2.7 on p45 of [118], Corollary 11.14
on p154 of [159], Corollary (a) on p15 of [298], Corollary (b) on p312 of [299],
and Property 4 on p29 of [335].

One can use (3.6.4) to get that{
x ∈ X : lim inf

j→∞
fj(x) = lim sup

j→∞
fj(x)

}
(3.6.6)

is a measurable set in X, as in the previous section. This is the same as the
set of x ∈ X such that fj(x) tends to some extended real number as j → ∞,
as in Subsections 1.3.1 and 1.3.3. The measurability of this set corresponds to
Exercise 5.4 on p50 of [20], Exercise 3 on p48 of [118], Exercise 5 on p32 of
[298], and Exercise 3 on p332 of [299]. If {fj}∞j=1 is a sequence of real-valued
functions on X, then the measurability of the set of x ∈ X such that {fj(x)}∞j=1

converges corresponds to Exercise 14 on p39 of [14].

3.6.2 Measurability of monotone functions

If f is a real-valued function on the real line that is monotonically increasing or
decreasing, then f is Borel measurable on R, i.e., it is measurable with respect
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to the σ-algebra of Borel sets in R. This is Proposition 5.10 on p46 of [20], and
Exercise 8 on p48 of [118]. This is also stated for monotone functions on Borel
sets in R in 2.43 on p34 of [14].

Exercise 17 on p39 of [14] asks one to show that if f is a real valued function
on a Borel set in R that is continuous at all but finitely or countably many
points in its domain, then f is Borel measurable. Exercise 22 on p39 of [14]
asks one to show that if f is a monotonically increasing function on any subset
of R, then f is continuous at all but finitely or countably many elements of its
domain.

3.7 Simple functions

Let X be a set. A real or complex-valued function ϕ on X is said to be a simple
function on X if it takes only finitely many values on X, as in Definition 2.88
on p65 of [14], Definition 5.13 on p47 of [20], on p46 of [118], Definition 11.34
on p159 of [159], Definition 1.16 on p16 of [298], and Definition 11.19 on p313
of [298]. Note that functions taking the values ±∞ are not considered here.

Suppose that a1, . . . , an is a list of the values of ϕ on X, without repetitions,
and put Aj = ϕ−1({aj}) for j = 1, . . . , n. Observe that

ϕ(x) =

n∑
j=1

aj 1Aj
(x)(3.7.1)

on X, where 1Aj
is the indicator function of Aj on X, as in Section 1.4. This

may be called the standard representation of ϕ, as on p79 of [14], and p46 of
[118]. It can be convenient to include a term with coefficient 0, as mentioned in
[118], particularly when working with additional simple functions on X.

Suppose now that (X,AX) is a measurable space. It is easy to see that a
simple function f on X is measurable if and only if the sets Aj mentioned in the
preceding paragraph are elements of AX for each j. Note that measurability is
included in the definition of a simple function in [20, 118].

If A is any subset of X, then the corresponding indicator function 1A is
measurable if and only if A ∈ AX . Any linear combination of indicator functions
on X is a simple function, and any linear combination of indicator functions
of measurable subsets of X is a measurable simple function on X. Simple
functions on σ-finite measure spaces are defined on p27, 274 of [335] to be linear
combinations of indicator functions of measurable sets of finite measure. The
canonical form is defined on p50 of [335] to be like the standard representation,
except that one does not include a term with coefficient 0.

One can check that the sum and product of two simple functions on X is
a simple function, as in [118]. The measurability of the sum or product of two
measurable simple functions is a bit easier to get than for arbitrary functions.
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3.7.1 Approximation by simple functions

Let f be a nonnegative extended real-valued measurable function on X. It is
well known and not too difficult to show that there is a monotonically increasing
sequence of nonnegative measurable simple functions on X that tends to f(x)
at every x ∈ X. This is Proposition 5.14 on p47 of [20], part of part (a) of
Theorem 2.10 on p47 of [118], part of Theorem 11.35 on p159 of [159], Theorem
1.17 on p16 of [298], and part of Theorem 11.20 on p313 of [299]. This is also
mentioned on p274 of [335] for σ-finite measure spaces, to get the additional
condition on simple functions used in [335], as before.

If f is bounded on X, then this sequence of simple functions converges to
f uniformly on X, as in [118, 159, 298, 299]. In fact, this sequence of simple
functions converges to f uniformly on any set on which f is bounded, as in
[118].

Suppose now that f is an extended real-valued or complex-valued measurable
function on X. In these two cases, one can get a sequence of real or complex-
valued measurable simple functions on X, as appropriate, that tends to f(x) at
every x ∈ X, and whose absolute values are monotonically increasing to |f(x)|.
This corresponds to 2.89 on p65 of [14], part (b) of Theorem 2.10 on p47 of [118],
and another part of Theorem 11.35 on p159 of [159]. This is mentioned on p274
of [335] for σ-finite measure spaces as well, with the additional condition on
simple functions as before.

This sequence converges to f uniformly on X when f is bounded on X, and
more precisely it converges to f uniformly on any set on which f is bounded,
as in [14, 118, 159].

3.8 Integrating nonnegative functions

Let (X,A, µ) be a measure space, as in Subsection 1.7.2. Also let ϕ be a non-
negative real-valued measurable simple function on X, as in (3.7.1), and let E
be an element of A. Under these conditions, we put∫

E

ϕdµ =

n∑
j=1

aj µ(Aj ∩ E),(3.8.1)

as in (2) on p20 of [298], and (52) on p314 of [299]. This uses the convention
0 · (+∞) = 0 when aj = 0 and µ(Aj ∩ E) = +∞. More precisely, (3.8.1) is
defined as a nonnegative extended real number.

3.8.1 Defining the Lebesgue integral

Now let f be a nonnegative extended real-valued measurable function on X. The
Lebesgue integral of f over E with respect to µ may be defined as a nonnegative
extended real number by∫

E

f dµ = sup

{∫
E

ϕdµ : 0 ≤ ϕ ≤ f

}
,(3.8.2)
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where more precisely the supremum is taken over all nonnegative real-valued
measurable simple functions ϕ on X such that ϕ ≤ f on X. This corresponds
to (3) on p20 of [298], and (53) on p314 of [299]. It is sometimes convenient to
express this integral as ∫

E

f(x) dµ(x),(3.8.3)

in order to indicate the variable of integration x. Sometimes the notation∫
E

f(x)µ(dx)(3.8.4)

is used, as mentioned on p54 of [20], and on p49 of [118].
More precisely, (3.8.1) is denoted IE(ϕ) in [299], to avoid confusion with

(3.8.2) when f is a simple function. It is not difficult to check that these two
definitions of the integral of a simple function over E are the same, as indicated
in [298]. This corresponds to the second remark on p54 of [20], and to part (c)
of Proposition 2.13 on p49 of [118] when E = X, as mentioned on p50 of [118].

If E = X, then (3.8.1) and (3.8.2) correspond to (6.1) and (6.2) on p53 of
[20], and they are also defined in this way on p49, 50 of [118]. One can define
integrals over E in terms of integrals over X by∫

E

ϕdµ =

∫
X

ϕ1E dµ(3.8.5)

and ∫
E

f dµ =

∫
X

f 1E dµ,(3.8.6)

as on p54 of [20], p49 of [118], Definition 12.31 on p175 of [159], and p50, 55,
59 of [335]. This is mentioned on p21 of [298] as well.

3.8.2 Conditions when the integral is equal to 0

Note that ∫
E

ϕdµ = 0(3.8.7)

automatically when µ(E) = 0. This implies that∫
E

f dµ = 0,(3.8.8)

as in part (4) of Proposition 6.3 on p54 of [20], 1.24 (e) on p21 of [298], and
Remark 11.23 (e) on p315 of [299].

Of course, (3.8.8) also holds when f(x) = 0 for every x ∈ E, even if µ(E) =
+∞, as in 1.24 (d) on p21 of [298]. In fact, (3.8.7) holds when ϕ(x) = 0 for
almost every x ∈ E with respect to µ, in the sense that the measure of the set
where ϕ(x) 6= 0 is equal to 0. This implies that (3.8.8) holds when f(x) = 0 for
almost every x ∈ E with respect to µ, as in the “only if” part of Exercise 3 on
p84 of [14], the “if” part of Proposition 2.16 on p51 of [118], and the “if” part
of Theorem 12.13 on p169 of [159].
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3.8.3 Using finite partitions of X

Let P = {A1, . . . , An} be a collection of finitely many elements of A that form a
partition of X, in the sense that these sets are pairwise disjoint and their union
is equal to X. The lower Lebesgue sum of f with respect to P may be defined
by

L(f,P) =

n∑
j=1

µ(Aj)
(
inf
Aj

f
)
,(3.8.9)

as in Definition 3.2 on p74 of [14]. The infimum of f over Aj is interpreted as
being equal to 0 when Aj = ∅ here, as on p164 of [159].

Using this, one can define the Lebesgue integral of f over X with respect to
µ by ∫

X

f dµ = sup
P

L(f,P),(3.8.10)

where the supremum is taken over all such partitions P of X. This corresponds
to Definition 3.3 on p74 of [14], and Definition 12.2 on p164 of [159]. Note that
arbitrary nonnegative extended real-valued functions f on X are considered in
[159], without asking f to be measurable.

One can check that this definition of the Lebesgue integral is equivalent to
the previous one, as in 3.9 on p77 of [14]. As before, one can also verify that
this definition agrees with (3.8.1) for simple functions. This corresponds to 3.4,
3.7 on p75, 76 of [14], and to Theorem 12.4 on p165 of [159].

If µ(X) < +∞ and f is also bounded on X, then the Lebesgue of f over
X with respect to µ may be obtained using suitable upper Lebesgue sums, as in
part (a) of Exercise 4 on p99 of [14].

3.9 More on integrating nonnegative functions

Let (X,A, µ) be a measure space again, and let ϕ be a nonnegative real-valued
measurable simple function on X. If c is a nonnegative real number, then it is
easy to see that ∫

X

c ϕ dµ = c

∫
X

ϕdµ,(3.9.1)

as in part (a) of Proposition 2.13 on p49 of [118]. If ψ is another nonnegative
real-valued measurable simple function on X, then one can verify that∫

X

(ϕ+ ψ) dµ =

∫
X

ϕdµ+

∫
X

ψ dµ,(3.9.2)

as in part (b) of Proposition 2.13 on p49 of [118], Theorem 12.7 on p165 of [159],
and the second part of Proposition 1.25 on p21 of [298].

It follows from (3.9.1) and (3.9.2) that if a simple function is expressed as a
linear combination with nonnegative coefficients of indicator functions of mea-
surable sets, then its integral is equal to the corresponding linear combination of
the measures of the sets, without necessarily using the standard representation
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of the simple function. This corresponds to 3.13, 3.15 on p79, 80 of [14], and a
remark on p54 of [20] and Exercise 6.2 on p55 of [20]. This also appears to be
implicit in Definition 11.21 on p3.14 of [299], as indicated in the beginning of
the proof of Theorem 11.29 on p3.19 of [298]. Conversely, this property can be
used to get (3.9.2).

3.9.1 Integrating some bounded measurable functions

The Lebesgue integral is defined initially on Rn in Section 1 of Chapter 2 of
[335], and it is mentioned on p275 of [335] that the same approach works on
σ-finite measure spaces. Remember that simple functions are defined on p27,
274 of [335] to be linear combinations of indicator functions of measurable sets
of finite measure. The integral of such a simple function is defined using its
canonical form in the usual way in “Stage one” beginning on p50 of [335]. Note
that the simple function is not asked to be nonnegative here, and its integral
is automatically finite. The facts that the integral of any linear combination
of measurable sets of finite measure is equal to the corresponding linear combi-
nation of the measures of the sets, and that the integral of simple functions is
linear, are parts (i) and (ii) of Proposition 1.1 on p51 of [335].

Let E be a measurable set of finite measure, and let f be a bounded mea-
surable function that is equal to 0 on the complement of E, as in “Stage two”
beginning on p53 of [335]. Also let {ϕj}∞j=1 be a sequence of uniformly bounded
measurable simple functions that are equal to 0 on the complement of E and con-
verge to f pointwise almost everywhere on E. Under these conditions, Lemma
1.2 on p53 of [335] says that the corresponding sequence of integrals of the ϕj ’s
converges, and that it converges to 0 when f = 0 almost everywhere. Note
that this would be significantly simpler if one asked that {ϕj}∞j=1 converges to
f uniformly, as mentioned at the beginning of the proof in [335].

Remember that one can always get such a sequence of simple functions, as
in Subsection 3.7.1. This is used to define the Lebesgue integral of f , as the
limit of the sequence of Lebesgue integrals of the ϕj ’s. It is easy to see that this
does not depend on the particular sequence of ϕj ’s, using the second part of the
result mentioned in the preceding paragraph, as in [335].

Now let f be a nonnegative extended real-valued measurable function. The
Lebesgue integral of f is defined in “Stage three” beginning on p58 of [335] as
the supremum of the Lebesgue integrals of bounded nonnegative real-valued
measurable functions that are less than or equal to f and equal to 0 on the
complement of a measurable set of finite measure. One can check that this
is equivalent to taking the supremum of the integrals of the nonnegative real-
valued measurable simple functions that are less than or equal to f and equal
to 0 on the complement of a measurable set of finite measure, by approximating
bounded measurable functions by measurable simple functions as in Subsection
3.7.1.
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3.9.2 Two basic classes of examples

Suppose for the moment that X is any set, and that every subset of X is
considered to be measurable. Of course, this means that every function on X
is measurable. Let x0 ∈ X be given, and let δx0

be the probability measure
associated to x0 as in Subsection 1.7.3. If f is a nonnegative extended real-
valued function on X, then ∫

X

f dδx0 = f(x0).(3.9.3)

This corresponds to parts of Exercise 2 on p84 of [14], and Exercise 6.4 on p55
of [20].

Suppose now that X is equipped with counting measure, as in Subsection
1.7.3. In this case, one can check that the integral of a nonnegative extended
real-valued function f on X is the same as the sum of f(x) over x ∈ X, as in
Subsection 1.8.1. This corresponds to Example 3.6 and Exercise 5 on p76, 85 of
[14], Exercise 6.5 on p55 of [20], and to part of a remark in (i) on p263 of [335].

3.10 Some properties of these integrals

Let (X,A, µ) be any measure space again, and let f be a nonnegative extended
real-valued measurable function on X. If c is a nonnegative extended real num-
ber, then one can check that∫

X

c f dµ = c

∫
X

f dµ.(3.10.1)

This uses the convention that

0 · (+∞) = (+∞) · 0 = 0.(3.10.2)

This corresponds to part of 3.20 on p82 of [14], part (3) of Proposition 6.3 on p54
of [20], a remark on p50 of [118], Theorem 12.8 on p166 of [159], 1.24 (c) on p21
of [298], Remark 11.23 (d) on p315 of [299], and part of part (i) of Proposition
1.6 on p59 of [335].

Let g be another nonnegative extended real-valued measurable function on
X. If f ≤ g on X, then it is easy to see that∫

X

f dµ ≤
∫
X

g dµ,(3.10.3)

as in 3.8 on p77 of [14], part (2) of Proposition 6.3 on p54 of [20], a remark on
p50 of [118], Theorem 12.5 on p165 of [159], 1.24 (a) on p21 of [298], Remark
11.23 (c) on p315 of [299], and part (iii) of Proposition 1.6 on p59 of [335].
Of course, these verifications depend on how the integral is defined, as in the
previous two sections.
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3.10.1 When the integral is 0

If ∫
X

f dµ = 0,(3.10.4)

then one can check that f(x) = 0 for almost every x ∈ X with respect to µ.
This corresponds to the “if” part of Exercise 3 on p84 of [14], Proposition 8.1
on p71 of [20], the “only if” part of Proposition 2.16 on p51 of [118], Theorem
12.6 and the “only if” part of Theorem 12.13 on p165, 169 of [159], part (a)
of Theorem 1.39 on p31 of [298], Exercise 1 on p332 of [299], and part (vi) of
Proposition 1.6 on p60 of [335].

3.10.2 When the integral is finite

If ∫
X

f dµ < +∞,(3.10.5)

then it is easy to see that f(x) < +∞ for almost every x ∈ X with respect to
µ, as in Exercise 6.1 on p55 of [20], part of Proposition 2.20 on p52 of [118],
part of Theorem 12.15 on p169 of [159], and part (v) of Proposition 1.6 on p60
of [335].

We also have that the set of x ∈ X such that f(x) > 0 is σ-finite with respect
to µ, as in Exercise 11 on p100 of [14], Exercise 8.7 on p75 of [20], Proposition
2.20 on p52 of [118], and Exercise 19 on p61 of [298]. More precisely, one can
check that for each positive integer n, the set of x ∈ X such that f(x) ≥ 1/n
has finite measure.

3.10.3 The monotone convergence theorem

Let {fj}∞j=1 be a monotonically increasing sequence of nonnegative extended
real-valued measurable functions on X. This means that

fj(x) ≤ fj+1(x)(3.10.6)

for each j and x ∈ X. Put
f(x) = sup

l≥1
fl(x)(3.10.7)

for every x ∈ X, so that fj(x) → f(x) as j → ∞. Under these conditions, the
monotone convergence theorem states that∫

X

fj dµ→
∫
X

f dµ as j → ∞.(3.10.8)

This corresponds to 3.11 on p78 of [14], Theorem 7.1 on p57 of [20], Theorem
2.14 on p50 of [118], part of B. Levi’s theorem 12.22 on p172 of [159], Lebesgue’s
monotone convergence theorem 1.26 on p22 of [298] and 11.28 on p318 of [299],
and Corollary 1.9 on p62 and (ii) on p275 of [335].
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Note that Theorems 12.10 and 12.11 beginning on p167 of [159] are related
results for sequences of simple functions. A version for Riemann integrals is
discussed in [352].

Remember that the monotone convergence theorem for sums was discussed
in Subsection 1.8.5. The case where the functions are indicator functions of
measurable subsets of X corresponds to the remarks at the beginning of Section
1.9.

The initial steps in the proof of the monotone convergence theorem are
essentially the same as in Subsection 1.8.5. Using (3.10.6), we get that∫

X

fjdµ ≤
∫
X

fj+1 dµ(3.10.9)

for each j, so that ∫
X

fj dµ→ sup
l≥1

∫
X

fl dµ as j → ∞.(3.10.10)

Thus it suffices to show that

sup
l≥1

∫
X

fl dµ =

∫
X

f dµ.(3.10.11)

We also clearly have that

sup
l≥1

∫
X

fl dµ ≤
∫
X

f dµ.(3.10.12)

In order to complete the proof, one should show that∫
X

f dµ ≤ sup
l≥1

∫
X

fl dµ.(3.10.13)

3.11 Using the monotone convergence theorem

Let (X,A, µ) be a measure space. If f and g are any nonnegative extended
real-valued measurable functions on X, then it is well known that∫

X

(f + g) dµ =

∫
X

f dµ+

∫
X

g dµ,(3.11.1)

as in 3.16 on p80 of [14], part of Theorem 7.4 on p58 of [20], part of Theorem
2.15 on p51 of [118], Theorem 12.12 on p169 of [159], the first part of the proof
of Theorem 1.27 on p23 of [298], part of Theorem 11.29 on p319 of [299], and
part (i) of Proposition 1.6 on p59 of [335].

This is often obtained using the monotone convergence theorem to reduce
to the analogous statement (3.9.2) for simple functions. More precisely, there
are monotonically increasing sequences {ϕj}∞j=1 and {ψj}∞j=1 of nonnegative
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measurable simple functions on X that tend to f and g, respectively, pointwise
on X, as in Subsection 3.7.1. We also have that∫

X

(ϕj + ψj) dµ =

∫
X

ϕj dµ+

∫
X

ψj dµ(3.11.2)

for each j, as in (3.9.2). Note that {ϕj+ψj}∞j=1 increases monotonically to f+g
pointwise on X. Thus one can use the monotone convergence theorem to get
(3.11.1) from (3.11.2).

3.11.1 Some integrals of sums

If {fj}∞j=1 is any sequence of nonnegative extended real-valued measurable func-
tions on X, then ∫

X

( ∞∑
j=1

fj

)
dµ =

∞∑
j=1

∫
X

fj dµ,(3.11.3)

as in Exercise 10 on p85 of [14], Proposition 7.6 on p60 of [20], Theorem 2.15 on
p51 of [118], Lebesgue’s theorem 12.21 on p171 of [159], Theorem 1.27 on p23
of [298], Theorem 11.30 on p3.20 of [299], and Corollary 1.10 on p62 of [335].

Indeed, ∫
X

( n∑
j=1

fj

)
dµ =

n∑
j=1

∫
X

fj dµ(3.11.4)

for every positive integer n, because of (3.11.1). One can use this and the
monotone convergence theorem to get (3.11.3).

3.11.2 Another result about monotone convergence

Let {fj}∞j=1 be a monotonically decreasing sequence of nonnegative extended
real-valued measurable functions on X, so that

fj+1(x) ≤ fj(x)(3.11.5)

for each j and x ∈ X. Put
f(x) = inf

j≥1
fj(x)(3.11.6)

for every x ∈ X, so that fj(x) → f(x) as j → ∞. If∫
X

f1 dµ < +∞,(3.11.7)

then it is well known that

lim
j→∞

∫
X

fj dµ =

∫
X

f dµ.(3.11.8)

This corresponds to Exercise 7.7 on p64 of [20], Exercise 15 on p52 of [118], and
Exercise 7 on p33 of [298]. This is stated more broadly for extended real-valued
functions on X in Exercise 20 on p87 of [14].
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Note that ∫
X

(f1 − fj) dµ+

∫
X

fj dµ =

∫
X

f1 dµ(3.11.9)

for each j, and similarly∫
X

(f1 − f) dµ+

∫
X

f dµ =

∫
X

f1 dµ,(3.11.10)

as in (3.11.1). We also have that∫
X

(f1 − fj) dµ→
∫
X

(f1 − f) dµ as j → ∞,(3.11.11)

by the monotone convergence theorem. One can get (3.11.8) from these state-
ments when (3.11.7) holds.

3.11.3 Fatou’s lemma

If {fj}∞j=1 is any sequence of nonnegative extended real-valued measurable func-
tions on X again, then Fatou’s lemma states that∫

X

(
lim inf
j→∞

fj
)
dµ ≤ lim inf

j→∞

∫
X

fj dµ,(3.11.12)

as in part (b) of Exercise 17 on p86 of [14], Theorem 7.8 on p62 of [20], 2.18 on
p52 of [118], 12.23 on p172 of [159], 1.28 on p24 of [298], 11.31 on p320 of [299],
and (i) on p275 of [335].

This can be obtained from the monotone convergence theorem, by consider-
ing the sequence of functions

inf
j≥l

fj(x),(3.11.13)

that increase monotonically to lim infj→∞ fj(x), as in Subsection 1.3.4. This
implies that ∫

X

(
inf
j≥l

fj
)
dµ→

∫
X

(
lim inf
j→∞

fj
)
dµ as l → ∞.(3.11.14)

If r is a positive integer with r ≥ l, then (3.11.13) is less than or equal to fr, so
that ∫

X

(
inf
j≥l

fj
)
dµ ≤

∫
X

fr dµ.(3.11.15)

This means that ∫
X

(
inf
j≥l

fj
)
dµ ≤ inf

r≥l

∫
X

fr dµ(3.11.16)

for each l. The right side of (3.11.16) tends to the right side of (3.11.12) as
l → ∞, as in Subsection 1.3.4 again.

In the formulation of Fatou’s lemma on p61 of [335], {fj(x)}∞j=1 is asked to
converge for almost every x ∈ X with respect to µ. This is often the case in
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practice, and one can reduce to this case by considering the sequence of functions
(3.11.13), as in the previous paragraph. In fact, the monotone convergence
theorem is obtained from this version of Fatou’s lemma on p62 of [335]. This is
related to a remark at the end of Exercise 17 on p86 of [14], and to Exercise 17
on p52 of [118], where one is asked to obtain the monotone convergence theorem
from Fatou’s lemma.

3.12 Real and complex-valued functions

Let (X,A, µ) be a measure space, and let f be a measurable extended real-valued
function on X. Remember that f+ and f− are defined on X as in (3.6.3), and
are nonnegative extended real-valued measurable functions on X. Note that

f(x) = f+(x)− f−(x)(3.12.1)

and
|f(x)| = f+(x) + f−(x)(3.12.2)

for every x ∈ X. The integrals of f+ and f− over X with respect to µ may
be defined as nonnegative extended real numbers as before. If either of these
integrals is finite, then the Lebesgue integral of f over X with respect to µ is
defined as an extended real number by∫

X

f dµ =

∫
X

f+ dµ−
∫
X

f− dµ,(3.12.3)

as in Definition 3.18 on p81 of [14], (6.3) on p53 of [20], on p53 of [118], Definition
12.2 on p164 of [159], (2) on p26 of [298], (56) on p315 of [299], and the beginning
of “Stage four” on p64 of [335].

If the integrals of f+ and f− over X with respect to µ are both finite, then
f is said to be integrable on X with respect to µ. This is the same as saying
that ∫

X

|f | dµ < +∞,(3.12.4)

because of (3.12.2). This implies that (3.12.3) is finite, and more precisely we
have that ∣∣∣∣∫

X

f dµ

∣∣∣∣ ≤ ∫
X

|f | dµ.(3.12.5)

3.12.1 Some remarks about complex numbers

If a is a complex number, then let Re a, Im a ∈ R be the real and imaginary
parts of a, respectively, so that a = Re a + i Im a. The complex conjugate of a
is the complex number

a = Re a− i Im a.(3.12.6)

If b is another complex number, then it is easy to see that

(a+ b) = a+ b(3.12.7)
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and
(a b) = a b.(3.12.8)

The absolute value or modulus of a is the nonnegative real number defined
by

|a| = ((Re a)2 + (Im a)2)1/2.(3.12.9)

This is the same as the usual absolute value of a real number when a ∈ R. This
is also the same as the standard Euclidean norm of (Re a, Im a), as an element
of R2, for any a ∈ C. Note that

|Re a|, | Im a| ≤ |a|.(3.12.10)

One can check that
a a = |a|2.(3.12.11)

One can use this and (3.12.8) to get that

|a b| = |a| |b|.(3.12.12)

If a 6= 0, then
1/a = a/|a|2.(3.12.13)

It is well known that
|a+ b| ≤ |a|+ |b|.(3.12.14)

This is equivalent to the triangle inequality for the standard Euclidean norm on
R2. This can be verified using (3.12.11) as well.

3.12.2 Integrating complex-valued functions

Now let f be a measurable complex-valued function on X. It is not too difficult
to see that |f(x)| is measurable as a nonnegative real-valued function on X,
although the details of this may depend on how measurability of complex-valued
functions is defined. If (3.12.4) holds, then f is said to be integrable on X with
respect to µ. This is equivalent to the integrability of the real and imaginary
parts of f , as real-valued functions on X.

In this case, the Lebesgue integral of f over X with respect to µ is defined
as a complex number by∫

X

f dµ =

∫
X

(Re f) dµ+ i

∫
X

(Im f) dµ,(3.12.15)

as in Definition 6.21 on p156 of [14], (6.4) on p54 of [20], on p53 of [118],
Definition 12.26 on p173 of [159], Definition 1.31 on p25 of [298], on p325 of
[299], and on p68 of [335].

If g is another complex-valued function on X that is integrable with respect
to µ, then f + g is integrable on X with respect to µ, and∫

X

(f + g) dµ =

∫
X

f dµ+

∫
X

g dµ.(3.12.16)
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Similarly, if c is a complex number, then one can check c f is integrable on X
with respect to µ as well, and that∫

X

c f dµ = c

∫
X

f dµ.(3.12.17)

This corresponds to some remarks on p157 of [14], Theorem 7.4 on p58 and part
(3) of Proposition 7.5 on p60 of [20], some remarks on p53 of [118], Theorem
12.27 on p174 of [159], Theorem 1.32 on p26 of [299], some remarks on p325 of
[299], and part of Proposition 1.11 on p65 of [335].

It is well known that (3.12.5) also holds for complex-valued integrable func-
tions, as in 6.22 on p157 of [14], Proposition 7.7 on p61 of [20], Proposition 2.22
on p53 of [118], Theorem 12.28 on p174 of [159], Theorem 1.33 on p27 of [298],
and some remarks on p325 of [299]. More precisely, it is easy to see that∣∣∣∣∫

X

f dµ

∣∣∣∣ ≤
∣∣∣∣∫

X

(Re f) dµ

∣∣∣∣+ ∣∣∣∣∫
X

(Im f) dµ

∣∣∣∣(3.12.18)

≤
∫
X

|Re f | dµ+

∫
X

| Im f | dµ ≤ 2

∫
X

|f | dµ.

If f is a simple function, then one can verify (3.12.5) directly. Otherwise, one
can approximate f by simple functions, using (3.12.18). Alternatively, if a is
any complex number with |a| = 1, then

Re
(
a

∫
X

f dµ
)
=

∫
X

Re(a f) dµ ≤
∫
X

|f | dµ,(3.12.19)

and one can choose a so that the left side is the same as the left side of (3.12.5).

3.12.3 More on integrals over measurable subsets of X

If f is integrable on X with respect to µ and E ∈ A, then the integral of f over E
with respect to µ can be defined by reducing to the corresponding definition for
nonnegative real-valued functions in Section 3.8, or equivalently as the integral
of f 1E over X with respect to µ. If∫

E

f dµ = 0(3.12.20)

for every E ∈ A, then it is well known that f(x) = 0 for almost every x ∈ X
with respect to µ. This corresponds to Proposition 8.2 on p71 of [20], part (b)
of Proposition 2.23 on p54 of [118], part (b) of Theorem 1.39 on p31 of [299],
and Exercise 2 on p332 of [299]. It is easy to reduce to the case where f is
real-valued on X. In this case, one can check that∫

X

f+ dµ =

∫
X

f− dµ = 0,(3.12.21)

and use the analogous statement for nonnegative functions in Subsection 3.10.1.



96 CHAPTER 3. MEASURABLE FUNCTIONS AND INTEGRATION

Suppose now that f is real-valued on X, and that∫
E

f dµ ≥ 0(3.12.22)

for every E ∈ A. This implies that the integral of f− over X with respect to µ
is equal to 0, so that f−(x) = 0 for almost every x ∈ X with respect to µ, and
thus f(x) ≥ 0 for almost every x ∈ X with respect to µ.

3.13 The dominated convergence theorem

Let (X,A, µ) be a measure space, and let {fj}∞j=1 be a sequence of complex-
valued measurable functions on X that converges pointwise to a complex-valued
function f on X. Suppose that g is a nonnegative real-valued measurable func-
tion on X that is integrable with respect to µ such that

|fj(x)| ≤ g(x)(3.13.1)

for each j and x ∈ X. Note that this implies that

|f(x)| ≤ g(x)(3.13.2)

for every x ∈ X, and that

the fj ’s and f are integrable with respect to µ on X(3.13.3)

as well. Under these conditions, Lebesgue’s dominated convergence theorem
states that

lim
j→∞

∫
X

|fj − f | dµ = 0,(3.13.4)

and in particular

lim
j→∞

∫
X

fj dµ =

∫
X

f dµ.(3.13.5)

This corresponds to 3.31 on p92 and some remarks on p157 of [14], Theorem
7.9 and Exercise 7.1 on p62, 63 of [20], 2.24 on p54 of [118], 12.24 and 12.30
on p172, 174 of [159], 1.34 on p27 of [298], 11.32 on p321 and some remarks on
p325 of [299], and Theorem 1.13 on p67 and (iii) on p275 of [335].

More precisely,∣∣∣∣∫
X

fj dµ−
∫
X

f dµ

∣∣∣∣ = ∣∣∣∣∫
X

(fj − f) dµ

∣∣∣∣ ≤ ∫
X

|fj − f | dµ(3.13.6)

for each j, so that (3.13.4) implies (3.13.5). Sometimes the conclusion of the
dominated convergence theorem is only stated as (3.13.5). However, (3.13.4)
may be obtained using that version for the sequence of functions |fj−f |, because

|fj(x)− f(x)| ≤ |fj(x)|+ |f(x)| ≤ 2 g(x)(3.13.7)
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for each j and x ∈ X. This is related to Exercise 7.2 on p63 of [20].
If the fj ’s and thus f are real-valued, then (3.13.5) may be obtained from

Fatou’s lemma, by considering the sequences of functions

{g + fj}∞j=1 and {g − fj}∞j=1,(3.13.8)

as in [20, 118, 159, 299]. Of course, one can reduce to this case, by considering
the real and imaginary parts of the fj ’s and f . Similarly, (3.13.4) may be
obtained using Fatou’s lemma, by considering the sequence of functions

{2 g − |fj − f |}∞j=1,(3.13.9)

as in [298]. Another type of approach is used in [14, 335].

3.13.1 Convergence almost everywhere

Sometimes one only asks that {fj}∞j=1 converges to f pointwise almost every-
where with respect to µ on X, and that (3.13.1) hold almost everywhere on X
with respect to µ for each j. In this case, one should be a bit careful about
the measurability of f , and this can be easily arranged by adjusting f on a set
of measure 0, if necessary. This is related to some remarks on p90 of [14], p63
of [20], p54 of [118], p170 of [159], beginning on p28 of [298], on p317 of [299],
and p30 of [335]. This is a bit simpler when (X,A, µ) is complete as a measure
space, as in Subsection 2.1.3.

3.13.2 The bounded convergence theorem

If µ(X) < +∞, then constant functions are integrable on X, so that one can
take g to be a constant function in the dominated convergence theorem. This is
known as the bounded convergence theorem, as in 3.26 on p89 of [14], Exercise
7.8 on p64 of [20], the corollary on p322 of [299], and Theorem 1.4 on p56 of
[335].

See [99, 138, 193, 227, 237, 353] concerning related results for Riemann
integrals.

3.13.3 Some more integrals of sums

Suppose now that {fj}∞j=1 is a sequence of complex-valued measurable functions
on X that are integrable with respect to µ such that∫

X

( ∞∑
j=1

|fj |
)
dµ =

∞∑
j=1

∫
X

|fj | dµ < +∞,(3.13.10)

where the first step is as in Subsection 3.11.1. In particular, this implies that

∞∑
j=1

|fj(x)| < +∞(3.13.11)
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for almost every x ∈ X with respect to µ, so that
∑∞

j=1 fj(x) converges abso-
lutely for almost every x ∈ X with respect to µ. Let us simply interpret the
sum as being equal to 0 at points where it does not converge. We also have that∫

X

∣∣∣∣ ∞∑
j=1

fj

∣∣∣∣ dµ ≤
∫
X

( ∞∑
j=1

|fj |
)
dµ < +∞,(3.13.12)

so that
∑∞

j=1 fj is integrable on X with respect to µ.
Note that ∣∣∣∣ n∑

j=1

fj

∣∣∣∣ ≤ n∑
j=1

|fj | ≤
∞∑
j=1

|fj |(3.13.13)

for each positive integer n. One can use the dominated convergence theorem to
get that

∞∑
j=1

∫
X

fj dµ =

∫
X

( ∞∑
j=1

fj

)
dµ(3.13.14)

under these conditions, as in Exercise 7.4 on p64 of [20], Theorem 2.25 on p55
of [118], Corollary 12.33 on p175 of [159], and Theorem 1.38 on p30 of [298].

Alternatively, ∣∣∣∣ ∞∑
j=1

fj −
n∑

j=1

fj

∣∣∣∣ = ∣∣∣∣ ∞∑
j=n+1

fj

∣∣∣∣ ≤ ∞∑
j=n+1

|fj |(3.13.15)

for each positive integer n, so that∫
X

∣∣∣∣ ∞∑
j=1

fj −
n∑

j=1

fj

∣∣∣∣ dµ ≤
∫
X

( ∞∑
j=n+1

|fj |
)
dµ =

∞∑
j=n+1

∫
X

|fj | dµ,(3.13.16)

where the second step is as in Subsection 3.11.1 again. The sum on the right
tends to 0 as n → ∞, because of the convergence of the corresponding infinite
series, by hypothesis. This implies that the integral on the left tends to 0 as
n→ ∞, and one can use this to get (3.13.14).

3.14 Connection with Riemann integrals

Let a and b be real numbers, with a < b, and let f be a bounded real-valued
function on [a, b]. It is well known that f is Riemann integrable on [a, b] if
and only if the set of points in [a, b] at which f is not continuous has Lebesgue
measure 0, as in the first part of 3.34 on p93 of [14], the first part of Theorem
9.1 on p78 of [20], part b of Theorem 2.28 on p57 of [118], Theorem 7.3 A on
p163 of [135], part (e) of Exercise 12.51 on p184 of [159], part (b) of Theorem
11.33 on p323 of [299], and Theorem 1.7 on p287 of [334].

If f is Riemann integrable on [a, b], then it is well known that f is Lebesgue
integrable on [a, b], with Lebesgue integral equal to the Riemann integral, as in
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the second part of 3.34 on p93 of [14], the second part of Theorem 9.1 on p78 of
[20], part a of Theorem 2.28 on p57 of [118], Theorem 11.5 G on p292 of [135],
part (f) of Exercise 12.51 of [159], on p54 of [298], part (a) of Theorem 11.33 on
p323 of [299], and Theorem 1.5 on p57 of [335].

3.14.1 Lebesgue integrals on R

Suppose now that f is an extended real-valued function on the real line that
is Lebesgue measurable, meaning that it is measurable with respect to the σ-
algebra of Lebesgue measurable subsets of R. The Lebesgue integral of f over
[a, b] with respect to Lebesgue measure may be denoted∫ b

a

f(x) dx,(3.14.1)

when it exists, for convenience. This is the same as the integrals over (a, b), [a, b),
and (a, b], because finite subsets of R have Lebesgue measure 0. Similarly, we
may use this notation when f is a complex-valued Lebesgue measurable function
that is integrable on [a, b]. We may also denote integrals over half-lines in R, or
over R, as in (3.14.1), with a = −∞ or b = +∞, as appropriate, under suitable
conditions.

3.14.2 Invariance under translations

If t is any real number, then (3.14.1) is equal to∫ b+t

a+t

f(x− t) dx,(3.14.2)

under the conditions mentioned in the preceding paragraph. This uses the fact
that Lebesgue measure on the real line is invariant under translations, as in 2.7
on p16 and Exercise 8 on p60 of [14], Theorem 1.21 of [118], part (c) of Theorem
2.20 on p52 of [298], and on p22, 73 of [335].

3.15 Some measures from integrals

Let (X,A, µ) be a measure space, and let f be a nonnegative extended real-
valued measurable function on X. Under these conditions, one can check that

ν(E) =

∫
E

fdµ(3.15.1)

defines another countably additive measure on X with respect to A, as in Sub-
section 1.7.1. This corresponds to Exercise 9 on p85 of [14], part (1) of Exercise
7.27 on p67 of [20], part of Exercise 14 on p52 of [118], the first part of Theorem
1.29 on p24 of [298], and part (a) of Theorem 11.24 on p315 of [299]. More
precisely, countable additivity can be obtained from the monotone convergence
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theorem, as in Subsection 3.11.1, although a more direct argument is used in
[299]. This is related to 9.4 on p258 of [14], Example 19.9 on p307 of [159], and
some remarks on p286 of [335].

3.15.1 Integrals with respect to ν

If g is a nonnegative extended real-valued measurable function on X, then∫
X

g dν =

∫
X

f g dµ,(3.15.2)

as in Exercise 5 on p266 of [14], Exercise 13.8 on p117 of [20], Exercise 14 on
p52 of [118], and the second part of Theorem 1.29 on p24 of [298]. This follows
from the definition of ν when g is the indicator function of a measurable set
in X, and one can use this to get (3.15.2) when g is a nonnegative measurable
simple function on X. One can obtain (3.15.2) for any nonnegative measurable
function on X by approximating by simple functions, as in Subsection 3.7.1,
and using the monotone convergence theorem.

If g is a real or complex-valued measurable function on X, then it follows
that ∫

X

|g| dν =

∫
X

f |g| dµ.(3.15.3)

This means that g is integrable with respect to ν if and only if f g is integrable
with respect to µ. In this case, one can check that (3.15.2) holds, as in part (2)
of Exercise 7.27 on p67 of [20].

If A is the collection of all subsets of X and µ is counting measure on X,
then (3.15.1) corresponds to a measure of the type mentioned in Subsection
1.8.7, and (3.15.2) corresponds to Exercise 7 on p85 of [14].

3.15.2 Some additional properties of ν

Note that

{x ∈ X : f(x) < +∞} =

∞⋃
n=1

{x ∈ X : f(x) ≤ n}.(3.15.4)

If f is finite almost everywhere on X with respect to µ, and if µ is σ-finite on X,
then one can check that (3.15.1) is σ-finite on X. More precisely, it is enough
to ask that

{x ∈ X : f(x) > 0}(3.15.5)

be σ-finite with respect to µ, instead of the σ-finiteness of µ on X.
Of course,

ν(X) =

∫
X

f dµ(3.15.6)

is finite exactly when f is integrable with respect to µ on X. In this case, f is
finite almost everywhere on X with respect to µ, and (3.15.5) is σ-finite with
respect to µ, as in Subsection 3.10.2.
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Similarly, if E ∈ A and (3.15.1) is finite, then f is finite almost everywhere
on E with respect to µ, and the set of x ∈ E such that f(x) > 0 is σ-finite with
respect to µ. If X is σ-finite with respect to ν, then it follows that f is finite
almost everywhere on X with respect to µ, and that (3.15.5) is σ-finite with
respect to µ.

Suppose that f is integrable on X with respect to µ. It is well known that
for every ϵ > 0 there is a δ > 0 such that if E ∈ A and

µ(E) < δ,(3.15.7)

then
ν(E) < ϵ.(3.15.8)

This corresponds to 3.28 on p90 of [14], Exercise 6.8 on p56 of [20], Theorem
12.34 on p176 of [159], Exercise 12 on p33 of [298], and part (ii) of Proposition
1.12 of [335].



Chapter 4

More on functions and
measures

4.1 Absolutely continuous measures

Let (X,A, µ) be a measure space, and let λ be another countably additive
measure on X with respect to A. We say that λ is absolutely continuous with
respect to µ if

µ(E) = 0 implies that λ(E) = 0(4.1.1)

for every E ∈ A. This may be expressed by

λ� µ,(4.1.2)

as in Definition 9.32 on p270 of [14], Definition 13.1 on p112 of [20], on p88
of [118], Definition 6.7 on p128 of [299], and (12) on p288 of [335]. Definition
19.19 on p312 of [159] considers absolute continuity with respect to a signed or
complex measure, and reduces to (4.1.1) when µ is nonnegative.

Note that (3.15.1) is absolutely continuous with respect to µ, by construc-
tion.

4.1.1 The Radon–Nikodym theorem

Suppose that λ(X) < +∞, and that µ is σ-finite on X. If λ is absolutely
continuous with respect to µ, then the Radon–Nikodym theorem states that λ
is of the form (3.15.1), where f is also integrable on X with respect to µ. This
corresponds to 9.36 on p272 (≈ 100e) of [14], Theorem 13.4 and Exercise 19.8
on p113, 215 of [20], part of 3.8 on p90 of [118], Theorems 19.23 and 19.24 on
p315 of [159], part (b) of 6.9 on p129 of [298], and part of Theorem 4.3 on p290
of [335].

This also works when λ is σ-finite on X, except that f may not be integrable
on X with respect to µ, as in [118, 335], Theorem 19.24 on p315 of [159], and

102
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some remarks in 6.10 on p132 of [298]. However, f is finite almost everywhere
with respect to µ in this case, and the set where f is positive is σ-finite with
respect to µ, as in Subsection 3.15.2.

Note that f is essentially unique, in the sense that any other such function
is equal to f almost everywhere on X with respect to µ, as in Subsection 3.12.3.
This is called the Radon–Nikodym derivative of λ with respect to µ, and may
be denoted

dλ

dµ
.(4.1.3)

4.1.2 More on absolute continuity

Suppose that for every ϵ > 0 there is a δ > 0 such that

µ(E) < δ implies that λ(E) < ϵ(4.1.4)

for every E ∈ A. It is easy to see that (4.1.1) holds, so that (4.1.2) holds.
Conversely, if λ(X) < +∞ and (4.1.2) holds, then it is well known that the

property described in the preceding paragraph holds, as in Exercise 14 on p279
of [14], Proposition 13.2 on p112 of [20], Theorem 3.5 on p89 of [118], Exercise
19.67 on p339 of [159], Theorem 6.11 on p132 of [298], and Proposition 4.2 on
p289 of [335].

4.2 Mutually singular measures

Let (X,A) be a measurable space, and let λ and µ be countably additive mea-
sures on X with respect to A. We say that λ and µ are mutually singular on
X if there is an A ∈ A such that

λ(X \A) = µ(A) = 0,(4.2.1)

as in Definition 9.28 on p268 of [14], on p106 of [20], on p87 of [118], Definition
19.39 on p326 of [159], part of Definitions 6.7 on p128 of [298], and on p288 of
[335]. We may also say that each of λ and µ is singular with respect to the other
in this case, and this may be expressed by

λ ⊥ µ.(4.2.2)

It is easy to see that λ = 0 when (4.1.2) and (4.2.2) hold.

4.2.1 The Lebesgue decomposition theorem

If µ is σ-finite on X and λ(X) < +∞, then the Lebesgue decomposition theorem
states that are are unique measures λa and λs on X with respect to A such that

λ = λa + λs, λa � µ, and λs ⊥ µ,(4.2.3)
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as in 9.35 on p271 of [14], Theorem 13.5 and Exercise 13.13 on p115, 118 of [20],
the first part of 3.8 on p90 of [118], 19.42 on p326 of [159], part (a) of Theorem
6.9 and part of 6.10 on p129, 130 of [298], and the first part of Theorem 4.3 on
p290 of [335].

More precisely, this works without asking that µ be σ-finite, as in [14]. This
works when λ is σ-finite on X too, as in [118, 159, 335], and some remarks in
6.10 on p132 of [298].

4.2.2 More on the Lebesgue decomposition

The fact that λs is singular with respect to µ means that there is an As ∈ A
such that

λs(X \As) = µ(As) = 0,(4.2.4)

as before. It follows that
λa(As) = 0,(4.2.5)

because λa is absolutely continuous with respect to µ. In particular, λa and λs
are mutually singular on X.

If E ∈ A, then

λ(E \As) = λa(E \As) + λs(E \As) = λa(E \As) = λa(E).(4.2.6)

Similarly,

λ(E ∩As) = λa(E ∩As) + λs(E ∩As) = λs(E ∩As) = λs(E).(4.2.7)

If As is any element of A, then it is easy to see that (4.2.6) and (4.2.7) define
measures on X with respect to A. In order to get a Lebesgue decomposition,
one needs to have that µ(As) = 0, and that λa be absolutely continuous with
respect to µ on X. The second part means that

λ(E) = 0 for every E ∈ A with E ⊆ X \As and µ(E) = 0.(4.2.8)

4.3 Differentiating monotone functions

Let α be a monotonically increasing real-valued function on the real line. A
version of Lebesgue’s differentiation theorem states that α is differentiable at
almost every point in R with respect to Lebesgue measure. This corresponds
to Theorem 14.8 on p131 of [20], part (b) of Theorem 3.23 on p101 of [118],
Theorem 17.12 on p264 of [159], Theorem 8.19 on p177 of [298], and Theorem
3.4 on p121 of [335].

4.3.1 A simpler version of α′

Remember that α is Borel measurable on R, as in Subsection 3.6.2. Of course,

j (α(x+ (1/j))− α(x)) ≥ 0(4.3.1)
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for each positive integer j and x ∈ R, because α is monotonically increasing on
R, by hypothesis. It follows that

lim inf
j→∞

j (α(x+ (1/j))− α(x))(4.3.2)

is a Borel measurable nonnegative extended real-valued function on R, as in
Subsection 3.6.1. This function is equal to the derivative α′(x) of α at x when
α is differentiable at x.

4.3.2 Integrating α′ on an interval

If a, b ∈ R and a < b, then∫ b

a

α′(x) dx ≤ lim inf
j→∞

∫ b

a

j (α(x+ (1/j))− α(x)) dx,(4.3.3)

because of Fatou’s lemma, as in Subsection 3.11.3. This uses the notation
for Lebesgue integrals over intervals in the real line with respect to Lebesgue
measure mentioned in Subsection 3.14.1, although the integral on the right may
be considered as a Riemann integral, as before.

Observe that∫ b

a

j (α(x+ (1/j))− α(x)) dx = j

∫ b

a

α(x+ (1/j)) dx− j

∫ b

a

α(x) dx

= j

∫ b+(1/j)

a+(1/j)

α(x) dx− j

∫ b

a

α(x) dx(4.3.4)

= j

∫ b+(1/j)

b

α(x) dx− j

∫ a+(1/j)

a

α(x) dx

for each j. Remember that the one-sided limits of α exist at every point in R,
as in Subsection 2.4.2. One can check that

α(p+) = lim
j→∞

j

∫ p+(1/j)

p

α(x) dx(4.3.5)

for every p ∈ R. More precisely, this is equivalent to saying that

lim
j→∞

j

∫ p+(1/j)

p

(α(x)− α(p+)) dx = 0,(4.3.6)

and this can be obtained from the definition of α(p+), as in Subsection 2.4.1.
It follows that

lim
j→∞

∫ b

a

j (α(x+ (1/j))− α(x)) dx = α(b+)− α(a+).(4.3.7)

Combining this with (4.3.3), we obtain that∫ b

a

α′(x) dx ≤ α(b+)− α(a+).(4.3.8)
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Similarly, if l is a positive integer such that a < b− (1/l), then∫ b−(1/l)

a

α′(x) dx ≤ α((b− (1/l))+)− α(a+) ≤ α(b−)− α(a+),(4.3.9)

using a property of one-sided limits of monotonically increasing functions men-
tioned in Subsection 2.4.2. This implies that∫ b

a

α′(x) dx = lim
l→∞

∫ b−(1/l)

a

α′(x) dx ≤ α(b−)− α(a+),(4.3.10)

using the monotone convergence theorem in the first step. In particular,∫ b

a

α′(x) dx ≤ α(b)− α(a),(4.3.11)

using properties of one-sided limits of monotonically increasing functions men-
tioned in Subsection 2.4.2 again. This corresponds to another part of Theorem
14.8 on p131 of [20], part of Theorem 18.14 on p284 of [159], and to Corollary
3.7 on p125 of [335].

4.3.3 Equality in the estimate for the integral of α′

Of course, we might like to have that∫ b

a

α′(x) dx = α(b)− α(a).(4.3.12)

It is well known that this holds when α is continuously differentiable on [a, b],
as in Theorem 7.8 E of [135]. In fact, this holds when α is differentiable at
every point in [a, b], and the derivative of α is Riemann integrable on [a, b], as
in Exercise 8 on p189 of [135], and 6.21 on p134 of [299]. A broader condition
under which this holds will be discussed in the next section.

It is easy to see that the inequality in (4.3.11) can be strict when α is not
continuous. It is well known that there are continuous monotonically increas-
ing real-valued functions on [0, 1] that are not constant, and whose derivative
is equal to 0 almost everywhere with respect to Lebesgue measure. This is
discussed beginning on p58 of [14], in Example 4.11 on p32 of [20], on p39 of
[118], in Exercise 8.28 on p113 of [159], Example 8.20 (b) on p179 of [298], and
beginning on p125 of [335]. See also Subsection A.12.4.

4.4 Absolutely continuous functions

Let a and b be real numbers with a < b again, and let F be a real or complex-
valued function on [a, b]. We say that F is absolutely continuous on [a, b] if for
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every ϵ > 0 there is a δ > 0 with the following property. If (a1, b1), . . . , (al, bl)
are finitely many pairwise-disjoint open intervals contained in [a, b] such that

l∑
j=1

(bj − aj) < δ,(4.4.1)

then
l∑

j=1

|F (bj)− F (aj)| < ϵ.(4.4.2)

This corresponds to the definition at the beginning of Section 14.5 on p135 of
[20], on p105 of [118], Definition 18.10 on p282 of [159], 8.15 on p175 of [298],
and on p127 of [335].

Note that there is no restriction on l in this definition. If we take l = 1, then
we get that F is uniformly continuous on [a, b].

It is easy to see that F is absolutely continuous on [a, b] when F is Lipschitz
of order 1 on [a, b], with respect to the restriction to [a, b] of the standard
Euclidean metric on [a, b], as in Section A.11.

4.4.1 Absolute continuity and differentiability

If F is absolutely continuous on [a, b], then it is well known that F is differ-
entiable almost everywhere on [a, b]. More precisely, one can show that F has
bounded variation on [a, b]. If F is real-valued, then this implies that F can
be expressed as a difference of monotonically increasing functions. Otherwise,
if F is complex-valued, then the real and imaginary parts have this property.
One can use this to reduce to the case of monotonically increasing real-valued
functions on [a, b]. This argument also implies that F ′ is integrable on [a, b] with
respect to Lebesgue measure, as in the previous section. This corresponds to
Lemmas 14.10 and 14.14 on p133, 135 of [20], Lemmas 3.26 and 3.24 on p102,
106 of [118], Theorems 18.12 and 18.13 on p283 of [159], a remark on p175 and
Theorem 8.19 on p177 of [298], and Theorem 3.3 on p119 and a remark on p127
of [335].

In fact, if F is absolutely continuous on [a, b], then∫ x

a

F ′(t) dt = F (x)− F (a)(4.4.3)

for every x ∈ [a, b], as in Theorem 14.16 on p137 of [20], part of 3.35 on p106 of
[118], Theorem 18.16 on p285 of [159], Theorem 8.18 on p177 of [298], and part
of Theorem 3.11 on p130 of [335].

4.4.2 Integrating integrable functions on [a, b]

If f is a real or complex-valued function on [a, b] that is integrable with respect
to Lebesgue measure, then it is well known that∫ x

a

f(t) dt(4.4.4)
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is absolutely continuous as a function of x on [a, b]. This corresponds to Exercise
14.2 on p138 of [20], part of 3.35 on p106 of [118], Example 18.11 (a) on p282
of [159], part of Theorem 8.17 on p176 of [298], and a remark on p128 of [335].
More precisely, if f is real-valued and nonnegative on [a, b], then this follows
from a remark in Subsection 3.15.2, and otherwise one can reduce to this case.

Another version of Lebesgue’s differentiation theorem implies that the deriva-
tive of (4.4.4) is equal to f(x) for almost every x ∈ [a, b] with respect to Lebesgue
measure, as in 4.19 on p111 of [14], Theorem 14.5 on p127 of [20], part of Corol-
lary 3.33 on p105 of [118], Theorem 18.3 on p275 of [159], part of Theorem 8.17
on p176 of [298], and part of Theorem 3.11 on p130 of [335].

4.4.3 A criterion for absolute continuity

Let F be a real or complex-valued function on [a, b] that is differentiable at
every point in [a, b]. If F ′ is Lebesgue integrable on [a, b], then Theorem 8.21
on p179 of [298] states that (4.4.3) holds for every x ∈ [a, b]. This corresponds
to Problem 5 on p153 of [335], where F is asked to be continuous on [a, b]
and differentiable at every point in (a, b). This also corresponds to part (d)
of Exercise 18.41 on p299 of [159], where F is asked to be continuous on [a, b]
and differentiable at all but finitely or countably many points in (a, b). This is
related to Exercise 14.8 on p139 of [20] as well.

4.5 More on absolutely continuous functions

Let f be a nonnegative extended real-valued Lebesgue measurable function on
the real line, and suppose that f is locally integrable with respect to Lebesgue
measure on R, in the sense that∫ b

a

f(x) dx < +∞(4.5.1)

for all real numbers a, b with a < b. Let ν = νf be the measure defined on R
by

νf (E) =

∫
E

f(x) dx(4.5.2)

for all Lebesgue measurable subsets E ofR, as in Section 3.15, where the integral
on the right is taken with respect to Lebesgue measure on R. Remember that
this measure is absolutely continuous with respect to Lebesgue measure on R,
by construction, as mentioned near the beginning of Section 4.1. This measure
is also locally finite on R, as in Section 2.10, by hypothesis.

Let F be the real-valued function defined on the real line by

F (x) =

∫ x

0

f(t) dt when x ≥ 0(4.5.3)

= −
∫ 0

x

f(t) dt when x ≤ 0.
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One can check that F is continuous and monotonically increasing on R, and in
fact F is absolutely continuous on every closed interval in R, as in the previous
section. Note that the continuity of F on R corresponds to Exercise 7.11 on
p65 of [20]. We also have that F is differentiable at almost every point in R
with respect to Lebesgue measure, with

F ′(x) = f(x)(4.5.4)

for almost every x ∈ R, as in the previous section.
Let λF be the Lebesgue–Stieltjes measure on the real line associated to F

as in Subsection 2.5.1. If a, b ∈ R and a < b again, then

λF ((a, b)) = F (b)− F (a),(4.5.5)

as before. Similarly,

νf ((a, b)) =

∫ b

a

f(t) dt = F (b)− F (a),(4.5.6)

by construction. It follows that

λF = νf(4.5.7)

as Borel measures on R, as in Section 2.13.

4.5.1 More on differentiating monotone functions

Let α be a monotonically increasing real-valued function on the real line, and
suppose now that α′ = f almost everywhere on R with respect to Lebesgue
measure. If a, b ∈ R and a < b, then

F (b)− F (a) =

∫ b

a

α′(t) dt ≤ α(b)− α(a),(4.5.8)

where the second step is as in Subsection 4.3.2. This means that

α− F is monotonically increasing on R.(4.5.9)

Note that
(α− F )′ = 0(4.5.10)

almost everywhere on R with respect to Lebesgue measure. If α is absolutely
continuous on every closed interval in the real line, then equality holds in the
second step in (4.5.8), and α− F is constant on R.

Let β be a monotonically increasing real-valued on the real line, and let λβ
be the corresponding Lebesgue–Stieltjes measure, considered as a Borel measure
on R, as in Subsection 2.5.1. If

λβ is mutually singular with respect to Lebesgue measure on R,(4.5.11)
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as Borel measures on R, then it is well known that

β′ = 0 almost everywhere with respect to Lebesgue measure on R.(4.5.12)

This corresponds to Lemma 14.6 on p128 of [20], part of Theorem 3.22 on p99
and some remarks on p106 of [118], part of Theorem 19.60 on p336 of [159], and
part of the corollary on p166 of [298].

Conversely, it is also well known that (4.5.12) implies (4.5.11), as in [118,
159, 298] and part of Exercise 11 on p314 of [335].

4.5.2 One way to organize results like these

Results like these may be organized in various ways. Sometimes one obtains
properties of measures that are mutually singular with respect to Lebesgue mea-
sure directly, to get that (4.5.11) implies (4.5.12), and also shows the Lebesgue
differentiation theorem as in Subsection 4.4.2.

If α is a monotonically increasing real-valued function on the real line, and
λα is the corresponding Lebesgue–Stieltjes measure on R, then one can use
the Radon–Nikodym and Lebesgue decomposition theorems to get that λα is
the sum of Borel measures on R that are absolutely continuous and mutually
singular with respect to Lebesgue measure. This can be used to get that α is
differentiable almost everywhere with respect to Lebesgue measure, with deriva-
tive equal almost everywhere to the Radon–Nikodym derivative of the absolutely
continuous part of λα.

In particular, if α′ = 0 almost everywhere with respect to Lebesgue measure
on R, then the absolutely continuous part of λα is equal to 0, so that (4.5.12)
implies (4.5.11).

4.5.3 Another way to organize results like these

Alternatively, one might start with both versions of Lebesgue’s differentation
theorem, for the differentiability almost everywhere of monotonically increasing
functions on R, as well as the version in Subsection 4.4.2. If α is monoton-
ically increasing on R, then one can use the Radon–Nikodym and Lebesgue
decomposition theorems to get that α′ is greater than or equal to the Radon–
Nikodym derivative of the absolutely continuous part of λα almost everywhere
with respect to Lebesgue measure.

In particular, if λα is not mutually singular with respect to Lebesgue mea-
sure, so that the absolutely continuous part is positive, then α′ > 0 on a set of
positive Lebesgue measure, so that (4.5.12) implies (4.5.11).

If f and F are as at the beginning of this subsection, then it follows that
the Lebesgue–Stieltjes measure associated to α − F is mutually singular with
respect to Lebesgue measure on R, so that λF is the absolutely continuous part
of λα.

If λα is mutually singular with respect to Lebesgue measure, then λF = 0,
so that α′ = f = 0 almost everywhere with respect to Lebesgue measure, and
(4.5.11) implies (4.5.12).
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4.5.4 The derivative as a limit in an integral sense

Now let f be a real or complex-valued Lebesgue measurable function on the
real line, and suppose that f is locally integrable with respect to Lebesgue
measure, in the sense that the restriction of f to any bounded interval in R is
integrable, as before. One can define F as a real or complex-valued function on
R, as appropriate, as in (4.5.3) again. As before, F is continuous on R, and
absolutely continuous on every closed interval in R. Note that

F (w)− F (v) =

∫ w

v

f(t) dt(4.5.13)

for every v, w ∈ R with v ≤ w. Thus

F (x+ h)− F (x)

h
= h−1

∫ x+h

x

f(t) dt(4.5.14)

and
F (x)− F (x− h)

h
= h−1

∫ x

x−h

f(t) dt(4.5.15)

for every x ∈ R and h > 0.
If a and b are real numbers with a < b, then it is well known and not too

difficult to show that

lim
h→0

∫ b

a

∣∣∣∣F (x+ h)− F (x)

h
− f(x)

∣∣∣∣ dx = 0(4.5.16)

under these conditions. More precisely, if f is continuous on R, then one can
check that (4.5.14) and (4.5.15) converge to f(x) as h→ 0 uniformly on bounded
subsets of R, because f is uniformly continuous on bounded subsets of R.
Otherwise, one can approximate f by continuous functions on bounded intervals
in R in a suitable integral sense. Similarly, if f is integrable on R, then one can
show that

lim
h→0

∫ +∞

−∞

∣∣∣∣F (x+ h)− F (x)

h
− f(x)

∣∣∣∣ dx = 0,(4.5.17)

by approximating f by continuous functions on R with compact support. This
corresponds to differentiability of F in the L1 norm, as on p4 of [337].

If F is any continuous real or complex-valued function on the real line and
v, w ∈ R, v < w, and 0 < h < w − v, then∫ w

v

F (x+ h)− F (x)

h
dx = h−1

∫ w

v

F (x+ h) dx− h−1

∫ w

v

F (x) dx

= h−1

∫ w+h

v+h

F (x) dx− h−1

∫ w

v

F (x) dx(4.5.18)

= h−1

∫ w+h

w

F (x) dx− h−1

∫ v+h

v

F (x) dx.
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Similarly,∫ w

v

F (x)− F (x− h)

h
dx = h−1

∫ w

v

F (x) dx− h−1

∫ w

v

F (x− h) dx

= h−1

∫ w

v

F (x) dx− h−1

∫ w−h

v−h

F (x) dx(4.5.19)

= h−1

∫ w

w−h

F (x) dx− h−1

∫ v

v−h

F (x) dx.

In both cases, the right side tends to F (w) − F (v) as h → 0, because F is
continuous at v and w, by hypothesis. If (4.5.16) holds with a = v and b = w,
then it follows that (4.5.13) holds. In fact, this works when the analogous limit
along a sequence of nonzero real numbers converging to 0 is equal to 0.

Of course, (4.5.13) implies (4.5.3) when F (0) = 0. One can also consider
differentiability in the Lp norm, as on p4 of [337], and in 4.4 beginning on p31
of [337]. This is discussed in Section 6 of Chapter IV of [45] when p = 2, as
indicated in [337]. The p = 1 case is related to part (ii) of Theorem 3 on p8 of
[45].

4.6 The L1 norm

Let (X,A, µ) be a measure space. If f is a real or complex-valued measurable
function on X that is integrable with respect to µ, then put

‖f‖1 = ‖f‖L1 = ‖f‖L1(X) = ‖f‖L1(X,µ) =

∫
X

|f | dµ.(4.6.1)

It is sometimes convenient to interpret this as being equal to +∞ when f is not
integrable on X with respect to µ.

If t is a real or complex number, as appropriate, then it is easy to see that

‖t f‖1 = |t| ‖f‖1.(4.6.2)

If g is another real or complex-valued measurable function on X that is inte-
grable with respect to µ, then f + g is integrable with respect to µ as well,
and

‖f + g‖1 =

∫
X

|f + g| dµ ≤
∫
X

(|f |+ |g|) dµ = ‖f‖1 + ‖g‖1.(4.6.3)

The space of all real or complex-valued measurable functions on X is a
linear subspace of the space of all real or complex-valued functions on X, as
appropriate. However, (4.6.1) is not quite a norm on this space, because ‖f‖1 =
0 if and only if f = 0 almost everywhere on X with respect to µ, and this does
not necessarily mean that f = 0 everywhere on X. In order to deal with this,
one can identify two integrable functions on X that are equal to each other
almost everywhere with respect to µ, as on p202 of [14], p144 of [20], p54 of
[118], in Theorem 13.10 on p192 of [159], in the remarks 3.10 beginning on p68
of [298], and on p69, 276 of [335]. Let us not be too concerned about this right
now, although in effect we shall do something similar in practice.
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4.6.1 Convergence in L1

Let us say that a sequence {fj}∞j=1 of real or complex-valued integrable functions

on X converges in L1 to a real or complex-valued integrable function f on X,
as appropriate, if

‖fj − f‖1 → 0 as j → ∞,(4.6.4)

as in Definition 10.1 on p83 of [20]. In this case, one can check that if {fj}∞j=1

converges in L1 to another real or complex-valued integrable function f̃ on X,
as appropriate, then f = f̃ almost everywhere on X with respect to µ.

Similarly, let us say that {fj}∞j=1 is a Cauchy sequence in L1 if

‖fj − fl‖1 → 0 as j, l → ∞.(4.6.5)

If {fj}∞j=1 converges in L
1, then one can check that {fj}∞j=1 is a Cauchy sequence

in L1, using a standard argument.

4.6.2 Absolutely convergent series in L1

Let {aj}∞j=1 be a sequence of real or complex-valued measurable functions on X
that are integrable with respect to µ. Let us say that the corresponding infinite
series

∑∞
j=1 aj converges absolutely in L1 if

∞∑
j=1

‖aj‖1 < +∞.(4.6.6)

This implies that
∞∑
j=1

|aj(x)| < +∞(4.6.7)

for almost every x ∈ X with respect to µ, as in Subsection 3.13.3. This means
that

∞∑
j=1

aj(x)(4.6.8)

converges absolutely for almost every x ∈ X. Let us interpret this sum as being
equal to 0 at points where it does not converge, as before. This defines an
integrable function on X with respect to µ, as before. We also have that the
sequence of partial sums

n∑
j=1

aj(x)(4.6.9)

converges to (4.6.8) in L1, as before.
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4.6.3 Convergence in L1 of Cauchy sequences in L1

If {fj}∞j=1 is a Cauchy sequence in L1, then it is well known that {fj}∞j=1

converges in L1, as in 7.20 on p204 of [14], Theorem 15.4 on p145 of [20],
Theorem 6.6 on p183 of [118], Theorem 13.11 on p192 of [159], Theorem 3.11
on p69 of [298], and Theorem 2.2 on p70 and a remark on p276 of [335]. One
can start by getting a subsequence {fjr}∞r=1 of {fj}∞j=1 such that

∞∑
r=1

‖fjr+1
− fjr‖1 < +∞.(4.6.10)

More precisely, one can use the Cauchy condition to get a subsequence such
that

‖fjr+1
− fjr‖1 ≤ 2−r(4.6.11)

for each r, for instance.
Put

f = fj1 +

∞∑
r=1

(fjr+1 − fjr ),(4.6.12)

where the sum on the right is interpreted as in the previous subsection. If n is
a positive integer, then

fj1 +

n∑
r=1

(fjr+1
− fjr ) = fjn+1

(4.6.13)

on X. It follows that {fjn}∞n=1 converges to f pointwise almost everywhere
on X with respect to µ and in L1, by construction. One can use this and the
Cauchy condition for {fj}∞j=1 in L1 to get that {fj}∞j=1 converges to f in L1,
by a standard argument.

4.6.4 Pointwise convergent subsequences

If {fj}∞j=1 converges in L1 to an integrable function f̃ on X, then {fj}∞j=1 is a

Cauchy sequence in L1, as mentioned previously. We also have that f̃ is equal
to the function f in the preceding subsection almost everywhere with respect
to µ on X. This means that the subsequence {fjr}∞r=1 converges to f̃ pointwise
almost everywhere on X with respect to µ. This corresponds to 7.23 on p205 of
[14], Corollary 2.32 on p62 of [118], Theorem 3.12 on p70 of [298], and Corollary
2.3 on p71 of [335].

4.7 Convergence in measure

Let (X,A, µ) be a measure space. A sequence of real or complex-valued mea-
surable functions {fj}∞j=1 on X is said to converge to a real or complex-valued
measurable function f on X in measure if for every ϵ > 0,

µ({x ∈ X : |fj(x)− f(x)| > ϵ}) → 0 as j → ∞,(4.7.1)
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as in Definition 10.1 on p83 of [20], on p61 of [118], Definition 11.25 on p156 of
[159], Exercise 18 on p76 of [298], and Exercise 3 on p95 of [335]. Convergence
in measure is also known as convergence in probability when µ is a probability
measure on X.

Equivalently, {fj}∞j=1 converges to f in measure if for every ϵ, ϵ′ > 0 there
is a positive integer L such that

µ({x ∈ X : |fj(x)− f(x)| > ϵ}) < ϵ′(4.7.2)

for all j ≥ L. Convergence in measure is defined in [298] to mean that this holds
when ϵ = ϵ′. One can check that this implies the previous version, by replacing
ϵ and ϵ′ with their minimum. This corresponds to Exercise 35 on p63 of [118].

If {fj}∞j=1 converges to f in measure, and if {fj}∞j=1 converges in measure

to another real or complex-valued measurable function f̃ on X, then one can
verify that f = f̃ almost everywhere on X with respect to µ.

4.7.1 Convergence in L1 implies convergence in measure

If f is an integrable function on X and a is a positive real number, then

aµ({x ∈ X : |f(x)| ≥ a}) ≤
∫
{x∈X:|f(x)|≥a}

|f | dµ ≤
∫
X

|f | dµ.(4.7.3)

This implies that

µ({x ∈ X : |f(x)| ≥ a}) ≤ a−1

∫
X

|f | dµ,(4.7.4)

as in 4.1 on p102 of [14], Lemma 10.4 on p85 of [20], 6.17 on p193 of [118], and
Exercise 9 on p91 of [335]. This is known as Chebyshev’s (or Tchebychev’s) or
Markov’s inequality.

If {fj}∞j=1 is a sequence of integrable functions on X that converges to an

integrable function f in L1, then it follows that {fj}∞j=1 converges to f in mea-
sure, as in Proposition 10.5 on p85 of [20], Proposition 2.29 on p61 of [118], part
(b) of Exercise 18 on p77 of [298], and part of Problem 3 on p95 of [335].

4.7.2 Pointwise convergence and Egorov’s theorem

Let us suppose in this subsection that µ(X) < +∞. Let {fj}∞j=1 be a sequence
of real or complex-valued measurable functions on X that converges to a real
or complex-valued function f on X pointwise almost everywhere with respect
to µ. It is well known that {fj}∞j=1 converges to f in measure on X, as in part
(1) of Proposition 10.2 on p83 of [20], Theorem 11.31 on p158 of [159], and part
(a) of Exercise 18 on p77 of [298].

In fact, Egorov’s (or Egoroff’s) theorem states that for every ϵ > 0 there is
a measurable subset E of X such that

µ(X \ E) < ϵ(4.7.5)
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and {fj}∞j=1 converges to f uniformly on E. This corresponds to 2.85 on p63 of
[14], Theorem 10.8 on p86 of [20], 2.33 on p62 of [118], Theorem 11.32 on p158
of [159], Exercise 16 on p75 of [298], and Theorem 4.4 on p33 of [335].

This type of convergence is sometimes called almost uniform convergence,
as in [20, 118], and in the index of [159]. However, this term is mentioned on
p230 of [298] in connection with uniform convergence on compact subsets of an
open set in the complex plane.

4.7.3 More on pointwise convergent subsequences

Let {fj}∞j=1 be a sequence of real or complex-valued measurable functions on
X that converges to a real or complex-valued measurable function f on X in
measure. It is well known that there is a subsequence of {fj}∞j=1 that converges
to f pointwise almost everywhere on X with respect to µ, as in part (2) of
Proposition 10.2 on p83 of [20], Theorem 2.30 on p61 of [118], Theorem 11.26
on p156 of [159], and part (c) of Exercise 18 on p77 of [298].

4.7.4 Cauchy sequences in measure

Let {fj}∞j=1 be a sequence of real or complex-valued measurable functions on X
again. We say that {fj}∞j=1 is a Cauchy sequence in measure if for every ϵ > 0,

µ({x ∈ X : |fj(x)− fl(x)| > ϵ}) → 0 as j, l → ∞,(4.7.6)

as on p61 of [118], and Exercise 3 on p95 of [335]. This means that for every
ϵ, ϵ′ > 0 there is a positive integer L such that

µ({x ∈ X : |fj(x)− fl(x)| > ϵ}) < ϵ′(4.7.7)

for all j, l ≥ L, as in Exercise 10.1 on p86 of [20]. If {fj}∞j=1 converges in measure
on X, then one can check that {fj}∞j=1 is a Cauchy sequence in measure.

If {fj}∞j=1 is a Cauchy sequence in measure on X, then Theorem 2.30 on p61
of [118] states that {fj}∞j=1 converges in measure to a real or complex-valued
measurable function f on X, and that there is a subsequence of {fj}∞j=1 that
converges to f pointwise almost everywhere on X with respect to µ. This is
also mentioned in Problem N on p68 of [189] when µ(X) is finite.

4.8 More on bounded convergence

Let (X,A, µ) be a measure space, and let {fj}∞j=1 be a sequence of real or
complex-valued measurable functions on X that converges to a real or complex-
valued measurable function f on X in measure. Suppose that {fj}∞j=1 is uni-
formly bounded almost everywhere on X with respect to µ, in the sense that
there is a nonnegative real number C such that

|fj | ≤ C(4.8.1)
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almost everywhere on X with respect to µ for each j. One can check that this
implies that

|f | ≤ C(4.8.2)

almost everywhere on X with respect to µ.
If µ(X) < +∞, then another version of the bounded convergence theorem

states that

lim
j→∞

∫
X

|fj − f | dµ = 0,(4.8.3)

so that

lim
j→∞

∫
X

fj dµ =

∫
X

f dµ.(4.8.4)

To see this, let ϵ > 0 be given, and observe that∫
X

|fj − f | dµ =

∫
{x∈X:|fj(x)−f(x)|≤ϵ}

|fj − f | dµ

+

∫
{x∈X:|fj(x)−f(x)|>ϵ}

|fj − f | dµ(4.8.5)

≤ ϵ µ(X) + 2C µ({x ∈ X : |fj(x)− f(x)| > ϵ})

for each j. The second term on the right tends to 0 as j → ∞, by hypothesis.
This is essentially the same as the proof of the bounded convergence theorem
using pointwise convergence almost everywhere in 3.26 on p89 of [14], Exercise
12.49 on p183 of [159], and Theorem 1.4 on p56 of [335], except that convergence
in measure can be used directly in place of Egorov’s theorem.

4.9 Some more integral distance functions

Let (X,A, µ) be a measure space such that µ(X) < +∞. If f and g are real or
complex-valued measurable functions on X, then

min(|f − g|, 1)(4.9.1)

and
|f − g|

1 + |f − g|
(4.9.2)

are measurable on X too.
Put

d(f, g) =

∫
X

min(|f − g|, 1) dµ(4.9.3)

and

d̃(f, g) =

∫
X

|f − g|
1 + |f − g|

dµ.(4.9.4)

These are approximately the same, as we shall see in a moment, and the second
is used in Exercise 10.2 on p87 of [20], Exercise 32 on p63 of [118], Exercise
12.47 on p182 of [159], and Exercise 13 on p38 of [297]. This is also related to
Problems L, N on p55, 68 of [189], respectively.
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4.9.1 Some properties of d, d̃

It is easy to see that d(f, g) = 0 and d̃(f, g) = 0 each occur if and only if f = g
almost everywhere on X with respect to µ, as in Subsection 3.10.1. Clearly

d(f, g) = d(g, f) and d̃(f, g) = d̃(g, f).(4.9.5)

If h is another real or complex-valued measurable function on X, then

d(f, h) ≤ d(f, g) + d(g, h)(4.9.6)

and
d̃(f, h) ≤ d̃(f, g) + d̃(g, h),(4.9.7)

because of analogous inequalities in Section A.7. In order to get metrics, we
should identify measurable functions on X that are equal to each other almost
everywhere with respect to µ, as before. We shall not be too concerned about
this for the moment, and instead we can use some analogous notions.

Observe that

min(|f − g|, 1)/2 ≤ |f − g|
1 + |f − g|

≤ min(|f − g|, 1)(4.9.8)

on X, as in Subsection A.7.3. This implies that

d(f, g)/2 ≤ d̃(f, g) ≤ d(f, g).(4.9.9)

If f and g are integrable on X with respect to µ, then

d(f, g) ≤ ‖f − g‖1.(4.9.10)

4.9.2 Connection with convergence in measure

Let {fj}∞j=1 be a sequence of real or complex-valued measurable functions on X.
Of course, {fj}∞j=1 converges to f in measure on X if and only if {|fj − f |}∞j=1

converges to 0 in measure on X. It is easy to see that this happens if and only
if

{min(|fj − f |, 1)}∞j=1 converges to 0 in measure on X.(4.9.11)

This is equivalent to the condition that{
|fj − f |

1 + |fj − f |

}∞

j=1

converge to 0 in measure on X,(4.9.12)

because of (4.9.8).
We also have that

d(fj , f) → 0 as j → ∞(4.9.13)

if and only if
d̃(fj , f) → 0 as j → ∞,(4.9.14)

because of (4.9.9). Remember that (4.9.13) implies (4.9.11), and (4.9.14) implies
(4.9.12), as in Subsection 4.7.1.

Conversely, (4.9.11) implies (4.9.13), and (4.9.12) implies (4.9.14), by the
version of the bounded convergence theorem mentioned in the previous section.
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4.9.3 Cauchy conditions associated to d and d̃

Let us say that {fj}∞j=1 is a Cauchy sequence with respect to d(·, ·) if

d(fj , fl) → 0 as j, l → ∞.(4.9.15)

Similarly, {fj}∞j=1 is a Cauchy sequence with respect to d̃(·, ·) if

d̃(fj , fl) → 0 as j, l → ∞.(4.9.16)

These conditions are equivalent to each other, because of (4.9.9), as usual.

It is easy to see that (4.9.15) implies {fj}∞j=1 is a Cauchy sequence in mea-
sure. Equivalently, this means that (4.9.16) implies that {fj}∞j−1 is a Cauchy
sequence in measure. This can be obtained from Chebyshev’s inequality, as in
Subsection 4.7.1.

Conversely, if {fj}∞j=1 is a Cauchy sequence in measure, then (4.9.15) holds,
so that (4.9.16) holds. Indeed, for each ϵ > 0,∫

X

min(|fj − fl|, 1) dµ =

∫
{x∈X:|fj(x)−fl(x)|≤ϵ}

min(|fj − fl|, 1) dµ

+

∫
{x∈X:|fj(x)−fl(x)|>ϵ}

min(|fj − fl|, 1) dµ(4.9.17)

≤ ϵ µ(X) + µ({x ∈ X : |fj(x)− fl(x)| > ϵ})

for each j and l. The second term on the right is as small as we want when j
and l are sufficiently large, by hypothesis.

4.10 Absolute convergence with respect to d, d̃

Let (X,A, µ) be a measure space with µ(X) < +∞ again. Also let {aj}∞j=1 be
a sequence of real or complex-valued measurable functions on X. Let us say
that the corresponding infinite series

∑∞
j=1 aj converges absolutely with respect

to d(·, ·) if
∞∑
j=1

d(aj , 0) =

∞∑
j=1

∫
X

min(|aj |, 1) dµ < +∞.(4.10.1)

This is equivalent to the absolute convergence of
∑∞

j=1 aj with respect to d̃(·, ·),
in the sense that

∞∑
j=1

d̃(aj , 0) < +∞,(4.10.2)

because of (4.9.9).
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4.10.1 Getting pointwise convergence almost everywhere

Using (4.10.1), we get that

∞∑
j=1

min(|aj(x)|, 1) < +∞(4.10.3)

for almost every x ∈ X with respect to µ, as in Subsection 3.13.3. In particular,
this implies that

lim
j→∞

min(|aj(x)|, 1) = 0(4.10.4)

for almost every x ∈ X with respect to µ.
It follows that for almost every x ∈ X with respect to µ,

min(|aj(x)|, 1) < 1(4.10.5)

when j is sufficiently large, so that

min(|aj(x)|, 1) = |aj(x)|.(4.10.6)

Thus
∞∑
j=1

|aj(x)| < +∞(4.10.7)

for almost every x ∈ X with respect to µ.

4.10.2 Convergence of the sum with respect to d

Of course, this means that
∑∞

j=1 aj(x) converges for almost every x ∈ X with
respect to µ. If n is a positive integer and (4.10.7) holds, then

max
(∣∣∣∣ ∞∑

j=n

aj(x)

∣∣∣∣, 1) ≤ max
( ∞∑

j=n

|aj(x)|, 1
)
= lim

N→∞
max

( N∑
j=n

|aj(x)|, 1
)

≤ lim
N→∞

N∑
j=n

max(|aj(x)|, 1) =
∞∑
j=n

max(|aj(x)|, 1),(4.10.8)

using a remark at the beginning of Section A.7 in the third step.
This implies that

d
( ∞∑

j=1

aj(x),

n∑
j=1

aj(x)
)

=

∫
X

max
(∣∣∣∣ ∞∑

j=n+1

aj(x)

∣∣∣∣, 1) dµ(4.10.9)

≤
∫
X

∞∑
j=n+1

max(|aj(x)|, 1) dµ

=

∞∑
j=n+1

∫
X

max(|aj(x)|, 1) dµ,
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where the third step is as in Subsection 3.11.1. The right side tends to 0 as
n → ∞, because of (4.10.1). Although we already know that the partial sums∑n

j=1 aj(x) converges to
∑∞

j=1 aj(x) almost everywhere on X with respect to
µ, and thus in measure, it is nice to have this more direct argument in this case
as well.

4.10.3 Convergence of Cauchy sequences with respect to
d

Suppose now that {fj}∞j=1 is a Cauchy sequence with respect to d(·, ·). This
implies that there is a subsequence {fjr}∞r=1 of {fj}∞j=1 such that

∞∑
r=1

d(fjr+1
, fjr ) < +∞.(4.10.10)

Put

f = fj1 +

∞∑
r=1

(fjr+1
− fjr ),(4.10.11)

where the sum on the right is as in the previous two subsections.
Observe that

fj1 +

n∑
r=1

(fjr+1 − fjr ) = fjn+1(4.10.12)

converges to f pointwise almost everywhere on X and with respect to d(·, ·) as
n→ ∞, as before. One can use this and the Cauchy condition for {fj}∞j=1 with
respect to d(·, ·) to get that {fj}∞j=1 converges to f with respect to d(·, ·), as in
(4.9.13).

This is another way to look at Theorem 2.30 on p61 of [118] when µ(X) is
finite. This is also related to Exercise 10.1 on p86 of [20] when µ(X) < +∞,
and to part (d) of Exercise 12.47 on p182 of [159]. In particular, this shows that
if µ(X) < +∞ and {fj}∞j=1 converges in measure, then there is a subsequence
of {fj}∞j=1 that convergees to the same limit pointwise almost everywhere on X
with respect to µ.

4.11 Pushing measures forward

Let (X,AX , µ) be a measure space, let (Y,AY ) be a measurable space, and let
ϕ be a measurable mapping from X into Y . If E ∈ AY , then ϕ−1(E) ∈ AX ,
and we put

ν(E) = νϕ(E) = µ(ϕ−1(E)).(4.11.1)

One can check that ν is a measure on Y with respect to AY under these condi-
tions. This corresponds to a remark on p314 of [118], and to part (a) Exercise
11.38 on p161 of [159]. More precisely, in [159], one takes AY to be the collection
of E ⊆ Y such that ϕ−1(E) ∈ AX , and part of the exercise is to check that this
is a σ-algebra of subsets of Y , as mentioned near the beginning of Section 3.1.
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The measure ν is called the image measure associated to µ and ϕ in [118],
and the term measures on image sets is used in [159]. One may also say that ν
is obtained by pushing µ forward using ϕ, and put

ϕ∗(µ) = ν.(4.11.2)

Suppose for the moment that Y = X and AY = AX . If ν = µ, then ϕ is
said to be measure-preserving, as on p292 of [335]. This means that

µ(ϕ−1(E)) = µ(E)(4.11.3)

for all E ∈ AX = AY .

4.11.1 Probability distributions and random variables

Of course,
ν(Y ) = µ(ϕ−1(Y )) = µ(X).(4.11.4)

If µ is a probability measure on X, then ν is a probability measure on Y . In
this case, if Y = R and AY is the σ-algebra of Borel sets in R, then ν may be
called the probability distribution on R associated to µ and ϕ, as in Definition
12.27 on p392 of [14], and on p268 of [20], and p315 of [118]. Note that ϕ may
be called a random variable on X under these conditions, as in Definition 12.13
on p385 of [14], on p286 of [20], and on p314 of [118].

4.11.2 Compositions and isomorphisms

Let (Z,AZ) be another measurable space, and let ψ be a measurable mapping
from Y into Z. This implies that ψ ◦ ϕ is a measurable mapping from X into
Z, as in Subsection 3.1.3, and one can check that

(ψ ◦ ϕ)∗(µ) = ψ∗(ϕ∗(µ)).(4.11.5)

Suppose for the moment that ϕ is a one-to-one mapping from X onto Y . If
ϕ and ϕ−1 are both measurable, then ϕ may be called an isomorphism from X
onto Y with respect to AX and AY , respectively. Using the measure ν, ϕ may
also be considered as an isomorphism between the measure spaces (X,AX , µ)
and (Y,AY , ν).

In particular, an isomorphism from (X,A, µ) onto itself may be called an
automorphism. It is easy to see that the collection of automorphisms of a
measure space is a group with respect to composition of mappings.

4.11.3 Compositions and integrals

Let ϕ be any measurable mapping from X into Y again. If f is a nonnegative
extended real-valued measurable function on Y , then f ◦ϕ is measurable on X,
and ∫

X

(f ◦ ϕ) dµ =

∫
Y

f dν.(4.11.6)
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This follows from the definition of ν when f is the indicator function of a
measurable set in Y . If f is a simple function on Y , then one can reduce to the
previous case. Otherwise, one can approximate f by a monotonically increasing
sequence of measurable simple functions, as in Subsection 3.7.1, and use the
monotone convergence theorem.

If f is a measurable real or complex-valued function on Y , then f ◦ ϕ is
measurable on X, and we can use the remarks in the preceding paragraph to
get that ∫

X

|f ◦ ϕ| dµ =

∫
Y

|f | dν.(4.11.7)

This means that f is integrable on Y with respect to ν if and only if f ◦ ϕ
is integrable on X with respect to µ. In this case, one can get (4.11.6) by
considering the positive and negative parts of f when f is real-valued, and the
real and imaginary parts of f when f is complex-valued. This corresponds to
Proposition 10.1 on p314 of [118], to Proposition 21.3 on p270 of [20] when
Y = R, and to a remark on p303 of [20] when Y = Rn for some positive integer
n.

4.11.4 Pushing outer measures forward

Let X and Y be sets, and let µX be an outer measure on X, as in Subsection
1.10.4. Also let ϕ be a mapping from X into Y . If E ⊆ Y , then put

µY (E) = µX(ϕ−1(E)).(4.11.8)

One can check that this defines an outer measure on Y , as mentioned on p54 of
[113], in part (b) of Exercise 11.38 on p161 of [159], and on p16 of [247].

This outer measure may be denoted ϕ♯(µX), as in [113, 247]. One can check
that E ⊆ Y is measurable with respect to µY when ϕ−1(E) is measurable with
respect to µX , as in [113, 247]. Remember that measurability with respect to
an outer measure is defined in Subsection 1.11.1.

Suppose now that X and Y are metric or topological spaces, and that ϕ is
measurable with respect to the σ-algebras of Borel sets in X and Y , respectively.
If µX is a Borel outer measure on X, as in Subsection 2.2.1, then it follows that
µY is a Borel outer measure on Y . This is mentioned on p16 of [247].

4.12 Some measures from measurable sets

Let (X,A, µ) be a measure space, let X0 be a measurable subset of X, and put

AX0
= {E0 ⊆ X0 : E0 ∈ AX}.(4.12.1)

It is easy to see that this is a σ-algebra of subsets of X0, as in Subsection 1.6.4,
and as mentioned in Definition 11.22 on p155 of [159]. The restriction µ0 of µ
to AX0

is a measure on X0 with respect to AX0
, as in Exercise 11.37 on p161

of [159].
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Note that

µ1(E) = µ(E ∩X0)(4.12.2)

defines a measure on X with respect to AX , as in Exercise 3.6 on p21 of [20],
and Exercise 10 on p27 of [118].

Let ϕ0 be the obvious inclusion mapping from X0 intoX, so that ϕ0(x0) = x0
for every x0 ∈ X0, considered as an element of X as well. If E ⊆ X, then

ϕ−1
0 (E) = E ∩X0.(4.12.3)

Clearly ϕ0 is measurable as a mapping from X0 into X, because X0 ∈ AX , by
hypothesis. We also have that µ1 is the same as the measure on X obtained by
pushing µ0 forward using ϕ0.

4.13 Distribution functions

Let (X,A, µ) be a measure space with µ(X) < +∞, and let ϕ be a measurable
real-valued function on X. Remember that this means that ϕ is measurable
with respect to the σ-algebra of Borel sets in R, as in Section 3.1. Thus (4.11.1)
defines a Borel measure on the real line with

ν(R) = µ(X),(4.13.1)

as in (4.11.4).

Put

F (t) = Fϕ(t) = ν((−∞, t]) = µ(ϕ−1((−∞, t]))(4.13.2)

for every t ∈ R. This is called the distribution function of ϕ with respect to µ
on X, as in Definition 12.27 on p392 of [14], on p268 of [20], and on p315 of
[118]. Observe that

F = αν,−∞,R,(4.13.3)

in the notation of Subsection 2.13.2. Thus F is monotonically increasing on R
and right continuous at every point in R, with

F (−∞) = 0(4.13.4)

and

F (+∞) = ν(R) = µ(X),(4.13.5)

using the notation in Subsection 2.4.2 on the left sides of these two equations.
This corresponds to the “only if” part of 12.29 on p393 of [14], Proposition 21.1
on p268 of [20], and some remarks on p33 of [118].
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4.13.1 The Lebesgue–Stieltjes measure associated to F

Let λF be the Lebesgue–Stieltjes measure associated to F , as in Subsection
2.5.1, considered as a Borel measure on the real line. Note that

λF ((−∞, t]) = F (t+)− F (−∞) = F (t)(4.13.6)

for every t ∈ R. In fact,
ν = λF(4.13.7)

under these conditions, as in Section 2.13. This corresponds to a remark on p268
of [20] that is related to a remark on p31 of [20]. Similarly, this corresponds to
a remark on p315 of [118] that is related to some remarks on p35 of [118].

More precisely, if a, b ∈ R and a < b, then

ν((−∞, a]) + ν(a, b]) = ν((−∞, b]),(4.13.8)

so that
ν((a, b]) = ν((−∞, b])− ν((−∞, a]) = F (b)− F (a).(4.13.9)

Of course, we also have that

λF ((a, b]) = F (b)− F (a).(4.13.10)

One can use this to get that

ν((a, b)) = λF ((a, b)) = F (b−)− F (a).(4.13.11)

Similarly,

ν((−∞, b)) = λF ((−∞, b)) = F (b−),(4.13.12)

ν((a,+∞)) = λF ((a,+∞)) = F (+∞)− F (a),(4.13.13)

ν(R) = λF (R) = F (+∞).(4.13.14)

Thus ν and λF are the same on open intervals in the real line. If U is a nonempty
open subset of R, then U can be expressed as the union of finitely or countably
many pairwise-disjoint open intervals, and we get that

ν(U) = λF (U).(4.13.15)

It follows that ν and λF are the same on Borel sets in R, as before.

4.13.2 Density functions

Suppose that the restriction of F to any closed interval [a, b] is absolutely con-
tinuous, as in Section 4.4. Remember that F is differentiable almost everywhere
on R with respect to Lebesgue measure, as in Section 4.3, and that F ′(t) ≥ 0
when F is differentiable at t ∈ R, because F is monotonically increasing on R.
The absolute continuity of F on [a, b] implies that∫ b

a

F ′(t) dt = F (b)− F (a),(4.13.16)
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as before. In this case, F ′ is called the density of F , as on p270 of [20]. This cor-
responds to the definition of a density function on p394 of [14], as in Subsection
4.4.2 and the next paragraph.

It follows that F ′ is integrable on R under these conditions, because F is
bounded on R. We also get that∫ b

−∞
F ′(t) dt = F (b).(4.13.17)

Similarly, ∫ +∞

−∞
F ′(t) dt = F (+∞) = ν(R) = µ(X).(4.13.18)

If E is a Borel set in R, then

λF (E) =

∫
E

F ′(t) dt,(4.13.19)

as in Section 4.5, where the integral on the right is taken with respect to
Lebesgue measure. More precisely, the definition of F (x) in Section 4.5 cor-
responds to F (x) − F (0) here. This does not affect the derivative of F , or the
corresponding Lebesgue–Stieltjes measure λF . Thus we get that

ν(E) = λF (E) =

∫
E

F ′(t) dt,(4.13.20)

using (4.13.7) in the first step.

4.13.3 A slightly different type of distribution function

Let (X,A, µ) be any measure space, where µ(X) is not necessarily finite. If ϕ
is a measurable real or complex-valued function on X and t is a positive real
number, then consider

µ({x ∈ X : |ϕ(x)| > t}),(4.13.21)

as on p197 of [118]. This is a monotonically decreasing nonnegative extended
real-valued function of t > 0. In practice, one may be concerned with functions
ϕ on X with some sort of integrability properties that imply that (4.13.21) is
finite.

4.14 Approximate inverses of monotone func-
tions

Let α be a monotonically increasing real-valued function on the real line, and
remember that α(−∞) and α(+∞) may be defined as extended real numbers
in Subsection 2.4.2. If u ∈ (α(−∞), α(+∞)), then put

ψ1(u) = sup{t1 ∈ R : α(t1) < u}.(4.14.1)
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This is related to arguments in the proofs of 12.29 on p393 of [14] and Proposition
21.2 on p269 of [20]. Note that there are t1 ∈ R such that α(t1) < u under
these conditions, and that the set of these t1’s has an upper bound in R.

It is easy to see that ψ1 is monotonically increasing on (α(−∞), α(+∞)),
by construction. If α is continuous and strictly increasing on R, then one can
check that ψ1 is the inverse of α. This corresponds to a remark on p393 of [14],
concerning Exercise 13 on p399 of [14], and a remark on p269 of [20]. Otherwise,
ψ1 has some approximately similar properties.

4.14.1 Another approximate inverse ψ2

Similarly, put
ψ2(u) = inf{t2 ∈ R : α(t2) > u}(4.14.2)

for each u ∈ (α(−∞), α(+∞)). As before, there are t2 ∈ R such that α(t2) > u,
and the set of these t2’s has a lower bound in R.

More precisely, if
α(t1) < u < α(t2),(4.14.3)

then it is easy to see that
t1 < t2,(4.14.4)

because α is monotonically increasing on R. This implies that

ψ1(u) ≤ ψ2(u).(4.14.5)

We also have that ψ2 is monotonically increasing on (α(−∞), α(+∞)), and
that ψ2 is the inverse of α when α is continuous and strictly increasing on R,
as before.

4.14.2 Some properties of ψ1, ψ2

If r1 ∈ R and
r1 < ψ1(u),(4.14.6)

then
α(r1) < u,(4.14.7)

because α is monotonically increasing on R. Similarly, if r2 ∈ R and

ψ2(u) < r2,(4.14.8)

then
α(r2) > u.(4.14.9)

It follows that
α(ψ1(u)−) ≤ u ≤ α(ψ2(u)+),(4.14.10)

using the notation for one-sided limits of α in Subsection 2.4.1.
If w1 ∈ R and

ψ1(u) < w1,(4.14.11)
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then
u ≤ α(w1),(4.14.12)

by the definition of ψ1(u). Similarly, if w2 ∈ R and

w2 < ψ2(u),(4.14.13)

then
α(w2) ≤ u,(4.14.14)

by the definition of ψ2(u). This implies that

α(ψ2(u)−) ≤ u ≤ α(ψ1(u)+).(4.14.15)

If α is continuous at ψ1(u), then

α(ψ1(u)) = u,(4.14.16)

as in Subsection 2.4.2. Similarly, if α is continuous at ψ2(u), then

α(ψ2(u)) = u.(4.14.17)

4.15 Some more properties of ψ1

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Suppose that t ∈ R and α(t) 6= α(−∞), α(+∞), so that

α(t) ∈ (α(−∞), α(+∞)).(4.15.1)

Observe that
ψ1(α(t)) = sup{t1 ∈ R : α(t1) < α(t)} ≤ t,(4.15.2)

because α is monotonically increasing on R. If v1 ∈ (α(−∞), α(t)], then

ψ1(v1) ≤ ψ1(α(t)) ≤ t,(4.15.3)

because ψ1 is monotonically increasing. This means that

(α(−∞), α(t)] ⊆ ψ−1
1 ((−∞, t]).(4.15.4)

4.15.1 When α is right continuous on R

If α is right continuous at every point in R, then

u ≤ α(ψ1(u))(4.15.5)

for every u ∈ (α(−∞), α(+∞)), because of the second inequality in (4.14.15).
If ψ1(u) ≤ t, then it follows that

u ≤ α(t),(4.15.6)
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because ψ1 is monotonically increasing. Thus

ψ−1
1 ((−∞, t]) ⊆ (α(−∞), α(t)].(4.15.7)

Combining this with (4.15.4), we obtain that

ψ−1
1 ((−∞, t]) = (α(−∞), α(t)].(4.15.8)

Note that this also works when α(t) = α(−∞), because of (4.15.5).

Clearly

ψ1(u) ≤ sup{t1 ∈ R : α(t1) < α(+∞)}(4.15.9)

for every u ∈ (α(−∞), α(+∞)). Of course, the right side may be +∞, so that
this is trivial. If t ∈ R and α(t) = +∞, then we get that

ψ1(u) ≤ t(4.15.10)

for every u ∈ (α(−∞), α(+∞)), because α is monotonically increasing. This
means that

ψ−1
1 ((−∞, t]) = (α(−∞), α(+∞))(4.15.11)

in this case.

Note that ψ1 is measurable on (α(−∞), α(+∞)), because it is monotonically
increasing, as in Subsection 3.6.2. This could also be obtained from (4.15.8) and
(4.15.11).

4.15.2 When α is right continuous and α(−∞) = 0

Suppose now that α(−∞) = 0, in addition to α being right continuous at every
point in R, as in the previous subsection. Observe that

the Lebesgue measure of ψ−1
1 ((−∞, t]) is equal to α(t)(4.15.12)

for every t ∈ R, because of (4.15.8) and (4.15.11).

Let us consider (0, α(+∞)) as a measure space, using the restriction of
Lebesgue measure to the Borel sets in (0, α(+∞)), as in Subsection 4.12. If
α(+∞) < +∞, then (4.15.12) is the same as saying that α(t) is the distribution
function of ψ1 as a measurable function on (0, α(+∞)). This corresponds to the
“if” part of 12.29 on p393 of [14], and Proposition 21.2 on p269 of [20], with
α(+∞) = 1.

Alternatively, if λα is the Lebesgue–Stieltjes measure on the real line corre-
sponding to α, then α is the same as the distribution function of the identity
function on the real line, considered as a measurable real-valued function on the
real line as a measure space with respect to λα. One can also use ψ1 as another
way to get λα. This is related to the remarks in Subsection 2.5.2 when α is
continuous and strictly increasing.
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4.15.3 More on ψ1 and ψ2

Observe that (4.14.1) is basically the same as the definition of y0 in Subsection
2.5.3, with different notation.

Remember that for every u ∈ R, α−1({u}) is an interval in the real line, or
the empty set, as in Subsection 2.5.3. There are only finitely or countably many
u ∈ R such that α−1({u}) has at least two elements, as before.

Suppose for the moment that u ∈ (α(−∞), α(+∞)) and α−1({u}) 6= ∅. It
is easy to see that

ψ1(u) ≤ inf α−1({u}) ≤ supα−1({u}) ≤ ψ2(u).(4.15.13)

Let t0 be a real number, and suppose for the moment that α(t0−) < α(t0+).
If

α(t0−) < u < α(t0+),(4.15.14)

then one can check that
ψ1(u) = ψ2(u) = t0.(4.15.15)

Note that
α(t0−) ≤ u ≤ α(t0+)(4.15.16)

when ψ1(u) = t0 and when ψ2(u) = t0, as in (4.14.10) and (4.14.15).



Chapter 5

The Lp norm, product
measures, and more

5.1 The Lp norm

Let (X,A, µ) be a measure space, let p be a positive real number, and let f be
a real or complex-valued measurable function on X. We say that f is pth power
integrable on X with respect to µ if∫

X

|f |p dµ < +∞.(5.1.1)

In this case, we put

‖f‖p = ‖f‖Lp = ‖f‖Lp(X) = ‖f‖Lp(X,µ) =
(∫

X

|f |p dµ
)1/p

,(5.1.2)

and we may interpret this as being equal to +∞ when f is not pth-power
integrable on X. Of course, this is the same as in Section 4.6 when p = 1.

If t is a real or complex number, as appropriate, then

‖t f‖p = |t| ‖f‖p.(5.1.3)

5.1.1 Sums of pth-power integrable functions

Let g be another real or complex-valued measurable function on X that is pth-
power integrable, and let us show that f + g is pth-power integrable on X as
well. Observe that

|f + g|p ≤ (|f |+ |g|)p ≤ (2 max(|f |, |g|))p(5.1.4)

= 2p max(|f |p, |g|p) ≤ 2p (|f |p + |g|p)

131
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on X. This implies that∫
X

|f + g|p dµ ≤ 2p
∫
X

|f |p dµ+ 2p
∫
X

|g|p dµ.(5.1.5)

Thus the space of all real or complex-valued measurable functions on X that
are pth-power integrable is a linear subspace of the space of all real or complex-
valued measurable functions on X, as appropriate.

5.1.2 Minkowski’s inequality

If p ≥ 1, then Minkowski’s inequality states that

‖f + g‖p ≤ ‖f‖p + ‖g‖p.(5.1.6)

This corresponds to 7.14 on p199 of [14], Proposition 15.3 on p143 of [20], 6.5
on p183 of [118], Theorem 13.7 on p191 of [159], and Theorem 3.9 on p68 of
[298]. This also corresponds to Theorem 11.36 on p326 of [299] and part (iv) of
Proposition 1.1 on p157 of [335] when p = 2.

5.1.3 A related inequality when p < 1

If 0 < p ≤ 1, then

‖f + g‖pp =

∫
X

|f + g|p dµ ≤
∫
X

(|f |+ |g|)p dµ

≤
∫
X

(|f |p + |g|p) dµ = ‖f‖pp + ‖g‖pp,(5.1.7)

where the third step is as in Subsection A.10.1. This corresponds to Exercise 6
on p208 of [14] and (3) in 1.47 on p35 of [297], and it is mentioned in part (a)
of Exercise 13.25 on p199 of [159]. A version of the inequality used in the third
step in (5.1.7) is mentioned in part (a) of Exercise 17 on p76 of [298].

5.1.4 The corresponding metrics and norms

Note that for any p > 0,
‖f‖p = 0(5.1.8)

if and only if f = 0 almost everywhere on X with respect to µ. If p ≥ 1, then
(5.1.2) determines a norm on the space of pth-power integrable real or complex-
valued measurable functions on X if we identify two functions that are equal
almost everywhere with respect to µ. In particular, this means that

‖f − g‖p(5.1.9)

defines a metric on the space of pth-power integrable functions on X when we
identify functions that are equal almost everywhere.
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Similarly, if 0 < p ≤ 1, then

‖f − g‖pp(5.1.10)

defines a metric on the space of pth-power integrable real or complex-valued
measurable functions on X if we identify two functions that are equal almost
everywhere again. This corresponds to part of Exercise 16 on p187 of [118],
part of part (b) of Exercise 13.25 on p200 of [159], part of Problem N on p55 of
[189], part of 1.47 on p35 of [297], and to part of part (a) of Exercise 24 on p78
of [298]. As before, we shall not be too concerned about this right now, and use
similar arguments in practice.

A pth-power integrable function on X is also said to be square integrable
when p = 2. This case is discussed further in Section 5.5.

5.2 Convergence in Lp

Let (X,A, µ) be a measure space, and let p be a positive real number again. Let
us say that a sequence {fj}∞j=1 of pth-power integrable real or complex-valued
measurable functions on X converges in Lp to a pth-power integrable real or
complex-valued measurable function f on X, as appropriate, if

‖fj − f‖p → 0 as j → ∞,(5.2.1)

as in Definition 10.1 on p83 of [20]. Equivalently, this means that

‖fj − f‖pp =

∫
X

|fj − f |p dµ→ 0 as j → ∞.(5.2.2)

As when p = 1, one can check that if {fj}∞j=1 also converges in Lp to another

pth-power integrable real or complex-valued measurable function f̃ on X, as
appropriate, then f = f̃ almost everywhere on X with respect to µ.

Let us say that {fj}∞j=1 is a Cauchy sequence in Lp if

‖fj − fl‖p → 0 as j, l → ∞.(5.2.3)

This is equivalent to saying that

‖fj − fl‖pp =

∫
X

|fj − fl|p dµ→ 0 as j, l → ∞.(5.2.4)

If {fj}∞j=1 converges in L
p, then one can verify that {fj}∞j=1 is a Cauchy sequence

in Lp.

5.2.1 Another version of Chebyshev’s inequality

If f is a pth-power integrable function on X and a is a positive real number,
then another version of Chebyshev’s inequality states that

µ({x ∈ X : |f(x)| ≥ a}) ≤ a−p

∫
X

|f |p dµ,(5.2.5)
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as in Lemma 10.4 on p85 of [20] and 6.17 on p193 of [118]. This can be shown
in the same way as when p = 1, in Subsection 4.7.1, and one can also reduce to
the p = 1 case.

If {fj}∞j=1 is a sequence of pth-power integrable functions on X that con-
verges in Lp to a pth-power integrable function f on X, then

{fj}∞j=1 converges to f in measure on X,(5.2.6)

as in Proposition 10.5 on p85 of [20], and part (b) of Exercise 18 on p77 of [298].
Similarly, if {fj}∞j=1 is a Cauchy sequence in Lp, then

{fj}∞j=1 is a Cauchy sequence in measure,(5.2.7)

as in Subsection 4.7.4.

5.2.2 Absolutely convergent series in Lp

Let {aj}∞j=1 be a sequence of real or complex-valued measurable functions on
X that are pth-power integrable with respect to µ. Let us say that the corre-
sponding infinite series

∑∞
j=1 aj converges absolutely in Lp if p ≥ 1 and

∞∑
j=1

‖aj‖p < +∞.(5.2.8)

If 0 < p ≤ 1, then let us say that
∑∞

j=1 aj is p-summable in Lp when

∞∑
j=1

‖aj‖pp < +∞.(5.2.9)

Observe that ∥∥∥∥ n∑
j=1

|aj |
∥∥∥∥
p

≤
n∑

j=1

‖aj‖p ≤
∞∑
j=1

‖aj‖p(5.2.10)

for every positive integer n when p ≥ 1, and that∥∥∥∥ n∑
j=1

|aj |
∥∥∥∥p
p

≤
n∑

j=1

‖aj‖pp ≤
∞∑
j=1

‖aj‖pp(5.2.11)

when p ≤ 1. The monotone convergence theorem implies that∥∥∥∥ ∞∑
j=1

|aj |
∥∥∥∥
p

≤
∞∑
j=1

‖aj‖p(5.2.12)

when p ≥ 1, and ∥∥∥∥ ∞∑
j=1

|aj |
∥∥∥∥p
p

≤
∞∑
j=1

‖aj‖pp(5.2.13)
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when p ≤ 1.
If (5.2.8) holds when p ≥ 1, or (5.2.9) holds when p ≤ 1, then it follows that

∞∑
j=1

|aj |(5.2.14)

is pth-power integrable on X with respect to µ. In particular, this means that
(5.2.14) is finite almost everywhere with respect to µ on X.

5.2.3 Convergence of the partial sums in Lp

Thus
∑∞

j=1 aj(x) converges absolutely for almost every x ∈ X with respect to
µ. Let us interpret the sum as being equal to 0 at points where it does not
converge, to get a function on X that is pth-power integrable with respect to µ.
Note that ∥∥∥∥ ∞∑

j=1

aj

∥∥∥∥
p

≤
∥∥∥∥ ∞∑
j=1

|aj |
∥∥∥∥
p

.(5.2.15)

One can use the dominated convergence theorem to get that the sequence of
partial sums

∑n
j=1 aj converges to

∑∞
j=1 aj in Lp.

Alternatively,∥∥∥∥ ∞∑
j=1

aj −
n∑

j=1

aj

∥∥∥∥
p

=

∥∥∥∥ ∞∑
j=n+1

aj

∥∥∥∥
p

≤
∞∑

j=n+1

‖aj‖p(5.2.16)

when p ≥ 1, and∥∥∥∥ ∞∑
j=1

aj −
n∑

j=1

aj

∥∥∥∥p
p

=

∥∥∥∥ ∞∑
j=n+1

aj

∥∥∥∥p
p

≤
∞∑

j=n+1

‖aj‖pp(5.2.17)

when p ≤ 1, as before. The right sides of these inequalities tend to 0 as n→ ∞
when (5.2.8) or (5.2.9) holds, as appropriate.

5.2.4 Convergence in Lp of Cauchy sequences in Lp

If {fj}∞j=1 is a Cauchy sequence in Lp, then it is well known that

{fj}∞j=1 converges in Lp,(5.2.18)

as in 7.20 on p204 of [14], Theorem 15.4 on p145 of [20], Theorem 6.6 on p183
of [118], Theorem 13.11 on p192 of [159], and Theorem 3.11 on p69 of [298].
This corresponds to Theorem 11.42 on p329, Theorem 1.2 on p159 of [335], and
a remark on p276 of [335] when p = 2. The case where p < 1 is mentioned in
Exercise 9 on p208 of [14], Exercise 16 on p187 of [118], part (b) of Exercise
13.25 on p200 of [159], part of Problem M on p67 of [189], and in 1.47 on p35
of [297].
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One can start with a subsequence {fjr}∞r=1 of {fj}∞j=1 such that

∞∑
r=1

‖fjr+1
− fjr‖p < +∞(5.2.19)

when p ≥ 1, and
∞∑
r=1

‖fjr+1
− fjr‖pp < +∞(5.2.20)

when p ≤ 1. Using the remarks in the previous two subsections,

f = fj1 +

∞∑
r=1

(fjr+1 − fjr )(5.2.21)

defines a pth-power integrable function on X, and {fjn}∞n=1 converges to f
pointwise almost everywhere on X and in Lp. It follows that {fj}∞j=1 converges
to f in Lp, because {fj}∞j=1 is a Cauchy sequence in Lp, by a standard argument.

If {fj}∞j=1 converges in Lp to a pth-power integrable function f̃ on X, then
{fj}∞j=1 is a Cauchy sequence in Lp, so that we can use the previous argument.

If f is as in the preceding paragraph, then f̃ = f almost everywhere on X with
respect to µ, and thus {fjr}∞r=1 converges to f̃ pointwise almost everywhere on
X with respect to µ, as in 7.23 on p205 of [14], Exercise 10 on p208 of [14], and
Theorem 3.12 on p70 of [298].

5.3 Hölder’s inequality

Let (X,A, µ) be a measure space, and let p, q be real numbers with p, q > 1.
Suppose that p and q are conjugate exponents, in the sense that

1/p+ 1/q = 1.(5.3.1)

Let f and g be real or complex-valued measurable functions on X such that f
is pth-power integrable and g is qth-power integrable on X with respect to µ.
Under these conditions, Hölder’s inequality states that

f g is integrable on X with respect to µ,(5.3.2)

with

‖f g‖1 ≤ ‖f‖p ‖g‖q.(5.3.3)

This corresponds to 7.9 on p196 of [14], Proposition 15.1 on p142 of [20], 6.2 on
p182 of [118], Theorem 13.4 on p190 of [159], and Theorem 3.8 on p67 of [298].

If p = q = 2, then (5.3.1) holds, and (5.3.3) is known as the Cauchy–Schwarz
inequality. This case is also mentioned in Theorem 11.35 on p326 of [299], and
in part (ii) of Proposition 1.1 on p157 of [335].
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5.3.1 A bit of the proof

If a and b are nonnegative real numbers, then it is well known that

a b ≤ ap/p+ bq/q.(5.3.4)

This is simpler when p = q = 2, using the fact that (a−b)2 ≥ 0. Otherwise, this
is often obtained using calculus, or the convexity of the exponential function on
the real line.

Using (5.3.4), we get that∫
X

|f | |g| dµ ≤ p−1

∫
X

|f |p dµ+ q−1

∫
X

|g|q dµ.(5.3.5)

One can use this to get (5.3.3) when ‖f‖p = ‖g‖q = 1, and it is not too difficult
to reduce to that case.

Hölder’s inequality is often used to obtain Minkowski’s inequality when p
is strictly larger than 1. This is simpler when p = 2, and there are analogous
arguments for inner products more broadly in that case.

5.3.2 An extension of Hölder’s inequality

Let p1, q1, and r1 be positive real numbers such that

1/p1 + 1/q1 = 1/r1.(5.3.6)

Also let f1 and g1 be real or complex-valued measurable functions on X such
that f1 is p1th-power integrable and g1 is q1th-power integrable on X with
respect to µ. One can use Hölder’s inequality to get that f1 g1 is r1th-power
integrable on X, with

‖f1 g1‖r1 ≤ ‖f1‖p1 ‖g1‖q1 .(5.3.7)

This corresponds to Exercise 7 on p200 of [14] and Exercise 31 on p196 of [118]
with n = 2, and it is related to Exercise 4 on p73 of [298].

5.3.3 Using Hölder’s inequality when µ(X) is finite

If p1 and r1 are positive real numbers with p1 < r1, then (5.3.6) holds for some
q1 > 0. Let f1 be a real or complex-valued measurable function on X that is
p1th-power integrable again. If µ(X) is finite, then we can take g1 ≡ 1 on X to
get that f1 is r1th-power integrable on X with respect to µ, with

‖f1‖r1 ≤ ‖f1‖p1 µ(X)1/q1 ,(5.3.8)

as in (5.3.7). This corresponds to Proposition 6.12 on p186 of [118], Theorem
13.17 on p196 of [159], and parts of Exercise 5 on p73 of [298]. This also
corresponds to part of Exercise 10 on p333 of [299] when p1 = 2 and r1 = 1.
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5.3.4 Another extension of Hölder’s inequality

Let p1, . . . , pn be finitely many positive real numbers, and let r0 be the positive
real number such that

n∑
j=1

1/pj = 1/r0.(5.3.9)

If f1, . . . , fn are real or complex-valued measurable functions on X such that fj
is pjth-power integrable with respect to µ for j = 1, . . . , n, then

n∏
j=1

fj is r0th-power integrable on X with respect to µ,(5.3.10)

with ∥∥∥∥ n∏
j=1

fj

∥∥∥∥
r0

≤
n∏

j=1

‖fj‖pj
.(5.3.11)

This is the same as before when n = 2, and otherwise one can repeat the process.
This corresponds to Exercise 8 on p200 of [14], Exercise 23.1 on p342 of [20],
Exercise 31 on p196 of [118], and Exercise 13.26 on p200 of [159].

5.4 Essentially bounded functions

Let (X,A, µ) be a measure space again. A real or complex-valued measurable
function f on X is said to be essentially bounded with respect to µ if there is a
nonnegative real number b such that

|f(x)| ≤ b(5.4.1)

for almost every x ∈ X with respect to µ. In this case,

‖f‖∞ = ‖f‖L∞ = ‖f‖L∞(X) = ‖f‖L∞(X,µ)(5.4.2)

is defined to be the infimum of the set of b ≥ 0 with this property.

One can check that this infimum is always attained, using the fact that the
union of a sequence of measurable sets with measure 0 with respect to µ also
has measure 0 with respect to µ. This means that (5.4.1) holds with b = ‖f‖∞
almost everywhere on X with respect to µ.

It is sometimes convenient to interpret ‖f‖∞ as being +∞ when f is not
essentially bounded on X, as usual. Observe that

‖f‖∞ is the same as the usual supremum norm(5.4.3)

when µ is counting measure on X.
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5.4.1 More on the L∞ norm

If f is essentially bounded on X and t is a real or complex number, as appro-
priate, then it is easy to see that t f is essentially bounded on X too, with

‖t f‖∞ = |t| ‖f‖∞.(5.4.4)

If g is another real or complex-valued measurable function on X that is essen-
tially bounded with respect to µ, then one can check that f + g is essentially
bounded on X with respect to µ as well, with

‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞.(5.4.5)

Thus the space of all real or complex-valued measurable functions on X that
are essentially bounded with respect to µ is a linear subspace of the space of all
real or complex-valued measurable functions on X, as appropriate.

Of course, ‖f‖∞ = 0 if and only if f = 0 almost everywhere on X with
respect to µ. As usual, ‖·‖∞ determines a norm on the space of real or complex-
valued measurable functions on X that are essentially bounded with respect to µ
if we identify two functions that are equal almost everywhere on X with respect
to µ.

5.4.2 Convergence in L∞

Let us say that a sequence {fj}∞j=1 of essentially bounded real or complex-valued
measurable functions on X converges in L∞ to an essentially bounded real or
complex-valued function f on X, as appropriate, if

‖fj − f‖∞ → 0 as j → ∞.(5.4.6)

One can check that this is equivalent to uniform onvergence on the complement
of a measurable set in X with measure 0 with respect to µ. In particular, this
implies convergence in measure.

Let us say that {fj}∞j=1 is a Cauchy sequence in L∞ if

‖fj − fl‖∞ → 0 as j, l → ∞.(5.4.7)

One can check that this is equivalent to having a Cauchy sequence with respect
to the supremum norm on the complement of a measurable set in X with mea-
sure 0 with respect to µ. Thus convergence in L∞ follows from the analogous
statement for the supremum norm.

5.4.3 More on essentially bounded functions

Let p1 be a positive real number, and suppose that f1 and g1 are real or complex-
valued measurable functions on X with f1 p1th-power integrable and g1 essen-
tially bounded with respect to µ. Under these conditions, one can check that
f1 g1 is p1th-power integrable on X with respect to µ, with

‖f1 g1‖p1
≤ ‖f1‖p1

‖g1‖∞.(5.4.8)
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This is the analogue of (5.3.7) with q1 = ∞ and r1 = p1.
If f is also essentially bounded on X with respect to µ, then it is easy to see

that f g is essentially bounded on X with respect to µ, with

‖f1 g1‖∞ ≤ ‖f1‖∞ ‖g1‖∞.(5.4.9)

Of course, this is the analogue of (5.4.8) with p1 = ∞.
Let r1 be a positive real number, and suppose that f1 is essentially bounded

on X again. If µ(X) < +∞, then f1 is r1th-power integrable on X with respect
to µ, with

‖f1‖r1 ≤ ‖f1‖∞ µ(X)1/r1 .(5.4.10)

This is the analogue of (5.3.8) with p1 = ∞ and q1 = r1.

5.5 Integral inner products

Let (X,A, µ) be a measure space, and let f and g be real or complex-valued
measurable functions on X that are square-integrable with respect to µ. This
implies that |f | |g| is integrable on X, as in Section 5.3. Put

〈f, g〉 =
∫
X

f g dµ(5.5.1)

when f and g are real-valued, and

〈f, g〉 =
∫
X

f g dµ(5.5.2)

when they are complex-valued. Note that

〈f, g〉 = 〈g, f〉(5.5.3)

when f and g are real-valued, and that

〈f, g〉 = 〈g, f〉(5.5.4)

when they are complex-valued. In both cases, we have that

〈f, f〉 = ‖f‖22.(5.5.5)

These are almost like inner products on the spaces of real and complex-
valued square-integrable functions on X with respect to µ, because (5.5.5) is
equal to 0 if and only if f = 0 almost everywhere on X with respect to µ. As
usual, one can get actual inner products by identifying two functions that are
equal almost everywhere on X with respect to µ. This is related to an example
on p213 of [14], Example 19.5 on p199 of [20], the example on p172 of [118],
Example 13.15 on p195 of [159], part of Problem M on p67 of [189], Example
4.5 (b) on p81 of [298], and some remarks on p157, 276 of [335].
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5.5.1 Orthogonal functions

Let f and g be real or complex-valued measurable functions on X that are
square-integrable with respect to µ again. If

〈f, g〉 = 0,(5.5.6)

then f and g are said to be orthogonal with respect to (5.5.1) or (5.5.2), as
appropriate. In this case, we get that

‖f + g‖22 = 〈f + g, f + g〉 = 〈f, f〉+ 〈g, g〉 = ‖f‖22 + ‖g‖22.(5.5.7)

Similarly, let {fj}∞j=1 be a sequence of real or complex-valued measurable
functions on X that are square-integrable with respect to µ and pairwise-
orthogonal, so that

〈fj , fl〉 = 0(5.5.8)

when j 6= l. This implies that∥∥∥∥ n∑
j=l

fj

∥∥∥∥2
2

=

n∑
j=l

‖fj‖22(5.5.9)

for all integers n ≥ l ≥ 1, as before. If

∞∑
j=1

‖fj‖22 < +∞,(5.5.10)

then the sequence of partial sums
∑n

j=1 fj is a Cauchy sequence in L2, as in

Section 5.2. This implies that the sequence of partial sums converges in L2, as in
Subsection 5.2.4. Note that (5.5.10) is less restrictive than absolute convergence
in L2, as in Subsection 5.2.2.

5.6 Products of outer measures

Let X and Y be sets, and let µX and µY be outer measures on X and Y ,
respectively, as in Subsection 1.10.4. If E ⊆ X × Y , then let µX×Y (E) be the
infimum of the sums

∞∑
j=1

µX(Aj)µY (Bj),(5.6.1)

where the Aj ’s are measurable subsets of X with respect to µX , the Bj ’s are
measurable subsets of Y with respect to µY , and

E ⊆
∞⋃
j=1

(Aj ×Bj).(5.6.2)

Remember that measurability of a set with respect to an outer measure was
defined in Subsection 1.11.1.
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This definition of µX×Y (E) is mentioned on p22 of [110], beginning on p114
of [113], and on p14 of [247]. Note that the usual convention that the product
of 0 and +∞ is equal to 0 is used in (5.6.1).

One can check that

µX×Y defines an outer measure on X × Y.(5.6.3)

This may be considered as a class of examples of the construction in Subsection
1.11.3. Let us call µX×Y the product outer measure on X ×Y associated to µX

and µY .
If A ⊆ X and B ⊆ Y are measurable with respect to µX and µY , respectively,

then
µX×Y (A×B) ≤ µX(A)µY (B),(5.6.4)

by construction. In fact, µX×Y is the largest outer measure on X ×Y with this
property, as mentioned on p115 of [113].

It is well known that A×B is measurable with respect to µX×Y under these
conditions, with

µX×Y (A×B) = µY (A)µY (B),(5.6.5)

as in part (ii) of Theorem 1 on p22 of [110], and part (2) of 2.6.2 on p115 of
[113]. One can also show that µX×Y is regular as an outer measure on X × Y ,
in the sense discussed in Section 2.7, as in part (i) of Theorem 1 on p22 of [110],
and part (1) of 2.6.2 on p115 of [113].

5.6.1 Countable measurability and σ-finiteness

Let Z be a set, and let µZ be an outer measure on Z. A subset E of Z is said
to be countably measurable with respect to µZ if E can be expressed as the
union of a sequence of measurable sets with respect to µZ that also have finite
measure. This is the first part of 2.3.4 on p76 of [113]. One may also say that E
is σ-finite with respect to µ in this case, as on p4 of [110]. This is a bit different
from the way that this term was used in Subsections 2.1.2 and 2.7.2.

Some additional properties of the product outer measure in Theorem 1 on
p22 of [110] and 2.6.2 on p115 of [113] involve subsets of X×Y that are countably
measurable with respect to µX×Y . We shall consider slightly different construc-
tions of product measures here, in the next sections, with similar properties.

5.7 Elementary families of sets

Let Z be a set, and let E be a collection of subsets of Z. Let us say that E is
an elementary family if it has the following three properties, as on p23 of [118].
First, the empty set is an element of E . Second, if E1, E2 ∈ E , then

E1 ∩ E2 ∈ E .(5.7.1)

Third, if E ∈ E , then Z \ E may be expressed as the union of finitely many
pairwise-disjoint elements of E .
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Suppose that E is an elementary family of subsets of Z, and let A be the
collection of subsets of Z that can be expressed as the union of finitely many
pairwise-disjoint elements of E . Under these conditions, Proposition 1.7 on p23
of [118] says that

A is an algebra of subsets of Z.(5.7.2)

In the proof, one starts by showing that if A,B ∈ E , then A \ B ∈ A. This
implies that

A ∪B = (A \B) ∪B ∈ A.(5.7.3)

One can use induction to show that the union of finitely many elements of E is
an element of A, as in [118].

It follows that A is the same as the collection of subsets of Z that can be
expressed as the union of finitely many elements of E , and in particular that the
union of finitely many elements of A is an element of A. One can also check
that the complement of an element of A is in A as well, as in [118].

5.7.1 Products of two measurable spaces

Let (X,AX) and (Y,AY ) be measurable spaces. A subset of X × Y of the form
A×B, with A ∈ AX and B ∈ AY , is called a measurable rectangle.

Let AX×Y be the σ-algebra of subsets of X×Y generated by the collection of
measurable rectangles, as in Section 2.2. This is sometimes denoted AX ×AY ,
as on p90 of [20], in 21.2 on p379 of [159], and p145 of [298], and it is denoted
AX ⊗AY in Definition 5.2 on p117 of [14], and on p22 of [118]. This is the same
as the σ-algebra defined on p277 of [335], using different notation.

5.7.2 The obvious mappings from X × Y into X, Y

Let pX and pY be the obvious mappings from X×Y into X and Y , respectively,
with

pX((x, y)) = x and pY ((x, y)) = y(5.7.4)

for every (x, y) ∈ X × Y . Of course, pX and pY map X × Y onto X and Y ,
respectively, when X,Y 6= ∅.

Note that

p−1
X (A) = A× Y and p−1

Y (B) = X ×B(5.7.5)

for every A ⊆ X and B ⊆ Y . More precisely, AX×Y is defined in [118] as the
σ-algebra of subsets of X × Y generated by measurable rectangles of the forms
in (5.7.5) with A ∈ AX and B ∈ AY . It is easy to see that this is the same as
the σ-algebra generated by all measurable rectangles.

Clearly pX and pY are measurable with respect to AX×Y . In fact, AX×Y is
the smallest σ-algebra of subsets of X×Y with this property, as in the preceding
paragraph.
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5.7.3 More on measurable rectangles

The collection of measurable rectangles obviously satisfies the first condition in
the definition of an elementary family. If A1 ×B1 and A2 ×B2 are measurable
rectangles, then

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩A2)× (B1 ∩B2)(5.7.6)

is a measurable rectangle. In order to get the third condition, observe that

(X × Y ) \ (A×B) = ((X \A)×B) ∪ ((X \A)× (Y \B)) ∪ (A× (Y \B))

= ((X \A)× Y ) ∪ (A× (Y \B))(5.7.7)

= ((X \A)×B) ∪ (X × (Y \B)).

Any of the three expressions on the right sides would work here. This corre-
sponds to a remark on p64 of [118], although similar arguments are used in
other treatments.

This implies that the collection AX×Y,0 of subsets of X × Y that can be
expressed as the union of finitely many pairwise-disjoint measurable rectangles
is an algebra of subsets of X × Y , as in [118]. This also corresponds to 5.13
on p121 of [14], a remark on p90 of [20], Theorem 21.3 on p379 of [159], and a
remark on p277 of [335]. This collection is called the class of elementary sets on
p145 of [298].

5.7.4 Monotone classes and measurable rectangles

Note that AX×Y is the same as the σ-algebra of subsets of X × Y generated
by AX×Y,0. Because AX×Y,0 is an algebra of subsets of X × Y , it follows that
AX×Y is the same as the monotone class of subsets of X × Y generated by
AX×Y,0, as in Subsection 2.6.1. This corresponds to Corollary 21.7 on p381 of
[159], and Theorem 7.3 on p146 of [298].

5.8 More on AX×Y

Let (X,AX) and (Y,AY ) be measurable spaces again, and let EX and EY be
collections of subsets of X and Y that generate AX and AY as σ-algebras,
respectively, as in Section 2.2. Consider the σ-algebra ÃX×Y of subsets of
X ×Y generated by measurable rectangles of the forms in (5.7.5), with A ∈ EX
and B ∈ EY . Proposition 1.4 on p23 of [118] implies that

ÃX×Y = AX×Y .(5.8.1)

Of course,
ÃX×Y ⊆ AX×Y(5.8.2)

automatically. Note that

{A ⊆ X : p−1
X (A) = A× Y ∈ ÃX×Y }(5.8.3)
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and
{B ⊆ Y : p−1

Y (B) = X ×B ∈ ÃX×Y }(5.8.4)

are σ-algebras of subsets of X and Y , respectively, as mentioned near the be-
ginning of Section 3.1. These σ-algebras contain EX and EY , respectively, by
construction, and thus contain AX and AY , respectively, by hypothesis. This
implies that AX×Y ⊆ ÃX×Y .

5.8.1 When X and Y are metric or topological spaces

If X and Y are metric spaces, then X×Y may be considered as a metric space,
using a suitable product metric, as in Section A.4. Similarly, if X and Y are
topological spaces, then X × Y may be considered as a topological space, using
the corresponding product topology. Suppose for the moment that AX and
AY are the corresponding σ-algebras of Borel sets in X and Y , respectively,
so that we can take EX and EY to be the collections of open sets in X and Y ,
respectively. In this case, (5.8.1) implies that

AX×Y is contained in the σ-algebra of Borel sets in X × Y,(5.8.5)

because products of open sets in X and Y are open sets in X × Y . This
corresponds to part of Proposition 1.5 on p23 of [118].

Suppose that there are bases for the topologies of X and Y with only finitely
or countably many elements, as in Section 2.3. This implies that there is a
base for the product topology on X × Y with only finitely or countably many
elements, and whose elements are products of open sets in X and Y , as in
Subsection A.14.1. It follows in particular that every open set in X × Y can be
expressed as the union of finitely or countably many products of open sets in X
and Y . This means that

open sets in X × Y are elements of AX×Y ,(5.8.6)

so that AX×Y contains all of the Borel sets in X × Y . Thus

AX×Y is the collection of all Borel sets in X × Y(5.8.7)

under these conditions, as in Proposition 1.5 on p23 of [118], Exercise 21.19 on
p391 of [159], and Exercise 11 on p161 of [298].

In particular, if X = Y = R with the standard Euclidean metric, then one
can take X × Y = R2 to be equipped with the standard Euclidean metric.

5.8.2 Measurability of mappings into X × Y

Let (X,AX) and (Y,AY ) be any measurable spaces again, and let (W,AW ) be
another measurable space. It is well known that a mapping ϕ from W into
X × Y is measurable with respect to AX×Y on X × Y if and only if

the compositions of ϕ with pX and pY are measurable(5.8.8)

as mappings from W into X and Y,
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respectively, as in Proposition 2.4 on p44 of [118]. Of course, measurability of
ϕ implies that pX ◦ ϕ and pY ◦ ϕ are measurable, as in Subsection 3.1.3.

Conversely, if pX ◦ ϕ and pY ◦ ϕ are measurable, then

(pX ◦ ϕ)−1(A) = ϕ−1(p−1
X (A)), (pY ◦ ϕ)−1(B) = ϕ−1(p−1

Y (B)) ∈ AW(5.8.9)

for all A ∈ AX and B ∈ AY . Note that

{E ⊆ X × Y : ϕ−1(E) ∈ AW }(5.8.10)

is a σ-algebra of subsets of X × Y , as mentioned near the beginning of Section
3.1. This σ-algebra contains p−1

X (A) and p−1
Y (B) for all A ∈ AX and B ∈ AY ,

as before. It follows that this σ-algebra contains AX×Y , as in Subsection 5.7.2.
This means that ϕ is measurable with respect to AX×Y on X × Y .

5.8.3 Sections of subsets of X × Y

If E ⊆ X × Y , x ∈ X, and y ∈ Y , then put

Ex = {y′ ∈ Y : (x, y′) ∈ E} and Ey = {x′ ∈ X : (x′, y) ∈ E}.(5.8.11)

It is well known that
Ex ∈ AY and Ey ∈ AX(5.8.12)

for every x ∈ X and y ∈ Y when E ∈ AX×Y , as in 5.6 on p118 of [14], part
(1) of Lemma 11.1 on p90 of [20], part a of Proposition 2.34 on p65 of [118],
Theorem 21.4 on p380 of [159], and Theorem 7.2 on p146 of [298].

Although this can be obtained fairly directly, one can also use the remarks
in the preceding subsection. Let ϕx and ψy be the mappings from X and Y into
X × Y , respectively, defined by

ϕx(y
′) = (x, y′) and ψy(x

′) = (x′, y)(5.8.13)

for all x′ ∈ X and y′ ∈ Y . It is easy to see that ϕx and ψy are measurable with
respect to AX×Y , because their compositions with pX and pY are measurable.
Clearly

Ex = ϕ−1
x (E) and Ey = ψ−1

y (E).(5.8.14)

This implies (5.8.12) when E ∈ AX×Y .

5.8.4 Sections of functions on X × Y

Let (Z,AZ) be another measurable space, and let f be a function on X × Y
with values in Z. If x ∈ X and y ∈ Y , then let fx and fy be the functions on
X and Y , respectively, with values in Z defined by

fx(y
′) = f((x, y)) and fy(x′) = f((x′, y))(5.8.15)

for all x′ ∈ X and y′ ∈ Y . It is well known that

fx and fy are measurable(5.8.16)
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for every x ∈ X and y ∈ Y when f is measurable with respect to AX×Y on
X×Y , as in 5.9 on p119 of [14], part (2) of Lemma 11.1 on p90 of [20], part b of
Proposition 2.34 on p65 of [118], Theorem 21.5 on p380 of [159], and Theorem
7.5 on p147 of [298].

As before, this can be obtained fairly directly, or by observing that

fx = f ◦ ϕx and fy = f ◦ ψy.(5.8.17)

Thus (5.8.16) follows from the measurability of ϕx and ψy when f is measurable,
as in Subsection 3.1.3.

5.9 Product measures

Let (X,AX , µ) and (Y,AY , ν) be σ-finite measure spaces, and let AX×Y be as
in Subsection 5.7.1. If E ∈ AX×Y , then it is well known that

ν(Ex) and µ(E
y) are measurable(5.9.1)

as nonnegative extended real-valued functions of x ∈ X and y ∈ Y . This
corresponds to 5.20 on p124 of [14], part (1) of Proposition 11.2 on p91 of [20],
parts (i) and (ii) of Theorem 21.8 on p381 of [159], and part of Theorem 7.6 on
p148 of [298].

It is also well known that∫
X

ν(Ex) dµ(x) =

∫
Y

µ(Ey) dν(y),(5.9.2)

as in part (2) of Proposition 11.2 on p91 of [20], part (iii) of Theorem 21.8 on
p381 of [159], and another part of Theorem 7.6 on p148 of [298].

One can define the product measure µ× ν on X × Y with respect to AX×Y

by

(µ× ν)(E) =

∫
X

ν(Ex) dµ(x) =

∫
Y

µ(Ey) dν(y),(5.9.3)

as on p93 of [20], Definition 21.9 on p384 of [159], and Definition 7.7 on p149
of [298]. Definition 5.25 on p126 of [14] only uses the first equality in (5.9.3),
and the second equality may be obtained from Tonelli’s theorem 5.28 on p129
of [14].

The fact that µ × ν is a measure corresponds to 5.27 on p127 of [14], some
remarks on p93 of [20], part of Theorem 21.10 on p384 of [159], and a remark
on p149 of [298]. We also have that µ × ν is σ-finite on X × Y , as in Exercise
9 on p128 of [14], another part of Theorem 21.10 on p384 of [159], and another
remark on p149 of [298].

If A ∈ AX and B ∈ AY , then

(µ× ν)(A×B) = µ(A) ν(B),(5.9.4)

where the product of 0 and +∞ is considered to be 0, as before. This is Example
5.26 on p127 of [14], and it mentioned in the proofs of (5.9.2) in [20, 159, 298].
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5.9.1 Another approach to µ× ν

Remember that the collection AX×Y,0 of unions of finitely many pairwise-
disjoint measurable rectangles is an algebra of subsets of X×Y , as in Subsection
5.7.3. If E ∈ AX×Y,0 is expressed as the union of finitely many pairwise-disjoint
measurable rectangles, then one would like to define (µ × ν)(E) to be the cor-
responding sum of the measures of the measurable rectangles, using (5.9.4).

To do this, one should check that this sum does not depend on the way
that E is expressed as the union of finitely many pairwise-disjoint measurable
rectangles, so that (µ × ν)(E) is well-defined in this way. One would also like
to verify that µ× ν is countably additive on AX×Y,0. This is the approach used
on p64 of [118], and on p277 of [335].

If E ∈ AX×Y,0, then it is easy to see directly that (5.9.1) and (5.9.2) hold.
This is simpler for measurable rectangles, and one can use that to get the same
result for any element of AX×Y,0. More precisely, one gets measurable simple
functions in (5.9.1) when E ∈ AX×Y,0. In this case, (5.9.3) is the same as the
preliminary definition of (µ× ν)(E) mentioned in the previous two paragraphs,
and it does not depend on the way that E is expressed as a union of finitely
many pairwise-disjoint measurable rectangles. One can also use this to get that
this defines a countably additive measure on AX×Y,0, as in [118, 335].

This permits one to extend µ× ν to a countably additive measure on AX×Y

as in Subsection 1.11.4. This is the way that µ × ν is defined on AX×Y in
[118, 335]. The equivalence of this with (5.9.3) is shown in Theorem 2.36 on
p66 of [118], and Proposition 3.2 on p278 of [335].

5.9.2 Integration on X × Y

Let f be a nonnegative extended real-valued function on X ×Y that is measur-
able with respect to AX×Y . Tonelli’s theorem states that

x 7→
∫
Y

f(x, y) dν(y)(5.9.5)

is measurable on X with respect to AX ,

y 7→
∫
X

f(x, y) dµ(x)(5.9.6)

is measurable on Y with respect to AY , and∫
X×Y

f d(µ× ν) =

∫
X

(∫
Y

f(x, y) dν(y)
)
dµ(x)(5.9.7)

=

∫
Y

(∫
X

f(x, y) dµ(x)
)
dν(y).

This is 5.28 on p129 of [14], part of Theorem 11.3 beginning on p93 of [20], part
a of 2.37 on p67 of [118], Theorem 21.12 beginning on p384 of [159], and part
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(a) of Theorem 7.8 on p150 of [298]. Theorem 3.2 beginning on p80 of [335] is
a version of this using Lebesgue measure on Euclidean spaces.

Now let f be a real or complex-valued function on X×Y that is measurable
with respect to AX×Y and integrable with respect to µ × ν. Fubini’s theorem
states that ∫

Y

|f(x, y)| dν(y) < +∞(5.9.8)

for almost every x ∈ X with respect to µ,∫
X

|f(x, y)| dµ(x) < +∞(5.9.9)

for almost every y ∈ Y with respect to ν, that (5.9.5) and (5.9.6) are measurable
and in fact integrable with respect to µ and ν, respectively, and that (5.9.7)
holds. More precisely, the integrals in (5.9.5) and (5.9.6) are defined when
(5.9.8) and (5.9.9) hold, respectively, and otherwise they can be taken to be 0.
This corresponds to 5.32 on p132 of [14], another part of Theorem 11.3 beginning
on p93 of [20], part b of 2.37 on p67 of [118], 21.13 on p386 of [159], part (c) of
Theorem 7.8 on p150 of [298], and Theorem 3.3 on p279 of [335]. Theorem 3.1
on p76 of [335] is a version of this using Lebesgue measure on Euclidean spaces.

5.9.3 Uniqueness of the product measure

Let us mention that µ × ν is the unique measure on X × Y with respect to
AX×Y that satisfies (5.9.4). It is easy to see that any such measure is σ-finite,
because µ and ν are σ-finite, by hypothesis. It is also clear that any such
measure is uniquely determined on AX×Y,0 by (5.9.4). Uniqueness on AX×Y

may be obtained as in Subsection 2.6.4 and as in Section 2.9. This corresponds
to Exercise 10 on p128 of [14], Exercise 11.17 on p100 of [20], a remark on p64
of [118], 21.11 on p384 of [159], and Exercise 7 on p160 of [298].

5.10 Products of n measurable spaces

Let n be a positive integer, and let (Xj ,AXj ) be a measurable space for j =
1, . . . , n. Put X =

∏n
j=1Xj , and let pl be the obvious mapping from X into Xl

for each l = 1, . . . , n, so that
pl(x) = xl(5.10.1)

for each l. More precisely, pl maps X onto Xl for each l as long as Xj 6= ∅ for
each j. If Al ⊆ Xl, then

p−1
l (Al) =

n∏
j=1

Aj,l,(5.10.2)

where Aj,l = Xj when j 6= l, and Al,l = Al. If Al ⊆ Xl for each l, then

n∏
l=1

Al =

n⋂
l=1

p−1
l (Al),(5.10.3)
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Let AX be the σ-algebra of subsets of X generated by sets of the form
(5.10.3), with Al ∈ AXl

for each l. This corresponds to part of 22.2 beginning
on p429 of [159] for finite products, and of course is the same as in Subsection
5.7.1 when n = 2. Equivalently, we can take AX to be the σ-algebra of subsets
of X generated by sets of the form p−1

l (Al), with Al ∈ AXl
and 1 ≤ l ≤ n, as

on p22 of [118], and as in Subsection 5.7.2 when n = 2. This σ-algebra may be
denoted

⊗n
l=1 AXl

or A1 ⊗ · · · ⊗ An, as in [118].
Thus pl is measurable with respect to AX on X for each l, and AX is the

smallest σ-algebra on X with this property, as in Subsection 5.7.2 when n = 2.

5.10.1 Collections of subsets of Xj that generate AXj

Let EXj be a collection of subsets of Xj that generates AXj as a σ-algebra for

each j, and let ÃX be the σ-algebra of subsets of X generated by sets of the form
p−1
l (Al), with Al ∈ EXl

and 1 ≤ l ≤ n. Under these conditions, Proposition 1.4
on p23 of [118] implies that

ÃX = AX .(5.10.4)

This was discussed at the beginning of Section 5.8 when n = 2.
As before,

{Al ⊆ Xl : p
−1
l (Al) ∈ ÃX}(5.10.5)

is a σ-algebra of subsets of Xl that contains EXl
and thus AXl

for each l. This

implies that AX ⊆ ÃX , and the opposite inclusion follows directly from the
definitions.

5.10.2 When the Xj’s are metric or topological spaces

If the Xj ’s are metric spaces, then X may be considered as a metric space with
respect to a suitable product metric, as in Section A.4. Similarly, if the Xj ’s
are topological spaces, then X may be considered as a topological space, using
the corresponding product topology. Suppose for the moment that AXj

is the
σ-algebra of Borel sets in Xj for each j, so that we can take EXj

to be the
collection of open sets in Xj . Under these conditions, (5.10.4) implies that

AX is contained in the σ-algebra of Borel sets in X,(5.10.6)

because p−1
l (Al) is an open set in X when Al is an open set in Xl. This

corresponds to the first part of Proposition 1.5 on p23 of [118], as in Subsection
5.8.1 when n = 2.

If there is a base for the topology of Xj with only finitely or countably many
elements for each j, then there is a base for the product topology on X with
only finitely or countably many elements, and whose elements are products of
open sets in the Xj ’s, as in Subsection A.14.1. This implies in particular that
every open set in X may be expressed as the union of finitely or countably many
products of open sets in the Xj ’s. It follows that

open sets in X are elements of AX ,(5.10.7)
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so that AX contains all of the Borel sets in X. This means that

AX is the collection of all Borel sets in X(5.10.8)

in this case, as in Proposition 1.5 on p23 of [118], and as in Subsection 5.8.1
when n = 2.

If Xj = R with the standard Euclidean metric for each j = 1, . . . , n, then
one can take X = Rn to be equipped with the standard Euclidean metric.

5.10.3 Measurability of mappings into X

Let (Xj ,AXj ) be any measurable space for j = 1, . . . , n again, and let (W,AW )
be another measurable space. A mapping ϕ from W into X is measurable with
respect to AX on X if and only if

pl ◦ ϕ is measurable as a mapping from W into Xl for each l,(5.10.9)

as in Proposition 2.4 on p44 of [118]. This was discussed in Subsection 5.8.2
when n = 2, and the argument is analogous when n ≥ 3. As before, if pl ◦ ϕ is
measurable, then

(pl ◦ ϕ)−1(Al) = ϕ−1(p−1
l (Al)) ∈ AW(5.10.10)

for every Al ∈ AXl
. We also have that

{E ⊆ X : ϕ−1(E) ∈ AW }(5.10.11)

is a σ-algebra of subsets of X. One can use these two facts to get that ϕ is
measurable when pl ◦ ϕ is measurable for each l. The converse follows from the
measurability of pl for each l.

5.10.4 Products of n measurable sets

If Al and Bl are subsets of Xl for each l = 1, . . . , n, then( n∏
l=1

Al

)
∩
( n∏

l=1

Bl

)
=

n∏
l=1

(Al ∩Bl).(5.10.12)

Equivalently,( n⋂
l=1

p−1
l (Al)

)
∩
( n⋂

l=1

p−1
l (Bl)

)
=

n⋂
l=1

(p−1
l (Al) ∩ p−1

l (Bl))

=

n⋂
l=1

p−1
l (Al ∩Bl).(5.10.13)

Let RX be the collection of subsets of X of the form (5.10.3) with Al ∈ AXl

for each l. We would like to check that

RX is an elementary family,(5.10.14)
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as in Section 5.7. The first condition in the definition of an elementary family
is clear, and the second condition follows from the remarks in the preceding
paragraph. To get the third condition, observe that

X \
( n∏

l=1

Al

)
= X \

( n⋂
l=1

p−1
l (Al)

)
=

n⋃
l=1

(X \ p−1
l (Al))(5.10.15)

=

n⋃
l=1

p−1
l (Xl \Al)

may be expressed as a union of finitely many pairwise-disjoint sets of the form

n∏
l=1

Cl,(5.10.16)

where Cl = Al or Xl \ Al for each l, and Cl = Xl \ Al for at least one l. One
can use fewer sets by taking Cl = Al when l < r, Cr = Xr \ Ar, and Cl = Xl

when l > r, for r = 1, . . . , n.
Let AX,0 be the collection of subsets of X that can be expressed as the union

of finitely many pairwise-disjoint elements of RX . This is an algebra of subsets
of X, by the remarks at the beginning of Section 5.7. It follows that AX is the
same as the monotone class of subsets of X generated by AX,0, as in Subsection
2.6.1. This is the same as in Subsection 5.7.4 when n = 2.

5.11 Some related Cartesian products

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Let n1 and n2 be positive integers such that n1 + n2 = n, and consider
the Cartesian products

∏n1

j=1Xj ,
∏n

l=n1+1Xl, and their product

( n1∏
j=1

Xj

)
×

( n∏
l=n1+1

Xl

)
.(5.11.1)

There is an obvious bijection between X and (5.11.1), that sends x ∈ X to

((x1, . . . , xn1
), (xn1+1, . . . , xn)).(5.11.2)

It is often convenient to identify X with (5.11.1) in this way, so that subsets
of (5.11.1) correspond to subsets of X. In particular, if Aj ⊆ Xj for each
j = 1, . . . , n, then ( n1∏

j=1

Aj

)
×
( n∏

l=n1+1

Al

)
(5.11.3)

is a subset of (5.11.1) that corresponds to
∏n

j=1Aj as a subset of X.
Similarly,

x 7→ (x1, . . . , xn1
)(5.11.4)
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defines a mapping from X into
∏n1

j=1Xj , and

x 7→ (xn1+1, . . . , xn)(5.11.5)

defines a mapping from X into
∏n

l=n1+1Xl. These mappings correspond to the

usual mappings from (5.11.1) into
∏n1

j=1Xj and
∏n

l=n1+1Xl, as in Subsection
5.7.2, using the identification betweenX and (5.11.1) mentioned in the preceding
paragraph.

One can define σ-algebras of measurable subsets of
∏n1

j=1Xj ,
∏n

l=n1+1Xl,
and thus (5.11.1) in the same way as before. The σ-algebra of measurable subsets
of (5.11.1) corresponds exactly to AX , using the identification mentioned earlier.
This corresponds to a remark on p65 of [118], and the case where n1 = 2, n2 = 1
is the first part of Exercise 45 on p68 of [118]. Equivalently, this means that the
bijection from X onto (5.11.1) defined by (5.11.2) is measurable, and its inverse
mapping is measurable.

The measurability of this mapping is equivalent to the measurability of
(5.11.4) and (5.11.5), as in Subsection 5.8.2. The measurability of each of these
two mappings reduces to the measurability of the pl’s on X, as before.

Similarly, to get the measurability of the inverse mapping from (5.11.1) onto
X, it suffices to check the measurability of the mappings from (5.11.1) into
Xr obtained by composing the mapping onto X with pr for each r = 1, . . . , n.
This mapping is the same as the composition of one of the usual mappings
from (5.11.1) into

∏n1

j=1Xj or
∏n

l=n1+1Xl with the analogous mapping from∏n1

j=1Xj or
∏n

l=n1+1Xl, as appropriate, into Xr, depending on whether r ≤ n1
or r ≥ n1 + 1. These mappings are measurable, because they are compositions
of measurable mappings.

5.12 Products of n measures

Let n be a positive integer again, and let (Xj ,AXj
, µj) be a measure space for

j = 1, . . . , n. Put X =
∏n

j=1Xj , and let us continue with the other notation
from the previous two sections, for the Xj ’s as measurable spaces. We would
like to define a product measure

µ = µ1 × · · · × µn(5.12.1)

on X with respect to AX , with

µ
( n∏

j=1

Aj

)
=

n∏
j=1

µj(Aj)(5.12.2)

when Aj ∈ AXj
for each j.

If E ∈ AX,0 is expressed as the union of finitely many pairwise-disjoint
measurable Cartesian products as in (5.10.3), then one would like to define
µ(E) to be the corresponding sum of the measures of these Cartesian products,
using (5.12.2). As in the n = 2 case, one should check that µ is well-defined on
AX,0 in this way, and countably additive on AX,0.
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5.12.1 Some iterated integrals

More precisely, one can verify that µ(E) is equal to the iterated integral∫
X1

(∫
X2

· · ·
(∫

Xn

1E(x1, x2, . . . , xn) dµn(xn)
)
· · · dµ2(x2)

)
dµ1(x1).(5.12.3)

If E is an element of RX , then it is easy to see that at each step in the iterated
integral, one gets a multiple of the indicator function of the Cartesian product
of measurable sets in the variables that have not been integrated yet.

If E is any element of AX,0, then 1E is the sum of finitely many indicator
functions of elements ofRX , as in Subsection 1.5.3. In this case, it follows that at
each step in the iterated integral, one is integrating a measurable simple function
in one variable, and getting a measurable simple function of the variables to be
integrated. Of course, the iterated integral of 1E is equal to the sum of the
iterated integrals of the indicators functions of the corresponding elements of
RX under these conditions.

5.12.2 Extending µ to AX

Once µ is defined as a countably additive measure on X with respect to AX,0,
it can be extended to a countably additive measure on X with respect to AX as
in Subsection 1.11.4. This is the approach used on p65 of [118], and in Exercise
14 on p315 of [335].

Let us suppose from now on in this section that

Xj is σ-finite with respect to µj for each j.(5.12.4)

This implies that

X is σ-finite with respect to µ,(5.12.5)

because of (5.12.2).

5.12.3 Uniqueness of µ on AX

One can use this to get that µ is uniquely determined as a measure on X with
respect to AX by (5.12.2), as in Subsection 2.6.4 and Section 2.9, and as in the
n = 2 case in Subsection 5.9.3. More precisely, it is easy to see that µ is uniquely
determined on AX,0 by (5.12.2), and the previous arguments imply that µ is
uniquely determined on AX by its restriction to AX,0. as before.

If n1 and n2 are positive integers with n1 + n2 = n, then one can con-
sider analogous product measures on

∏n1

j=1Xj ,
∏n

l=n1+1Xl, and (5.11.1). The
uniqueness result mentioned in the preceding paragraph implies that the prod-
uct measure on (5.11.1) corresponds exactly to µ on X. This corresponds to a
remark on p65 of [118], and to the second part of Exercise 45 on p68 of [118]
when n1 = 2 and n2 = 1.
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5.12.4 Another approach to the product measure on X

Alternatively, one can obtain the product measure µ on X by reducing to the
n = 2 case, using induction, as in Lemma 22.5 on p431 of [159]. The simplest
way to do this is to define the appropriate product measure on

∏r
j=1Xj for

r = 1, . . . , n, one step at a time, as in [159]. As before, one can use uniqueness
to get that the resulting product measure on X is the same as the product
measure obtained analogously on (5.11.1). This is related to Lemma 22.6 on
p432 of [159]. Note that products of n measures are mentioned on p95 of [20]
too.

5.13 Sequences of measurable spaces

Let (X1,AX1
), (X2,AX2

), (X3,AX3
), . . . be an infinite sequence of measurable

spaces, and put X =
∏∞

j=1Xj . This is the space of infinite sequences x =
{xj}∞j=1 with xj ∈ Xj for each j, as in Section A.8. If l is a positive integer,
then let pl be the mapping from X into Xl defined by pl(x) = xl. If Al ⊆ Xl,
then

p−1
l (Al) =

∞∏
j=1

Aj,l,(5.13.1)

where Aj,l = Xj when j 6= l, and Al,l = Al. Note that

∞∏
l=1

Al =

∞⋂
l=1

p−1
l (Al)(5.13.2)

when Al ⊆ Xl for each l.

5.13.1 Cylinder sets

Let us call a subset of X of the form (5.13.2) a cylinder set if Al ∈ AXl
for each

l, and
Al = Xl for all but finitely many l,(5.13.3)

as in Exercise 15 on p316 of [335]. This is the same as a set of the form

n⋂
l=1

p−1
l (Al)(5.13.4)

for some positive integer n, with Al ∈ AXl
for l = 1, . . . , n.

Let AX be the σ-algebra of subsets of X generated by these cylinder sets.
This corresponds to part of 22.2 beginning on p429 of [159], although it is
formulated a bit differently here. Equivalently, we can take AX to be the σ-
algebra of subsets of X generated by sets of the form p−1

l (Al), with Al ∈ AXl
,

as on p22 of [118]. This σ-algebra may be denoted
⊗∞

l=1 AXl
, as in [118]. Note

that pl is measurable with respect to AX on X for each l, and that AX is the
smallest σ-algebra of subsets of X with this property.



156 CHAPTER 5. THE LP NORM, PRODUCT MEASURES, AND MORE

If Al ∈ AXl
for each l ≥ 1, then (5.13.2) is an element of AX , because it is

the intersection of a sequence of cylinder sets. This is related to Proposition 1.3
on p23 of [118].

5.13.2 Collections of subsets of the Xj’s generating AXj

Let EXj
be a collection of subsets of Xj that generates AXj

as a σ-algebra for

each j, and let ÃX be the σ-algebra of subsets of X generated by sets of the
form p−1

l (Al), with Al ∈ EXl
and l ≥ 1. Of course, ÃX is contained in AX , by

construction, and Proposition 1.4 on p23 of [118] implies that they are equal.

This is because the collection of Al ⊆ Xl such that p−1
l (Al) ∈ ÃX is a σ-algebra

of subsets of Xl that contains EXl
and thus AXl

for each l.

5.13.3 Borel sets in X

If Xj is a metric space for each j, then X may be considered as a metric space
with respect to a suitable product metric, as in Sections A.8 and A.9. More
precisely, we may suppose that the condition mentioned at the beginning of
Section A.9 holds, by adjusting the metrics as in Subsection A.7.1, if necessary.
This implies that the corresponding topology on X is the same as the product
topology, as in Subsection A.9.1. Similarly, if Xj is a topological space for
each j, then X may be considered as a topological space with respect to the
corresponding product topology.

Suppose for the moment in this subsection that AXl
is the σ-algebra of Borel

sets in Xl for each l. This means that we can take EXl
to be the collection of

open sets in Xl for each l in the remarks preceding this subsection. Note that
p−1
l (Al) is an open set in X when Al is an open set in Xl for any l. One can

use this to get that

AX is contained in the σ-algebra of Borel sets in X,(5.13.5)

for essentially the same reasons as in Subsection 5.10.2.

If there is a base for the topology of Xj with only finitely or countably many
elements for each j, then there is a base for the product topology on X with only
finitely or countably many elements, and whose elements are products of open
sets in the Xj ’s, as in Subsections A.14.3 and A.14.4. This implies in particular
that every open set in X may be expressed as the union of finitely or countably
many sets of the form (5.13.2), where Al is an open set in Xl for each l, and
(5.13.3) holds. This means that

every open set in X is an element of AX .(5.13.6)

It follows that AX contains all of the Borel sets in X under these conditions, so
that

AX is the collection of all Borel sets in X.(5.13.7)
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5.13.4 Measurable mappings into X

Let (Xj ,Aj) be any measurable space for each j again, and let (W,AW ) be
another measurable space. One can check that a mapping ϕ from W into X is
measurable with respect to AX on X if and only if

pl ◦ ϕ is measurable as a mapping from W into Xl for each l,(5.13.8)

as in Proposition 2.4 on p44 of [118]. The argument is analogous to the one for
mappings into finite products in Subsection 5.10.3.

5.14 A helpful family of related Cartesian prod-
ucts

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Let n be a positive integer, and consider the Cartesian products

∏n
j=1Xj ,∏∞

l=n+1Xl, and their product

( n∏
j=1

Xj

)
×

( ∞∏
l=n+1

Xl

)
.(5.14.1)

More precisely,
∏∞

l=n+1Xl may be considered as the set of infinite sequences
{xl}∞l=n+1 with xl ∈ Xl for each l ≥ n+ 1.

Observe that

x 7→ ((x1, . . . , xn), {xl}∞l=n+1)(5.14.2)

defines a one-to-one mapping from X onto (5.14.1). We shall sometimes want
to identify X with (5.14.1) in this way, so that subsets of (5.14.1) correspond
to subsets of X. If Aj ⊆ Xj for each j, then

( n∏
j=1

Aj

)
×
( ∞∏

l=n+1

Al

)
(5.14.3)

is a subset of (5.14.1) that corresponds to
∏∞

j=1Aj .

We also have mappings

x 7→ (x1, . . . , xn)(5.14.4)

from X into
∏n

j=1Xj , and

x 7→ {xl}∞l=n+1(5.14.5)

from X into
∏∞

l=n+1Xl. These mappings correspond to the usual ones from
(5.14.1) into

∏n
j=1Xj and

∏∞
l=n+1Xl, as in Subsection 5.7.2, using (5.14.2).
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5.14.1 σ-Algebras of measurable sets in these products

One can define a σ-algebra of measurable subsets of
∏n

j=1Xj as in Section

5.10.4, and a σ-algebra of measurable subsets of
∏∞

l=n+1Xl as in the previous
section. This leads to a σ-algebra of measurable sets in (5.14.1), as in Subsection
5.7.1. This corresponds exactly to AX , using (5.14.2). This corresponds to part
of Lemma 22.4 on p430 of [159]. This is the same as saying that (5.14.2) and
its inverse are both measurable.

The measurability of (5.14.2) is equivalent to the measurability of (5.14.4)
and (5.14.5), as in Subsection 5.8.2. The measurability of these two mappings
reduces to the measurability of the pl’s, as in Subsection 5.10.3 and Subsection
5.13.4.

In order to get the measurability of the inverse of (5.14.2), it suffices to verify
the measurability of the composition of the inverse mapping with pr for each r,
as in Subsection 5.13.4 again. This is the same as the composition of one of the
usual mappings from (5.14.1) into

∏n
j=1Xj or

∏∞
l=n+1Xl with the analogous

mapping from
∏n

j=1Xj or
∏∞

l=n+1Xl, as appropriate, into Xr, depending on
whether r ≤ n or r ≥ n + 1. The measurability of these mappings follows
from the fact that compositions of measurable mappings are measurable, as in
Subsection 3.1.3.

5.14.2 Some remarks about products of measurable sets

If Al and Bl are subsets of Xl for each l, then( ∞∏
l=1

Al

)
∩
( ∞∏

l=1

Bl

)
=

∞∏
l=1

(Al ∩Bl).(5.14.6)

This is the same as saying that

( ∞⋂
l=1

p−1
l (Al)

)
∩
( ∞⋂

l=1

p−1
l (Bl)

)
=

∞⋂
l=1

(p−1
l (Al) ∩ p−1

l (Bl))

=

∞⋂
l=1

p−1
l (Al ∩Bl).(5.14.7)

Let n be a positive integer again, and let

CX,n(5.14.8)

be the collection of cylinder sets
∏∞

l=1Al with Al ∈ AXl
for each l and

Al = Xl for all l ≥ n+ 1.(5.14.9)

Note that

CX,n ⊆ CX,n+1(5.14.10)
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for each n, and that

CX =

∞⋃
n=1

CX,n(5.14.11)

is the collection of all cylinder sets in X.
One can check that

CX,n is an elementary family of subsets of X(5.14.12)

for each n, as in Section 5.7, and thus that CX is an elementary family of sets
as well. More precisely, the fact that CX,n satisfies the third condition in the
definition of an elementary family of sets is essentially the same as in Subsection
5.10.4. One can also use (5.14.4) to reduce to the analogous statement for∏n

j=1Xj .
Let

ACX,n(5.14.13)

be the collection of subsets of X that can be expressed as the union of finitely
many pairwise-disjoint elements of CX,n. This is an algebra of subsets of X, as
in Section 5.7. This is the same as the collection of subsets of X that can be
expressed as the inverse image with respect to (5.14.4) of an analogous type of
subset of

∏n
j=1Xj , as in Subsection 5.10.4.

Note that
ACX,n ⊆ ACX,n+1(5.14.14)

for each n, because of (5.14.10). It is easy to see that

ACX =

∞⋃
n=1

ACX,n(5.14.15)

is an algebra of subsets of X, consisting of the subsets of X that can be expressed
as the union of finitely many pairwise-disjoint elements of CX . We also have
that

AX is the monotone class of subsets of X generated by ACX ,(5.14.16)

as in Subsection 2.6.1, because AX is the same as the σ-algebra of subsets of X
generated by ACX . This is related to 22.2 beginning on p429 of [159].

5.15 Sequences of probability spaces

Let {(Xj ,AXj
, µj)}∞j=1 be an infinite sequence of probability spaces, and put

X =
∏∞

j=1Xj . Let us also continue with the other notation from the previous
two sections, for the Xj ’s as measurable spaces. We would like to define a
product probability measure µ on X with respect to AX , with

µ
( ∞∏

j=1

Aj

)
=

∞∏
j=1

µj(Aj)(5.15.1)
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when Aj ∈ AXj for each j, and Aj = Xj for all but finitely many j. Note that

µj(Aj) = 1 for all but finitely many j(5.15.2)

in this case, so that the product on the right side of (5.15.1) reduces to a finite
product.

Let us put

X(n) =

n∏
j=1

Xj(5.15.3)

for each positive integer n, and let RX(n) be the collection of subsets of X(n)
of the form

∏n
j=1Aj , with Aj ∈ AXj

for j = 1, . . . , n, as in Subsection 5.10.4.
Also let AX(n) be the σ-algebra of subsets of X(n) generated by RX(n), and let
AX(n),0 be the collection of subsets of X(n) that can be expressed as the union
of finitely many pairwise-disjoint elements of RX(n), as before. Remember that
AX(n),0 is an algebra of subsets of X(n), and that AX(n) is generated by AX(n),0

as a σ-algebra, and thus as a monotone class of subsets of X(n).

5.15.1 Using the standard mapping from X onto X(n)

Let ϕn be the mapping from X ontoX(n) defined by (5.14.4). Of course, Xj 6= ∅
for each j, because µj(Xj) = 1, by hypothesis. If Aj ∈ AXj for j = 1, . . . , n,
then

ϕ−1
n

( n∏
j=1

Aj

)
=

∞∏
j=1

Aj ,(5.15.4)

where Aj = Xj for j ≥ n+ 1. In this case, (5.15.1) is the same as saying that

µ
(
ϕ−1
n

( n∏
j=1

Aj

))
=

n∏
j=1

µj(Aj) = (µ1 × · · · × µn)
( n∏

j=1

Aj

)
,(5.15.5)

where µ1 × · · · × µn is the product measure defined on X(n) with respect to
AX(n) as in Section 5.12.

Note that

E(n) 7→ ϕ−1
n (E(n))(5.15.6)

defines a one-to-one mapping from RX(n) onto CX,n. This also defines a one-
to-one mapping from AX(n),0 onto ACX,n. Put

µ(ϕ−1
n (E(n))) = (µ1 × · · · × µn)(E(n))(5.15.7)

for each E(n) ∈ AX(n),0. This defines µ as a countably additive measure on
ACX,n. This is uniquely determined as a finitely additive measure on ACX,n by
its restriction to CX,n, as in (5.15.5).
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5.15.2 Defining µ on ACX , and on AX

Remember that ACX,n is contained in ACX,n+1, as in (5.14.14). Of course, one
can define µ on ACX,n+1 in the same way as before. One can check that this
is compatible with the definition of µ on ACX,n, because µn+1(Xn+1) = 1, by
hypothesis.

Thus we can use this to define µ on ACX , because of (5.14.15). It is easy to
see that µ is finitely additive on ACX , and that µ is uniquely determined as a
finitely-additive measure on ACX by its restriction to CX , as in (5.15.5). This
corresponds to part of Theorem 22.7 on p432 of [159].

It is well known that µ is countably additive on ACX , so that µ can be
extended to a countably additive probability measure on X with respect to AX ,
as in Subsection 1.11.4. This corresponds to Theorem 22.8 on p433 of [159], and
another argument may be found in [302]. This is also mentioned in Exercise 15
on p316 of [335]. This extension is unique, as in Subsection 2.6.2 and Section
2.9. This means that µ is uniquely determined by (5.15.1).

5.15.3 Some more properties of these product measures

One can check that (5.15.7) holds for every n and E(n) ∈ AX(n). This is the
same as saying that

(ϕn)∗(µ) = µ1 × · · · × µn,(5.15.8)

in the notation of Section 4.11. This uses the fact that the right side is uniquely
determined by its restriction to RX(n), as in Subsection 5.12.3.

If fn is nonnegative extended real-valued measurable function on X(n), then
fn ◦ ϕn is a nonnegative extended real-valued measurable function on X, and∫

X

(fn ◦ ϕn) dµ =

∫
X(n)

fn d(µ1 × · · · × µn),(5.15.9)

as in Subsection 4.11.3. If fn is a measurable real or complex-valued function
on X(n), then fn ◦ ϕn is measurable on X, and the previous statement implies
that ∫

X

|fn ◦ ϕn| dµ =

∫
X(n)

|fn| d(µ1 × · · · × µn).(5.15.10)

In particular, fn is integrable on X(n) if and only of fn ◦ϕn is integrable on X.
In this case, (5.15.9) holds, as before.

5.15.4 Some other approaches to product measures like
these

Suppose that Xj is a compact metric space, or a compact Hausdorff topological
space, for each j. This implies that X =

∏∞
j=1Xj is compact with respect to

the product topology, by Tychonoff’s theorem. If the Xj ’s are metric spaces,
then we may suppose that the condition mentioned at the beginning of Section
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A.9 holds, by adjusting the metrics as in Section A.7, if necessary, and use a
suitable product metric on X as in Section A.8.

It is well known that finite regular Borel measures on compact Hausdorff
topological spaces correspond to nonnegative linear functionals on the associated
spaces of continuous real-valued functions. One can use this to get a product
probability measure on X from regular Borel probability measures on the Xj ’s.
More precisely, one can define a nonnegative linear functional on the space of
continuous real-valued functions on X by integrating over the Xj ’s and taking
a suitable limit. This corresponds to part of Theorem 7.28 on p230 of [118], and
to the discussion beginning in 13.15 on p157 of [158].

If one starts with locally compact Hausdorff topological spaces that are not
compact, then one can get compact Hausdorff spaces using one-point compacti-
fications. It is easy to extend a Borel measure on such a space to the one-point
compactification, where the measure of the set consisting only of the point at
infinity is equal to 0. The one-point compactification of the real line is home-
omorphic to a circle, for instance. This can be used to reduce to the case of
products of compact spaces, as mentioned on p328 of [118].

Let us take Xj = R and AXj
to be the σ-algebra of Borel sets in R for

each j. In this case, the existence of a suitable product probability measure
is mentioned on p309 of [20], as a consequence of a theorem of Kolmogorov.
This theorem deals more broadly with probability measures on Rn for each n,
with a suitable compatibility condition for the measures on Rn and Rn+1. This
condition holds automatically when these probability measures are obtained
from the products of the first n terms of a sequence of probability measures on
R. Theorem 10.18 on p328 of [118] is another result of this type.



Chapter 6

Independence in probability
theory

6.1 Some terminology in probability theory

Let (X,A, µ) be a probability space, i.e., a measure space with µ(X) = 1.
An element of A may be called an event. The term almost surely may be
used instead of almost everywhere with respect to µ. A measurable real-valued
function f on X is called a random variable, as mentioned in Subsection 4.11.1.
If f is integrable on X with respect to µ, then

E(f) =

∫
X

f dµ(6.1.1)

may be called the expectation, expected value, or mean of f . We may also use
this notation when f is a nonnegative extended real-valued measurable function
on X that is not necessarily integrable, so that E(f) may be +∞. This is
discussed beginning on p381 of [14], beginning on p267 of [20], and on p314 of
[118].

6.1.1 Independent pairs of events

Two events A, B in X are said to be independent if

µ(A ∩B) = µ(A)µ(B),(6.1.2)

as in Definition 12.7 on p383 of [14], and on p272 of [20].
Suppose for the moment that (X1,A1, µ1) and (X2,A2, µ2) are probability

spaces, and that (X,A, µ) corresponds to their product, as in Section 5.9. If
A1 ∈ A1 and B2 ∈ A2, then one can check that

A = A1 ×X2 and B = X1 ×B2(6.1.3)

are independent events in X. This corresponds to Example 12.9 on p383 of [14].

163
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6.1.2 Independence of n events

Let n be a positive integer, and let A1, . . . , An be n events in X. These events
are said to be independent if

µ(Aj1 ∩Aj2 ∩ · · · ∩ Ajr ) = µ(Aj1)µ(Aj2) · · ·µ(Ajr )(6.1.4)

whenever
1 ≤ j1 < j2 < · · · < jr ≤ n,(6.1.5)

as on p272 of [20]. Note that this implies that every subcollection of these events
is independent too.

Suppose for the moment that (Xj ,Aj , µj) is a probability space for j =
1, . . . , n, and that (X,A, µ) corresponds to their product, as in Section 5.12.
Let pl be the obvious mapping from X onto Xl for each l = 1, . . . , n, as in
Section 5.10. If Bl ∈ Al for l = 1, . . . , n, then one can check that

p−1
l (Bl), 1 ≤ l ≤ n,(6.1.6)

are independent events in X. More precisely, if 1 ≤ l1 < l2 < · · · < lr ≤ n, then

p−1
l1

(Bl1) ∩ p−1
l2

(Bl2) ∩ · · · ∩ p−1
lr

(Blr ) =

n∏
j=1

Cj ,(6.1.7)

where Clk = Blk when k = 1, . . . , r, and Cj = Xj when j 6= l1, . . . , lr. This
implies that

µ(p−1
l1

(Bl1) ∩ p−1
l2

(Bl2) ∩ · · · ∩ p−1
lr

(Blr ))(6.1.8)

= µ
( n∏

j=1

Cj

)
=

n∏
j=1

µj(Cj)

= µl1(Bl1)µl2(Bl2) · · ·µlr (Blr )

= µ(p−1
l1

(Bl1))µ(p
−1
l2

(Bl2)) · · ·µ(p−1
lr

(Blr )).

6.1.3 Independent sequences of events

An infinite sequence A1, A2, A3, . . . of events in X is said to be independent if
any finite subcollection of these events is independent, as on p273 of [20]. The
independence of any family of events can be defined in the same way, as in
Definition 12.7 on p383 of [14]. An equivalent definition may be found on p315
of [118]. In the case of sequences, this is the same as saying that (6.1.4) holds
when

1 ≤ j1 < j2 < · · · < jr.(6.1.9)

Suppose for the moment again that {(Xj ,Aj , µj)}∞j=1 is an infinite sequence
of probability spaces, and that (X,A, µ) corresponds to their product, as in
Section 5.15. Let pl be the usual mapping from X onto Xl for each positive
integer l, as in Section 5.13. If Bl ∈ Al for each l, then one can verify that

p−1
l (Bl), l ≥ 1,(6.1.10)



6.2. INFINITE PRODUCTS OF REAL NUMBERS 165

are independent events in X. This is basically the same as in the previous
subsection.

6.1.4 Independence and complements

If A1, . . . , An are independent events in X, then it is well known that

A1, . . . , An−1, X \An are independent in X.(6.1.11)

This corresponds to part of Exercise 3 on p398 of [14] and Proposition 21.7 on
p273 of [20] when n = 2, and to part a of Exercise 3 on p319 of [118] for any n.
To see this, we should check that

µ(Aj1 ∩ · · · ∩ Ajr ∩ (X \An)) = µ(Aj1) · · ·µ(Ajr )µ(X \An)(6.1.12)

when 1 ≤ j1 < · · · < jr < n. Note that

µ(Aj1 ∩ · · · ∩ Ajr ∩X) = µ(Aj1) · · ·µ(Ajr )µ(X),(6.1.13)

as in (6.1.4), and that

µ(Aj1 ∩ · · · ∩ Ajr ∩An) = µ(Aj1) · · ·µ(Ajr )µ(An),(6.1.14)

using independence again. One can get (6.1.12) by subtracting both sides of
(6.1.14) from the corresponding side of (6.1.13).

The same argument can be used to replace any one of A1, . . . , An with its
complement inX, to get independent events inX. One can repeat the argument,
to replace as many of A1, . . . , An by their complements in X as one would like,
and get independent events. This implies the analogous statement for infinite
sequences of independent events inX, or arbitrary families of independent events
in X, as in part b of Exercise 3 on p319 of [118]. In particular, one can replace
all of the events by their complements in X, as in Exercise 4 on p398 of [14].

6.2 Infinite products of real numbers

Let {tj}∞j=1 be an infinite sequence of real numbers. Let us say that the infinite
product

∞∏
j=1

tj(6.2.1)

converges if the corresponding sequence of partial products

n∏
j=1

tj(6.2.2)

converges in R. In this case, the value of (6.2.1) is defined to be the limit of the
sequence of partial products.
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Of course, if tl = 0 for some l, then (6.2.2) is equal to 0 when n ≥ l, so
that (6.2.1) converges in this sense and is equal to 0. Sometimes (6.2.1) is not
considered to be convergent if tl 6= 0 for each l and the sequence of partial
products converges to 0.

Suppose for the moment that (6.2.1) converges and is not 0, so that tl 6= 0
for each l in particular. Observe that

tn =
( n∏

j=1

tj

)/( n−1∏
j=1

tj

)
→ 1 as n→ ∞(6.2.3)

under these conditions.
Clearly ∣∣∣∣ n∏

j=1

tj

∣∣∣∣ = n∏
j=1

|tj |(6.2.4)

for each n. If (6.2.1) converges, then it follows that
∏∞

j=1 |tj | converges, with

∞∏
j=1

|tj | =
∣∣∣∣ ∞∏
j=1

tj

∣∣∣∣.(6.2.5)

Suppose for the moment that 0 ≤ tj ≤ 1 for each j, so that the sequence of
partial products (6.2.2) is a monotonically decreasing sequence of elements of
[0, 1]. This implies that (6.2.1) converges, and is an element of [0, 1].

6.2.1 Intersections of independent events

Let (X,A, µ) be a probability space, and let A1, A2, A3, . . . be an infinite se-
quence of independent events in X. Observe that

n∏
j=1

µ(Aj) = µ
( n⋂

j=1

Aj

)
→ µ

( ∞⋂
j=1

Aj

)
as n→ ∞,(6.2.6)

where the second step is as in Subsection 1.9.2. This means that

∞∏
j=1

µ(Aj) = µ
( ∞⋂

j=1

Aj

)
.(6.2.7)

Let {(Xj ,Aj , µj)}∞j=1 be an infinite sequence of probability spaces, and sup-
pose that (X,A, µ) corresponds to their product, as in Section 5.15. Also let pl
be the usual mapping from X onto Xl for each l, as in Section 5.13, and let Bl

be an element of Al for each l. Remember that

∞∏
l=1

Bl =

∞⋂
l=1

p−1
l (Bl) ∈ A,(6.2.8)
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as in Subsection 5.13.1, and that

µ(p−1
l (Bl)) = µl(Bl)(6.2.9)

for each l, by construction. Thus

µ
( ∞∏

l=1

Bl

)
=

∞∏
l=1

µl(Bl),(6.2.10)

as in (6.2.7), with Al = p−1
l (Bl) for each l. This can be seen a bit more directly

using the fact that
∞∏
l=1

Bl =

∞⋂
n=1

( ∞∏
l=1

Cl,n

)
,(6.2.11)

with
Cl,n = Bl when l ≤ n, = Xl when l > n.(6.2.12)

6.2.2 Products of positive real numbers

Let {tj}∞j=1 be an infinite sequence of positive real numbers, so that (6.2.2) is a
positive real number for each n. Of course,

log
( n∏

j=1

tj

)
=

n∑
j=1

log tj(6.2.13)

for each n. It is easy to see that (6.2.1) converges and is not 0 if and only if

∞∑
j=1

log tj(6.2.14)

converges as an infinite series of real numbers, with the logarithm of (6.2.1)
equal to (6.2.14) in this case. If (6.2.14) converges absolutely, then one may say
that (6.2.1) converges absolutely as an infinite product.

It is well known and not difficult to show that (6.2.14) converges absolutely
if and only if

∞∑
j=1

|tj − 1| < +∞.(6.2.15)

Of course, (6.2.15) implies that tj → 1 as j → ∞. Similarly, the convergence of
(6.2.14) implies that log tj → 0 and j → ∞, so that tj → 1.

6.2.3 More on products with 0 ≤ tj ≤ 1 for each j

Suppose that 0 ≤ tj ≤ 1 for each j again, so that

tj = 1− xj(6.2.16)
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for each j, with 0 ≤ xj ≤ 1. If xj < 1 for each j and

∞∑
j=1

xj < +∞,(6.2.17)

then tj > 0 for each j and (6.2.15) holds, so that (6.2.1) is positive, as in the
previous subsection. This corresponds to the second part of Lemma 22.25 on
p445 of [159].

The first part of Lemma 22.25 on p445 of [159] states that

∞∏
j=1

(1− xj) = 0(6.2.18)

when
∞∑
j=1

xj = +∞.(6.2.19)

Of course, (6.2.18) holds automatically when xj = 1 for some j, and so we may
as well suppose that xj < 1 for each j. This implies that

1 + xj ≤
1

1− xj
(6.2.20)

for each j, because (1 + xj) (1− xj) = 1− x2j ≤ 1. Observe that

1 +

n∑
j=1

xj ≤
n∏

j=1

(1 + xj)(6.2.21)

for each n, so that

1 +

n∑
j=1

xj ≤
( n∏

j=1

(1− xj)
)−1

.(6.2.22)

If
∑n

j=1 xj → +∞ as n→ ∞, then it follows that
∏n

j=1(1− xj) → 0.

Alternatively, one can check that

1− x ≤ exp(−x)(6.2.23)

for all nonnegative real numbers x using calculus, as mentioned on p385 of [14],
p274 of [20], and p321 of [118]. This implies that

n∏
j=1

(1− xj) ≤ exp
(
−

n∑
j=1

xj

)
(6.2.24)

for each n. This can be used in the same way as before.
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6.3 The Borel–Cantelli lemma

Let (X,A, µ) be a measure space, and let A1, A2, A3, . . . be an infinite sequence
of measurable subsets of X. Remember that lim supj→∞Aj is the set of x ∈ X
such that x ∈ Aj for infinitely many j, as in Subsection 1.4.2. It is easy to see
that this is a measurable subset of X, using the characterization in Subsection
1.4.3. If

∞∑
j=1

µ(Aj) < +∞,(6.3.1)

then part of the Borel–Cantelli lemma states that

µ
(
lim sup
j→∞

Aj

)
= 0.(6.3.2)

This corresponds to 12.6 on p383 of [14], part (1) of Lemma 21.9 on p274 of
[20], part a of 10.10 on p321 of [118], part of 22.26 on p445 of [159], Theorem
1.41 on p32 of [298], and Exercise 16 on p42 of [335]. More precisely, the result
is initially stated in [159] for certain types of sequences of measurable sets in
the product of a sequence of probability spaces, as in the previous section, but
the proof of this part does not use that, as mentioned in [159]. Similarly, this
is stated in [335] for Lebesgue measure on Euclidean spaces, but the argument
works for arbitrary measure spaces.

6.3.1 Two proofs

There are two basic types of arguments that are commonly used to show this.
In one argument, we observe that∫

X

( ∞∑
j=1

1Aj

)
dµ =

∞∑
j=1

∫
X

1Aj
dµ =

∞∑
j=1

µ(Aj) < +∞,(6.3.3)

where the first step is as in Subsection 3.11.1. This implies that

∞∑
j=1

1Aj
(x) < +∞(6.3.4)

for almost every x ∈ X with respect to µ, as in Subsection 3.10.2. This is
equivalent to (6.3.2). This argument is used in [14, 298], and it is also mentioned
on p63 of [335].

In the second argument, we use the fact that

µ
( ∞⋃

j=l

Aj

)
≤

∞∑
j=l

µ(Aj),(6.3.5)

as in Subsection 1.10.2. We also have that

µ
( ∞⋃

j=l

Aj

)
→ µ

(
lim sup
j→∞

Aj

)
as l → ∞,(6.3.6)
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because of the characterization of lim supj→∞Aj in Subsection 1.4.3, and the
remarks in Subsection 1.9.2. Of course,

∞∑
j=l

µ(Aj) → 0 as l → ∞,(6.3.7)

because of (6.3.1). Thus (6.3.2) holds. This is the argument used in [20, 118,
159, 335], and it corresponds to Exercise 11 on p33 of [298] as well.

6.3.2 When the Aj’s are independent

Suppose now that (X,A, µ) is a probability space, and that A1, A2, A3, . . . are
independent events in X. If

∞∑
j=1

µ(Aj) = +∞,(6.3.8)

then
µ
(
lim sup
j→∞

Aj

)
= 1,(6.3.9)

as in 12.10 on p385 of [14], part (2) of Lemma 21.9 on p274 of [20], and part b
of 10.10 on p321 of [118]. This also corresponds to 22.26 on p445 of [159] when
the Aj ’s are the type of independent events in the product of a sequence of
probabilty spaces mentioned in Subsection 6.1.3, although the proof is essentially
the same as for arbitrary sequences of independent events.

Of course, (6.3.9) is the same as saying that

µ
(
X \

(
lim sup
j→∞

Aj

))
= 0.(6.3.10)

It is easy to see that

X \
(
lim sup
j→∞

Aj

)
=

∞⋃
l=1

( ∞⋂
j=l

(X \Aj)
)
,(6.3.11)

using the characterization of lim supj→∞Aj mentioned in Subsection 1.4.3.
Thus it suffices to show that

µ
( ∞⋂

j=l

(X \Aj)
)
= 0(6.3.12)

for each l.
Remember that the events X \ Aj are independent, as in Subsection 6.1.4.

This implies that

µ
( ∞⋂

j=l

(X \Aj)
)
=

∞∏
j=l

µ(X \Aj) =

∞∏
j=l

(1− µ(Aj))(6.3.13)



6.4. INDEPENDENT RANDOM VARIABLES 171

for each l, where the first step is as in Subsection 6.2.1.
Note that

∞∑
j=l

µ(Aj) = +∞(6.3.14)

for each l, because of (6.3.8). It follows that the right side of (6.3.13) is equal
to 0, as in Subsection 6.2.3.

6.4 Independent random variables

Let (X,A, µ) be a probability space, and let f and g be random variables on
X, i.e., measurable real-valued functions on X. If

f−1(U) and g−1(V ) are independent events in X(6.4.1)

for all Borel sets U, V ⊆ R, then f and g are said to be independent as random
variables on X, as in Definition 12.14 on p386 of [14]. This is described in an
equivalent way on p273 of [20].

Similarly, let n be a positive integer, and let f1, . . . , fn be n random variables
on X. If

f−1
1 (U1), . . . , f

−1
n (Un) are independent events in X(6.4.2)

for all Borel sets U1, . . . , Un ⊆ R, then f1, . . . , fn are said to be independent as
random variables on X. Of course, (6.4.2) implies that

µ(f−1
1 (U1) ∩ . . . ∩ f−1

n (Un)) = µ(f−1
1 (U1)) · · ·µ(f−1

n (Un)),(6.4.3)

as in Subsection 6.1.2. In fact, it suffices to check that this holds for all Borel
sets U1, . . . , Un ⊆ R, because this implies the analogous condition for all sub-
collections of these events, by taking Ul = R for some l’s, so that f−1

l (Ul) = X.
In particular, if f1, . . . , fn are independent random variables on X, then any
subcollection of f1, . . . , fn is independent as well.

An infinite sequence {fj}∞j=1 of random variables on X is said to be inde-
pendent if

{f−1
j (Uj)}∞j=1 is a sequence of independent events in X(6.4.4)

for every sequence {Uj}∞j=1 of Borel sets in R. One can check that this is the
same as saying that any finite subcollection of the fj ’s is independent. One can
define independence of arbitrary families of random variables on X in the same
way, as in Definition 12.14 on p386 of [14], on p273 of [20], and on p315 of [118].

6.4.1 Indicator functions of independent events

One can check that events A1, . . . , An in X are independent if and only if

their indicator functions 1A1
, . . . ,1An

(6.4.5)

are independent as random variables on X.
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The “if” part follows directly from the definition of independence of random
variables, and the “only if” part uses the remarks in Subsection 6.1.4. There
are analogous statements for infinite sequences of events and arbitrary families of
events. This corresponds to the first example on p386 of [14] for pairs of events,
and to part of Exercise 3 on p319 of [118] for arbitrary families of events.

6.4.2 Some independent random variables

Let (X1,A1, µ1), . . . , (Xn,An, µn) be n probability spaces, and suppose for the
moment that (X,A, µ) corresponds to their product, as in Section 5.12. Also let
pl be the obvious mapping from X onto Xl for each l = 1, . . . , n, as in Section
5.10, and let fl be a measurable real-valued function on Xl for each l = 1, . . . , n.
Thus fl ◦pl is a measurable real-valued function on X for each l = 1, . . . , n, and
one can check that

f1 ◦ p1, . . . , fn ◦ pn are independent on X.(6.4.6)

Indeed, if U1, . . . , Un are Borel sets in R, then f−1
l (Ul) ∈ Al for l = 1, . . . , n,

and
(fl ◦ pl)−1(Ul) = p−1

l (f−1
l (Ul)), 1 ≤ l ≤ n,(6.4.7)

are independent events in X, as in Subsection 6.1.2. This corresponds to the
third example on p386 of [14] when n = 2, it is related to part (2) of Exercise
21.39 on p320 of [20], and it also corresponds to some remarks on p318 of [118].

6.4.3 Some more independent random variables

Similarly, let {(Xj ,Aj , µj)}∞j=1 be an infinite sequence of probability spaces,
and suppose for the moment again that (X,A, µ) corresponds to their product,
as in Section 5.15. Let pl be the usual mapping from X onto Xl for each l, as
in Section 5.13, and let fl be a measurable real-valued function on Xl for each
l. One can check that

{fl ◦ pl}∞l=1 is an independent sequence of random variables on X,(6.4.8)

using the analgous remark for independent sequences of events in X in Subsec-
tion 6.1.3, as in the preceding subsection. This is related to a remark on p309 of
[20], and to Corollary 10.19 on p329 of [118]. Sequences of independent random
variables like these are also considered in Section 22 of [159], without using this
terminology.

6.4.4 Compositions with other functions

Suppose that f1, . . . , fn are independent random variables on X, and that
α1, . . . , αn are real-valued Borel measurable functions on the real line. Thus
α1 ◦ f1, . . . , αn ◦ fn are also measurable on X, as in Subsection 3.1.3. It is easy
to see that

α1 ◦ f1, . . . , αn ◦ fn are independent random variables on X,(6.4.9)
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as in 12.16 on p387 of [14] and Remark 21.8 on p273 of [20] when n = 2, and
part of Proposition 10.2 on p316 of [118]. There are analogous statements for
sequences or arbitrary families of independent random variables, as usual.

6.5 Rademacher functions and related topics

Let k be a positive integer, and let rk be the real-valued function defined on
[0, 1) by

rk(x) = 1 when (l − 1) 2−k ≤ x < l 2−k and l is odd(6.5.1)

= −1 when (l − 1) 2−k ≤ x < l 2−k and l is even,

as on p238 of [14]. More precisely, 1 ≤ l ≤ 2k in both cases. These are the
Rademacher functions on the unit interval. These functions are also defined
in 5.2 on p104 of [331] and on p6 of Volume I of [388], with slightly different
conventions. We may take rk(1) = −1 for each k, so that rk is defined on [0, 1].

Of course, [0, 1) and [0, 1] may be considered as probability spaces, using
Lebesgue measure on the corresponding σ-algebra of Borel sets. Note that the
Rademacher functions are Borel measurable. In fact, it is well known that
the Rademacher functions are independent as random variables with respect
to Lebesgue measure, as in Exercise 16 on p399 of [14]. This is related to the
remarks in Subsection A.12.2.

More precisely, let B be the set of all binary sequences, as in Section A.12,
and let ϕ be the usual mapping from B onto [0, 1], as in Subsection A.12.2.
Consider the function

y 7→ (−1)yk(6.5.2)

on B. Let A ⊆ B be as in Section A.13. One can check that

rk(ϕ(y)) = (−1)yk(6.5.3)

when y ∈ B \A.
In fact, A is countably infinite, ϕ(A) = E is countably infinite, and the

restriction of ϕ to B \ A is a one-to-one mapping onto [0, 1] \ E, as in Section
A.13. Let us use the metric dB,θ on B as in Section A.12, with 0 < θ < 1,
and one might as well take θ = 1/2. One can show that ϕ is continuous with
respect to this metric, as in Subsection A.12.2. One can also show that ϕ−1 is
continuous on [0, 1] \ E, as in Subsection A.13.2.

This implies that Borel measures on B \A correspond exactly to Borel mea-
sures on [0, 1] \ E using ϕ and its inverse, as in Section 4.11. One can use this
to get that Borel measures on B that are equal to 0 on sets with one element
correspond exactly to Borel measures on [0, 1] that are equal to 0 on sets with
one element. In particular, Lebesgue measure on [0, 1] corresponds to a Borel
probability measure on B with this property in this way.

As in Section A.12, B may be considered as the Cartesian product
∏∞

j=1 Bj ,
with Bj = {0, 1} for each j. Let µj be the probability measure on the collection
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of all subsets of Bj with µj({0}) = µj({1}) = 1/2 for each j. This leads to a
probability measure µ on B, as in Section 5.15. More precisely, µ is defined on
the corresponding σ-algebra of Borel sets in B, as in Subsection 5.13.3. It is
well known and not too difficult to see that µ corresponds to Lebesgue measure
on [0, 1], as in the preceding paragraph.

The functions (6.5.2) are independent random variables on B with respect to
any product probability measure on B, as in the previous section. This implies
that the Rademacher functions are independent random variables on [0, 1] with
respect to Lebesgue measure.

Some related results for expansions with base b ≥ 2 are discussed in Exercise
23 on p329 of [118]. The case of ordinary decimal expanions, b = 10, is also
mentioned on p396 of [14].

6.6 More on pushing measures forward

Let (X,AX , µ) be a probability space, let (Y,AY ) be a measurable space, let ϕ
be a measurable mapping from X into Y , and let ν = ϕ∗(µ) be the measure on
Y with respect to AY obtained by pushing µ forward using ϕ, as in Section 4.11.
Note that ν is a probability measure on Y , and let B1, . . . , Bn be measurable
subsets of Y . One can check that

B1, . . . , Bn are independent in Y with respect to ν(6.6.1)

if and only if

ϕ−1(B1), . . . , ϕ
−1(Bn) are independent in X with respect to µ.(6.6.2)

There are analogous statements for infinite sequences and arbitrary families of
events in Y .

Similarly,

random variables β1, . . . , βn on Y are independent with respect to ν(6.6.3)

if and only if

β1 ◦ ϕ, . . . , βn ◦ ϕ are independent as random variables on X(6.6.4)

with respect to µ.

This follows from the previous statement, with

Bl = β−1
l (Ul),(6.6.5)

1 ≤ l ≤ n, where U1, . . . , Un are Borel sets in R. There are analogous statements
for infinite sequences and arbitrary families of random variables on Y , as before.
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6.6.1 Measurable mappings into Rn

Let f1, . . . , fn be measurable real-valued functions on X, and let F be the
corresponding mapping from X into Rn, so that the lth component of F is fl
for l = 1, . . . , n. Note that F is measurable with respect to the σ-algebra of
Borel sets in Rn, as in Subsections 5.10.2 and 5.10.3. A measurable mapping
from X into Rn may be called a random vector, as on p302 of [20].

Let νF be the Borel probability measure on Rn obtained by pushing µ for-
ward using F , and let νfl be the Borel probability measure on R obtained
by pushing µ forward using fl for each l. The measure νF is called the joint
distribution of f1, . . . , fn with respect to µ, as on p303 of [20], and p315 of [118].

We would like to check that

f1, . . . , fn are independent random variables on X(6.6.6)

if and only if
νF = νf1 × · · · × νfn(6.6.7)

as Borel probability measures on Rn, where the right side is as in Section 5.12.
This corresponds to some remarks on p316 of [118], and it is related to part (2)
of Exercise 21.39 on p320 of [20].

Note that (6.6.7) holds if and only if

νF

( n∏
l=1

Al

)
=

n∏
l=1

νfl(Al)(6.6.8)

for all Borel sets A1, . . . , An ⊆ R, as in Subsection 5.12.3. We also have that

F−1
( n∏

l=1

Al

)
=

n⋂
l=1

f−1
l (Al),(6.6.9)

by the definition of F . Thus

νF

( n∏
l=1

Al

)
= µ

(
F−1

( n∏
l=1

Al

))
= µ

( n⋂
l=1

f−1
l (Al)

)
.(6.6.10)

This means that (6.6.8) is equivalent to (6.4.3), by the definition νfl , 1 ≤ l ≤ n.

6.6.2 Sequences of random variables

Let {fj}∞j=1 be an infinite sequence of measurable real-valued functions on X,
and let us take Yj = R for each j ≥ 1, considered as a measurable space with
respect to the σ-algebra of Borel sets. Let us also take Y =

∏∞
j=1 Yj , and

remember that the corresponding product σ-algebra AY of measurable subsets
of Y is the same as the σ-algebra of Borel sets in Y with respect to the product
topology, or a suitable product metric, as in Subsection 5.13.3. The mapping F
from X into Y whose components are the fj ’s is measurable, as in Subsection
5.13.4.
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Let νF be the probability measure on Y obtained by pushing µ forward
using F , and let νfl be the probability measure on Yl = R obtained by pushing
µ forward using fl for each l, as before. One can check that f1, f2, f3, . . . are
independent random variables on X with respect to µ if and only if νF is the
same as the product measure on Y associated to the νfl ’s, as in Section 5.15.

More precisely, these two measures are the same if and only if they are the
same on cylinder sets in Y , as before. One can verify that this happens if and
only if the sequence of fl’s is independent on X, using an argument like the one
in the previous subsection.

6.7 Pushing some product measures forward

Let n be a positive integer, and let (Xj ,AXj , µj) be a probability space for
j = 1, . . . , n. This leads to a σ-algebra AX on X =

∏n
j=1Xj as in Section 5.10,

and to a product probability measure µ on X with respect to AX as in Section
5.12. If pl is the obvious mapping from X onto Xl for each l, as in Section 5.10,
then

µl(Al) = µ(p−1
l (Al))(6.7.1)

for every Al ∈ AXl
, by construction. More precisely, the right side is equal to

µl(Al) times the product of µj(Xj) with j 6= l, and µj(Xj) = 1 for each j, by
hypothesis. This means that

µl = (pl)∗(µ),(6.7.2)

as in Section 4.11.
If γl is a nonnegative extended real-valued measurable function on Xl, then

it follows that ∫
X

(γl ◦ pl) dµ =

∫
Xl

γl dµl,(6.7.3)

as in Subsection 4.11.3. If γl is a measurable real or complex-valued function
on Xl, then ∫

X

|γl ◦ pl| dµ =

∫
Xl

|γl| dµl.(6.7.4)

Thus γl is integrable on Xl with respect to µl if and only if γl◦pl is integrable on
X with respect to µ, and in this case, (6.7.3) holds, as before. There are anal-
ogous statements for products of sequences of probability spaces, as in Section
5.15.

6.7.1 Some mappings between product spaces

Let (Yj ,AYj
) be a measurable space for j = 1, . . . , n, and let AY be the cor-

responding σ-algebra of subsets of Y =
∏n

j=1 Yj , as in Section 5.10. If ϕj is a
mapping from Xj into Yj for each j, then we get a mapping ϕ from X into Y
by taking

ϕ(x) = (ϕ1(x1), . . . , ϕn(xn))(6.7.5)
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for each x ∈ X. Equivalently, ϕl ◦ pl maps X into Yl for l = 1, . . . , n, and this
is the same as the composition of ϕ with the obvious mapping from Y into Yl.

If ϕl is measurable for each l, then ϕl ◦ pl is measurable as a mapping from
X into Yl, because it is a composition of measurable mappings. This implies
that

ϕ is measurable as a mapping from X into Y,(6.7.6)

as in Subsection 5.10.3.
The measure (ϕj)∗(µj) on Yj with respect to AYj

obtained by pushing µj

forward using ϕj as in Section 4.11 is a probability measure, as before. Similarly,
the measure ϕ∗(µ) on Y with respect to AY obtained by pushing µ forward using
ϕ is a probability measure. One can check that

ϕ∗(µ) is the same as the product measure on Y(6.7.7)

associated to (ϕj)∗(µj), 1 ≤ j ≤ n.

More precisely, if Bj ∈ AYj for j = 1, . . . , n, then the measure of
∏n

j=1Bj

with respect to the product measure is equal to the product of the measures of
the Bj ’s. The measure of Bj is equal to the measure of ϕ−1

j (Bj) in Xj for each
j, by construction. The product of these measures is the same as the measure
of

∏n
j=1 ϕ

−1
j (Bj) with respect to the product measure on X. This subset of X

is the same as

ϕ−1
( n∏

j=1

Bj

)
,(6.7.8)

by definition of ϕ, and the measure of this set with respect to µ is the same as
the measure of

∏n
j=1Bj with respect to ϕ∗(µ).

There are analogous statements for sequences of probability spaces and mea-
surable mappings between them, as usual.

6.8 Some identifications with finite products

Let N be a positive integer, and let L(n) be a positive integer for each n =
1, . . . , N . Also let Zn,l be a nonempty set for each n = 1, . . . , N and l =
1, . . . , L(n). Put

Wn =

L(n)∏
l=1

Zn,l(6.8.1)

for each n = 1, . . . , N , and

W =

N∏
n=1

Wn.(6.8.2)

An element of W may be expressed as w = (w1, . . . , wN ), where

wn = (wn,1, . . . , wn,L(n))(6.8.3)

is an element of Wn for each n. Of course, this means that wn,l ∈ Zn,l for
l = 1, . . . , L(n).
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6.8.1 Another Cartesian product

We can also consider the Cartesian product of the Zn,l’s more directly, as follows.
Put

L =

N∑
n=1

L(n),(6.8.4)

and observe that each r = 1, . . . , L may be expressed in a unique way as

r = L(n− 1) + l,(6.8.5)

where 1 ≤ n ≤ N , 1 ≤ l ≤ L(n), and L(0) is interpreted as being equal to 0. In
this case, we put

Z(r) = Zn,l,(6.8.6)

and consider the Cartesian product

Z =

L∏
r=1

Z(r)(6.8.7)

of these sets. Let us express an element of Z as z = (z(1), . . . , z(L)). There is
an obvious one-to-one correspondence of Z with W , where z ∈ Z corresponds
to w ∈W with

wn,l = z(r)(6.8.8)

when r is as in (6.8.5).

6.8.2 Associated product σ-algebras

Let AZn,l
be a σ-algebra of subsets of Zn,l for each n = 1, . . . , N and l =

1, . . . , L(n). This may also be expressed as AZ(r) when r is as in (6.8.5). Using
these σ-algebras, we get product σ-algebras AWn

on Wn for each n = 1, . . . , N ,
AW on W , and AZ on Z, as in Section 5.10. In fact, AW corresponds to
AZ , using the identification between W and Z mentioned in the preceding
paragraph. This is related to the associativity properties of the product σ-
algebras mentioned on p65 of [118].

This corresponds to the remarks in Section 5.11 when N = 2, and one can
use analogous arguments here. The measurability of this mapping from Z onto
W is equivalent to the measurability of the corresponding mappings from Z
onto Wn for each n = 1, . . . , N , as in Subsection 5.10.3. The measurability
of these mappings reduces to the measurability of the corresponding mappings
from Z onto Zn,l for each n = 1, . . . , N and l = 1, . . . , L(n). This is the same
as the measurability of the obvious coordinate projection from Z onto Z(r) for
r = 1, . . . , L.

Similarly, the measurability of the inverse mapping from W onto Z is equiv-
alent to the measurability of the corresponding mappings from W onto Z(r) for
each r = 1, . . . , L. If r is as in (6.8.5), then this is the same as the mapping
from W onto Zn,l obtained by composing the obvious projection from W onto
Wn with the coordinate projection from Wn onto Zn,l. These mappings are
measurable, by construction, so that their composition is measurable.



6.9. SOME COMBINATIONS OF RANDOM VARIABLES 179

6.8.3 Associated product measures

Let µZn,l
be a σ-finite measure on Zn,l with respect to AZn,l

for each n =
1, . . . , N and l = 1, . . . , L(n), and let us also express this measure as µZ(r) when
r is as in (6.8.5). This leads to product measures µWn on Wn with respect to
AWn for each n = 1, . . . , N , µW on W with respect to AW , and µZ on Z with
respect to AZ , as in Section 5.12.

One can check that µW corresponds to µZ with respect to the identification
between W and Z mentioned earlier, because of the characterization of µZ in
terms of products of measurable sets in Subsection 5.12.3, and the analogous
properties of µWn

and µW . This corresponds to a remark in Subsection 5.12.3
when N = 2, and it is related to the associativity properties of product measures
mentioned on p65 of [118].

6.9 Some combinations of random variables

Let N be a positive integer, and let L(n) be a positive integer for each n =
1, . . . , N , as in the previous section. Also let (X,AX , µX) be a probability space,
and let fr be a measurable real-valued function on X for r = 1, . . . , L, where L is
as in (6.8.4). This may be expressed as fn,l when r is as in (6.8.5). Let Fn be the
mapping from X into RL(n) whose lth component is fn,l for n = 1, . . . , N and
l = 1, . . . , L(n). Remember that Fn is measurable with respect to the σ-algebra
of Borel sets in RL(n), as in Subsection 6.6.1.

Let αn be a Borel measurable real-valued function on RL(n) for n = 1, . . . , N .
This implies that

βn = αn ◦ Fn(6.9.1)

is a measurable real-valued function on X for each n. Equivalently,

βn(x) = αn(fn,1(x), . . . , fn,L(n)(x))(6.9.2)

for every x ∈ X. Let β be the mapping from X into RN whose nth coordinate
is equal to βn for each n = 1, . . . , N . As before, β is measurable with respect to
the σ-algebra of Borel sets in RN .

We can identify
N∏

n=1

RL(n)(6.9.3)

with RL, using the remarks in the previous section, with Zn,l = R for n =
1, . . . , N and l = 1, . . . , L(n). Let F be the mapping from X into (6.9.3) whose
nth component is Fn for n = 1, . . . , N . This corresponds to the mapping from
X into RL whose rth component is fr for r = 1, . . . , L.

Let α be the mapping from (6.9.3) into RN obtained from the αn’s as in
Subsection 6.7.1. Thus

β = α ◦ F,(6.9.4)

by construction.
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If f1, . . . , fL are independent as random variables on X, then Proposition
10.2 on p316 of [118] states that

β1, . . . , βN are independent(6.9.5)

as random variables on X as well. This corresponds to the analogous statement
in Subsection 6.4.4 when L(n) = 1 for each n.

6.9.1 The measure β∗(µ) on RN

To see this, it suffices to check that the measure β∗(µ) on RN obtained by
pushing µ forward using β is the same as the product measure corresponding
to the measures (βn)∗(µ) on R obtained by pushing µ forward using βn for
n = 1, . . . , N , as in Subsection 6.6.1. Note that β∗(µ) is the same as the measure
α∗(F∗(µ)) obtained by first pushing µ forward to a Borel measure on (6.9.3)
using F , and then pushing that measure forward to a Borel measure on RN

using α, as in Subsection 4.11.2.
We can identify F∗(µ) with a Borel measure on RL, by identifying RL with

(6.9.3), as before. This is the same as the Borel measure on RL obtained by
pushing µ forward using the mapping from X into RL whose rth component is
fr for r = 1, . . . , L. The hypothesis that f1, . . . , fL be independent as random
variables on X implies that this Borel measure on RL is the same as the product
measure associated to the Borel measures (fr)∗(µ) on R obtained by pushing µ
forward using fr for r = 1, . . . , L, as in Subsection 6.6.1.

Similarly, for each n = 1, . . . , N , the Borel measure (Fn)∗(µ) on RL(n) ob-
tained by pushing µ forward using Fn is the same as the product measure
associated to the Borel measures (fn,l)∗(µ) on R obtained by pusing µ forward
using fn,l for l = 1, . . . , L(n). Using (Fn)∗(µ) for n = 1, . . . , N , we get a product
measure on (6.9.3). This corresponds to the product measure on RL associated
to (fr)∗(µ) for r = 1, . . . , L, as in Subsection 6.8.3.

This means that F∗(µ) is the same as the product measure on (6.9.3) asso-
ciated to (Fn)∗(µ) on RL(n) for n = 1, . . . , N . The measure α∗(F∗(µ)) on RN

obtained by pushing F∗(µ) forward using α is the same as the product measure
associated to the measures (αn)∗((Fn)∗(µ)) on R obtained by pushing (Fn)∗(µ)
forward using αn for n = 1, . . . , N , as in Subsection 6.7.1. These measures on
R are the same as (βn)∗(µ), as in Subsection 4.11.2. This shows that β∗(µ)
is the same as the product measure on RN associated to (βn)∗(µ) on R for
n = 1, . . . , N , so that (6.9.5) holds.

6.10 The multiplication theorem

Let (X,A, µ) be a probability space, and suppose for the moment that (X,A, µ)
is the product of n probability spaces (Xl,AXl

, µl), 1 ≤ l ≤ n, as in Section
5.12. Also let γl be a nonnegative extended real-valued measurable function on
Xl for each l, and let pl be the usual coordinate mapping from X onto Xl for
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each l, as in Sections 5.10. Thus γl ◦ pl is measurable on X for each l, and we
have that ∫

X

( n∏
l=1

(γl ◦ pl)
)
dµ =

n∏
l=1

(∫
Xl

γl dµl

)
,(6.10.1)

by a suitable version of Tonelli’s theorem for products of n measure spaces.
More precisely, if n = 2, then one can use Tonelli’s theorem, as in Subsection

5.9.2. Otherwise, one can reduce to the n = 2 case, by considering (X,A, µ) as
the product of two probability spaces, as in Subsection 5.12.4. These other two
probability spaces may be products of fewer probability spaces, and one can use
Tonelli’s theorem repeatedly, as needed.

Note that (6.10.1) is the same as saying that∫
X

( n∏
l=1

(γl ◦ pl)
)
dµ =

n∏
l=1

(∫
X

(γl ◦ pl)dµ
)
,(6.10.2)

because of (6.7.3).
If γl is a measurable real-valued function on Xl for each l, then∫

X

( n∏
l=1

|γl ◦ pl|
)
dµ =

n∏
l=1

(∫
Xl

|γl| dµl

)
=

n∏
l=1

(∫
X

|γl ◦ pl| dµ
)
,(6.10.3)

as before. Remember that γl is integrable on Xl with respect to µl if and only
if γl ◦ pl is integrable on X with respect to µ for each l, as in Section 6.7. If this
holds for all l = 1, . . . , n, then it follows from (6.10.3) that

n∏
l=1

(γl ◦ pl) is integrable on X with respect to µ.(6.10.4)

In this case, (6.10.1) and thus (6.10.2) hold, using Fubini’s theorem in an argu-
ment like the earlier one, or by reducing to the previous statement for nonneg-
ative functions.

6.10.1 Reducing to the case of product measures

Now let (X,A, µ) be any probability space, let f1, . . . , fn be measurable real-
valued functions on X, and let F be the corresponding mapping from X into
Rn, as in Subsection 6.6.1. Also let νF be the Borel probability measure on Rn

obtained by pushing µ forward using F , as before, and let a be a nonnegative
extended real-valued Borel measurable function on Rn. Remember that a ◦ F
is measurable on X, as in Subsection 3.1.3, and that∫

X

(a ◦ F ) dµ =

∫
Rn

a dνF ,(6.10.5)

as in Subsection 4.11.3. Similarly, if a is a real or complex-valued Borel mea-
surable function on Rn, then a ◦ F is measurable on X, and a is integrable on
Rn with respect to νF if and only if a ◦ F is integrable on X with respect to µ,
by the analogue of the previous statement for |a|. In this case, (6.10.5) holds
again, as before.
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6.10.2 Using nonnegative functions on the real line

Suppose that

f1, . . . , fn are independent as random variables on X,(6.10.6)

so that (6.6.7) holds, where νfl is the Borel probability measure on R obtained
by pushing µ forward using fl for each l, as before. Let a1, . . . , an be nonnegative
extended real-valued Borel measurable functions on the real line, and note that
al(yl) is a Borel measurable function of y ∈ Rn for each l, because it is the
composition of the lth coordinate projection on Rn with al. This implies that

a(y) = a1(y1) · · · an(yn)(6.10.7)

is Borel measurable as a function of y ∈ Rn, and

(a ◦ F )(x) = a1(f1(x)) · · · an(fn(x))(6.10.8)

for each x ∈ X. Thus∫
X

(a ◦ F ) dµ =

∫
X

( n∏
l=1

(al ◦ fl)
)
dµ(6.10.9)

under these conditions. This means that∫
X

( n∏
l=1

(al ◦ fl)
)
dµ =

∫
Rn

a dνF ,(6.10.10)

because of (6.10.5).
We also have that∫

Rn

a dνF =

n∏
l=1

(∫
R

al(yl) dνfl(yl)
)
,(6.10.11)

because of (6.6.7), as in (6.10.1). This means that∫
Rn

a dνF =
n∏

l=1

(∫
X

(al ◦ fl) dµ
)
,(6.10.12)

as in Section 4.11.3, by definition of νfl . Combining this with (6.10.10), we
obtain that ∫

X

( n∏
l=1

(al ◦ fl)
)
dµ =

n∏
l=1

(∫
X

(al ◦ fl) dµ
)
.(6.10.13)

6.10.3 Using other functions on the real line

If a1, . . . , an are Borel measurable real-valued functions on the real line, then
we can use the previous argument with |al| in place of al to get that∫

X

( n∏
l=1

|al ◦ fl|
)
dµ =

n∏
l=1

(∫
X

|al ◦ fl| dµ
)
.(6.10.14)
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If al ◦ fl is integrable on X with respect to µ for each l, then we get that

n∏
l=1

(al ◦ fl) is integrable on X with respect to µ.(6.10.15)

Under these conditions, one can get (6.10.13), by reducing to the case of non-
negative functions. This corresponds to 12.17 on p387 of [14], Theorem 21.10
on p274 of [20], and Proposition 10.5 on p317 of [118]. This may be called the
multiplication theorem, as in [20].

More precisely, this is normally stated with aj equal to the identity function
on R for each j. One can reduce to that case using the remarks in Subsection
6.4.4.

6.10.4 A more direct approach

Remember that indicator functions are independent as random variables if and
only if the corresponding events are independent, as in Subsection 6.4.1. It is
easy to see that the multiplication theorem holds in this case.

One can use this to verify the multiplication theorem for independent random
variables that are also simple functions. In this case, the product of these
functions may be expressed as a linear combination of products of indicator
functions of independent events.

One can approximate measurable functions by measurable simple functions,
as mentioned in Subsection 3.7.1. In fact, these approximations may be ob-
tained using compositions with Borel measurable simple functions on the real
line that approximate the identity function. This implies that these approxima-
tions preserve independence, as in Subsection 6.4.4.

One can use this to reduce the multiplication theorem to the case of indepen-
dent random variables that are simple functions. This is the type of argument
used in [14, 20], and the argument in the previous subsections is essentially the
same as in [118].

6.11 Some remarks about finite moments

Let (X,A, µ) be a probability space, let f be a measurable real-valued function
on X, and let νf = f∗(µ) be the Borel probability measure on the real line
obtained by pushing µ forward using f , as in Section 4.11. If p is a positive real
number, then

E(|f |p) =
∫
X

|f |p dµ =

∫
R

|t|p dνf (t),(6.11.1)

where the second step is as in Subsection 4.11.3. One may say that f has finite
pth moment with respect to µ on X when this is finite, as mentioned on p314
of [118]. Similarly, if f is integrable on X with respect to µ, then

E(f) =

∫
X

f dµ =

∫
R

t dνf (t),(6.11.2)
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as before.
If 0 < p1 < p2 < ∞, and f has finite p2-th moment, then f has finite p1-th

moment, with
E(|f |p1)1/p1 ≤ E(|f |p2)1/p2 ,(6.11.3)

as in Subsection 5.3.3.

6.11.1 The variance of f

If f is integrable on X with respect to µ, then the variance of f may be defined
by

Var(f) = E(f − E(f))2,(6.11.4)

as on p388 of [14], p271 of [20], and p314 of [118]. This is finite exactly when f
is square-integrable with respect to µ on X. In this case, the standard deviation
of f is defined to be

Var(f)1/2,(6.11.5)

using the nonnegative square root, as in [14, 20, 118]. This may be denoted
σ(f), as in [14, 118], although the same notation is used on p268 of [20] for the
σ-algebra of subsets of X of the form f−1(V ), where V is a Borel set in R.

Observe that

Var(f) = E(f2 − 2E(f) f + E(f)2)(6.11.6)

= E(f2)− 2E(f)2 + E(f)2 = E(f2)− E(f)2,

as in 12.20 on p389 of [14], 21.3 on p271 of [20], and on p314 of [118]. In
particular,

Var(f) ≤ E(f2),(6.11.7)

as mentioned in [20]. We also have that

Var(f + c) = Var(f)(6.11.8)

for every c ∈ R, considered as a constant function on X, as mentioned in [20].

6.11.2 Another description of the variance

The variance is initially defined on p314 of [118] by

Var(f) = inf
a∈R

E((f − a)2),(6.11.9)

without asking that f be integrable on X. This is equal to +∞ unless f is
square-integrable on X. If f is integrable on X, then one can check that this
definition of the variance is equivalent to the previous one, using (6.11.7) and
(6.11.8). Alternatively, if a ∈ R, then

E((f − a)2) = E(f2)− 2 aE(f) + a2.(6.11.10)

If f is square-integrable on X, then one can verify that (6.11.10) is minimized
exactly when a = E(f), as mentioned in [118].
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6.11.3 More on the variance

If f is integrable on X with respect to µ, then

Var(f) =

∫
R

(t− E(f))2 dνf (t),(6.11.11)

by the remarks in Subsection 4.11.3. We also have that

Var(f) =

∫
R

t2 dνf (t)−
(∫

R

t dνf (t)
)2

,(6.11.12)

as in (6.11.6), using (6.11.1) and (6.11.2). This shows in particular that the
variance of f depends only on the probability distribution νf in R associated
to f and µ.

If r is a positive real number, then another version of Chebyshev’s inequality
states that

µ({x ∈ X : |f(x)− E(f)| ≥ r}) ≤ r−2 Var(f),(6.11.13)

as in 12.21 on p389 of [14], and (21.4) on p272 of [20]. This follows from the
version in Subsection 5.2.1, with p = 2.

6.12 The variance of a sum

Let (X,A, µ) be a probability space. If f , g are real-valued measurable functions
on X that are square-integrable with respect to µ, then put

〈f, g〉 = E(f g) =

∫
X

f g dµ,(6.12.1)

as in Section 5.5. Thus
E(f2) = 〈f, f〉 = ‖f‖22,(6.12.2)

where the right side is as in Section 5.1. In particular,

Var(f) = ‖f − E(f)‖22 = 〈f − E(f), f − E(f)〉.(6.12.3)

Let f1, . . . , fn be finitely many real-valued measurable functions on X that
are square-integrable with respect to µ. Suppose that

E((fj − E(fj)) (fl − E(fl))) = 0(6.12.4)

when j 6= l. This means that the functions fj − E(fj) are pairwise orthogonal
with respect to (6.12.1), as in Subsection 5.5.1. It follows that

Var
( n∑

j=1

fj

)
=

∥∥∥∥ n∑
j=1

(fj − E(fj))

∥∥∥∥2
2

(6.12.5)

=

n∑
j=1

‖fj − E(fj)‖22 =

n∑
j=1

Var(fj),
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as before.
If fj and fl are independent as random variables, then it is easy to see that

fj − E(fj) and fl − E(fl) are independent as random variables(6.12.6)

too. In this case,

E((fj − E(fj)) (fl − E(fl))) = E(fj − E(fj))E(fl − E(fl)) = 0,(6.12.7)

using the multiplication theorem in the first step. In particular, this holds when
j 6= l and f1, . . . , fn are independent random variables on X. Under these
conditions, (6.12.5) corresponds to 12.22 on p390 of [14], Remark 21.11 on p275
of [20], and Corollary 10.6 on p317 of [118].

6.12.1 The variance of an average

Let {fj}∞j=1 be an infinite sequence of measurable real-valued functions on X
that are square-integrable with respect to µ, and suppose that (6.12.4) holds
when j 6= l. This implies that∥∥∥∥n−1

n∑
j=1

(fj − E(fj))

∥∥∥∥2
2

= n−2
n∑

j=1

Var(fj)(6.12.8)

for every positive integer n, as in (6.12.5). If

lim
n→∞

n−2
n∑

j=1

Var(fj) = 0,(6.12.9)

then

n−1
n∑

j=1

(fj − E(fj)) → 0 as n→ ∞ in L2,(6.12.10)

as in Section 5.2. In particular, this means that

n−1
n∑

j=1

(fj − E(fj)) → 0 as n→ ∞ in measure,(6.12.11)

as in Subsection 5.2.1. This corresponds to the formulation of the weak law of
large numbers in 10.9 on p321 of [118] when {fj}∞j=1 is a sequence of independent
random variables on X. The sufficiency of (6.12.4) when j 6= l in place of
independence is mentioned in Exercise 13 on p324 of [118].

Suppose that there is a real number a such that

E(fj) = a(6.12.12)

for each j, so that

n−1
n∑

j=1

(fj − E(fj)) = n−1
n∑

j=1

fj − a(6.12.13)
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for each n ≥ 1. In this case, (6.12.10) and (6.12.11) are the same as saying that

n−1
n∑

j=1

fj → a as n→ ∞ in L2, and thus in measure.(6.12.14)

This corresponds to the version of the weak law of large numbers in part (b) of
Exercise 22.32 on p452 of [159] when a = 0, and for a sequence of independent
random variables as in Subsection 6.4.3.

Suppose for the moment that the variances of the fj ’s are bounded, so that

Var(fj) ≤ C(6.12.15)

for some nonnegative real number C and each j. This implies that

n−2
n∑

j=1

Var(fj) ≤ C/n(6.12.16)

for each n, so that (6.12.9) holds.

6.12.2 Identically distributed random variables

A family of random variables on X is said to be identically distributed with
respect to µ if

they determine the same probability distributions on R(6.12.17)

with respect to µ,

as in Subsection 4.11.1. This is equivalent to saying that these random variables
have the same distribution functions, as in Section 4.13. This corresponds to
Definition 12.35 on p396 of [14], and some remarks on p276 of [20] and p315 of
[118]. In this case, the random variables have the same integrability properties,
means, and variances, for instance.

The weak law of large numbers is stated for sequences of independent iden-
tically distributed square-integrable random variables in 12.38 on p397 of [14]
and Theorem 21.12 on p276 of [20].

6.13 A criterion for convergence to 0 a.e.

Let (X,A, µ) be a measure space, and let p be a positive real number. Also
let {aj}∞j=1 be a sequence of real or complex-valued measurable functions on X
that are pth-power integrable with respect to µ, as in Section 5.1, and suppose
that

∞∑
j=1

‖aj‖pp =

∞∑
j=1

∫
X

|aj |p dµ < +∞.(6.13.1)
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This means that ∫
X

( ∞∑
j=1

|aj |p
)
dµ < +∞,(6.13.2)

as in Subsection 3.11.1, so that

∞∑
j=1

|aj(x)|p < +∞(6.13.3)

for almost every x ∈ X with respect to µ, as in Subsection 3.10.2. It follows in
particular that

lim
j→∞

aj(x) = 0(6.13.4)

for almost every x ∈ X with respect to µ.

6.13.1 Some L4 norms of sums

Let f1, . . . , fn be finitely many measurable real-valued functions on X that are
4th power integrable on X with respect to µ, as in Section 5.1 again. Observe
that ∥∥∥∥ n∑

j=1

fj

∥∥∥∥4
4

=

∫
X

( n∑
j=1

fj

)4

dµ =

∫
X

n∑
j=1

n∑
k=1

n∑
l=1

n∑
m=1

fj fk fl fm dµ

=

n∑
j=1

n∑
k=1

n∑
l=1

n∑
m=1

∫
X

fj fk fl fm dµ.(6.13.5)

More precisely, fj fk fl fm is integrable on X with respect to µ for all j, k, l,m =
1, . . . , n, as in Subsection 5.3.4.

6.13.2 Using independence and mean 0

Suppose now that µ is a probability measure on X, and that f1, . . . , fn are also
independent as random variables on X, and that they all have mean 0. If j, k,
l, and m are all distinct, then it is easy to see that∫

X

fj fk fl fm dµ = 0,(6.13.6)

using the multiplication theorem. In fact, one can verify that this holds when
at least one of the indices is distinct from each of the other three.

If all of the indices are the same, then the sum of the corresponding terms
on the right side of (6.13.5) is equal to

n∑
j=1

∫
X

f4j dµ =

n∑
j=1

‖fj‖44.(6.13.7)
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Otherwise, if the four indices occur in pairs of equal indices that are distinct
from the other pair, then the sum of the corresponding terms on the right side
of (6.13.5) is equal to

3

n∑
j=1

∑
1≤r≤n

r ̸=j

∫
X

f2j f
2
r dµ.(6.13.8)

If j 6= r, then∫
X

f2j f
2
r dµ =

(∫
X

f2j dµ
)(∫

X

f2r dµ
)
= ‖fj‖22 ‖fr‖22,(6.13.9)

using the multiplication theorem in the first step. Thus (6.13.8) is equal to

3

n∑
j=1

∑
1≤r≤n

r ̸=j

‖fj‖22 ‖fr‖22.(6.13.10)

This is less than or equal to

3

n∑
j=1

n∑
r=1

‖fj‖22 ‖fr‖22 = 3
( n∑

j=1

‖fj‖22
)2

.(6.13.11)

It follows that ∥∥∥∥ n∑
j=1

fj

∥∥∥∥4
4

≤
n∑

j=1

‖fj‖44 + 3
( n∑

j=1

‖fj‖22
)2

(6.13.12)

under these conditions.

6.13.3 Using a bound on ‖fj‖4
Suppose that

‖fj‖4 ≤ C(6.13.13)

for some nonnegative real number C and each j, so that

‖fj‖2 ≤ C(6.13.14)

for each j, as in Subsection 5.3.3 and (6.11.3). In this case, (6.13.7) and (6.13.10)
are less than or equal to

C4 n and 3C4 n (n− 1),(6.13.15)

respectively. This means that∥∥∥∥ n∑
j=1

fj

∥∥∥∥4
4

≤ C4 n+ 3C4 n (n− 1) ≤ 3C4 n2,(6.13.16)

using the same arguments as before. This corresponds to part (1) of Exercise
21.9 on p315 of [20].
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6.13.4 Another convergence property

Now let {fj}∞j=1 be a sequence of measurable real-valued functions on X that
are 4th-power integrable with respect to µ, independent as random variables on
X, and have mean 0. If (6.13.13) holds for some C ≥ 0 and each j, then∥∥∥∥n−1

n∑
j=1

fj

∥∥∥∥4
4

≤ 3C4 n−2(6.13.17)

for every positive integer n, as in (6.13.16). In particular, this means that

∞∑
n=1

∥∥∥∥n−1
n∑

j=1

fj

∥∥∥∥4
4

< +∞,(6.13.18)

so that

lim
n→∞

n−1
n∑

j=1

fj(x) = 0(6.13.19)

for almost every x ∈ X with respect to µ, by the remarks at the beginning of
the section. This corresponds to part (2) of Exercise 21.9 on p315 of [20], and
may be considered as a version of the strong law of large numbers.

6.14 An inequality of Kolmogorov

Let (X,A, µ) be a probability space, and let f1, . . . , fn be finitely many mea-
surable real-valued functions on X that are independent as random variables on
X, square-integrable with respect to µ, and have mean 0. If ϵ is a positive real
number, then Kolmogorov’s inequality states that

µ
({

x ∈ X : max
1≤k≤n

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ ≥ ϵ

})
≤ ϵ−2

n∑
l=1

‖fl‖22.(6.14.1)

This is 10.11 on p322 of [118].
Note that

max
1≤k≤n

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ ≤ n∑
j=1

|fj(x)|(6.14.2)

for every x ∈ X. This implies that

µ
({

x ∈ X : max
1≤k≤n

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ ≥ ϵ

})
(6.14.3)

≤ µ
({

x ∈ X :

n∑
j=1

|fj(x)| ≥ ϵ

})
.
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It follows that

µ
({

x ∈ X : max
1≤k≤n

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ ≥ ϵ

})
≤ ϵ−1

n∑
l=1

‖fl‖1,(6.14.4)

because of Chebyshev’s inequality, as in Subsection 4.7.1. This does not use
independence of the fj ’s, or that they have mean 0.

6.14.1 Some measurable sets Al

Put
A1 = {x ∈ X : |f1(x)| ≥ ϵ}.(6.14.5)

If 2 ≤ l ≤ n, then put

Al =

{
x ∈ X :

∣∣∣∣ l∑
j=1

fj(x)

∣∣∣∣ ≥ ϵ and(6.14.6)

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ < ϵ for k = 1, . . . , l − 1

}
.

One can check that A1, . . . , An are pairwise-disjoint measurable subsets of X
such that

n⋃
l=1

Al =

{
x ∈ X : max

1≤k≤n

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ ≥ ϵ

}
.(6.14.7)

More precisely, if x is an element of the set on the right, then x ∈ Al when l is
the smallest k such that ∣∣∣∣ k∑

j=1

fj(x)

∣∣∣∣ ≥ ϵ.(6.14.8)

6.14.2 Some related independence properties

One can express 1Al
as

1Al
(x) = βl(f1(x), . . . , fl(x)),(6.14.9)

where βl is the indicator function of a Borel set in Rl. This implies that

1Al
(x)

( l∑
j=1

fj(x)
)
= αl(f1(x), . . . , fl(x))(6.14.10)

where αl is a Borel measurable function on Rl. If l < n, then we get that

1Al

( l∑
j=1

fj

)
, fl+1, . . . , fn are independent(6.14.11)

as random variables on X,
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as in Section 6.9.
If l < r ≤ n, then we can use the multiplication theorem to get that∫

X

1Al

( l∑
j=1

fj

)
fr dµ =

(∫
X

1Al

( l∑
j=1

fj

)
dµ

)(∫
X

fr dµ
)
= 0,(6.14.12)

because fr has mean 0, by hypothesis. This means that∫
X

1Al

( l∑
j=1

fj

)( n∑
r=l+1

fr

)
dµ = 0(6.14.13)

when l < n.

6.14.3 Using Chebyshev’s inequality another way

Clearly

µ
({

x ∈ X : max
1≤k≤n

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ ≥ ϵ

})
=

n∑
l=1

µ(Al),(6.14.14)

because of (6.14.7) and the pairwise-disjointness of the Al’s. We also have that

µ(Al) ≤ ϵ−2

∫
X

1Al

( l∑
j=1

fj

)2

dµ(6.14.15)

for each l, using Chebyshev’s inequality, as in Subsection 5.2.1, with p = 2. This
uses the fact that |

∑l
j=1 fj | ≥ ϵ on Al, by construction, as well.

Of course,( n∑
j=1

fj

)2

=
( l∑

j=1

fj +

n∑
j=l+1

fj

)2

=
( l∑

j=1

fj

)2

+ 2
( l∑

j=1

fj

)( n∑
r=l+1

fr

)2

+
( n∑

r=l+1

fr

)2

(6.14.16)

≥
( l∑

j=1

fj

)2

+ 2
( l∑

j=1

fj

)( n∑
r=l+1

fr

)
when l < n. This implies that∫

X

1Al

( l∑
j=1

fj

)2

dµ ≤
∫
X

1Al

( n∑
j=1

fj

)2

dµ,(6.14.17)

using (6.14.13) when l < n. Thus

n∑
l=1

∫
X

1Al

( l∑
j=1

fj

)2

dµ ≤
n∑

l=1

∫
X

1Al

( n∑
j=1

fj

)2

dµ(6.14.18)
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≤
∫
X

( n∑
j=1

fj

)2

dµ,

using the fact that the Al’s are pairwise-disjoint in the second step.
Combining (6.14.14), (6.14.15), and (6.14.18), we get that

µ
({

x ∈ X : max
1≤k≤n

∣∣∣∣ k∑
j=1

fj(x)

∣∣∣∣ ≥ ϵ

})
≤ ϵ−2

∫
X

( n∑
j=1

fj

)2

dµ.(6.14.19)

Note that ∫
X

( n∑
j=1

fj

)2

dµ =

∥∥∥∥ n∑
j=1

fj

∥∥∥∥2
2

=

n∑
j=1

‖fj‖22,(6.14.20)

because the fj ’s are independent with mean 0, and are thus pairwise orthogonal,
as in Section 6.12. This implies (6.14.1).

6.15 Some more convergence results

Let (X,A, µ) be a measure space, and let {fj}∞j=1 be a sequence of real or
complex-valued measurable functions on X. Put

gn(x) = sup
m≥n

|fm(x)− fn(x)|(6.15.1)

for each positive integer n and x ∈ X, where more precisely the supremum is
taken over all integers m ≥ n. If {gn}∞n=1 converges to 0 in measure on X with
respect to µ, then Exercise 10.7 on p87 of [20] asks one to show that {fj}∞j=1

converges pointwise almost everywhere on X.
To see this, put

bn(x) = sup
l,r≥n

|fl(x)− fr(x)|(6.15.2)

for each n ≥ 1 and x ∈ X, where the supremum is taken over all integers l, r ≥ n.
One can check that {bn}∞n=1 converges to 0 in measure on X with respect to µ
when {gn}∞n=1 has this property.

One can also verify that {bn(x)}∞n=1 converges to 0 for almost every x ∈ X
with respect to µ when {bn}∞n=1 converges to 0 in meagure on X with respect to
µ. This means that {fj(x)}∞j=1 is a Cauchy sequence in R or C, as appropriate,
for almost every x ∈ X with respect to µ.

6.15.1 Some convergent series

Suppose from now on in this section that µ(X) = 1. Let {aj}∞j=1 be a sequence
of real-valued measurable functions on X that are square-integrable with respect
to µ, independent as random variables on X, and have mean 0. If

∞∑
j=1

‖aj‖22 < +∞,(6.15.3)
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then Exercise 14 on p324 of [118] asks one to show that
∑∞

j=1 aj(x) converges
for almost every x ∈ X with respect to µ. More precisely, it is suggested in
[118] that one use Kolmogorov’s inequality to show that the sequence of partial
sums is a Cauchy sequence for almost every x ∈ X with respect to µ. Note that
the sequence of partial sums converges in L2, as in Subsection 5.5.1, because
the aj ’s are pairwise orthogonal in the appropriate sense, as in Section 6.12.

6.15.2 Kolmogorov’s strong law

Let {fj}∞j=1 be an infinite sequence of measurable real-valued functions on X
that are square-integrable with respect to µ and independent as random vari-
ables on X. If

∞∑
j=1

Var(fj)/j
2 < +∞,(6.15.4)

then 10.12 on p322 of [118] says that

n−1
n∑

j=1

(fj − E(fj)) → 0 as n→ ∞ almost everywhere on X(6.15.5)

with respect to µ. This is Komogorov’s strong law of large numbers, and it
is shown using Kolmogorov’s inequality in the previous section. This corre-
sponds to Theorem 22.29 on p447 of [159] for independent random variables as
in Subsection 6.4.3.

6.15.3 Some sequences and series

Exercise 11 on p324 of [118] asks one to show that (6.15.4) implies the hypothesis
(6.12.9) of the weak law of large numbers.

If {αk}∞k=1 is a sequence of complex numbers such that

∞∑
k=1

αk/k converges,(6.15.6)

then Lemma 22.28 on p447 of [159] states that

lim
n→∞

n−1
n∑

k=1

αk = 0.(6.15.7)

This is used to obtain the strong law of large numbers from the convergence
result in the subsection before that.

6.15.4 Khinchine’s strong law

Suppose now that {fj}∞j=1 is an infinite sequence of real-valued measurable
functions on X that are integrable with respect to µ and independent as random
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variables on X. If the fj ’s are also identically distributed as random variables
on X, as in Subsection 6.12.2, then Khinchine’s strong law of large numbers
says that

n−1
n∑

j=1

fj converges to the mean of the fl’s as n→ ∞(6.15.8)

almost everywhere on X with respect to µ. This is 10.13 on p323 of [118] and
Theorem 21.16 on p280 of [20], and it corresponds to Theorem 22.31 on p449
of [159] for independent random variables as in Subsection 6.4.3.



Chapter 7

Weak∗ limits and Fourier
transforms

7.1 Some spaces of continuous functions on Rn

Let n be a positive integer, and let

Cb(R
n) = Cb(R

n,R) and Cb(R
n,C)(7.1.1)

be the spaces of bounded real and complex-valued continuous functions on Rn,
respectively, using the standard Euclidean metrics on R, C, and Rn. If f is a
bounded real or complex-valued function on Rn, then the supremum norm of
f is defined by

‖f‖sup = sup
x∈Rn

|f(x)|.(7.1.2)

The supremum metric is defined on the spaces of bounded real and complex-
valued function on Rn as the supremum norm of the difference of two bounded
functions on Rn.

It is well known and not too difficult to show that the spaces of bounded
continuous real and complex-valued functions on Rn are complete with respect
to the supremum metric.

7.1.1 Compact support in Rn

The support of a real or complex-valued function f on Rn is the closure of
the set of x ∈ Rn such that f(x) 6= 0. Of course, this is a closed set in Rn,
by constuction. Thus the support of f is a compact set in Rn if and only if
it is a bounded set, because closed and bounded sets in Rn are compact, and
compact sets in any metric space are bounded. Equivalently, this happens if
and only if f(x) = 0 for all x ∈ Rn such that |x| is sufficiently large. The spaces
of continuous real and complex-valued functions on Rn with compact support

196
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may be denoted

Ccom(Rn) = Ccom(Rn,R) and Ccom(Rn,C),(7.1.3)

respectively.
Note that continuous real and complex-valued functions on Rn with compact

support are bounded, because continuous real and complex-valued functions on
compact subsets of Rn are bounded. Similarly, it is easy to see that continuous
real and complex-valued functions on Rn with compact support are uniformly
continuous, because continuous real and complex-valued functions on compact
subsets of Rn are uniformly continuous.

7.1.2 Vanishing at infinity on Rn

A real or complex-valued function f on Rn is said to vanish at infinity if

f(x) → 0 as |x| → +∞.(7.1.4)

The spaces of continuous real and complex-valued functions on Rn that vanish
at infinity may be denoted

C0(R
n) = C0(R

n,R) and C0(R
n,C),(7.1.5)

respectively. One can check that continuous real and complex-valued functions
on Rn that vanish at infinity are bounded and uniformly continuous on Rn,
using the analogous statements for continuous functions on compact subsets of
Rn.

It is well known and not too difficult to show that the spaces of continuous
real and complex-valued functions on Rn that vanish at infinity are closed sets in
the corresponding spaces of bounded continuous functions on Rn, with respect
to the supremum metric. In particular, this implies that these spaces are also
complete with respect to the supremum metric.

If f is a continuous real or complex-valued function on Rn that vanishes
at infinitly, then it is not too difficult to show that f can be approximated
by continuous functions with compact support in Rn, uniformly on Rn. This
means that the spaces of continuous real and complex-valued functions on Rn

that vanish at infinity are the same as the closures of the spaces of continuous
functions with compact support in Rn in the corresponding spaces of bounded
continuous functions on Rn, with respect to the supremum metric.

7.1.3 More on functions with compact support in Rn

Let U be an open set in Rn, and let K be a compact set in Rn that is contained
in U . It is well known and not too difficult to show that there is a continuous
real-valued function f on Rn with compact support such that

0 ≤ f ≤ 1 on Rn, f ≡ 1 on K, and f ≡ 0 on Rn \ U.(7.1.6)

A version of Urysohn’s lemma states that this works on any locally compact
Hausdorff topological space. One can do this more directly on Rn, and there
are related results with additional conditions on f .
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7.1.4 Nonnegative linear functionals on Ccom(R
n)

Note that Ccom(Rn) and Ccom(Rn,C) may be considered as vector spaces over
the real and complex numbers, with respect to pointwise addition and scalar
multiplication. Let µ be a locally finite Borel measure on Rn, as in Section
2.10. If f is a continuous real or complex-valued function on Rn with compact
support, then f is integrable with respect to µ. Thus

f 7→
∫
Rn

f dµ(7.1.7)

defines a linear functional on each of Ccom(Rn) and Ccom(Rn,C), i.e., a linear
mapping from each of these spaces into the real or complex numbers, as appro-
priate, considered as one-dimensional vector spaces over themselves. This linear
functional is nonnegative, in the sense that∫

Rn

f dµ ≥ 0(7.1.8)

when f is a continuous nonnegative real-valued function on Rn with compact
support.

It is well known and not too difficult to show that µ is uniquely determined
by this linear functional on Ccom(Rn). If U is an open set in Rn, then U is
an Fσ set, as in Subsection 2.2.2, and thus σ-compact, as in Subsection 2.10.2.
One can use this to get that µ(U) is determined by the linear functional on
Ccom(Rn) associated to µ, by considering elements of Ccom(Rn) as in (7.1.6).
More precisely, if K and f are as in (7.1.6), then

µ(K) ≤
∫
Rn

f dµ ≤ µ(U).(7.1.9)

One can use this to approximate µ(U) by the integrals of suitable elements of
Ccom(Rn) with respect to µ on Rn.

We also have that µ is outer regular on Rn, because Rn can be expressed
as the union of a sequence of bounded open sets, as in Subsection 2.12.1. This
implies that µ is uniquely determined on the σ-algebra of Borel sets in Rn by
its restriction to the collection of open sets in Rn, and so by the corresponding
linear functional on Ccom(Rn).

Conversely, a well-known version of the Riesz representation theorem states
that every nonnegative linear functional on Ccom(Rn) corresponds to a locally
finite Borel measure on Rn in this way. In fact, this works on any locally
compact Hausdorff topological space X, where the corresponding Borel measure
is outer regular, and open sets in X satisfy the inner regularity condition with
respect to µ and compact subsets of X. See 7.2 on p212 of [118], 12.36 on p177
of [159], and Theorem 2.14 on p42 of [298].



7.2. THE COMPLEX EXPONENTIAL FUNCTION 199

7.2 The complex exponential function

If z is a complex number, then the exponential of z is defined as a complex
number by

exp z =

∞∑
j=0

zj

j!
.(7.2.1)

It is easy to see that the series on the right converges absolutely, using the ratio
test, or more directly by comparison with a suitable convergent geometric series.
It follows that this defines a continuous complex-valued function on the complex
plane, by standard results. Of course, if z is a real number, then this the Taylor
series for the usual exponential function on the real line.

If w is another complex number, then it is well known that

exp(z + w) = (exp z) (expw).(7.2.2)

More precisely, the right side may be expressed as the Cauchy product

∞∑
n=0

( n∑
j=0

zj

j!

wn−j

(n− j)!

)
(7.2.3)

of (7.2.1) and the analogous series for expw, because of the absolute convergence
of these series. This is the same as the series expansion for exp(z + w), by the
binomial theorem. In particular,

(exp z) (exp(−z)) = exp(z − z) = 1,(7.2.4)

so that exp z 6= 0, with (exp z)−1 = exp(−z).
Observe that

(exp z) = exp(z).(7.2.5)

It follows that

| exp z|2 = (exp z) (exp z) = (exp z) (exp z)(7.2.6)

= exp(z + z) = exp(2 Re z).

Euler’s identity states that

exp(i y) = cos y + i sin y(7.2.7)

for every y ∈ R.

7.2.1 The Fourier transform of an integrable function on
R

Let f be a real or complex-valued function on the real line that is integrable with
respect to Lebesgue measure. The Fourier transform of f is the complex-valued
function defined on R by

f̂(ξ) =

∫ +∞

−∞
f(x) exp(i x ξ) dx.(7.2.8)
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One can check that this is a continuous function on R, and in fact it is uniformly
continuous. Note that

|f̂(ξ)| ≤
∫ +∞

−∞
|f(x)| dx(7.2.9)

for every ξ ∈ R.
The Riemann–Lebesgue Lemma states that

f̂(ξ) → 0 as ξ → ±∞.(7.2.10)

This can be verified directly when f is a step function, and otherwise it can be
obtained by approximating f by step functions. If f is real-valued, then

f̂(ξ) = f̂(−ξ)(7.2.11)

for every ξ ∈ R. If f is complex-valued, then f̂(ξ) is the same as the Fourier
transform of f at −ξ.

7.2.2 The Fourier transform of a finite Borel measure on
R

Let ν be a finite Borel measure on R. The Fourier transform of ν is the
complex-valued function defined on R by

ν̂(ξ) =

∫ +∞

−∞
exp(i x ξ) dν(x).(7.2.12)

Suppose for the moment that ν is of the form

ν(E) =

∫
E

f(x) dx(7.2.13)

for some nonnegative real-valued function f on R that is integrable with respect
to Lebesgue measure. In this case, the Fourier transform of ν is the same as the
Fourier transform of f , as in Subsection 3.15.1.

It is not too difficult to show that ν̂ is uniformly continuous on R. This is
somewhat easier when ν(R \ [−r, r]) = 0 for some r ≥ 0, and otherwise one can
approximate ν by finite Borel measures on R with this property. It is easy to
see that

|ν̂(ξ)| ≤ ν(R)(7.2.14)

and
ν̂(ξ) = ν̂(−ξ)(7.2.15)

for every ξ ∈ R, as before. If a ∈ R and δa is the measure defined on R as in
Subsection 1.7.3, then

δ̂a(ξ) = exp(i a ξ)(7.2.16)

for every ξ ∈ R, as in Subsection 3.9.2.
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7.2.3 The Fourier transform of a finite Borel measure on
Rn

Let n be a positive integer, and let ν be a finite Borel measure on Rn. The
Fourier transform of ν is the complex-valued function defined on Rn by

ν̂(ξ) =

∫
Rn

exp(i x · ξ) dν(x),(7.2.17)

where x · ξ =
∑n

j=1 xj ξj is the usual dot product on Rn. It is well known that
ν is uniquely determined by its Fourier transform. This is related to the fact
that ν is uniquely determined by the associated linear functional on Ccom(Rn),
as in Subsection 7.1.4.

Let ν1, . . . , νn be finite Borel measures on R, and suppose for the moment
that

ν = ν1 × · · · × νn(7.2.18)

as measures on Rn. One can check that

ν̂(ξ) =

n∏
j=1

ν̂j(ξj)(7.2.19)

for each ξ ∈ Rn, where ν̂j is the Fourier transform of νj on R. This uses Fubini’s
theorem, and the fact that

exp(i x · ξ) =
n∏

j=1

exp(i xj ξj)(7.2.20)

for all x, ξ ∈ Rn.

7.3 Characteristic functions of random variables

Let (X,A, µ) be a probability space, and let f be a measurable real-valued
function on X. The characteristic function of f as a random variable on X
with respect to µ may be defined as the complex-valued function on the real
line with

ϕf (ξ) = E(exp(i ξ f)) =

∫
X

exp(i ξ f)dµ(7.3.1)

for each ξ ∈ R, as on p297 of [20]. If νf is the probability distribution on R
associated to µ and f as in Subsection 4.11.1, then

ϕf = ν̂f ,(7.3.2)

as in [20]. If a and b are real numbers, then it is easy to see that

ϕa f (ξ) = ϕf (a ξ)(7.3.3)
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and
ϕf+b(ξ) = (exp(i b ξ))ϕf (ξ)(7.3.4)

for every ξ ∈ R, as on p298 of [20].
Let f1, . . . , fn be finitely many measurable real-valued functions on X that

are independent as random variables, and suppose for the moment that f =∑n
j=1 fj . Under these conditions, we have that

ϕf (ξ) =

n∏
j=1

ϕfj (ξ)(7.3.5)

for each ξ ∈ R, as in Proposition 21.38 on p298 of [20]. More precisely,

ϕf (ξ) =

∫
X

( n∏
j=1

exp(i ξ fj)
)
dµ(7.3.6)

=

n∏
j=1

(∫
X

exp(i ξ fj) dµ
)
=

n∏
j=1

ϕfj (ξ),

using the multiplication theorem in the second step, as in Section 6.10.
It is well known that a finite Borel measure on R is uniquely determined by

its Fourier transform, as mentioned in the previous section. This implies that

νf is uniquely determined by ϕf ,(7.3.7)

as in Corollary 21.40 on p300 of [20].

7.3.1 Joint characteristic functions

Let n be a positive integer, let f1, . . . , fn be measurable real-valued functions
on X, and let F be the corresponding mapping from X into Rn, whose lth
component is fl for l = 1, . . . , n. The joint characteristic function of f1, . . . , fn
or equivalently F with respect to µ on X is the complex-valued function on Rn

defined by

ϕF (ξ) = E(exp(i ξ · F )) =
∫
X

exp(i ξ · F ) dµ,(7.3.8)

as on p303 of [20]. Here ξ · F =
∑n

j=1 ξj fj , as before.
Let νF be the joint distribution of f1, . . . , fn with respect to µ, as in Section

6.6.1. Observe that
ϕF = ν̂F ,(7.3.9)

as in Subsection 4.11.3.
Let νfl be the probability distribution on R associated to µ and fl for each

l = 1, . . . , n, as in Subsection 4.11.1. Remember that f1, . . . , fn are independent
as random variables on X if and only if νF is equal to the product measure

νf1 × · · · × νfn ,(7.3.10)
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as Borel measures on Rn, as in Subsection 6.6.1. The Fourier transform of
(7.3.10) is equal to

n∏
l=1

ν̂fl(ξl),(7.3.11)

as in (7.2.19). It follows that νF is equal to (7.3.10) if and only if ν̂F (ξ) is equal
to (7.3.11) for every ξ ∈ Rn, because a finite Borel measure on Rn is uniquely
determined by its Fourier transform, as mentioned in the previous section.

Thus f1, . . . , fn are independent as random variables on X if and only if
ν̂F (ξ) is equal to (7.3.11) for every ξ ∈ Rn. This is the same as saying that

ϕF (ξ) =

n∏
l=1

ϕfl(ξl)(7.3.12)

for every ξ ∈ Rn. This corresponds to Proposition 21.45 on p303 of [20].

7.4 Convolutions of finite Borel measures on R

Let n be a positive integer, and let ν1, . . . , νn be finite Borel measures on the
real line. Also let an be the mapping from Rn into R defined by addition, so
that

an(x) =

n∑
j=1

xj(7.4.1)

for every x ∈ Rn. Of course, it is well known that this mapping is continuous.
Remember that the product measure

ν1 × · · · × νn(7.4.2)

may be defined as a Borel measure on Rn as in Section 5.12.
The convolution of ν1, . . . , νn is the Borel measure defined on R by

ν1 ∗ · · · ∗ νn = (an)∗(ν1 × · · · × νn),(7.4.3)

as in Section 4.11. This means that

(ν1 ∗ · · · ∗ νn)(E) = (ν1 × · · · × νn)(a
−1
n (E))(7.4.4)

for all Borel sets E ⊆ R, as before. Note that

a−1
n (E) = {x ∈ Rn : an(x) ∈ E} =

{
x ∈ Rn :

n∑
j=1

xj ∈ E

}
.(7.4.5)

In particular,

(ν1 ∗ · · · ∗ νn)(R) = (ν1 × · · · × νn)(a
−1
n (R))(7.4.6)

= (ν1 × · · · × νn)(R
n) =

n∏
l=1

νl(R).
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Often one defines convolutions initially for two measures on R, as on p270
of [118], and Exercise 5 on p158 of [298]. It is easy to see that the convolution
of two measures is commutative, and one can check that it is associative as well.
More precisely, if n = 3, then

(ν1 ∗ ν2) ∗ ν3 = ν1 ∗ (ν2 ∗ ν3) = ν1 ∗ ν2 ∗ ν3,(7.4.7)

as on p271 of [118]. The convolution of n measures may be obtained using
convolutions of two measures repeatedly, as in (10.3) on p317 of [118].

If f is a nonnegative Borel measurable function on R, then f ◦ an is Borel
measurable on Rn, and∫

R

f d(ν1 ∗ · · · ∗ νn) =
∫
Rn

(f ◦ an) d(ν1 × · · · × νn),(7.4.8)

as in Subsection 4.11.3. This also works for real or complex-valued Borel mea-
surable functions with suitable integrability properties, as before. In particular,
this works for bounded real and complex-valued Borel measurable functions on
R, because the measures are finite, by hypothesis. This corresponds to part b
of Proposition 8.48 on p270 of [118], and it is related to part (b) of Exercise 5
on p158 of [298].

One can use this to check that the Fourier transform of the convolution is

(ν1 ∗ · · · ∗ νn)̂(ξ) =
n∏

l=1

ν̂l(ξ),(7.4.9)

as mentioned on p272 of [118].
Suppose for the moment that n = 2, and that for j = 1, 2,

νj(E) =

∫
E

ρj(x) dx(7.4.10)

for all Borel sets E ⊆ Rn, where ρj is a nonnegative real-valued function on Rn

that is integrable with respect to Lebesgue measure. It is well known and not
difficult to show that

(ν1 ∗ ν2)(E) =

∫
E

(ρ1 ∗ ρ2)(x) dx(7.4.11)

for each Borel set E ⊆ Rn, where

(ρ1 ∗ ρ2)(x) =
∫
R

ρ1(x− y) ρ2(y) dy.(7.4.12)

This corresponds to part (d) of Proposition 8.48 on p271 of [118], and part (f)
of Exercise 5 on p159 of [298].

If a ∈ R, then let δa be the Borel measure on R defined as in Subsection
1.7.3. One can check that

δa ∗ δb = δa+b(7.4.13)

for all a, b ∈ R.
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7.4.1 Sums of independent random variables

Let (X,A, µ) be a probability space, let f1, . . . , fn be measurable real-valued
functions on X, and let F be the corresponding mapping into Rn. Put

f =

n∑
l=1

fl = an ◦ F.(7.4.14)

Let νf1 , . . . , νfn and νf be the probability distributions on the real line associated
to f1, . . . , fn and f , respectively, as in Subsection 4.11.1, and let νF be the
corrresponding joint distribution on Rn, as in Subsection 6.6.1. Observe that

νf = f∗(µ) = (an ◦ F )∗(µ) = (an)∗(F∗(µ)) = (an)∗(νF ),(7.4.15)

as in Subsection 4.11.2.
Suppose that f1, . . . , fn are independent as random variables on X, so that

νF is the same as the product measure νf1 × · · · × νfn on Rn, as in Subsection
6.6.1. In this case, we get that

νf = νf1 ∗ · · · ∗ νfn .(7.4.16)

This corresponds to Proposition 10.4 on p317 of [118]. One can take the Fourier
transform of both sides of the equation, to get that the characteristic function
of f is equal to the product of the characteristic functions of f1, . . . , fn, as in
the previous section.

7.5 Weak∗ convergence for Borel measures on
Rn

Let n be a positive integer, let {µj}∞j=1 be a sequence of locally finite Borel
measures on Rn, and let µ be another locally finite Borel measure on Rn. Let
us say that {µj}∞j=1 converges to µ in the weak∗ sense if

lim
j→∞

∫
Rn

f dµj =

∫
Rn

f dµ(7.5.1)

for every f ∈ Ccom(Rn). To be more precise, we may say that {µj}∞j=1 converges
to µ in the weak∗ sense with respect to Ccom(Rn) under these conditions. Note
that this implies that (7.5.1) holds for every f ∈ Ccom(Rn,C) as well.

Of course, the limit is unique when it exists, because a locally finite Borel
measure on Rn is uniquely determined by the corresponding linear functional on
Ccom(Rn), as in Subsection 7.1.4. The existence of the limit implies in particular
that the sequence of integrals

∫
Rn f dµj is bounded for each f ∈ Ccom(Rn). If

K is a compact subset of Rn, then one can use this to get that

sup
j≥1

µj(K) < +∞,(7.5.2)
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by considering f ≥ 0 with f ≡ 1 on K.
If y ∈ Rn, then let δy be the probability measure on Rn associated to y as

in Subsection 1.7.3. If {yj}∞j=1 is a sequence of elements of Rn that converges
to y, then it is easy to see that {δyj

}∞j=1 converges to δy in the weak∗ sense with
respect to Ccom(Rn). If |yj | → +∞ as j → ∞, then {δyj}∞j=1 converges to 0 in
the weak∗ sense with respect to Ccom(Rn). In this case, {aj δyj}∞j=1 converges
to 0 in the weak∗ sense with respect to Ccom(Rn) for every sequence {aj}∞j=1 of
nonnegative real numbers.

Suppose for the moment that there is a sequence {ρj}∞j=1 of nonnegative
Borel measurable real-valued functions on Rn such that

µj(E) =

∫
E

ρj(x) dx(7.5.3)

for each Borel set E ⊆ Rn and j ≥ 1, and similarly that there is a nonnegative
Borel measurable real-valued function ρ on Rn such that

µ(E) =

∫
E

ρ(x) dx(7.5.4)

for all Borel sets E ⊆ Rn. More precisely, the ρj ’s and ρ should be locally
integrable on Rn with respect to Lebesgue measure, in the sense that they are
integrable on bounded Borel sets in Rn, in order for the µj ’s and µ so be locally
finite on Rn. If

lim
j→∞

∫
B

|ρj(x)− ρ(x)| dx = 0(7.5.5)

for every bounded Borel set B ⊆ Rn, then it is easy to see that {µj}∞j=1 con-
verges to µ in the weak∗ sense with respect to Ccom(Rn). In this case, we also
have that (7.5.3) tends to (7.5.4) as j → ∞ when E is a bounded Borel set in
Rn.

7.5.1 Weak∗ convergence and measures of open sets in Rn

Suppose again that {µj}∞j=1 converges to µ in the weak∗ sense with respect
to Ccom(Rn), and let U be an open set in Rn. Also let f be a continuous
real-valued function on Rn with compact support such that

0 ≤ f ≤ 1 on Rn and f ≡ 0 on Rn \ U.(7.5.6)

Of course, this implies that ∫
Rn

f dµj ≤ µj(U)(7.5.7)

for each j. It follows that ∫
Rn

f dµ ≤ lim inf
j→∞

µj(U),(7.5.8)



7.5. WEAK∗ CONVERGENCE FOR BOREL MEASURES ON RN 207

because of (7.5.1).
If K is a compact set in Rn that is contained in U , then there are continuous

functions f as in the preceding paragraph with f ≡ 1 on K, as in Subsection
7.1.3. This means that

µ(K) ≤ lim inf
j→∞

µj(U).(7.5.9)

One can use this to get that

µ(U) ≤ lim inf
j→∞

µj(U),(7.5.10)

as in Subsection 2.10.3. This uses the fact that U is an Fσ set, as in Subsection
2.2.2, so that U is σ-compact, because Rn is σ-compact, as in Subsection 2.10.2.

7.5.2 Weak∗ convergence and measures of compact sets in
Rn

Now let K be any compact set in Rn, and let f be a continuous real-valued
function on Rn with compact support such that

0 ≤ f ≤ 1 on Rn and f ≡ 1 on K.(7.5.11)

This implies that

µj(K) ≤
∫
Rn

f dµj(7.5.12)

for each j. It follows that

lim sup
j→∞

µj(K) ≤
∫
Rn

f dµ,(7.5.13)

because of (7.5.1) again.
If U is an open set inRn that containsK, then there are continuous functions

f as in the previous paragraph with f ≡ 0 on Rn \ U , as in Subsection 7.1.3
again. In this case, we can use (7.5.13) to get that

lim sup
j→∞

µj(K) ≤ µ(U).(7.5.14)

This implies that
lim sup
j→∞

µj(K) ≤ µ(K),(7.5.15)

because of outer regularity, as in Subsection 2.12.1. In fact, we can get this
outer regularity property more directly here, as follows.

Remember that K can be expressed as the intersection of a sequence of open
sets, as in Subsection 2.2.2. More precisely, K can be expressed as the inter-
section of a decreasing sequence of bounded open sets using this construction,
although these additional properties could easily be arranged anyway. It follows
that µ(K) is the limit of the measures of these open sets with respect to µ, as
in Subsection 1.9.2. We can use this to get (7.5.15) from (7.5.14), as before.
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7.6 Weak∗ convergence for Borel measures on R

Let {µj}∞j=1 be a sequence of locally finite Borel measures on the real line that
converges to a locally finite Borel measure µ on R in the weak∗ sense with
respect to Ccom(R), as in the previous section. If a, b ∈ R and a ≤ b, then

sup
j≥1

µj([a, b]) < +∞,(7.6.1)

as in (7.5.2). This is a bit simpler here, using continuous nonnegative real-valued
functions on R with compact support that are piecewise-linear.

Similarly, if a and b are real numbers with a < b, then

µ((a, b)) ≤ lim inf
j→∞

µj((a, b)),(7.6.2)

as in (7.5.10). We also have that

lim sup
j→∞

µj([a, b]) ≤ µ([a, b]),(7.6.3)

even when a = b, as in (7.5.15). In fact, (7.6.2) works when a = −∞ or b = +∞
as well. Let us see how the previous arguments can be simplified in these cases.

If a < a1 ≤ b1 < b, then there is a continuous nonnegative real-valued
function f on R with compact support such that f(x) = 1 when a1 ≤ x ≤ b1,
f(x) ≤ 1 for every x ∈ R, and f(x) = 0 when x ≤ a and when x ≥ b. One can
take f to be piecewise-linear, as before. It follows that

µ([a1, b1]) ≤
∫
R

f dµ ≤ lim inf
j→∞

µj((a, b)),(7.6.4)

because of (7.5.1), as in the previous section. One can use this to get (7.6.2),
as in Section 1.9.

Similarly, if a0 < a ≤ b < b0, then there is a continuous nonnegative real-
valued function f on R with compact support such that f(x) = 1 on [a, b],
f(x) ≤ 1 for every x ∈ R, and f(x) = 0 when x ≤ a0 and when x ≥ b0, and one
can take f to be piecewise-linear, as usual. This implies that

lim sup
j→∞

µj([a, b]) ≤
∫
R

f dµ ≤ µ((a0, b0)),(7.6.5)

as before. One can obtain (7.6.3) from this as in Subsection 1.9.2.

7.6.1 When µ({a}) = µ({b}) = 0

Suppose now that a, b ∈ R, a < b, and

µ({a}) = µ({b}) = 0.(7.6.6)

This implies that
lim
j→∞

µj({a}) = lim
j→∞

µj({b}) = 0,(7.6.7)
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as in (7.6.3). It follows that

lim
j→∞

µj((a, b)) = µ((a, b))(7.6.8)

and
lim
j→∞

µj([a, b]) = µ([a, b])(7.6.9)

under these conditions, because of (7.6.2) and (7.6.3). Of course, the right sides
of these two equations are the same in this case.

7.6.2 The set of x ∈ R with µ({x}) > 0 is at most countable

Let µ be a locally finite Borel measure on R. If ϵ and r are positive real numbers,
then it is easy to see that

µ({x}) ≥ ϵ(7.6.10)

for at most
µ([−r, r])/ϵ(7.6.11)

elements x of [−r, r]. This implies that

µ({x}) > 0(7.6.12)

for at most finitely or countably many x ∈ [−r, r]. This means that (7.6.12)
holds for at most finitely or coutably many x ∈ R.

7.6.3 Some remarks about step functions

A step function on the real line may be expressed as a linear combination of
indicator functions of finitely many intervals in R. Let E be a dense set in R. If
f is a continuous real or complex-valued function on R with compact support,
then one can check that f can be uniformly approximated by step functions
that are linear combinations of indicator functions of intervals with endpoints
in E, and whose supports are contained in a single closed interval. This uses
the fact that f is uniformly continuous, as mentioned in Subsection 7.1.1.

7.6.4 A criterion for weak∗ convergence on R

Let {µj}∞j=1 be a sequence of locally finite Borel measures on R again, and let
µ be another locally finite Borel measure on R. Also let E be a dense set in the
real line such that

µ({x}) = 0(7.6.13)

for every x ∈ E. Suppose that (7.6.9) holds for every a, b ∈ E with a ≤ b. In
particular, this means that

lim
j→∞

µj({x}) = 0(7.6.14)

for every x ∈ E. Thus (7.6.8) holds for every a, b ∈ E with a < b too.
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Note that (7.6.1) holds for all a, b ∈ E with a ≤ b. This implies the analogous
statement for all a, b ∈ R with a ≤ b.

Let f be a step function on R with compact support that is a linear combi-
nation of indicator functions of intervals with endpoints in E. It is easy to see
that

lim
j→∞

∫
R

f dµj =

∫
R

f dµ,(7.6.15)

by hypothesis.

One can use this to get that (7.6.15) holds for all continuous functions f onR
with compact support, by approximating f by step functions as in the previous
subsection. Thus {µj}∞j=1 converges to µ in the weak∗ sense with respect to
Ccom(R) under these conditions. Note that one can simply take E to be the set
of all x ∈ R such that (7.6.13) holds.

7.7 Other types of weak∗ convergence on Rn

Let n be a positive integer again, let {µj}∞j=1 be a sequence of finite Borel
measures on Rn, and let µ be another finite Borel measure on Rn. Let us
say that {µj}∞j=1 converges to µ in the weak∗ sense with respect to C0(R

n) if
(7.5.1) holds for all continuous real-valued functions f on Rn that vanish at
infinity, as in Subsection 7.1.2. Note that this implies the analogous condition
for continuous complex-valued functions f on Rn that vanish at infinity. This
corresponds to vague convergence on p223 of [118]. Clearly this implies that
{µj}∞j=1 converges to µ in the weak∗ sense with respect to Ccom(Rn), as in
Section 7.5.

Suppose that

sup
j≥1

µj(R
n) < +∞.(7.7.1)

In this case, one can check that weak∗ convergence with respect to Ccom(Rn)
implies weak∗ convergence with respect to C0(R

n). This uses the fact that
Ccom(Rn) is dense in C0(R

n) with respect to the supremum metric, as men-
tioned in Subsection 7.1.2.

If y ∈ Rn, then let δy be the probability measure on Rn associated to y
as in Subsection 1.7.3 again. If {yj}∞j=1 is a sequence of elements of Rn with
|yj | → +∞ as j → ∞, then it is easy to see that {δyj

}∞j=1 converges to 0 in the
weak∗ sense with respect to C0(R

n).

7.7.1 The uniform boundedness principle

It is well known that (7.7.1) is a necessary condition for {µj}∞j=1 to converge in
the weak∗ sense with respect to C0(R

n). More precisely, (7.7.1) is a necessary
condition to have that

sup
j≥1

∣∣∣∣∫
Rn

f dµj

∣∣∣∣ < +∞(7.7.2)
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for every f ∈ C0(R
n). This uses the uniform boundedness principle for bounded

linear mappings on Banach spaces. Remember that C0(R
n) is complete with

respect to the supremum metric, as in Subsection 7.1.2, so that C0(R
n) is a

Banach space with respect to the supremum norm. This also uses the well-
known fact that

f 7→
∫
Rn

f dµj(7.7.3)

is a bounded linear functional on C0(R
n) with respect to the supremum norm

for each j, with dual norm equal to µj(R
n).

7.7.2 Convergence with respect to Cb(R
n)

Let us say that {µj}∞j=1 converges to µ in the weak∗ sense with respect to Cb(R
n)

if (7.5.1) holds for all bounded continuous real-valued functions f on Rn. This is
the same as saying that (7.5.1) holds for all bounded continuous complex-valued
functions f on R, as usual. Of course, this implies that {µj}∞j=1 converges to µ
in the weak∗ sense with respect to C0(R

n).
If {µj}∞j=1 converges to µ in the weak∗ sense with respect to Cb(R

n), then
one can take f ≡ 1 on Rn in (7.5.1) to get that

lim
j→∞

µj(R
n) = µ(Rn).(7.7.4)

If {µj}∞j=1 converges to µ in the weak∗ sense with respect to Ccom(R), then

µ(Rn) ≤ lim inf
j→∞

µj(R
n),(7.7.5)

as in (7.5.10).
If {yj}∞j=1 is a sequence of elements of Rn such that |yj | → +∞ as j → ∞,

then {δyj
}∞j=1 does not converge in the weak∗ sense with respect to Cb(R

n).
This is because {δyj}∞j=1 converges to 0 in the weak∗ sense with respect to
C0(R

n), and the inequality in (7.7.5) is strict in this case.
Suppose for the moment that there is a sequence {ρj}∞j=1 of nonnegative

integrable real-valued functions on Rn with respect to Lebesgue measure, and
another nonnegative integrable real-valued function ρ with respect to Lebesgue
measure on Rn, such that µj and µ are as in (7.5.3) and (7.5.4), respectively.
If {ρj}∞j=1 converges to ρ in L1 on Rn with respect to Lebesgue measure, then
it is easy to see that {µj}∞j=1 converges to µ in the weak∗ sense with respect to
Cb(R

n). However, this type of convergence is more restrictive that convergence
in the weak∗ sense with respect to Cb(R

n).

7.8 A related condition on sequences of mea-
sures

Let n be a positive integer, and let B(x, r) be the closed ball in Rn centered at
x ∈ Rn with radius r ≥ 0 with respect to the standard Euclidean metric, as in
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Subsection 2.2.2. If µ is a finite Borel measure on Rn, then

lim
l→∞

µ(Rn \B(0, l)) = 0,(7.8.1)

as in Subsection 1.9.2.
Let {µj}∞j=1 be a sequence of finite Borel measures on Rn. Consider the

condition that for each ϵ > 0 there be an r(ϵ) ≥ 0 such that

µj(R
n \B(0, r(ϵ))) ≤ ϵ(7.8.2)

for each j. A sequence of probability measures with this property may be said
to be tight. This corresponds to the definition of a tight sequence of distribution
functions of probability measures on the real line on p295 of [20]. Note that
(7.8.2) is the same as saying that

µj(R
n) ≤ µj(B(0, r(ϵ))) + ϵ(7.8.3)

for each j.

7.8.1 A reformulation using continuous functions

Consider the condition that for each ϵ > 0 there be a continuous real-valued
function θϵ on Rn with compact support such that 0 ≤ θϵ ≤ 1 on Rn and

µj(R
n) ≤

∫
Rn

θϵ dµj + ϵ(7.8.4)

for each j. This is the same as saying that∫
Rn

(1− θϵ) dµj ≤ ϵ(7.8.5)

for each j.
If (7.8.3) holds, then (7.8.4) holds when θϵ ≡ 1 on B(0, r(ϵ)). Conversely, if

(7.8.4) holds, then (7.8.3) holds when the support of θϵ is contained in B(0, r(ϵ)).

7.8.2 A connection with weak∗ convergence

Let µ be a finite Borel measure onRn again, and suppose that {µj}∞j=1 converges
to µ in the weak∗ sense with respect to Ccom(Rn). Let ϵ > 0 be given, and
suppose that θϵ ∈ Ccom(Rn) is as in the previous subsection. Observe that

lim
j→∞

∫
Rn

θϵ dµj =

∫
Rn

θϵ dµ ≤ µ(Rn).(7.8.6)

This implies that

lim sup
j→∞

µj(R
n)− ϵ ≤ µ(Rn),(7.8.7)
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because of (7.8.4). If this holds for every ϵ > 0, then we get that

lim sup
j→∞

µj(R
n) ≤ µ(Rn).(7.8.8)

Combining this with (7.7.5), we get that (7.7.4) holds when {µj}∞j=1 also
satisfies the previous condition. Conversely, suppose that (7.7.4) holds, and let
us check that {µj}∞j=1 satisfies this condition.

7.8.3 Necessity of this condition

If f is a continuous real-valued function on Rn with compact support, then we
can use weak∗ convergence with respect to Ccom(Rn) and (7.7.4) to get that

lim
j→∞

∫
Rn

(1− f) dµj =

∫
Rn

(1− f) dµ.(7.8.9)

Let ϵ > 0 be given, and let fϵ be a continuous real-valued function on Rn with
compact support such that 0 ≤ fϵ ≤ 1 on Rn and∫

Rn

(1− fϵ) dµ < ϵ/2.(7.8.10)

This holds when fϵ ≡ 1 on a closed ball in R centered at 0 with large enough
radius, as in (7.8.1). This implies that∫

Rn

(1− fϵ) dµj < ϵ(7.8.11)

when j is large enough, because of (7.8.9).
If the support of fϵ is contained in B(0, r(ϵ)), then (7.8.11) implies (7.8.3),

as before. This means that (7.8.3) holds when j is large enough and r(ϵ) has
this property. It follows that (7.8.3) holds for all j when r(ϵ) is large enough,
as in (7.8.1).

7.8.4 More on convergence with respect to Cb(R
n)

Let us continue to suppose that {µj}∞j=1 converges to µ in the weak∗ sense
with respect to Ccom(Rn), and suppose again now that {µj}∞j=1 satisfies the
condition mentioned earlier. We would like to show that {µj}∞j=1 converges to
µ in the weak∗ sense with respect to Cb(R

n). This is related to Exercise 26 on
p225 of [118], with some simplifications. This is related to Proposition 21.31 on
p293 of [20] when n = 1 as well.

Let f ∈ Cb(R
n) and ϵ > 0 be given, and let θϵ be as before. Note that∫

Rn

(1− θϵ) dµ ≤ ϵ,(7.8.12)

because of (7.8.5), as in (7.8.9). We also have that

lim
j→∞

∫
Rn

f θϵ dµj =

∫
Rn

f θϵ dµ,(7.8.13)
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because f θϵ ∈ Ccom(Rn). Of course,∫
Rn

f dµj −
∫
Rn

f dµ =

∫
Rn

f θϵ dµj −
∫
Rn

f θϵ dµ

+

∫
Rn

f (1− θϵ) dµj −
∫
Rn

f (1− θϵ) dµ.(7.8.14)

Observe that∣∣∣∣∫
Rn

f (1− θϵ) dµj

∣∣∣∣ ≤ ∫
Rn

|f | (1− θϵ) dµj ≤ ϵ ‖f‖sup,(7.8.15)

using (7.8.5) in the second step, as well as the definition of the supremum norm
of f , as in Section 7.1. Similarly,∣∣∣∣∫

Rn

f (1− θϵ) dµ

∣∣∣∣ ≤ ∫
Rn

|f | (1− θϵ) dµ ≤ ϵ ‖f‖sup,(7.8.16)

using (7.8.12) in the second step. One can use this to get that the left side of
(7.8.14) is arbitrarily small when j is large enough, because of (7.8.13).

7.9 Multi-indices and the Schwartz class

Let n be a positive integer. A multi-index is an n-tuple α = (α1, . . . , αn) of
nonnegative integers. The order of α is defined by

|α| =
n∑

j=1

αj .(7.9.1)

Of course, this is not necessarily the same as the standard Euclidean norm of
α, and this should not normally cause any confusion.

If x ∈ Rn, then put
xα = xα1

1 · · ·xαn
n .(7.9.2)

Here x
αj

j is interpeted as being equal to 1 when αj = 0, even when xj = 0. This
defines the monomial on Rn associated to α.

Let f be a continuous real or complex-valued function on Rn that is contin-
uously differentiable of all orders. The derivative of f of order |α| corresponding
to α may be denoted

∂αf =
∂|α|f

∂xα1
1 · · · ∂xαn

n
.(7.9.3)

7.9.1 The Schwartz class

Let S(Rn) be the space of complex-valued functions f on Rn that are continu-
ously differentiable of all orders such that

(1 + |x|2)k |(∂βf)(x)|(7.9.4)
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is bounded on Rn for every nonnegative integer k and multi-index β. One can
check that this is equivalent to asking that

xα (∂βf)(x)(7.9.5)

be bounded on Rn for all multi-indices α and β. This is called the Schwartz
class, and it is easy to see that this is a linear subspace of the space C0(R

n,C)
of continuous complex-valued function on Rn that vanish at infinity, as a vector
space over the complex numbers.

If f ∈ S(Rn) and α is a multi-index, then one can check that

∂αf ∈ S(Rn).(7.9.6)

One can also verify that
xα f(x) ∈ S(Rn),(7.9.7)

using the product rule for partial derivatives.
If f is continuously differentiable on Rn of all orders and f has compact

support, then f ∈ S(Rn). One can use this to get that S(Rn) is dense in
C0(R

n,C) with respect to the supremum metric.

7.9.2 The Fourier transform on S(Rn)

If f is a real or complex-valued function on Rn that is integrable with respect
to Lebesgue measure, then the Fourier transform of f is the complex-valued
function defined on Rn by

f̂(ξ) =

∫
Rn

f(x) exp(i x · ξ) dx.(7.9.8)

If f is real-valued and nonnegative, then this is the same as the Fourier transform
of the measure on Rn associated to f in the usual way, as in Subsection 7.2.3.
It is easy to see that f̂ is bounded on Rn, with

|f̂(ξ)| ≤
∫
Rn

|f(x)| dx(7.9.9)

for every ξ ∈ Rn, as in Subsection 7.2.1 when n = 1. Another version of the
Riemann–Lebesgue lemma states that f̂ vanishes at infinity on Rn.

If f ∈ S(Rn), then it is easy to see that f is integrable on Rn with respect
to Lebesgue measure. In fact, it is well known and not too difficult to show that

f̂ ∈ S(Rn)(7.9.10)

in this case. This corresponds to part of Theorem 26.17 on p411 of [20], Corollary
8.23 on p250 of [118], part (d) of Theorem 7.4 on p168 of [297], Theorem 1.3 on
p137 and Corollary 2.2 on p181 of [334], and Theorem 3.2 on p20 of [337].

Indeed, if f ∈ S(Rn) and α is a multi-index, then one can check that the
Fourier transform of ∂αf iŝ(∂αf)(ξ) = (−i)|α| ξα f̂(ξ),(7.9.11)
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using integration by parts. This is related to the remarks in Subsection 7.12.3
when n = 1. Similarly, one can verify that

∂α f̂ is equal to the Fourier transform of i|α| xα f(x),(7.9.12)

by differentiating under the integral sign. This is related to the remarks in
Subsections 7.12.1 and 7.12.2 when n = 1.

7.9.3 More on the Fourier transform on S(Rn)

More precisely, it is well known that the Fourier transform defines a one-to-one
mapping from S(Rn) onto itself. This is related to the inverse Fourier transform
of the Fourier transform of an integrable function whose Fourier transform is
also integrable. This corresponds to part of Corollary 8.28 on p252 of [118],
part (b) of Theorem 7.7 on p170 of [297], Corollary 1.10 on p142 and a remark
on p184 of [334], and a remark after Theorem 3.2 on p20 of [337]. See also
[117, 199, 219, 236, 252, 340, 386, 387] for more on these and related topics.

7.9.4 The multiplication formula

If µ and ν are finite Borel measures on Rn, then it is easy to see that∫
Rn

µ̂ dν =

∫
Rn

ν̂ dµ,(7.9.13)

using Fubini’s theorem. Similarly, if f is a real or complex-valued function on
Rn that is integrable with respect to Lebesgue measure, then∫

Rn

f̂ dµ =

∫
Rn

f(y) µ̂(y) dy.(7.9.14)

In particular, one can use this to get that µ is uniquely determined by µ̂.
This also uses the fact that S(Rn) is dense in C0(R

n,C) with respect to the
supremum metric, as mentioned earlier.

7.10 More on sequences of finite measures on
Rn

Let n be a positive integer, and let {µj}∞j=1 be a sequence of finite Borel measures
onRn. Suppose for the moment that {µj(R

n)}∞j=1 is bounded, and that {µj}∞j=1

satisfies the condition discussed near the beginning of Section 7.8. It is not too
difficult to check that

{µ̂j}∞j=1 is uniformly equicontinuous on Rn.(7.10.1)

This means that for every ϵ > 0 there is a δ > 0 such that

|µ̂j(ξ)− µ̂j(η)| < ϵ(7.10.2)
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for all j and ξ, η ∈ Rn with |ξ − η| < δ.
More precisely, if there is an r ≥ 0 such that

µj(R
n \B(0, r)) = 0(7.10.3)

for each j, then one can verify that µ̂j is Lipschitz of order 1 on Rn, as in
Section A.11, with bounded constant. Otherwise, one can use the condition
in Section 7.8 to get that the µ̂j ’s can be uniformly approximated by Lipschitz
functions of order 1 with constants that are uniformly bounded in j. This implies
the uniform equicontinuity condition mentioned in the preceding paragraph, by
standard arguments.

7.10.1 Getting pointwise convergence of {µ̂j}∞j=1

Let µ be another finite Borel measure on Rn, and suppose that {µj}∞j=1 con-
verges to µ in the weak∗ sense with respect to Ccom(Rn), in addition to the
condition from Section 7.8. Remember that weak∗ convergence of {µj}∞j=1 with
respect to Ccom(Rn) implies that the µj ’s are uniformly bounded on compact
subsets of Rn, as in Section 7.5. This implies that the µj ’s are uniformly
bounded on Rn, because of the condition from Section 7.8.

Remember that {µj}∞j=1 converges to µ in the weak∗ sense with respect to
Cb(R

n), as in Subsection 7.8.4. Conversely, if {µj}∞j=1 converges to µ in the
weak∗ sense with respect to Cb(R

n), then µj converges to µ in the weak∗ sense
with respect to Ccom(Rn), and {µj(R

n)}∞j=1 converges to µ(Rn). This implies
the condition mentioned near the beginning of Section 7.8, as in Subsection
7.8.3.

Observe that
lim
j→∞

µ̂j(ξ) = µ(ξ)(7.10.4)

for every ξ ∈ Rn when {µj}∞j=1 converges to µ in the weak∗ sense with respect
to Cb(R

n). This is related to a remark after Proposition 8.50 on p272 of [118].
In fact, one can get uniform convergence on compact subsets of Rn, because of
(7.10.1).

7.10.2 Using pointwise convergence of {µ̂j}∞j=1

Suppose now that {µj}∞j=1 is a sequence of finite Borel measures on Rn, µ is
another finite Borel measure on Rn, and that (7.10.4) holds for every ξ ∈ Rn.
In particular, we can take ξ = 0, to get that

{µj(R
n)}∞j=1 converges to µ(Rn).(7.10.5)

Note that this implies that {µj(R
n)}∞j=1 is bounded, so that {µ̂j}∞j=1 is uni-

formly bounded on Rn.
Let f be a real or complex-valued function on Rn that is integrable with

respect to Lebesgue measure. The dominated convergence theorem implies that

lim
j→∞

∫
Rn

f(y) µ̂j(y) dy =

∫
Rn

f(y) µ̂(y) dy.(7.10.6)
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This means that

lim
j→∞

∫
Rn

f̂ dµj =

∫
Rn

f̂ dµ,(7.10.7)

as in (7.9.14).

Remember that f̂ can be any element of the Schwartz class S(Rn), as in
Subsection 7.9.2. One can use this and (7.10.7) to get that {µj}∞j=1 converges
to µ in the weak∗ sense with respect to C0(R

n,C). This also uses the fact that
S(Rn) is dense in C0(R

n,C) with respect to the supremummetric, as mentioned
in Subsection 7.9.1, and the boundedness of {µj(R)}∞j=1. This corresponds to
Proposition 8.50 on p272 of [118], with some simplifications. This is related to
Theorem 21.44 on p302 of [20] as well.

7.11 Weak convergence of random variables

Let (Xj ,Aj , µj) be a probability space for each positive integer j, and let
(X,A, µ) be another probability space. Often one simply takes (Xj ,Aj , µj) =
(X,A, µ) for each j, although this is not really needed here.

Let fj be a measurable real-valued function on Xj for each j, and let f be
a measurable real-valued function on X. Also let νfj be the Borel probability
measure on R corresponding to fj for each j, and let νf be the Borel probability
measure on R corresponding to f , as in Subsection 4.11.1.

Let g be a bounded continuous real or complex-valued function on the real
line. Note that ∫

Xj

(g ◦ fj) dµj =

∫
R

g dνfj(7.11.1)

for each j, and ∫
X

(g ◦ f) dµ =

∫
R

g dνf ,(7.11.2)

as in Subsection 4.11.3. This means that

lim
j→∞

∫
Xj

(g ◦ fj) dµj =

∫
X

(g ◦ f) dµ(7.11.3)

is the same as saying that

lim
j→∞

∫
R

g dνfj =

∫
R

g dνf .(7.11.4)

The condition that (7.11.3) hold for all bounded continuous functions g on
R characterizes a type of weak convergence of {fj}∞j=1 to f , as in Proposition
21.31 on p293 of [20]. This type of weak convergence is defined on p292 of [20],
and is also known as convergence in distribution. This is the same as saying
that {νfj}∞j=1 converges to νf in the weak∗ sense with respect to Cb(R), or
equivalently Cb(R,C), as in the preceding paragraph.

The convergence of {νfj}∞j=1 to νf in the weak∗ sense with respect to Cb(R)
is equivalent to convergence in the weak∗ sense with respect to Ccom(R), because
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νfj (R) = µj(Xj) = 1 for each j, and νf (R) = µ(X) = 1. This uses the remarks
in Subsections 7.8.3 and 7.8.4. This is also equivalent to the convergence of
{νfj}∞j=1 to νf in the weak∗ sense with respect to C0(R), as in Section 7.7.

The definition of convergence in distribution on p292 of [20] uses the distri-
bution functions associated to these random variables, as in Section 4.13. More
precisely, it is defined to mean that the distribution functions associated to the
fj ’s converge pointwise to the distribution function associated to f at points
where the distribution function associated to f is continuous. This is related to
Proposition 7.19 on p223 of [118], and to the remarks in Section 7.6.

Let us emphasize that while the probability distribution νf associated to f
is uniquely determined by convergence in distribution, the random variable f is
not. This is related to Example 21.33 on p295 of [20]. One can also look at this
in terms of isomorphisms between probability spaces, as in Subsection 4.11.2.

7.11.1 When f is constant

Let c be a real number, and suppose for the moment that f is the constant
function equal to c to X. This means that νf is the Borel probability measure
δc defined on R as in Subsection 1.7.3. Suppose that {νfj}∞j=1 converges to ν in
the weak∗ sense with respect to Ccom(R), and let ϵ > 0 be given. Observe that

1 = νf ((c− ϵ, c+ ϵ)) ≤ lim inf
j→∞

νfj ((c− ϵ, c+ ϵ)),(7.11.5)

where the second step is as in Subsection 7.5.1, with U = (c− ϵ, c+ ϵ). In fact,
the previous argument can be simplified in this case, by taking K = {c}.

This is the same as saying that

lim
j→∞

νfj ((c− ϵ, c+ ϵ)) = 1,(7.11.6)

because the νfj ’s are probability measures on R. This means that

lim
j→∞

νfj (R \ (c− ϵ, c+ ϵ)) = 0.(7.11.7)

Equivalently,
lim
j→∞

µj(f
−1
j (R \ (c− ϵ, c+ ϵ))) = 0,(7.11.8)

by the definition of νfj . If (Xj ,Aj , µj) = (X,A, µ) for each j, then it follows
that {fj}∞j=1 converges to f in measure on X. This corresponds to part (2) of
Proposition 21.32 on p294 of [20].

7.11.2 When {fj}∞j=1 converges pointwise

Let (X,A, µ) be a probability space again, let {fj}∞j=1 be a sequence of measur-
able real-valued functions on X, and let f be another measurable real-valued
function on X. Also let νfj , j ≥ 1, and νf be the Borel probability measures on
R associated to the fj ’s and f , as before. Suppose for the moment that {fj}∞j=1
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converges to f pointwise almost everywhere on X with respect to µ. If g is a
continuous real or complex-valued function on the real line, then it follows that

{g ◦ fj}∞j=1 converges to g ◦ f pointwise almost everywhere on X(7.11.9)

with respect to µ.
If g is also bounded on R, then {g ◦ fj}∞j=1 is uniformly bounded on X. In

this case, the bounded convergence theorem implies that

lim
j→∞

∫
X

(g ◦ fj) dµ =

∫
X

(g ◦ f) dµ.(7.11.10)

This means that {νfj}∞j=1 converges to νf in the weak∗ sense with respect to
Cb(R), as before. This corresponds to part of the proof of part (1) of Proposition
21.32 on p294 of [20].

7.11.3 When {fj}∞j=1 converges in measure

Suppose now that {fj}∞j=1 converges to f in measure on X with respect to µ.
If g is a uniformly continuous real or complex-valued function on the real line,
then one can check that

{g ◦ fj}∞j=1 converges to g ◦ f in measure on X(7.11.11)

with respect to µ.
If g is bounded on R as well, then {g ◦ fj}∞j=1 is uniformly bounded on X,

as before, and the bounded convergence theorem for convergence in measure
implies that (7.11.10) holds, as in Section 4.8. In particular, this works when g
is continuous on R and vanishes at infinity, as in Subsection 7.1.2. This means
that {νfj}∞j=1 converges to νf in the weak∗ sense with respect to C0(R), as
before. It follows that {νfj}∞j=1 converges to νf in the weak∗ sense with respect
to Cb(R), as mentioned in the first part of this section. This corresponds to
part (1) of Proposition 21.32 on p294 of [20].

Alternatively, let {fjl}∞l=1 be a subsequence of {fj}∞j=1. This subsequence
converges to f in measure on X with respect to µ, and so there is a subsequence
{fjlr }

∞
r=1 of {fjl}∞l=1 that converges to f pointwise almost everywhere on X

with respect to µ, as in Subsection 4.7.3. If g is a bounded continuous function
on R, then it follows that

lim
r→∞

∫
X

(g ◦ fjlr ) dµ =

∫
X

(g ◦ f) dµ,(7.11.12)

as in the preceding subsection. One can use this to get (7.11.10), as in [20].

7.12 The derivative of exp(a t)

It is well known that the complex exponential function exp z is a complex ana-
lytic or holomorphic function on the complex plane, whose complex derivative is
itself. This can be seen by differentiating the series expansion for exp z termwise.
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Similarly, if a is a complex number, then exp(a t) is differentiable as a func-
tion of t ∈ R, with

d

dt
exp(a t) = a exp(a t).(7.12.1)

If a is imaginary, then it follows that∣∣∣∣ ddt exp(a t)
∣∣∣∣ = |a|(7.12.2)

for each t ∈ R. One can use this to get that

| exp(a r1)− exp(a r2)| ≤ |a| |r1 − r2|(7.12.3)

for all r1, r2 ∈ R in this case, using the fundamental theorem of calculus, for
instance.

7.12.1 Differentiating the Fourier transform

Let ν be a finite Borel measure on the real line, and suppose that∫ +∞

−∞
|x| dν(x) < +∞.(7.12.4)

Under these conditions, it is well known that the Fourier transform of ν is
differentiable on R, with

ν̂′(ξ) =

∫ +∞

−∞
i x exp(i x ξ) dν(x).(7.12.5)

This can be obtained using the dominated convergence theorem and (7.12.3).
One can also check that ν̂′ is continuous on R, and in fact it is uniformly
continuous on R.

7.12.2 Differentiating ν̂ some more

Let k be a positive integer, and suppose that∫ +∞

−∞
|x|k dν(x) < +∞.(7.12.6)

This implies that ν̂ is k-times continuously differentiable on R, with

ν̂(k)(ξ) =

∫ +∞

−∞
(i x)k exp(i x ξ) dν(x).(7.12.7)

This is formulated for characteristic functions of random variables on probability
spaces in Proposition 21.43 on p302 of [20]. This can be obtained by repeating
the same type of arguments as for k = 1.
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7.12.3 More on Fourier transforms of integrable functions
on R

Let f be a real or complex-valued function on the real line that is integrable with
respect to Lebesgue measure, and suppose that x f(x) is integrable with respect
to Lebesgue measure on R as well. This implies that the Fourier transform of f
is continuously differentiable on the real line, with the derivative of f̂ equal to
the Fourier transform of (i x) f(x), as before. This type of result is often stated
this way, as in Proposition 16.2 on p163 of [20]. See also part (i) of Theorem 3
on p8 of [45] and Theorem 1.7 on p4 of [337], for instance.

If f is integrable on R and the derivative of f is integrable on R with respect
to Lebesgue measure too, then one would expect to have that

(̂f ′)(ξ) = −i ξ f̂(ξ),(7.12.8)

using integration by parts. This corresponds to Proposition 16.3 on p163 of
[20] when f is absolutely continuous on every closed interval in R, and this
is essentially the same as in part (ii) of Theorem 3 on p8 of [45]. This also
corresponds to Theorem 1.8 on p4 of [337] when f is differentiable in the L1

norm, as in Subsection 4.5.4. Results like these are often stated with slightly
stronger hypotheses, for convenience, and of course the main principles are the
same.

7.13 Gaussian distributions

It a is a positive real number, then it is well known that∫ +∞

−∞
exp(−ax2) dx =

√
π/a,(7.13.1)

as in Proposition 2.53 on p79 of [118]. More precisely, the square of this integral
may be considered as an integral over R2 that can be evaluated using polar
coordinates.

If σ is a positive real number, then it follows that

1

σ
√
2π

∫ +∞

−∞
exp(−t2/(2σ2)) dt = 1.(7.13.2)

One can check that

1

σ
√
2π

∫ +∞

−∞
t exp(−t2/(2σ2)) dt = 0(7.13.3)

and
1

σ
√
2π

∫ +∞

−∞
t2 exp(−t2/(2σ2)) dt = σ2,(7.13.4)

as on p325 of [118].
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The Borel probability measure defined on the real line by

νσ
2

0 (E) =
1

σ
√
2π

∫
E

exp(−t2/(2σ2)) dt(7.13.5)

is called the Gaussian or normal distribution with mean 0 and variance σ2, as on
p325 of [118]. If σ = 1, then this is called the standard normal distribution, as in
[118]. This corresponds to the standard normal density on p395 of [14], and the
standard normal distribution on p270 of [20]. A random variable on a probability
space with a Gaussian distribution may be called a Gaussian or normal random
variable, as on p300 of [20]. Of course, one may consider Gaussian distributions
and random variables with arbitrary means as well, instead of mean 0.

It is well known that

ν̂σ
2

0 (ξ) = exp(−σ2 ξ2/2).(7.13.6)

This means that if f is a Gaussian random variable on a probability space with
mean 0 and variance σ2, then its characteristic function is

ϕf (ξ) = exp(−σ2 ξ2/2),(7.13.7)

as on p301 of [20]. If σ = 1, then (7.13.6) corresponds to part (1) of Proposition
16.5 on p164 of [20], and it is easy to reduce to that case. Of course, the
Fourier transform of a Gaussian is discussed in many texts, with perhaps slightly
different conventions.

7.14 A convergence theorem

Let λ be a Borel probability measure on the real line such that∫ +∞

−∞
t2 dλ(t) = 1(7.14.1)

and ∫ +∞

−∞
t λ(t) = 0.(7.14.2)

Note that the finiteness of the integral on the left side of (7.14.1) implies that∫ +∞

−∞
|t| dλ(t) < +∞,(7.14.3)

so that the integral on the left side of (7.14.2) is defined.
If n is a positive integer, then put

λ∗n = λ ∗ · · · ∗ λ (n factors),(7.14.4)

as in Section 7.4. Let λn be the Borel measure defined on R by

λn(E) = λ∗n(
√
nE),(7.14.5)
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where
√
nE = {

√
n t : t ∈ E}.

Under these conditions, Theorem 10.14 on p326 of [118] states that {λn}∞n=1

converges to ν10 in the weak∗ sense with respect to C0(R,C), where ν10 is the
standard normal distribution on R, as in the previous section. More precisely,

one can show that {λ̂n}∞n=1 converges to ν̂10 pointwise on R, as in [118]. This
implies weak∗ convergence of the corresponding Borel measures with respect to
C0(R,C), as in Subsection 7.10.2.

7.14.1 The central limit theorem

Let (X,A, µ) be a probability space, and suppose that {fj}∞j=1 is a sequence
of independent identically distributed square-integrable random variables on X
with mean 0 and variance equal to 1. Note that

Var
(
n−1/2

n∑
j=1

fj

)
= n−1

n∑
j=1

Var(fj) = 1(7.14.6)

for every positive integer n, as in Section 6.12. Under these conditions, the
central limit theorem states that the sequence of probability distributions on
the real line associated to the random variables

n−1/2
n∑

j=1

fj(7.14.7)

converges to the standard normal distribution ν10 in the weak∗ sense with respect
to C0(R,C), as in Theorem 21.46 on p306 of [20], and Theorem 10.15 on p326
of [118]. The means that this sequence of probability distributions converges to
ν10 in the weak∗ sense with respect to Cb(R,C), as in Section 7.8.

This can be obtained from the convergence theorem discussed at the be-
ginning of the section. If λ is the probability distribution on R associated to
the fj ’s, then λ∗n is the probability distribution associated to

∑n
j=1 fj , as in

Subsection 7.4.1. Using this, one can check that the probability distribution
associated to (7.14.7) is λn.

7.14.2 Some remarks about logarithms

If {cn}∞n=1 is a sequence of complex numbers that converges to c ∈ C, then it is
mentioned on p305 of [20] that

lim
n→∞

(1 + (cn/n))
n = exp c,(7.14.8)

and that this is used in the proof of the central limit theorem. The proof is
left to the reader, with the additional remark that one should be careful about
proofs using logarithms, because the complex logarithm is multi-valued.

If x and y are real numbers, then

exp(x+ i y) = (exp x) (exp(i y)) = (exp x) (cos y + i sin y),(7.14.9)
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as in Section 7.2. Note that

| exp(x+ i y)| = expx.(7.14.10)

This implies that x is uniquely determined by exp(x + i y), because the expo-
nential function is one-to-one on the real line.

If w is a complex number with |w| < 1, then the principal branch of log(1+w)
may be defined in a standard way, so that

exp(log(1 + w)) = 1 + w(7.14.11)

and
lim
w→0

w−1 (log(1 + w)− w) = 0.(7.14.12)

It follows that
exp(n log(1 + w)) = (1 + w)n(7.14.13)

for every positive integer n. One can use this to get (7.14.8).
Let λ be a Borel probability measure on the real line as at the beginning of

the section again, and suppose for the moment that λ is symmetric about 0, in
the sense that

λ(−E) = λ(E)(7.14.14)

for every Borel set E ⊆ R. One can check that λ̂ is real-valued onR. This means
that one can use the ordinary logarithm on the set of positive real numbers in
the proof of Theorem 10.14 on p326 of [118]. Similarly, one can use the ordinary
logarithm to get (7.14.8) when {cn}∞n=1 is a sequence of real numbers. This is
the version that is used in the proof of the central limit theorem when the
probability distribution associated to the random variables has this property.

Otherwise, in the proof of the central limit theorem in [20], or the conver-
gence theorem in [118], one really only needs (7.14.8) in the case where c is a
real number, even though the cn’s may be complex. Of course, this means that
the imaginary parts of the cn’s converges to 0 as n → ∞. This can be used to
get slightly better properties of the complex logarithm of 1 + cn/n.



Appendix A

Metrics, ultrametrics, and
product spaces

A.1 Some remarks related to compactness

Let X be a metric space, or a topological space. As usual, a subset K of X
is said to be compact if every open covering of K can be reduced to a finite
subcovering. Let us review some related conditions in this section.

A.1.1 The limit point property

Let A be a subset of X, and let x be an element of X. If (X, d) is a metric
space, then x is said to be a limit point of A if for every r > 0 there is an y ∈ A
such that x 6= y and d(x, y) < r. In this case, it is well known and not difficult
to show that there are infinitely many elements of A in B(x, r).

If X is any topological space, then x is said to be a limit point of A in X
if for every open set U ⊆ X with x ∈ U , there is a y ∈ A such that x 6= y and
y ∈ U . It is easy to see that this is equivalent to the previous definition when
the topology on X is determined by a metric.

Let us say that x is a strong limit point of A in X if for every open set
U ⊆ X with x ∈ U , there are infinitely many elements of A in U . Clearly this
implies that x is a limit point of A, and the converse holds in metric spaces, as
in the preceding paragraph. More precisely, one can check that a limit point of
A is a strong limit point when X satisfies the first separation condition.

A subset E of X is said to have the limit point property if every infinite
subset of E has a limit point in E. Similarly, let us say that E has the strong
limit point property if every infinite subset of E has a strong limit point in E.
This implies that E has the limit point property, and the converse holds in
metric spaces, or topological spaces that satisfy the first separation condition.

If E is compact, then it is well known that E has the strong limit point
property. Otherwise, if there is an infinite subset A of E without a strong limit

226
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point in E, then E can be covered by open sets U such that A ∩ U has only
finitely many elements. Compactness implies that E can be covered by finitely
many such open sets, contradicting the hypothesis that A has infinitely many
elements.

A.1.2 Sequential compactness

A subset E of X is said to be sequentially compact if every sequence of elements
of E has a subsequence that converges to an element of E. It is easy to see that
this implies that E has the strong limit point property, in any topological space.

It is well known and not too difficult to show that the limit point property
implies sequential compactness in metric spaces. More precisely, the strong
limit point property implies sequential compactness in a topological space X
that satisfies the first countability condition, so that there is a countable local
base for the topology of X at each point in X.

A.1.3 Countable compactness

Remember that a subset E of X is said to have the Lindelöf property if every
open covering of E in X can be reduced to a subcovering with only finitely
or countably many elements, as in Subsection 2.14.1. If every countable open
covering of E can be reduced to a finite subcovering, then E is said to be
countably compact. Thus E is compact if and only if E has the Lindelöf property
and E is countably compact.

If E has the strong limit point property, then it is well known that E is
countably compact. Indeed, suppose that U1, U2, U3, . . . is a sequence of open
subsets of X such that

E ⊆
n⋃

j=1

Uj(A.1.1)

and

E 6⊆
n⋃

j=1

Uj(A.1.2)

for each positive integer n. Let xn be an element of

E \
( n⋃

j=1

Uj

)
(A.1.3)

for each n. One can check that the set of xn’s, n ∈ Z+, has infinitely many
elements, and thus a strong limit point y in E, by hypothesis. One can get
a contradiction using the fact that y ∈ Ul for some positive integer l, so that
xn ∈ Ul for infinitely many n.

It is well known that countably compact sets have the strong limit point
property in any topological space.

The limit point property and sequential compactness in metric spaces will
be discussed further in the next section.
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A.2 Totally bounded sets

Let (X, d) be a metric space. A subset E of X is said to be totally bounded if
for every r > 0, E can be covered by finitely many open balls of radius r. One
might also ask that these open balls have centers in E, and one can show that
this leads to an equivalent definition. Another equivalent condition is that for
every ϵ > 0, E can be covered by finitely many sets of diameter less than ϵ.

It is easy to see that compact sets are totally bounded.
If E is not totally bounded, then there is an r > 0 such that E cannot

be covered by finitely many open balls of radius r. One can use this to get a
sequence {xj}∞j=1 of elements of E such that

d(xj , xl) ≥ r(A.2.1)

when j 6= l. It is not difficult to see that this implies that E does not have
the limit point property, or equivalently that E is not sequentially compact.
This means that E is totally bounded when E has the limit point property, or
equivalently is sequentially compact.

A subset of X is said to be bounded if it is contained in a ball. It is easy
to see that totally bounded sets are bounded. One can check that bounded
sets in Rn are totally bounded, using the standard Euclidean metric on Rn for
any positive integer n. If d is the discrete metric on X, and E ⊆ X is totally
bounded, then one can verify that E has only finitely many elements.

A.2.1 Totally bounded metric spaces

If X is totally bounded, then there is a base for the topology with only finitely
or countably many elements, as in Subsection 2.14.1. Equivalently, this means
that X is a separable metric space. It follows that X has the Lindelöf property,
by Lindelöf’s theorem, as before.

If X has the limit point property, or equivalently is sequentially compact,
then X is totally bounded, and countably compact, as in the previous section.
This implies that X is compact, because X has the Lindelöf property.

One can use this to show that if E ⊆ X has the limit point property, or
equivalently is sequentially compact, then E is compact. Indeed, if E has the
limit point property or is sequentially compact as a subset of X, then it is easy
to see that E satisfies the same condition as a subset of itself, considered as a
metric space, using the restriction of d to E. This implies that E is compact
as a subset of itself, as before, and it is well known that this means that E is
compact as a subset of X.

A.2.2 Another characterization of compactness

Suppose now that (X, d) is complete as a metric space. If E ⊆ X is a closed
set that is also totally bounded, then it is well known that E is compact. This
is part of Theorem A 4 on p369 of [297]. This corresponds to Theorem 5.1 on
p20 of [124] when E = X, and it is not difficult to reduce to that case.
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Compactness of a metric space is defined on p145 of [135] to mean that
the metric space is complete and totally bounded. Theorem 6.5 B on p145 of
[135] says that this is equivalent to sequential compactness of the metric space.
Equivalence with the definition of compactness in terms of open coverings is
discussed after that.

Compactness of a metric space is defined on p99 of [185] in terms of the
limit point property, or equivalently sequential compactness. The equivalence
of this with the definition of compactness in terms of open coverings is part of
Theorem 72 on p101 of [185]. Compactness of complete metric spaces that are
totally bounded is part of Theorem 74 on p101 of [185].

A.3 Some basic examples

Let X be a metric space, or a topological space, and let {xj}∞j=1 be a sequence
of elements of X that converges to a point x ∈ X. Under these conditions, one
can check that

{xj : j ∈ Z+} ∪ {x}(A.3.1)

is compact in X.
Note that (A.3.1) may not be a closed set in X when X is a topological space

that is not Hausdorff. This is related to the fact that the limit of a convergent
sequence may not be unique in a topological space that is not Hausdorff.

If X is a metric space, and {xj}∞j=1 is a Cauchy sequence in X, then one can
check that

{xj : j ∈ Z+}(A.3.2)

is totally bounded in X.

A.3.1 Some examples of ultrametrics

Let
X = {xj : j ∈ Z+} ∪ {x∗}(A.3.3)

be a countably-infinite set, where {xj}∞j=1 is a sequence of distinct elements of
X, and x∗ is another element of X, distinct from the terms of the previous se-
quence. Also let {aj}∞j=1 be a monotonically decreasing sequence of positive real
numbers. We would like to define an ultrametric d on X, using this sequence.

Of course, we put d(xj , xj) = 0 for each j, and d(x∗, x∗) = 0. Also put

d(xj , x
∗) = d(x∗, xj) = aj(A.3.4)

for each j. If j < l, then put

d(xj , xl) = d(xl, xj) = aj .(A.3.5)

One can check that this defines an ultrametric on X.
If {aj}∞j=1 converges to 0 in the real line, then {xj}∞j=1 converges to x∗ with

respect to d. This implies that X is compact with respect to d, as before.
Note that the one-element set {xj} is an open set in X for each j. If the

infimum of the set of aj ’s is positive, then {x∗} is an open set in X as well.
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A.4 Products of n metric spaces

Let n be a positive integer, (Xj , dXj ) be a metric space for each j = 1, . . . , n,
and let

X = X1 ×X2 × · · · ×Xn =

n∏
j=1

Xj(A.4.1)

be their Cartesian product, as in Subsection 1.6.2. We would like to define
suitable metrics on X using the dXj

’s, and there are various ways to do this.
One way is to take

dX,1(x, y) =

n∑
j=1

dXj
(xj , yj)(A.4.2)

for each x, y ∈ X.
Another way is to take

dX,2(x, y) =
( n∑

j=1

dXj
(xj , yj)

2
)1/2

(A.4.3)

for each x, y ∈ X, using the nonnegative square root on the right side, as usual.
If Xj = R with the standard Euclidean metric for each j, then this is the same
as the standard Euclidean metric on Rn. One can use the triangle inequality for
the standard Euclidean norm on Rn to get that dX2

(x, y) satisfies the triangle
inequality for any metric spaces (Xj , dXj ).

One can also take

dX,∞(x, y) = max
1≤j≤n

dXj
(xj , yj)(A.4.4)

for each x, y ∈ X. In particular, one can check directly that this satisfies the
triangle inequality on X. If dXj

is an ultrametric on Xj for each j, as in Section
2.15, then it is easy to see that dX is an ultrametric on X.

Clearly
dX,∞(x, y) ≤ dX1(x, y), dX2(x, y)(A.4.5)

for every x, y ∈ X. We also have that

dX,1(x, y) ≤ ndX,∞(x, y)(A.4.6)

and
dX,2(x, y) ≤ n1/2 dX,∞(x, y)(A.4.7)

for every x, y ∈ X.

A.4.1 Some remarks about open and closed balls in X

Let x ∈ X and r > 0 be given, and let

BXj ,dXj
(xj , r), BXj ,dXj

(xj , r)(A.4.8)
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be the open and closed balls in Xj centered at xj with radius r with respect to
dXj for each j, respectively, as in Subsection 2.2.2. Similarly, let

BX,dX,1
(x, r), BX,dX,2

(x, r), BX,dX,∞(x, r)(A.4.9)

and
BX,dX,1

(x, r), BX,dX,2
(x, r), BX,dX,∞(x, r)(A.4.10)

be the open and closed balls in X centered at x with radius r with respect to
dX,1, dX,2, and dX,∞, respectively. One can check that

BX,dX,∞(x, r) =

n∏
j=1

BXj ,dXj
(xj , r)(A.4.11)

and

BX,dX,∞(x, r) =

n∏
j=1

BXj ,dXj
(xj , r),(A.4.12)

using (A.4.4). The open and closed balls in X centered at x with radius r with
respect to dX,1 and dX,2 may be compared with these using (A.4.5), (A.4.6),
and (A.4.7).

A.4.2 Some remarks about open sets in X

If Uj is an open set in Xj with respect to dXj for each j, then one can check
that

U =

n∏
j=1

Uj(A.4.13)

is an open set in X with respect to dX,∞, using (A.4.11). This implies that U
is an open set in X with respect to dX,1 and dX,2, because of (A.4.5).

In fact, one can check that dX,1, dX,2, and dX,∞ determine the same collec-
tion of open sets in X, using (A.4.5), (A.4.6), (A.4.7). This is the same as the
product topology on X associated to the topologies on the Xj ’s determined by
the dXj

’s.

A.4.3 Some remarks about closures and closed sets in X

Let Aj be a subset of Xj for each j = 1, . . . , n, and put A =
∏n

j=1Aj . One can
check that the closure of A in X with respect to dX,∞ is

n∏
j=1

Aj ,(A.4.14)

where Aj is the closure of Aj in Xj with respect to dXj
for each j. This is the

same as the closure of A in X with respect to dX,1 and dX,2.
In particular, if Aj is a closed set in Xj with respect to dXj for each j, then

A is a closed set in X with respect to dX,1, dX,2, and dX,∞. Note that dX,1,
dX,2, and dX,∞ determine the same collection of closed sets in X.
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A.4.4 Sequences in X

Let {x(l)}∞l=1 be a sequence of elements of X, so that

x(l) = (x1(l), . . . , xn(l))(A.4.15)

for each l ≥ 1. This means that {xj(l)}∞l=1 is a sequence of elements of Xj ,
1 ≤ j ≤ n.

One can check that

{x(l)}∞l=1 converges to x ∈ X(A.4.16)

with respect to dX,∞ if and only if {xj(l)}∞l=1 converges to xj in Xj with respect
to dXj for each j. Convergence in X with respect to dX,∞ is equivalent to
convergence with respect to dX,1 and dX,2, because of (A.4.5), (A.4.6), and
(A.4.7).

Similarly,
{x(l)}∞l=1 is a Cauchy sequence in X(A.4.17)

with respect to dX,∞ if and only if {xj(l)}∞l=1 is a Cauchy sequence in Xj with
respect to dXj

for each j. This is also equivalent to {x(l)}∞l=1 being a Cauchy
sequence in X with respect to dX,1 and dX,2.

If the Xj ’s are complete with respect to the dXj ’s for each j, then it follows
that X is complete with respect to dX,1, dX,2, and dX,∞. The completeness of
X with respect to dX,1, dX,2, and dX,∞ are equivalent. If X is complete with
respect to any of these three metrics, and Xj 6= ∅ for each j, then it is easy to
see that Xj is complete for each j.

A.5 Diameters in metric spaces

Let (Y, dY ) be a metric space, and let E be a subset of Y . If E is nonempty and
bounded, then the diameter of E may be defined as a nonnegative real number
by

diamE = sup{d(w, z) : w, z ∈ E}.(A.5.1)

More precisely, one can check that the boundedness of E in Y is equivalent to
having an upper bound for the set of distances d(w, z) with w, z ∈ E. It is
sometimes convenient to define the diameter of the empty set to be 0, and to
interpret the diameter of an unbounded set in Y as being +∞. The diameter
of E may also be denoted diamY E or diamY,dY

E, to indicate the metric space
and possibly the metric, when needed.

It is well known and not too difficult to show that

diamE = diamE,(A.5.2)

where E is the closure of E in Y , as usual. If E1 ⊆ E2 ⊆ Y , then

diamE1 ≤ diamE2.(A.5.3)
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Let BY (y, r) be the closed ball in Y centered at y ∈ Y with radius r ≥ 0, as
in Subsection 2.2.2. It is easy to see that

diamBY (y, r) ≤ 2 r,(A.5.4)

using the triangle inequality. If dY is an ultrametric on Y , then

diamBY (y, r) ≤ r.(A.5.5)

If E is a bounded set in Y and y ∈ E, then

E ⊆ BY (y, diamE).(A.5.6)

If α is a positive real number, then one can use Carathéodory’s construction
with

ζα(A) = (diamA)α,(A.5.7)

as in Subsection 1.11.3, to define α-dimensional Hausdorff measure on Y . See
Chapter 9 of [25], p61 of [110], p171 of [113], p350 of [118], p145 of [159], p55
of [247], and p327 of [335], for instance.

A.5.1 Diameters in finite products

Let us return now to the same notation and hypotheses as in the previous
section. If A is a subset of X, then let us use diamX,dX,1

A, diamX,dX,2
A, and

diamX,dX,∞ A to denote the diameters of A with respect to the metrics dX,1,
dX,2, and dX,∞, respectively, as before. It is easy to see that if A is bounded
with respect to any of these three metrics, then it is bounded with respect to
the other two metrics. In this case, we have that

diamX,dX,∞A ≤ diamX,dX,1
A, diamX,dX,2

A,(A.5.8)

diamX,dX,1
A ≤ n diamX,dX,∞A,(A.5.9)

diamX,dX,2
A ≤ n1/2 diamX,dX,∞A.(A.5.10)

Let Ej be a nonempty bounded set in Xj with respect to dXj
for each j,

and put

E =

n∏
j=1

Ej .(A.5.11)

One can verify that E is bounded in X with respect to dX,1, dX,2, and dX,∞.
In fact, we have that

diamX,dX,1
E =

n∑
j=1

diamXj ,dXj
Ej ,(A.5.12)

diamX,dX,2
E =

( n∑
j=1

(diamXj ,dXj
Ej)

2
)1/2

,(A.5.13)

diamX,dX,∞E = max
1≤j≤n

(diamXj ,dXj
Ej).(A.5.14)
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A.5.2 Total boundedness in finite products

If A ⊆ X is totally bounded with respect to any of the metrics dX,1, dX,2, or
dX,∞, then it is easy to see that A is totally bounded with respect to the other
two metrics.

If Ej is totally bounded in Xj with respect to dXj for each j, then E is
totally bounded in X with respect to dX,∞, and thus with respect to dX,1 and
dX,2. More precisely, let r > 0 be given, and suppose that Ej can be covered
by Lj(r) open balls in Xj of radius r. One can check that E can be covered by

L(r) =

n∏
j=1

Lj(r)(A.5.15)

open balls inX of radius r with respect to dX,∞. There are analogous statements
using closed balls of radius r, or sets of diameter less than r, or less than or
equal to r.

A.6 Compactness in finite products

Let us continue with the same notation and hypotheses as in Section A.4. If
a subset of X is compact with respect to any of dX,1, dX,2, or dX,∞, then
it is compact with respect to the other two metrics, because all three metrics
determine the same collection of open sets in X. Similarly, if a subset of X is
sequentially compact with respect to dX,1, dX,2, or dX,∞, then one can check
directly that it is sequentially compact with respect to the other two metrics.

If Kj is a compact subset of Xj with respect to dXj
for each j = 1, . . . , n,

then it is well known that

K =

n∏
j=1

Kj(A.6.1)

is compact in X with respect to the metrics dX,1, dX,2, and dX,∞. This may be
considered as a particular case of Tychonoff’s theorem for topological spaces.
Let us mention a couple of other ways to look at this for products of finitely
many metric spaces.

One can show more directly that K is sequentially compact using the se-
quential compactness of Kj for each j, and this works as well for products of
finitely many topological spaces, using the product topology. Let {x(l)}∞l=1 be
a sequence of elements of K, so that {xj(l)}∞l=1 is a sequence of elements of Kj

for each j. There is a subsequence {x1(lm)}∞m=1 of {x1(l)}∞l=1 that converges to
an element x1 of K1 in X1, because K1 is sequentially compact in X1. Note
that we can use the same sequence of indices {lm}∞m=1 to get a subsequence
{x(lm)}∞m=1 of {x(l)}∞l=1.

There is a subsequence {x2(lmr )}∞r=1 of {x2(lm)}∞m=1 that converges to an
element x2 of K2, because K2 is sequentially compact. We can use the same
sequence {lmr

}∞r=1 of indices to get a subsequence {x(lmr
)}∞r=1 of {x(lm)}∞m=1,
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as before. We also have that {x1(lmr )}∞r=1 converges to x1 in X1, because
{x1(lmr )}∞r=1 is a subsequence of {x1(lm)}∞m=1.

We can repeat the process to get a subsequence of {x(l)}∞l=1 such that the
corresponding sequence of jth coordinates converges to an element xj of Kj in
Xj for each j. It follows that x = (x1, . . . , xn) ∈ K, and that this subsequence
of {x(l)}∞l=1 converges to x in X, as in Subsection A.4.4.

A.6.1 Using total boundedness and completeness

Alternatively, if Kj is compact in Xj for each j, then Kj is closed and totally
bounded for each j. This implies that K is closed and totally bounded in X
with respect to each of dX1

, dX2
, and dX∞, as in Subsections A.4.3 and A.5.2.

Suppose for the moment that Xj is complete with respect to dXj
for each

j. This implies that X is complete with respect to dX,1, dX,2, and dX,∞, as in
Subsection A.4.4. It follows that K is compact in X, as in Subsection A.2.2.

Otherwise, we may consider Kj as a metric space for each j, using the
restriction of dXj to Kj . It is well known that Kj is complete for each j,
because it is compact. Indeed, one can use sequential compactness to get that
a Cauchy sequence of elements of Kj has a subsequence that converges to an
element of Kj , and one can check that the Cauchy sequence converges to the
same element of Kj under these conditions.

Thus the previous argument implies that K is compact as a subset of itself
with respect to the restriction of any of dX,1, dX,2, or dX,∞ to K. This means
that K is compact as a subset of X, by a well-known result.

A.7 Some remarks about truncating metrics

Let t be a positive real number. It is easy to see that

min(a+ b, t) ≤ min(a, t) + min(b, t)(A.7.1)

for all nonnegative real numbers a and b. We also have that

min(a1, t) ≤ min(a2, t)(A.7.2)

when a1 and a2 are nonnegative real numbers such that a1 ≤ a2. This implies
that

min(max(a, b), t) = max(min(a, t),min(b, t))(A.7.3)

for all a, b ≥ 0.

A.7.1 Some new metrics on a metric space

Let (Y, dY ) be a metric space, and put

dY,t(y, z) = min(dY (y, z), t)(A.7.4)

for all y, z ∈ Y . One can check that this defines a metric on Y too, using (A.7.1)
and (A.7.2). If dY is an ultrametric on Y , then dY,t is an ultrametric on Y as
well, because of (A.7.2) and (A.7.3).
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A.7.2 Another new metric on Y

Observe that

a+ b

1 + a+ b
=

a

1 + a+ b
+

b

1 + a+ b
≤ a

1 + a
+

b

1 + b
(A.7.5)

for all a, b ≥ 0. If 0 ≤ a1 ≤ a2, then

a1
1 + a1

= 1− 1

1 + a1
≤ 1− 1

1 + a2
=

a2
1 + a2

.(A.7.6)

It follows that
max(a, b)

1 + max(a, b)
= max

( a

1 + a
,

b

1 + b

)
(A.7.7)

for all a, b ≥ 0, as before.

One can use this to get that

d̃Y (y, z) =
dY (y, z)

1 + dY (y, z)
(A.7.8)

is a metric on Y , and an ultrametric on Y when dY is an ultrametric on Y .
This is another commonly used way to get a bounded metric from any other
metric, as in Exercise 11 on p44 of [299] when Y is the real line equipped with
the standard metric.

A.7.3 Some more easy inequalities

If a is a nonnegative real number, then

a

1 + a
≤ min(a, 1).(A.7.9)

If a ≤ 1, then
a

1 + a
≥ a/2.(A.7.10)

If a ≥ 1, then
a

1 + a
= 1− 1

1 + a
≥ 1− 1/2 = 1/2.(A.7.11)

This means that

min(a, 1)/2 ≤ a

1 + a
(A.7.12)

for all a ≥ 0.

Thus

dY,1(y, z)/2 ≤ d̃Y (y, z) ≤ dY,1(y, z)(A.7.13)

for every y, z ∈ Y .
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A.7.4 Open and closed balls with respect to dY,t

If y ∈ Y and r is a positive real number, then let BY,dY
(y, r) and BY,dY

(y, r) be
the open and closed balls in Y centered at y with radius r with respect to dY , as
in Subsection 2.2.2, and let BY,dY,t

(y, r) and BY,dY,t
(y, r) be the corresponding

balls with respect to dY,t. Observe that

BY,dY,t
(y, r) = BY,dY

(y, r) when r ≤ t(A.7.14)

= Y when r > t

and

BY,dY,t
(y, r) = BY,dY

(y, r) when r < t(A.7.15)

= Y when r ≥ t.

A.7.5 Compatibility of dY and dY,t

It is easy to see that dY and dY,t determine the same collections of open sets,
closed sets, compact sets, and connected sets in Y . Similarly, dY and dY,t
determine the same convergent sequences in Y , with the same limits, and they
determine the same Cauchy sequences in Y . In particular, Y is complete with
respect to dY if and only if it is complete with respect to dY,t.

We also have that dY and dY,t determine the same collections of totally
bounded sets in Y . Of course, Y is automatically bounded with respect to dY,t.

A.7.6 Sequences of mappings into Y

Let E be a set, let {fj}∞j=1 be a sequence of mappings from E into Y , and let f
be another mapping from E into Y . Note that {fj}∞j=1 converges to f pointwise
on E with respect to dY on Y if and only if {fj}∞j=1 converges to f pointwise
on E with respect to dY,t on Y . One can check that {fj}∞j=1 converges to f
uniformly on E with respect to dY on Y if and only if {fj}∞j=1 converges to f
uniformly on E with respect to dY,t on Y .

A.7.7 Mappings to and from other metric spaces

Let (Z, dZ) be another metric space. A mapping from Y into Z is continuous
with respect to dY on Y if and only if it is continuous with respect to dY,t on
Y . Similarly, a mapping from Y into Z is uniformly continuous with respect to
dY on Y if and only if it is uniformly continuous with respect to dY,t on Y .

One can verify that a mapping from Z into Y is continuous with respect to
dY on Y if and only if it is continuous with respect to dY,t on Y . Similarly, a
mapping from Z into Y is uniformly continuous with respect to dY on Y if and
only if it is uniformly continuous with respect to dY,t.

In particular, the identity mapping on Y is uniformly continuous as a map-
ping from Y equipped with dY into Y equipped with dY,t. The identity mapping
on Y is also uniformly continuous as a mapping from Y equipped with dY,t into
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Y equipped with dY . Most of the previous statements could be considered as
consequences of these two.

A.8 Sequences of metric spaces

If Aj is a set for each positive integer j, then the Cartesian product of the Aj ’s
is the set

∏∞
j=1Aj of sequences a = {aj}∞j=1 with aj ∈ Aj for each j.

A.8.1 Some metrics on countable products

Let (Xj , dXj
) be a metric space for each positive integer j. Also let {bj}∞j=1 be

a sequence of positive real numbers, and suppose that

dXj
(xj , wj) ≤ bj(A.8.1)

for each j and xj , wj ∈ Xj . Suppose from now on this section that

{bj}∞j=1 is a bounded sequence in R.(A.8.2)

Put

dX(x,w) = sup
j≥1

dXj
(xj , wj)(A.8.3)

for every x,w ∈ X. One can check that this defines a metric on X. More
precisely, if x,w, z ∈ X, then

dXj (xj , zj) ≤ dXj (xj , wj) + dXj (wj , zj) ≤ dX(x,w) + dX(w, z).(A.8.4)

This implies that

dX(x, z) ≤ dX(x,w) + dX(w, z).(A.8.5)

A.8.2 When dXj
is an ultrametric on Xj for each j

Suppose for the moment that dXj
is an ultrametric on Xj for each j. If x, w,

and z are elements of X, then

dXj (xj , zj) ≤ max(dXj (xj , wj), dXj (wj , zj))(A.8.6)

≤ max(dX(x,w), dX(w, z))

for each j. This implies that

dX(x, z) ≤ max(dX(x,w), dX(w, z)),(A.8.7)

so that dX is an ultrametric on X.
If dXj is the discrete metric on Xj for each j, then one can check that dX is

the discrete metric on X.
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A.8.3 Closed balls in X are products of closed balls

Let x ∈ X and a positive real number r be given, and let BXj ,dXj
(xj , r),

BXj ,dXj
(xj , r) be the open and closed balls in Xj centered at xj with radius r

with respect to dXj
for each j, respectively, as in Subsection 2.2.2. Similarly, let

BX,dX
(x, r), BX,dX

(x, r) be the open and closed balls in X centered at x with
radius r with respect to dX , respectively. It is easy to see that

BX,dX
(x, r) ⊆

∞∏
j=1

BXj ,dXj
(xj , r)(A.8.8)

and

BX,dX
(x, r) =

∞∏
j=1

BXj ,dXj
(xj , r).(A.8.9)

A.8.4 Some open sets in X

Let Uj be an open set in Xj with respect to dXj for each j. If Uj = Xj for all
but finitely many j, then one can verify that

U =

∞∏
j=1

Uj(A.8.10)

is an open set in X with respect to dX , using (A.8.8). This means that the
topology determined on X by dX is at least as strong as the product topology
corresponding to the topology determined on Xj by dXj

for each j.

A.8.5 Products of closed sets are closed sets in X

Let Aj be a subset of Xj for each j, and put A =
∏∞

j=1Aj . One can check that
the closure of A in X with respect to dX is

∞∏
j=1

Aj ,(A.8.11)

where Aj is the closure of Aj in Xj with respect to dXj for each j. In particular,
if Aj is a closed set in Xj with respect to dXj

for each j, then A is a closed set
in X with respect to dX .

A.8.6 Convergence of sequences in X

Let {x(l)}∞l=1 be a sequence of elements of X. Thus x(l) = {xj(l)}∞j=1 for each l,
and {xj(l)}∞l=1 is a sequence of elements of Xj for each j. If {x(l)}∞l=1 converges
to an element x = {xj}∞j=1 of X with respect to dX , then it is easy to see that
{xj(l)}∞l=1 converges to xj in Xj with respect to dXj

for each j.
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Suppose now that {x(l)}∞l=1 is a Cauchy sequence in X with respect to dX ,
so that for every ϵ > 0 there is a positive integer L(ϵ) such that

dX(x(l), x(m)) < ϵ(A.8.12)

for all l,m ≥ L(ϵ). This implies that

dXj
(xj(l), xj(m)) < ϵ(A.8.13)

for all j, and all l,m ≥ L(ϵ). In particular, this means that {xj(l)}∞l=1 is a
Cauchy sequence in Xj with respect to dXj

for each j.
Suppose that {xj(l)}∞l=1 converges to xj ∈ Xj with respect to dXj for each

j, and put x = {xj}∞j=1. We would like to check that {x(l)}∞l=1 converges to x
in X with respect to dX under these conditions. One can use (A.8.13) to get
that

dXj
(xj(l), xj) ≤ ϵ(A.8.14)

for all j, and all l ≥ L(ϵ). This means that

dX(x(l), x) ≤ ϵ(A.8.15)

for all l ≥ L(ϵ).
If Xj is complete as a metric space with respect to dXj for each j, then it

follows that X is complete with respect to dX .

A.8.7 Diameters of products in X

Note that Xj is bounded with respect to dXj
for each j, and that X is bounded

with respect to dX , by hypothesis. Let Ej be a nonempty subset of Xj for each
j, and put E =

∏∞
j=1Ej . One can verify that

diamX,dX
E = sup

j≥1
(diamXj ,dXj

Ej).(A.8.16)

A.9 When {bj}∞j=1 converges to 0

Let us continue with the same notation and hypotheses as at the beginning of
the previous section, and suppose now that

lim
j→∞

bj = 0.(A.9.1)

This implies that the supremum on the right side of (A.8.3) is attained for all
x,w ∈ X, so that

dX(x,w) = max
j≥1

dXj
(xj , wj).(A.9.2)

This is clear when x = w, and otherwise one can check that the maximum on
the right reduces to the maximum of finitely many terms.
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A.9.1 Open balls in X are products of open balls

If x ∈ X and r is a positive real number, then

BX,dX
(x, r) =

∞∏
j=1

BXj ,dXj
(xj , r),(A.9.3)

because of (A.9.2). We also have that

BXj ,dXj
(xj , r) = Xj(A.9.4)

when bj < r, because of (A.8.1). This means that (A.9.4) holds for all but
finitely many j, because of (A.9.1).

One can use this to get that every open set in X with respect to dX is an
open set with respect to the product topology corresponding to the topology
determined on Xj by dXj

for each j. It follows that this product topology is
the same as the topology determined on X by dX , because every open set with
respect to the product topology is an open set with respect to dX , as mentioned
in Subsection A.8.4.

Note that

BXj ,dXj
(xj , r) = Xj(A.9.5)

when bj ≤ r. This holds for all but finitely many j, because of (A.9.1), as before.

A.9.2 More on convergence of sequences in X

Let {x(l)}∞l=1 be a sequence of elements of X, and let x be an element of X. If
{xj(l)}∞j=1 converges to xj in Xj with respect to dXj

for each j, then one can
check that {x(l)}∞l=1 converges to x in X with respect to dX . This uses the fact
that

dXj
(xj(l), xj) ≤ bj(A.9.6)

for all j and l, as in (A.8.1). More precisely, the right side is as small as
we want for all but finitely many j, because of (A.9.1). In order to get that
dX(x(l), x) is as small as we want when l is sufficiently large, it suffices to have
that dXj (xj(l), xj) is as small as we want when l is sufficiently large for fnitely
many j.

A.9.3 Total boundedness in infinite products

Suppose that Aj is a totally bounded subset of Xj with respect to dXj for each
j, and consider A =

∏∞
j=1Aj . It is not too difficult to see that A is totally

bounded in X with respect to dX , because of (A.9.1).
Indeed, put

Xn =

n∏
j=1

Xj and An =

n∏
j=1

Aj(A.9.7)
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for each positive integer n, and let dXn,∞ be the metric defined on Xn as in
Section A.4. Note that An is totally bounded in Xn with respect to dXn,∞, as
in Subsection A.5.2.

In order to show that A is totally bounded, one would like to be able to
cover A by finitely many balls of arbitrarily small radius, or finitely many sets
of arbitrarily small diameter. To do this, one can use an analogous covering of
An for n sufficiently large. This can be obtained from (A.9.4) or (A.9.5), using
coverings by open or closed balls, as appropriate, and the previous descriptions of
open and closed balls in X and Xn with respect to dX and dXn,∞, respectively.

A.9.4 Compactness in infinite products

If Kj is a compact set in Xj with respect to dXj
for each j, then it is well known

that

K =

∞∏
j=1

Kj(A.9.8)

is compact in X with respect to dX . This may be considered as another case
of Tychonoff’s theorem for topological spaces. This can also be obtained using
the remarks about total boundedness in X in the previous subsection, as in
Subsection A.6.1.

Alternatively, one can show that K is sequentially compact using the se-
quential compactness of Kj for each j, and this works as well for countable
products of topological spaces, using the product topology. More precisely, let
{x(l)}∞l=1 be a sequence of elements of K, so that {xj(l)}∞l=1 is a sequence of
elements of Kj for each j. One can use the sequential compactness of the Kj ’s
to get a sequence of subsequences of {x(l)}∞l=1 with the following properties, as
in Section A.6.

The first property is that if r ≥ 2 is an integer, then the rth subsequence is a
subsequence of the (r−1)th subsequence. This implies that the rth subsequence
is a subsequence of all of the previous subsequences.

Let {x(m, r)}∞m=1 be the rth subsequence of {x(l)}∞l=1 mentioned before.
The second property is that for each r ≥ 1 there be an element xr of Kr such
that

{xr(m, r)}∞m=1 converges to xr(A.9.9)

in Xr with respect to dXr
. It follows that

{xj(m, r)}∞m=1 converges to xj(A.9.10)

in Xj with respect to dXj
when j ≤ r, because {x(m, r)}∞m=1 is a subsequence

of the jth subsequence, as in the preceding paragraph.
Put

y(n) = x(n, n)(A.9.11)

for each positive integer n. One can check that {y(n)}∞n=1 is a subsequence
of {x(l)}∞l=1, by construction. Similarly, one can verify that {y(n)}∞n=r is a
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subsequence of {x(m, r)}∞m=1 for each r. This implies that

{yj(n)}∞n=r converges to xj(A.9.12)

in Xj with respect to dXj when j ≤ r. This means that {yj(n)}∞n=1 converges
to xj in Xj with respect to dXj

for each j, so that {y(n)}∞n=1 converges to
x = {xj}∞j=1 in X with respect to dX , as before.

A.10 Snowflake metrics

Let (X, dX) be a metric space, and let a be a positive real number. It is easy
to see that

dX(x,w)a(A.10.1)

satisfies the first two conditions in the definition of a metric space, i.e., it is
equal to 0 if and only if x = w and it is symmetric in x and w. Thus, if (A.10.1)
satisfies the triangle inequality on X, then it also defines a metric on X.

One can check directly that (A.10.1) is a metric on X when a = 1/2. In
fact, this holds when 0 < a < 1, because of (A.10.2). If dX is an ultrametric
on X, then (A.10.1) is an ultrametric for every a > 0. If X is the real line and
dX is the standard Euclidean metric on R, then (A.10.1) is not a metric on R
when a > 1.

A.10.1 A nice inequality

If a ≤ 1, then it is well known that

(r + t)a ≤ ra + ta(A.10.2)

for all nonnegative real numbers r, t. Indeed, observe that

max(r, t) ≤ (ra + ta)1/a.(A.10.3)

It follows that

r + t ≤ (ra + ta) max(r, t)1−a ≤ (ra + ta)1+(1−a)/a = (ra + ta)1/a,(A.10.4)

using (A.10.3) in the second step. This is equivalent to (A.10.2).

A.10.2 Some properties of daX

Suppose that (A.10.1) is a metric on X for some a > 0, and let BX,da
X
(x, r) and

BX,da
X
(x, r) be the open and closed balls in X centered at x ∈ X with radius

r > 0 with respect to (A.10.1), as in Subsection 2.2.2. Observe that

BX,da
X
(x, ra) = BX,dX

(x, r)(A.10.5)

and
BX,da

X
(x, ra) = BX,dX

(x, r)(A.10.6)
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for every x ∈ X and r > 0. It is easy to see that (A.10.1) determines the
same collections of open sets, closed sets, compact sets, and connected sets in
X as dX . Similarly, (A.10.1) determines the same convergent sequences in X,
with the same limits, and the same Cauchy sequences in X as dX , so that X is
complete with respect to (A.10.1) if and only if X is complete with respect to
dX .

A subset A of X is bounded with respect to (A.10.1) if and only if it is
bounded with respect to dX , with

diamX,da
X
A = (diamX,dX

A)a.(A.10.7)

Similarly, A is totally bounded with respect to (A.10.1) if and only if it is totally
bounded with respect to dX .

Let {fj}∞j=1 be a sequence of mappings from a set E into X, and let f be
another mapping from E into X. Clearly {fj}∞j=1 converges to f pointwise on E
with respect to (A.10.1) on X if and only if {fj}∞j=1 converges to f pointwise on
E with respect to dX on X, as before. We also have that {fj}∞j=1 converges to
f uniformly on E with respect to (A.10.1) on X if and only if {fj}∞j=1 converges
to f uniformly on E with respect to dX on X.

If (Z, dZ) is another metric space, then continuity and uniform continuity of
mappings from X into Z with respect to (A.10.1) on X are equivalent to the
same properties with respect to dX on X. Similarly, continuity and uniform
continuity of mappings from Z into X with respect to (A.10.1) on X are equiv-
alent to the same properties with respect to dX on X. The identity mapping on
X is uniformly continuous as a mapping from X equipped with (A.10.1) into X
equipped with dX , and vice-versa.

A.11 Lipschitz mappings

Let (X, dX) and (Y, dY ) be metric spaces, let α be a positive real number, and let
f be a mapping from X into Y . We say that f is Lipschitz or Hölder continuous
of order α if

dY (f(x), f(w)) ≤ C dX(x,w)α(A.11.1)

for some nonnegative real number C and all x,w ∈ X. This implies that f is
uniformly continuous, and this holds with C = 0 if and only if f is constant on
X. Sometimes one simply says that f is Lipschitz when this holds with α = 1.

Suppose for the moment that X is bounded with respect to dX , and let α0

be a positive real number less than α. In this case, (A.11.1) implies that

dY (f(x), f(w)) ≤ C (diamX,dX
X)α−α0 dX(x,w)α0(A.11.2)

for all x,w ∈ X, so that f is Lipschitz of order α0 on X too.
Suppose for the moment again that X = [0, 1], dX is the restriction of the

standard Euclidean metric on the real line to [0, 1], and that Y = R with the
standard Euclidean metric dY . If f is Lipschitz of order α > 1 on X, then one
can check that f is constant on X. More precisely, the derivative of f is equal
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to 0 at every point in [0, 1] under these conditions, although one can also verify
that f is constant more directly.

A.11.1 Using snowflake metrics

Suppose that (A.10.1) is a metric on X for some a > 0, and similarly that

dY (y, z)
b(A.11.3)

is a metric on Y for some b > 0. Observe that (A.11.1) is equivalent to saying
that

dY (f(x), f(w))
b ≤ Cb (dX(x,w)a)α b/a(A.11.4)

for all x,w ∈ X. This condition is the same as saying that f is Lipschitz or
Hölder continuous of order α b/a with respect to (A.10.1) on X and (A.11.3) on
Y , with constant Cb.

A.11.2 Real-valued Lipschitz functions

Let us take Y = R with the standard Euclidean metric again, so that (A.11.1)
is the same as saying that

|f(x)− f(w)| ≤ C dX(x,w)α(A.11.5)

for all x,w ∈ X. This implies that

f(x) ≤ f(w) + C dX(x,w)α(A.11.6)

for all x,w ∈ X. Conversely, if (A.11.6) holds for all x,w ∈ X, then one can
check that (A.11.5) holds for all x,w ∈ X, by interchanging the roles of x and
w.

If p ∈ X, then it follows that

fp(x) = dX(x, p)(A.11.7)

is Lipschitz of order 1 with constant 1 with respect to dX on X.

Suppose that (A.10.1) is a metric on X for some a > 0 again, and consider

fp,a(x) = dX(x, p)a(A.11.8)

as a real-valued function on X. This function is Lipschitz of order 1 with respect
to (A.10.1) on X, with constant equal to 1, as in the preceding paragraph.
Equivalently, this means that (A.11.8) is Lipschitz of order a with respect to
dX on X, with constant equal to 1, as in the previous subsection.
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A.12 The set of binary sequences

Let B be the set of all binary sequences, i.e., sequences x = {xj}∞j=1 with

xj ∈ {0, 1} for each j. This is the same as the Cartesian product
∏∞

j=1 Bj , with
Bj = {0, 1} for each j, as in Section A.8.

Let θ be a real number with 0 < θ ≤ 1, and put

dBj ,θ(xj , wj) = θj−1 when xj 6= wj(A.12.1)

= 0 when xj = wj

for each j and xj , wj ∈ Bj . This is θ
j−1 times the discrete metric on Bj , and an

ultrametric on Bj in particular. Note that

dBj ,θ(xj , wj)
a = dBj ,θa(xj , wj)(A.12.2)

for every positive real number a.
Put

dB,θ(x,w) = sup
j≥1

dBj ,θ(xj , wj)(A.12.3)

for every x,w ∈ B, as in Subsection A.8.1. This is an ultrametric on B, as in
Subsection A.8.2. In fact, this is the discrete metric on B when θ = 1, and we
shall primarily be concerned with θ < 1. We also have that

dB,θ(x,w)
a = dB,θa(x,w)(A.12.4)

for every a > 0, as in (A.12.2).
Of course,

dBj ,θ(xj , wj) ≤ θj−1(A.12.5)

for each j, as in Subsection A.8.1, with

bj = θj−1.(A.12.6)

If θ < 1, then bj = θj−1 → 0 as j → ∞, as in Section A.9. This implies that

dB,θ(x,w) = max
j≥1

dBj ,θ(xj , wj)(A.12.7)

for all x,w ∈ B, as before, and this works in this case when θ = 1 as well.

A.12.1 Another description of dB,θ(x,w)

If x,w ∈ B and x 6= w, then let l(x,w) be the smallest positive integer such that

xl(x,w) 6= wl(x,w).(A.12.8)

Observe that
dB,θ(x,w) = θl(x,w)−1.(A.12.9)

It is sometimes convenient to interpret l(x,w) as being equal to +∞ when x = w,
so that the right side of (A.12.9) may be interpreted as being equal to 0 when
θ < 1.
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A.12.2 The usual mapping from B onto [0, 1]

If x ∈ B, then put

ϕ(x) =

∞∑
j=1

xj 2
−j ,(A.12.10)

where the sum on the right converges by comparison with the geometric series∑∞
j=1 2

−j = 1. This is the usual way of associating a real number to a binary
sequence, and it is well known that

ϕ(B) = [0, 1].(A.12.11)

If x,w ∈ B and x 6= w, then one can check that

|ϕ(x)− ϕ(w)| ≤
∞∑

j=l(x,w)

2−j = 21−l(x,w).(A.12.12)

This means that
|ϕ(x)− ϕ(w)| ≤ dB,1/2(x,w),(A.12.13)

because of (A.12.9).
Suppose for the moment that

ϕ(x) = ϕ(w),(A.12.14)

and that
xl(x,w) = 0, wl(x,w) = 1.(A.12.15)

Otherwise, we can interchange the roles of x and w. Under these conditions, it
is well known and not too difficult to see that

xj = 1 and wj = 0 for each j ≤ l(x,w) + 1.(A.12.16)

A.12.3 A mapping from B onto the Cantor set

If x ∈ B, then put

ψ(x) =

∞∑
j=1

2xj 3
−j ,(A.12.17)

where the sum on the right converges by comparison with

2

∞∑
j=1

3−j = (2/3)

∞∑
j=0

3−j = (2/3) (1− (1/3))−1 = 1.(A.12.18)

Observe that
ψ(B) is the middle-thirds Cantor set,(A.12.19)

as in Example 3.4 on p13 of [159]. This uses the definition of the Cantor set on
p19 of [135], or equivalently the characterization in Exercise 19 on p81 of [299].
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This corresponds to 2.75 on p57 (= 2010 base 3) of [14], the definition of the
Cantor set on p38 of [118], Theorem 6.64 on p71 of [159], and Exercise 2 (a) on
p38 of [335].

If x,w ∈ B and x 6= w, then one can verify that

|ψ(x)− ψ(w)| ≤ 2

∞∑
j=l(x,w)

3−j(A.12.20)

= 2 · 3−l(x,w) (1− (1/3))−1 = 31−l(x,w).

Thus
|ψ(x)− ψ(y)| ≤ dB,1/3(x,w),(A.12.21)

as in (A.12.9).
One can also check that

|ψ(x)− ψ(w)| ≥ 2 · 3−l(x,w) − 2

∞∑
j=l(x,w)+1

3−j .(A.12.22)

This implies that

|ψ(x)− ψ(w)| ≥ 2 · 3−l(x,w) − 2 · 3−l(x,w)−1
∞∑
j=0

3−j

= 2 · 3−l(x,w) − 2 · 3−l(x,w)−1 (1− (1/3))−1

= 2 · 3−l(x,w) − 3−l(x,w) = 3−l(x,w).

This is the same as saying that

|ψ(x)− ψ(w)| ≥ dB,1/3(x,w)/3,(A.12.23)

because of (A.12.9).

A.12.4 Mapping the Cantor set onto the unit interval

It follows that
ϕ ◦ ψ−1(A.12.24)

maps the Cantor set onto [0, 1]. One can check that this mapping is mono-
tonically increasing on the Cantor set as well. This mapping can be extended
to a monotonically increasing continuous mapping from [0, 1] onto itself that is
constant on each of the open intervals in the complement of the Cantor set in
[0, 1], as in Definition 2.77 on p58 of [14], beginning on p32 of [20], on p39 of
[118], Exercise 8.28 of [159], Example 8.20 (b) on p179 of [298], parts (b), (c),
and (d) of Exercise 2 on p38 of [335], and discussed further beginning on p125
of [335].

In fact, this function is Lipschitz of order

α = log 2/ log 3,(A.12.25)
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as in Lemma 2.3 on p331 of [335]. Note that

dB,1/3(x,w)
α = dB,1/2(x,w)(A.12.26)

for all x,w ∈ B, as in (A.12.4). This implies that

|ϕ(x)− ψ(x)| ≤ dB,1/2(x,w) = dB,1/3(x,w)
α

≤ 3α |ψ(x)− ψ(w)|α = 2 |ψ(x)− ψ(w)|α,(A.12.27)

using (A.12.13) in the first step, and (A.12.23) in the third step. This is equiv-
alent to a Lipschitz condition of order α for (A.12.24) as a mapping from the
Cantor set onto [0, 1], using the restriction of the standard metric on the real
line to both sets. One can use this to get the same Lipschitz condition for the
extension of this mapping to a monotonically increasing function on the unit
interval mentioned in the previous paragraph.

A.13 More on B and ϕ

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Put

A0,k = {x ∈ B : xj = 0 for all j ≥ k}(A.13.1)

and
A1,k = {x ∈ B : xj = 1 for all j ≥ k}(A.13.2)

for each positive integer k. These are finite sets with exactly 2k−1 elements, and

A0,k ⊆ A0,k+1, A1,k ⊆ A1,k+1(A.13.3)

for each k. Thus

A0 =

∞⋃
k=1

A0,k, A1 =

∞⋃
k=1

A1,k, A = A0 ∪A1(A.13.4)

are countably infinite subsets of B. It is easy to see that A is dense in B with
respect to dB,θ when θ < 1.

Similarly,
Ek = {m · 21−k : m = 0, 1, . . . , 2k−1}(A.13.5)

is a subset of [0, 1] with exactly 2k−1 + 1 elements for every positive integer k.
Note that

Ek ⊆ Ek+1(A.13.6)

for each k, and put

E =

∞⋃
k=1

Ek.(A.13.7)

This is a countable dense set in [0, 1].
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A.13.1 The restrictions of ϕ to A0, A1, and B \ A
One can check that

ϕ(A0,k) = Ek \ {1}, ϕ(A1,k) = Ek \ {0}(A.13.8)

for each k, and that the restrictions of ϕ to A0,k and A1,k are one-to-one. It
follows that

ϕ(A0) = E \ {1}, ϕ(A1) = E \ {0},(A.13.9)

and that the restrictions of ϕ to A0 and A1 are one-to-one as well. Using
(A.13.9), we obtain that

ϕ(A) = ϕ(A0) ∪ ϕ(A0) = E.(A.13.10)

More precisely, one can verify that

ϕ−1(E) = A.(A.13.11)

We also have that
ϕ(B \A) = [0, 1] \ E,(A.13.12)

and that the restriction of ϕ to B \A is one-to-one.

A.13.2 Continuity of ϕ−1 on [0, 1] \ E
Let x ∈ B \A and w ∈ B be given, with x 6= w, and remember that l(x,w) is as
in Subsection A.12.1. If xl(x,w) = 0, then wl(x,w) = 1, and

ϕ(w)− ϕ(x) = 2−l(x,w) +
∑

j=l(x,w)+1

wj 2
−1 −

∞∑
j=l(x,w)+1

xj 2
−j

≥ 2−l(x,w) −
∞∑

j=l(x,w)+1

xj 2
−1 =

∞∑
j=l(x,w)+1

(1− xj) 2
−j .(A.13.13)

Similarly, if xl(x,w) = 1, then wl(x,w) = 0, and

ϕ(x)− ϕ(w) = 2−l(x,w) +
∑

j=l(x,w)+1

xj 2
−j −

∞∑
j=l(x,w)+1

wj 2
−j

≥
∞∑

j=l(x,w)+1

xj 2
−j .(A.13.14)

Note that
∞∑
j=k

xj 2
−j ,

∞∑
j=k

(1− xj) 2
−j > 0(A.13.15)

for every positive integer k, because x 6∈ A0,k, A1,k, by hypothesis. If

|ϕ(x)− ϕ(w)|(A.13.16)
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is sufficiently small, then we get that l(x,w) has to be as large as we like, because
of (A.13.13) and (A.13.14). This means that dB,1/2(x,w) is as small as we like
when (A.13.16) is sufficiently small.

Let us use ϕ−1 for the inverse of the restriction of ϕ to B \A, as a mapping
defined on [0, 1] \ E. The previous argument shows that

ϕ−1 is continuous at ϕ(x),(A.13.17)

with respect to the restriction of dB,1/2 to B \ A, and the restriction of the
standard Euclidean metric on the real line to [0, 1] \ E. Remember that ϕ is
continuous as a mapping from B onto [0, 1], as in Subsection A.12.2.

A.14 More on product spaces

Let X1, . . . , Xn be finitely many metric spaces, or topological spaces, and con-
sider their Cartesian product X =

∏n
j=1Xj , equipped with the product topol-

ogy, or one of the three metrics discussed in Section A.4, as appropriate. If Ej

is a dense set in Xj for each j, then one can check that E =
∏n

j=1Ej is dense in
X. This follows from a remark about the closure in X of a product of subsets
of the Xj ’s, as in Subsection A.4.3.

If Ej has only finitely or countably many elements for each j, then it is well
known that E has only finitely or countably many elements too. It follows that
X is separable when X1, . . . , Xn are separable.

A.14.1 Some bases for the topology of X

Let BXj be a base for the topology of Xj for each j, as in Section 2.3. One can
check that

BX =

{ n∏
j=1

Uj : Uj ∈ BXj
for each j

}
(A.14.1)

is a base for the topology of X.
If BXj

has only finitely or countably many elements for each j, then it is
not too difficult to see that BX has only finitely or countably many elements as
well. More precisely,

n∏
j=1

BXj(A.14.2)

has only finitely or countably many elements in this case, as before. Observe
that

(U1, . . . , Un) 7→
n∏

j=1

Uj(A.14.3)

defines a mapping from (A.14.2) onto (A.14.1). One can use this to get that
(A.14.1) has only finitely or countably many elements, because (A.14.2) has
only fnitely or countably many elements.
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If X1, . . . , Xn are metric spaces, then one can use separability to get a base
for the topology of X with only finitely or countably many elements, as in
Section 2.3. More precisely, this base consists of open balls in X, as before. If
one uses the metric dX,∞ defined on X as in Section A.4, then open balls in X
are products of open balls, as before.

A.14.2 Dense sets in countable products

Now let X1, X2, X3, . . . be an infinite sequence of nonempty topological or met-
ric spaces, and consider their Cartesian product X =

∏∞
j=1Xj , equipped with

the product topology. If the Xj ’s are metric spaces, then we ask that the corre-
sponding metrics be bounded, with a sequence of upper bounds that converges
to 0, as in Section A.9. This implies that the topology determined on X by the
metric defined previously is the same as the product topology, as before.

Let uj be an element of Xj for each j, and suppose that Ej is a dense set in
Xj for each j. If n is a positive integer, then put

E(n) = {x ∈ X : xj ∈ Ej for j = 1, . . . , n,(A.14.4)

and xj = uj when j > n}.

This is the same as the Cartesian product of the sequence of sets E1, . . . , En

followed by {uj} for j > n.
One can check that

∞⋃
n=1

E(n)(A.14.5)

is dense in X under these conditions. More precisely, if x ∈ X and n is a positive
integer, then one can approximate x by elements of E(n), by approximating xj
by an element of Ej when j ≤ n, because Ej is dense in Xj , by hypothesis, and
simply replacing xj with uj when j > n. One can get approximations to x like
these that are as close to x as we want when n is sufficiently large, because of
the hypothesis at the beginning of Section A.9, or by definition of the product
topology on X.

If Ej has only finitely or countably many elements for each j, then E(n) has
only finitely or countably many elements for each n, as usual. This implies that
(A.14.5) has only finitely or countably many elements, so that X is separable.

A.14.3 Some bases for the topology of X again

Let BXj
be a base for the topology of Xj for each j. If n is a positive integer,

then put

BX(n) =

{ ∞∏
j=1

Uj : Uj ∈ BXj
for j = 1, . . . , n,(A.14.6)

and Uj = Xj when j > n

}
.
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This is a collection of open sets in X, by definition of the product topology, or
because the topology determined on X by the metric defined previously is the
corresponding product topology when the Xj ’s are metric spaces.

One can check that
∞⋃

n=1

BX(n)(A.14.7)

is a base for the topology of X. This follows from the definitions when one
uses the product topology on X. If the Xj ’s are metric spaces, then this uses
the description of open balls in X with respect to the usual metric in Section
A.9. Of course, this description of the open balls in X implies that the topology
determined by the metric is the same as the product topology, as before.

A.14.4 Countability of these bases for the topology of X

Suppose that BXj has only finitely or countably many elements for each j. This
implies that

∏n
j=1 BXj

has only finitely or countably many elements for each n,
as before. One can use this to get that (A.14.6) has only finitely or countably
many elements for each n. It follows that (A.14.7) has only finitely or countably
many elements as well.

If the Xj ’s are metric spaces, then one can use separability of X to get a
countable base for the topology of X, as in Section 2.3. This base consists of
open balls in X with respect to the metric dX in Section A.9. These open balls
in X are products of open balls in the Xj ’s, where all but finitely many factors
are equal to Xj , as before.
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[3] J. Adell and A. Lekuona, The simplest example of a normal asymptotic
expansion, American Mathematical Monthly 113 (2006), 425–442.

[4] J. Adell and A. Lekuona, Binomial identities and moments of random
variables, American Mathematical Monthly 125 (2018), 365–369.

[5] R. Agarwal, C. Flaut, and D. O’Regan, An Introduction to Real Analysis,
CRC Press, 2018.

[6] R. Agnew, Convergence in mean and Lebesgue integration, American
Mathematical Monthly 44 (1937), 4–14.

[7] G. Akst, A strange ultrametric geometry, Mathematics Magazine 49
(1976), 142–145.

[8] G. Albert and R. Tittle, Nonnormality of linear combinations of normally
distributed random variables, American Mathematical Monthly 74 (1967),
583–585.

[9] J. Alexander, The symbolic dynamics of the sequence of pedal triangles,
Mathematics Magazine 66 (1993), 147–158.

[10] R. Arens, Note on convergence in topology, Mathematics Magazine 23
(1950), 229–234.

[11] R. Arens, Advanced algebra: operations without numbers, Mathematics
Magazine 24 (1951), 253–264.

[12] M. Atiyah and I. Macdonald, Introduction to Commutative Algebra,
Addison-Wesley, 1969.

[13] C. Aull, The first symmetric derivative, American Mathematical Monthly
74 (1967), 708–711.

254



BIBLIOGRAPHY 255

[14] S. Axler, Measure, Integration, and Real Analysis, Springer, 2020.

[15] G. Bachman, Introduction to p-Adic Numbers and Valuation Theory, Aca-
demic Press, 1964.

[16] W. Bade, A remark on finitely additive measures, American Mathematical
Monthly 65 (1958), 190–191.

[17] J. Barnes and L. Koss, The ergodic theory carnival, Mathematics Magazine
83 (2010), 180–190.

[18] D. Barnett, A condition for a ring to be Boolean, American Mathematical
Monthly 74 (1967), 44–45.

[19] R. Bartle, An extension of Egorov’s theorem, American Mathematical
Monthly 87 (1980), 628–633.

[20] R. Bass, Real Analysis for Graduate Students, Version 5.0, 2024. Available
at http://bass.math.uconn.edu .

[21] R. Beals, Analysis: An Introduction, Cambridge University Press, 2004.

[22] G. Beer and L. Villar, When is a free union of regular measures regular?,
American Mathematical Monthly 94 (1987), 443–445.

[23] J. Behboodian, Classroom notes: A simple example on some properties
of normal random variables, American Mathematical Monthly 79 (1972),
632–634.

[24] J. Behboodian, Uncorrelated dependent random variables, Mathematics
Magazine 51 (1978), 303–304.

[25] J. Benedetto and W. Czaja, Integration and Modern Analysis, Birkhäuser,
2009.

[26] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Functional
Analysis, American Mathematical Society, 2000.

[27] S. Berberian, The product of two measures, American Mathematical
Monthly 69 (1962), 961–968.

[28] S. Berberian, Counterexamples in Haar measure, American Mathematical
Monthly 73 (1966), 135–140.

[29] S. Berberian, Sesquilregular measures, American Mathematical Monthly
74 (1967), 986–990.

[30] S. Berberian, A First Course in Real Analysis, Sringer-Verlag, 1994.

[31] S. Berberian, Fundamentals of Real Analysis, Springer-Verlag, 1999.



256 BIBLIOGRAPHY

[32] S. Berberian, Measure and Integration, reprint of the 1965 original, AMS
Chelsea, 2011.

[33] S. Berberian and J. Jakobsen, A note on Borel sets, American Mathemat-
ical Monthly 70 (1963), 55.
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[186] H. Kaptanoğlu, In praise of y = xα sin( 1x ), American Mathematical
Monthly 108 (2001), 144–150.

[187] B. Kedem, A stochastic characterization of the sine function, American
Mathematical Monthly 93 (1986), 430–440.

[188] J. Kelley, General Topology, Springer-Verlag, 1975.

[189] J. Kelley, I. Namioka, et al., Linear Topological spaces, Springer-Verlag,
1976.

[190] J. Kelley and T. Srinivasan, Measure and Integral, Springer-Verlag, 1988.

[191] J. Kenney, Some topics in mathematical statistics, American Mathemati-
cal Monthly 46 (1939), 59–74.

[192] J. Kenney, Characteristic functions in statistics, National Mathematics
Magazine 17 (1942), 51–67, 99–114.

[193] H. Kestelman, Classroom notes: Riemann integration of limit functions,
American Mathematical Monthly 77 (1970), 182–187.

[194] J. Kim, Water-baed proof of Jensen’s inequality, American Mathematical
Monthly 132 (2025), 448–452.

[195] J. King, Three problems in search of a measure, American Mathematical
Monthly 101 (1994), 609–628.

[196] R. Kirk, Sets which split families of measurable sets, American Mathe-
matical Monthly 79 (1972), 884–886.

[197] J. Klippert, Advanced advanced calculus: counting the discontinuities of
a real-valued function with interval domain, Mathematics Magazine 62
(1989), 43–48.

[198] A. Knapp, Basic Real Analysis, Birkhäuser, 2005.
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[296] H. Royden and P. Fitzpatrick, Real Analysis, 4th edition, Prentice-Hall,
2010.

[297] W. Rudin, Functional Analysis, McGraw-Hill, 1973. A second edition was
published in 1991.

[298] W. Rudin, Real and Complex Analysis, 2nd edition, McGraw-Hill, 1974.
A third edition was published in 1987.

[299] W. Rudin, Principles of Mathematical Analysis, 3rd edition, McGraw–
Hill, 1976.

[300] W. Rudin, Well-distributed measurable sets, American Mathematical
Monthly 90 (1983), 41–42.

[301] B. Rynne and M. Youngson, Linear Functional Analysis, 2nd edition,
Springer-Verlag, 2008.

[302] S. Saeki, A Proof of the existence of infinite product probability measures,
American Mathematical Monthly 103 (1996), 682–683.

[303] S. Samuels, The Radon–Nikodým theorem as a theorem in probability,
American Mathematical Monthly 85 (1978), 155–165.



272 BIBLIOGRAPHY

[304] U. Satyanarayana, A note on Riemann–Stieltjes integrals, American
Mathematical Monthly 87 (1980), 477–478.

[305] K. Saxe, Beginning Functional Analysis, Springer-Verlag, 2002.

[306] A. Schep, And still one more proof of the Radon–Nikodym theorem, Amer-
ican Mathematical Monthly 110 (2003), 536–538.

[307] R. Schilling, Measures, Integrals, and Martingales, 2nd edition, Cambridge
University Press, 2017.
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