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Preface

These informal notes are intended to complement more detailed treatments, as
in the references. Some familiarity with basic analysis and linear algebra would
be helpful, and some definitions and results along these lines are reviewed here.
Some familiarity with Lebesgue measure and integration could be helpful as
well, but we shall normally not be getting into this too much here.

Of course, there are many connections between complex analysis and partial
differential equations. The reader is not necessarily expected to be familiar
with complex analysis here, although some familiarity would be helpful in some
places.

The subject of partial differential equations is obviously closely related to
that of ordinary differential equations. Often only basic facts about ordinary
differential equations are used here, but some familiarity with standard results
related to existence and uniqueness of solutions would be helpful in some places.
More precisely, some familiarity with standard results concerning the depen-
dence of solutions on initial conditions and other parameters would be helpful
in some places.

There are many connections between partial differential equations, Fourier
analysis, and functional analysis too. We shall not get into this too much here,
but some of these connections will be mentioned a bit, or are fairly close.

A number of the texts in the bibliography include some aspects of the history
of differential equations and related matters, such as Fourier analysis. In partic-
ular, one may be interested in [6, 20, 21, 38, 41, 42, 46, 48, 50, 51, 86, 88, 89, 90]
in this regard.
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Chapter 1

Some basic facts

Some very interesting introductory remarks about partial differential equations
can be found in the first chapter of [29]. Another interesting overview with
a somewhat different perspective is in Section A of Chapter 1 of [32]. Here
we begin with some basic notions related to Euclidean spaces and functions on
them, which are helpful for this.

1.1 Some preliminaries about R”

Let n be a positive integer, and let R™ be the usual space of n-tuples x =
(z1,...,2y) of real numbers. If z,y € R™ and ¢t € R, then z + y and ¢t x can be
defined as elements of R™ using coordinatewise addition and scalar multiplica-
tion, as usual.

The standard Euclidean norm of x € R™ is defined by

(1.1.1) || = (ix§)1/27

j=1

using the nonnegative square root on the right side. This reduces to the usual
absolute value of a real number when n = 1. Observe that

(1.1.2) [t x| = |t] |z
for every t € R and € R™. It is well known that
(1.1.3) |z +y| < [x] + [y

for every x,y € R"™. This is called the triangle inequality for the standard
Euclidean norm.
The standard Fuclidean metric on R™ is defined by

(1.1.4) d(w,y) = o — 4|

1



2 CHAPTER 1. SOME BASIC FACTS

for every x,y € R™. This may also be described as the distance between x and
y, with respect to the standard Euclidean metric.

If x € R™ and r is a positive real number, then the open ball in R™ centered
at z with radius r is defined by

(1.1.5) B(z,r)={y e R" : |z —y| <r}.

Similarly, the closed ball in R™ centered at x with radius r is defined by

(1.1.6) B(z,r)={yeR": |z —y| <r}.
A subset U of R" is said to be an open set with respect to the standard
FEuclidean metric if for every x € U there is an r > 0 such that

(1.1.7) B(z,r) CU.

It is well known and not too difficult to show that any open ball in R™ is an
open set in this sense.

Let E be a subset of R™. The closure of E in R™ with respect to the
standard Euclidean metric is defined to be the set E of all € R™ with the
following property: for every r > 0 there is a y € E such that

(1.1.8) |z —y| <.
Equivalently, this means that for every r > 0,
(1.1.9) EnNB(z,r) #0.
Note that E C E.

If -
(1.1.10) E=F,

then F is said to be a closed set in R™ with respect to the standard Euclidean
metric. It is well known and not too difficult to show that any closed ball in
R” is a closed set. If FE is any subset of R", then it is well known and not too
hard to show that E is a closed set.

If z € R™ and r > 0, then one can check that the closure of B(z,r) in R™ is
equal to B(z,r). However, this does not always work in arbitrary metric spaces.

If U is an open subset of R", then the boundary may be defined as the set
OU of points in the closure of U that are not in U,

(1.1.11) oU =T\ U.
If z € R™ and r > 0, then
(1.1.12) OB(x,1) ={y e R" : [z —y| =1},

but this does not always work in arbitrary metric spaces.
If E is any subset of R", then the boundary of E is defined by

(1.1.13) OE=EN(R"\ B).

One can check that this is equivalent to the definition in the preceding paragraph
when F is an open set.
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1.2 Some spaces of functions

Let U be a nonempty open subset of R™, for some n > 1. The space of contin-
uous real-valued functions on U may be denoted C(U).
Let f be a real-valued function on U, let x be an element of U, and let [ be
a positive integer less than or equal to n. The [th partial derivative of f at x
may be denoted
of

(1.2.1) O f(x) =D f(x) = a—xl(gc),

when it exists.

If (1.2.1) exists for every € U and [ = 1,...,n, then f is said to be continu-
ously differentiable on U. It is well known that this implies that f is continuous
on U, although that may be included in the definition, for convenience. The
space of continuously-differentiable real-valued functions on U may be denoted
CcL(U).

If k is any positive integer, then we may say that f is k-times continuously
differentiable if f is continuous on U, and all derivatives of f up to order k of
f exist at every point in U, and are continuous on U. The space of k-times
continuously-differentiable real-valued functions on U may be denoted C*(U).
More precisely, this may be defined recursively when k& > 2, by saying that
C*(U) consists of all continuously-differentiable real-valued functions f on U
such that

k—1
(1.2.2) a2, e C*(U)
for each [ = 1,...,n. It is sometimes convenient to take C°(U) = C(U).

If derivatives of f of all orders exist everywhere on U and are continuous,
then f is said to be infinitely differentiable, or smooth, on U. The space of
infinitely-differentiable real-valued functions on U may be denoted C*°(U).

An n-tuple o = (v, ..., a,) of nonnegative integers is said to be a multi-
index, of order

(1.2.3) o] =) aj.
j=1

Of course, this is not necessarily the same as the standard Euclidean norm of
«, as an element of R™, and it should normally be clear which is intended. If
f € CHU) for some k > 1 and |a| < k, then the corresponding derivative of f
of order || may be denoted

olal ¢

« an
Ox{" ---0xn

(1.2.4) 9*f =D f =

Note that this function is continuously differentiable of order
(1.2.5) k— o

on U under these conditions.



4 CHAPTER 1. SOME BASIC FACTS

If f is a twice continuously-differentiable function on U, then it is well known
that

0? 0?
(1.2.6) i
3Ij a:vl 8zl 3a;j
on U forevery j,l = 1,...,n. Similarly, if f is k-times continuously differentiable

on U, then derivatives of f up to order £ may be taken in any order.
Sometimes derivatives are expressed using subscripts to indicate the variables
in which the derivative is taken. Thus one may put

_of _f
(127) fil'j a.. ij x; — 61‘]‘ axlv

- )
833‘]'

and so on, where appropriate.

If x € R™, then we may put
(1.2.8) ¥ =tz
where J:j—‘j is interpreted as being equal to 1 when a; = 0, even when z; = 0.
This defines a real-valued function on R"™, which is the monomial of degree |«|
associated to a.

Similarly, (1.2.4) corresponds to

(1.2.9) 9% = ... 9on
or
(1.2.10) D* = D" --- Dy~

applied to f. More precisely, 0; = D, defines a linear mapping from CkU)
into C*~1(U) for each k > 1. Composition of these mappings can be considered
as a type of multiplication, with 8;” = D;-lj interpreted as being the identity
mapping when o; = 0.

1.3 Partial differential equations

Let k and n be positive integers, and let U be a nonempty open subset of R™.
Also let u be a k-times continuously-differentiable real-valued function on U. A
kth-order partial differential equation for v on U can be expressed as

(1.3.1) F(D*u(z), D* Yu(z),. .., Du(z),u(z),z) = 0,

as in Section 1.1 of [29], and Section A of Chapter 1 of [32]. Here D'u(z) is
intended to represent the collection of all possible derivatives of u of order [ at
x, which may be identified with an element of R". Thus F may be considered
as a real-valued function on

k—1

(1.3.2) R" xR" ' x- xR"xRxU.
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A linear kth-order partial differential equation for u on U can be expressed
as
(1.3.3) Z aq(z) 0%u(z) = f(x),

lo| <k

as in Section 1.1 of [29], and Section A of Chapter 1 of [32]. More precisely, the
sum is taken over all multi-indices o with || < k, which is of course a finite
set. Thus a,(z) should be a function on U for each such «, as well as f(z). If
f(z) =0 for every z € U, then (1.3.3) is said to be homogeneous.

One may also consider systems of partial differential equations, as in [29].
In this case, one can think of u as taking values in R for some positive integer
m. Continuous differentiability of u of order £ on U means that each of the m
components of u is k-times continuously differentiable as a real-valued function
on U. One considers finitely many equations involving the components of u and
their deriviatives of order up to k on U, as before.

Let us say that a partial differential equation as in (1.3.1) is invariant under
translations if F' does not depend on x in the last variable. This means that F’
may be considered as a real-valued function on

(1.3.4) R" xR"  x.--xR" xR,

so that (1.3.1) becomes

(1.3.5) F(D*u(z), D*Yu(z),..., Du(z),u(z)) = 0.
If u satisfies this equation on U and a € R"”, then

(1.3.6) u(r — a)

satisfies the same equation on

(1.3.7) U+a={z+a:2ecU}

Note that this is also an open set in R™. Of course, there are analogous notions
for systems.

The left side of (1.3.3) is said to have constant coefficients if an(x) is a
constant for each multi-index a. If f is also a constant, then (1.3.3) is invariant
under translations, as in the preceding paragraph. There are analogous notions
for linear systems, as before.

Let v be a continuously-differentiable R™-valued function on U. The diver-
gence of v is the real-valued function on U defined as usual by

"L Ov;
1.3.8 dive =Y 24
( ) v 2 Bz, )
Jj=1
where v;(x) is the jth coordinate of v(x) for each j =1,...,n.

Let f be a real-valued function on U. The directional derivative of f at
z € U in the direction w € R" is defined to be the derivative of

(1.3.9) flz+tw)
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as a function of ¢ € R at t = 0, if it exists. If f is continuously differentiable on
U, then it is well known that the directional derivative exists, and is equal to

(1.3.10) > w; (%_(az).

j=1

1.4 Complex numbers

A complex number z can be expressed in a unique way as
(1.4.1) z=z+yi,

where z,7 € R and i> = —1. In this case, x and y are called the real and
1maginary parts of z, and may be denoted Re z, Im z, respectively. The complex
conjugate of z is the complex number

(1.4.2) Z=z—Yyi,
and the absolute value or modulus of z is the nonnegative real number
(1.4.3) 2| = (2% 4 y*)V/2

In particular, the complex conjugate of Z is z, and |Z| = |z|.

The real line R may be considered as a subset of the set C of complex
numbers, and addition and multiplication of real numbers can be extended to
complex numbers in a standard way. Note that

(1.4.4) z+w = Z+w,
(1.4.5) TW = ZW
and

(1.4.6) 27 = |z

for every z,w € C. One can use this to get that
(1.4.7) |zw| = |z| |w]|
for every z,w € C. If z € C and z # 0, then z has a multiplicative inverse in

C, namely,

1 z

1.4.8 - = —.

Of course, (1.4.3) is the same as the standard Euclidean norm of (z,y) € R?.
The triangle inequality for the standard Euclidean norm on R? is the same as
saying that
(1.4.9) |z +w| < |z] + |w]
for every z,w € C, which can also be verified more directly in this case. The
standard metric on C is defined by

(1.4.10) d(z,w) = |z —w|,
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which corresponds exactly to the standard Euclidean metric on R2.

Let n be a positive integer, let U be an open subset of R", and let f be
a complex-valued function on U. Continuity of f on U can be defined in the
same way as for real-valued functions, and is equivalent to continuity of the
real and imaginary parts of f. Similarly, differentiability properties of f can
be defined in the same way as for real-valued functions, and are equivalent to
the corresponding differentiability properties of the real and imaginary parts of
f. Complex analysis deals with different types of differentiability properties of
complex-valued functions on open subsets of C. This is related to the Cauchy—
Riemann equations for the real and imaginary parts of such a function.

1.5 Complex exponentials

The ezponential of a complex number z can be defined by

oo

27
(1.5.1) exp z = Zﬁ’

j=0 "

where the absolute convergence of the series can be obtained from the ratio test,
for instance. This is equivalent to taking

(1.5.2) exp(z +yi) = (expz) (cosy + isiny)

for every z,y € R.
It is well known that

(1.5.3) exp(z +w) = (exp z) (exp w)

for every z,w € C. This can be obtained using the binomial theorem, and
standard results about products of absolutely convergent series.

In particular, if 2 € C, then one can take w = —z in (1.5.3) to get that
exp z # 0, with
(1.5.4) 1/(exp z) = exp(—=z).

Of course, if z € R, then expz € R, with expx > 1 when > 0. If x <0, then
0<expz=1/(exp(—z)) < 1.

It is easy to see that
(1.5.5) (expz) =expZ

for every z € C. One can use this to get that

(1.5.6) lexp(iy)| =1

for every y € R.

It is well known that exp z is complex-analytic, or equivalently holomorphic,
as a complex-valued function of z € C. Here we shall be more concerned with
related complex-valued functions of real variables. If a € C, then exp(at) may
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be considered as a complex-valued function of ¢ € R. It is well known that this
function is differentiable, with

d
(1.5.7) %(exp(a t)) = a(exp(at)).
Let n be a positive integer, and let C™ be the space of n-tuples a =
(a1, ..,ay) of complex numbers. If a,b € C", then put

(1.5.8) a-b=> ab;.
j=1

If a € C"” and =z € R", then exp(a - z) is a complex number, which defines a
complex-valued function of x on R™. This function is continuously differentiable
on R”, with
0
(1.5.9) —— exp(a-x) = a; (exp(a - x))
8xj
for every j =1,...,n.
More precisely, exp(a-x) is infinitely differentiable as a complex-valued func-
tion of x on R™. If o is a multi-index, then

(1.5.10) 0% exp(a - ) = a® exp(a - x).

Here a® = a{* ---a%m, as in Section 1.2, which is now a complex number.

1.6 Complex-valued functions

Let n be a positive integer, and let U be a nonempty open subset of R™. The
space of continuous complex-valued functions on U may be denoted C(U, C),
and we may use C(U,R) for the space of continuous real-valued functions on
U, to be more precise. Note that a complex-valued function on U is continuous
if and only if its real and imaginary parts are continuous.

Similarly, if k is a positive integer, then we let C*(U, C) be the space of k-
times continuously-differentiable complex-valued functions on U. Equivalently,
these are the complex-valued functions on U whose real and imaginary parts
are k-times continuously differentiable. We may use C*(U, R) for the space of
k-times continuously-differentiable real-valued functions on U. As before, we
may use the same notation with & = 0 for the corresponding spaces of real
and complex-valued continuous functions. The space of infinitely-differentiable
complex-valued functions on U may be denoted C*°(U,C), and we may use
C° (U, R) for the space of smooth real-valued functions on U.

Note that C(U,R) and C(U, C) are vector spaces over the real and complex
numbers, respectively, with respect to pointwise addition and scalar multiplica-
tion of functions. We may consider C*(U,R), C*(U, C) as linear subspaces of
C(U,R), C(U,C), respectively, for each k > 1. Similarly, C*°(U,R), C*°(U, C)
are linear subspaces of C*(U, R), C*(U, C), respectively, for each k.
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If o is a multi-index with |a| < k, then 0% defines a linear mapping from each
of C*(U,R), C*(U,C) into C*~1ol(U, R), C*~1*/(U, C), respectively. Similarly,
0% defines a linear mapping from each of C*°(U,R), C*°(U, C) into itself.

Let a € C™ be given, so that exp(a - x) is a smooth complex-valued function
on R”, as in the previous section. This function is an eigenvector for 9/0z; for
each j = 1,...,n, as a linear mapping from C*(R"™, C) into itself, as before.
Similarly, exp(a - x) is an eigenvector for 9 for each muli-index «, as a linear
mapping from C°(R™, C) into itself.

1.7 Polynomials in n variables

Let n be a positive integer, and let us consider polynomials in the n variables

wy, ..., w, with coefficients in R or C. Such a polynomial can be expressed as
(1.7.1) p(w) = Z o W,
lo|<N

where N is a nonnegative integer, and the sum is taken over all multi-indices
a with |a| < N. The coefficients a, may be real or complex numbers for each
such «, and the monomial w® is as defined in Section 1.2. More precisely, p is
said to have degree less than or equal to N in this case. Note that p(w) € C
when w € C", and p(w) € R when w € R™ and the coefficients a,, are real
numbers.

If pis as in (1.7.1), then put

(1.7.2) p(d) = > as0°,

la|<N

or equivalently

(1.7.3) p(D)= > an D"

la|<N

This defines a differential operator on R™ with constant coefficients in R or C,
as appropriate, of order less than or equal to N.

Let U be a nonempty open subset of R™, and suppose that f is a k-times
continuously-differentiable real or complex-valued function on U, with N < k.
Under these conditions,

(1.7.4) pO)(f)= Y aad"f

la|<N

defines a (k — N)-times continuously-differentiable real or complex-valued func-
tion on U, as appropriate. More precisely, this defines a linear mapping from
Ck(U,R) or C*(U,C) into C*=N(U,R) or C*=N (U, C), respectively, as appro-
priate. Similarly, this defines a linear mapping from C*°(U,R) or C*°(U,C)
into itself, as appropriate.
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If b € C™, then exp(b - z) defines an infinitely-differentiable complex-valued
function of z on R™, as in Section 1.5. Observe that

(1.7.5) p(0)(exp(b-x)) = p(b) exp(b - x).

Thus exp(b- z) is an eigenvector for p(d) as a linear mapping from C*>°(R", C)
into itself, with eigenvalue p(b).

If «, 8 are multi-indices, then o + 8 can be defined by coordinatewise addi-
tion, as usual, and is another multi-index. Clearly

(1.7.6) la+ 8| = laf+ 18],

where | - | refers to the order of the multi-index, as in Section 1.2. Observe that

(1.7.7) w® w® = wtP,
Similarly,
(1.7.8) 998 = 9otP,

because of the commutativity of derivatives under suitable conditions, as in
Section 1.2.

Let p1(w), p2(w) be polynomials in wy, ..., w, with real or complex coeffi-
cients, and of degrees less than or equal to nonnegative integers Ny, No. The
product

(1.7.9) p(w) = p1(w) p2(w)

can be defined as a polynomial of degree less than or equal to N7 + N5 in the
usual way, using (1.7.7). Similarly,

(1.7.10) p(9) = p1(9) p2(9),

because of (1.7.8).

More precisely, let f be a k-times continuously-differentiable real or complex-
valued function on a nonempty open subset U of R™ again. If o, § are multi-
indices with |a|+|8| < k, then 07 f is (k —|3|)-times continuously differentiable
on U, and
(1.7.11) U f) =0T f

on U. If py, ps, and p are as in the preceding paragraph and N; + Ny < k, then
p2(0)(f) is (k — Nz)-times continuously differentiable on U, and

(1.7.12) p1(9)(p2(9)(f)) = p(O)(f)
on U.

1.8 Connectedness and convexity

Let n be a positive integer, and let F be a subset of R™. We say that E is
convez if for every z,y € E and t € R with 0 <t < 1, we have that

(1.8.1) (1-t)z+tyecE.
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It is well known and not too difficult to show that open and closed balls in R™,
with respect to the standard Euclidean metric (or the metric associated to any
norm), are Convex.

We say that E is path connected if for every z,y € E there is a continuous
path in E connecting = and y. More precisely, this means that there is a
continuous mapping f from the closed unit interval [0,1] in the real line into
R” such that

(1.8.2) f0) ==, f(1) =y,

and f(t) € E for every t € [0,1]. If f;(¢) is the jth coordinate of f(t) for every
j=1,...,nandt € [0, 1], then the continuity of f as a mapping from [0, 1] into
R" is equivalent to the continuity of f; as a real-valued function on [0, 1] for
each j. If E is convex, then F is clearly path connected.

The precise definition of connectedness of subsets of R™ is a bit complicated,
and although we shall not discuss it here, we shall mention some of its properties.
It is well known and not too difficult to show that

(1.8.3) path-connected sets are connected.
It is also well known that
(1.8.4) a subset of the real line is connected if and only if it is convex.
Another well-known theorem states that
(1.8.5) connected open subsets of R" are path connected.
Let U be an open subset of R™. In this case,
(1.8.6) U is not connected
if and only if

(1.8.7) U can be expressed as the union of two

nonempty disjoint open subsets of R".

This is close to the definition of connectedness, depending on how it is formu-
lated.

If U # 0,R™, then
(1.8.8) oU # .
This is the same as saying that U is not a closed set, because U is an open set, by
hypothesis. This can be obtained from the connectedness of R™. Alternatively,
if £ € U and z € R™ \ U, then one can show that there is a ty € R such that
0<typ<1and
(1.8.9) (1 —tg)x+toz € IU.

More precisely, one can take £y to be the infimum of the set of ¢ > 0 such that

(1.8.10) (1-t)z+tze R"\U.
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Let E be a nonempty subset of R™, and let f be a function on F with values
in any set. Let us say that f is locally constant at a point x € E if there is an
r > 0 such that

(1.8.11) f(@) = f(y)

for every y € E with |x —y| < r. If F is connected, and f is locally constant at
every point in F, then one can show that

(1.8.12) f is constant on E.

One can also show that connectedness is characterized by this property.

Let U be a nonempty open subset of R", and let f be a real or complex-
valued function on U. Observe that f is locally constant on U if and only if f is
continuously-dfferentiable on U, with all of its first partial derivatives equal to
0 on U. The remarks in the preceding paragraph are also a bit simpler in this
case.

1.9 Compactness in R”

Let n be a positive integer, and let F be a subset of R™. We say that E is
bounded if there is a nonnegative real number C such that

(1.9.1) lz| < C

for every x € E. It is easy to see that open and closed balls in R™ with respect
to the standard Euclidean metric are bounded sets.

The precise definition of compactness of a subset of R", or of an arbitrary
metric space, is a bit complicated, and we shall not discuss it here. However, we
would like to mention the following two well-known results about compactness.
The first is that a subset E of R™ is compact if and only if it is closed and
bounded. The second is the extreme wvalue theorem, which states that if f
is a continuous real-valued function on a nonempty compact set E, then the
maximum and minimum of f on E are attained.

Let U be an open subset of R™. The relative closure of a subset E of U may
be defined to be the intersection of the closure of F in R™ with U,

(1.9.2) ENU.
In particular, E is said to be relatively closed in U if
(1.9.3) E=ENU.

If F is closed as a subset of R, then it follows that F is relatively closed in U.
Note that U is automatically relatively closed as a subset of itself.

There is a notion of compactness of a subset E of U relative to U, with
respect to the restriction of the standard Euclidean metric on R™. However, it
is well known that this holds if and only if E is compact as a subset of R".
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Let f be a real or complex-valued function on R"”, or a function with values
in R™ for some positive integer m. The support of f is the subset of R™ defined
by
(1.9.4) supp f = {x € R": f(z) # 0}.

Of course, this is a closed set in R™, by construction.

Thus the support of f is compact exactly when it is bounded. This is the
same as saying that f(x) = 0 when |z| is sufficiently large.

Suppose now that f is a function defined on an open set U C R™. We say
that f has compact support in U if there is a compact set £ C R™ such that
E CU and
(1.9.5) {reU: f(x) #0} CE.

1.10 Some derivatives

Let n be a positive integer, and let o be a multi-index. It is customary to put
(1.10.1) al =alas! -y,

which is a positive integer. Observe that

(1.10.2) 0%® = al.

Let 8 be another multi-index. If

(1.10.3) Bj < a; for some j,
then
(1.10.4) o%zP = 0.

In particular, this holds when |a| = |§]| and « # .

Suppose now that a; < 3; for each j = 1,...,n, so that 8 — a is a multi-
index. Of course, 0%z? is a multiple of 7~ in this case. If & # 3, then we get
that 0 z? is equal to 0 at 0.

Let U be a nonempty open subset of R", let & be a positive integer, and
let f be a k-times continuously-differentiable real-valued function on U. The
degree k Taylor polynomial of f at a point w € U may be expressed as

(1.10.5) P(x) = Z a@”‘f(w)xa,

la| <k

where the sum is taken over all multi-indices a with || < k. Using the remarks
in the previous paragraphs, we get that

(1.10.6) P P(0) = 9° f(w)

for every multi-index 8 with |5| < k.
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Put
(1.10.7) g(z) = flw+zx) — P(x)

for x € U — w. This is a k-times continuously-differentiable function on U — w,
with
(1.10.8) 979(0) = 0P P(0) — 9° f(w) = 0

for every multi-index 8 with |5| < k.
If x € R™ and |z| is sufficiently small, then

(1.10.9) trelU—w

for all ¢ € [0,1]. In this case,
(1.10.10) g(tx)

may be considered as a k-times continuously-differentiable function of ¢ on an
open set in the real line that contains [0,1]. The derivatives of g(¢x) in ¢ up to
order k can be expressed in terms of derivatives of g, as a function on U — w, of
the same order. These derivatives are equal to 0 at ¢t = 0, because of (1.10.8).

One can use this to show that

: —k

(1.10.11) ill% |z| "% g(x) =0,
which is Taylor’s theorem in n dimensions. This uses the fact that g is small
near 0 when |3| = k, because of (1.10.8) and the continuity of 9°¢g on U — w.
More precisely, this implies that the kth derivative of (1.10.10) in ¢ is small
when |z| is small and ¢ € [0, 1].

1.11 Some smooth functions
Consider the real-valued function defined on R by

(1.11.1) ¥(t) = exp(—1/t) whent>0
0 when ¢ < 0.

It is well known and not too difficult to show that v is infinitely differentiable
on R, with all of its derivatives at 0 equal to 0.
Let a, b be real numbers with a < b, and put

(1.11.2) Vap(t) =¥t —a) (b —1).

This is an infinitely-differentiable function on R that is positive on (a,b), and
equal to 0 otherwise.

One can integrate ¢, 5 to get an infinitely-differentiable function on R that is
equal to 0 when t < a, is a positive constant when ¢ > b, and strictly increasing
on (a,b). Using this, one can get infinitely-differentiable nonnegative real-valued
functions on R that are equal to 1 on any given closed interval, and equal to 0
on the complement of a slightly larger open interval.
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Alternatively,
(1.11.3) Yt —a)+ (b —1t)
is a positive smooth function on R, so that
Y(t —a)
(- =)+ oD
and
(1.11.5) i Chd)

Pt —a)+9(b—1t)

are nonnegative smooth functions on R. It is easy to see that (1.11.4) is equal
to 0 when t < a, and to 1 when ¢ > b. Similarly, (1.11.5) is equal to 0 when
t > b, and to 1 when ¢ < a. Note that the sum of (1.11.4) and (1.11.5) is equal
to 1 for every t € R.

If n is any positive integer, then one can use functions like these to get a lot of
infinitely-differentiable nonnegative real-valued functions on R™ with compact
support. One can take products of smooth functions on R with compact support
in each variable, for instance. If a« € R™, then

n

(1.11.6) lz—al> =) (z; —a;)’

Jj=1

is a polynomial in z, and infinitely differentiable on R™ in particular. If ¢ is a
smooth real-valued function on R, then

(1.11.7) o(|lz — al?)

is a smooth function on R™. If ¢(t) = 0 when ¢ € R is sufficiently large, then
(1.11.7) has compact support in R".

1.12 Semilinearity and quasilinearity

Let k and n be positive integers, let U be a nonempty open subset of R", and let
u be a k-times continuously-differentiable real-valued function on U. One may
be interested in kth-order partial differential equations for w on U that have
some linearity properties, without being linear in w and its derivatives. Such a
differential equation is said to be semilinear if it can be expressed as

(1.12.1) Z ao(x) 0%u(x) + ag(DFtu(x),.. ., Du(z),u(z),z) =0,
la|=k

as in Section 1.1 of [29]. Here the sum is taken over all multi-indices a with
|l = k, and aq () should be a real-valued function on U for each such a. As
before, ag may be considered as a real-valued function on

k—1

(1.12.2) R" x---xR"xRxU.
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Similarly, a kth order partial differential equation for w on U is said to be
quasilinear if it can be expressed as

(1.12.3) Z ao (D u(x), ..., Du(z), u(x), x) 0%u(x)
la|=k

+ag(D* tu(z),. .., Du(z),u(z),z) = 0,

as in Section 1.1 of [29], and Section A of Chapter 1 of [32]. In this case,
the coefficients a, as well as ay may be considered as real-valued functions on
(1.12.2).

A kth-order partial differential equation for u on U is said to be fully non-
linear if it depends nonlinearly on at least some of the kth-order derivatives
of u, as in [29]. Of course, there are analogous notions for systems of partial
differential equations.

As in Section 1.3, one may be interested in partial differential equations
that are invariant under translations. In the case of a semilinear equation as in
(1.12.1), this means that a, is a constant for each multi-index o with |a| = k,
and that ag does not depend on z in the last variable. Thus agp may considered
as a real-valued function on

k—1

(1.12.4) R" x---xR"xR.

Similarly, a quasilinear equation as in (1.12.3) is invariant under translations
when the a,’s and ag do not depend on x in the last variable, so that they
may be considered as real-valued functions on (1.12.4). There are analogous
statements for systems of partial differential equations, as usual.

1.13 More on R"

Let n be a positive integer, and let U be an open subset of R™. Suppose that
K is a compact subset of R™ such that

(1.13.1) KCU.

Under these conditions, it is well known that there is a positive real number ¢
such that for every x € K, we have that

(1.13.2) B(z,t) C U.

Suppose now that w is an element of U and r is a positive real number such
that -
(1.13.3) B(w,r) CU.

Remember that closed balls in R™ are closed and bounded, as in Sections 1.1
and 1.9, and thus compact. It follows that there is a positive real number e such
that

(1.13.4) B(w,r +¢€) CU,



1.14. MORE ON COMPLEX EXPONENTIALS 17

by the remarks in the preceding paragraph.
Let y € U be given, and let A be the set of positive real numbers 7 such that

(1.13.5) B(y,r) C U.

Note that A is nonempty, because U is an open set, by hypothesis. Suppose
that
(1.13.6) U #R",

so that there is a point z in the complement of U in R™. If » € A, then we get
that
(1.13.7) r<ly—zl,

because z ¢ B(y,r). This means that |y — z| is an upper bound for A in R.
It is well known that A has a least upper bound or supremum p in R under
these conditions. One can check that

(1.13.8) B(y,p) C U,

because otherwise A would have an upper bound strictly less that p. We also
have that

(1.13.9) B(y,p+e) U

for every € > 0, because p is an upper bound for A.
Using (1.13.9), we obtain that

(1.13.10) B(y,p) Z U,
because of the earlier remarks. This means that
(1.13.11) 0B(y,p) Z U,

because of (1.13.8).
It is easy to see that
(1.13.12) B(y,p) C U,

using (1.13.8). Combining this with (1.13.11), we get that
(1.13.13) dB(y, p) N AU # 0.

In particular, OU # (), as mentioned in Section 1.8.

1.14 More on complex exponentials

Let a be a complex number. Suppose that f is a differentiable complex-valued
function on the real line such that

(1.14.1) ff=af
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on R. This implies that

(1.14.2) %(exp(—at) F(t) =0

on R. Of course, this means that exp(—at) f(¢) is constant on R. It follows
that

(1.14.3) f(t) = £(0) exp(at)

for every t € R.

Let n be a positive integer, and let b be an element of C". Suppose that
u is a complex-valued function on R"™ such that for each j = 1,...,n, the jth
partial derivative of u exists at every point in R, with

ou
1.14.4 — =b;u.
( ) an bJ u

Under these conditions, one can check that
(1.14.5) u(z) = u(0) exp(b - x)

for every x € R™, using the remarks in the preceding paragraph.
Let a be a complex number again. If ¢ is a positive real number, then put

(1.14.6) t* = exp(a logt).

This is a smooth complex-valued function of ¢ on the set Ry of positive real
numbers, with

d
1.14. — (% = at* !
(1.14.7) R

for every t > 0.
Let g be a differentiable complex-valued function on R, such that

(1.14.8) g (t) =at "t g(t)
for every t > 0. Using this, we get that

(1.14.9) %(t_“g(t)) =0

on R,. This implies that =% g(¢) is constant on R, so that
(1.14.10) g(t) =g(1)t°

for every t > 0.
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1.15 The dot product on R”

If z,y € R™ for some positive integer n, then their dot product is defined by
n
(1.15.1) x~y=2mj Y
j=1

which is consistent with the notation in Section 1.5. This is also known as the
standard inner product on R". Clearly

(1.15.2) TYy=y-x
for every z,y € R™.
Note that
(1.15.3) xx:Zw? = |z|?
j=1

for every x € R™. This means that the standard Euclidean norm on R" is the
same as the norm associated to the standard inner product.

It is well known that
(1.15.4) -yl < |zl [yl

for every =,y € R™, which is a version of the Cauchy—Schwarz inequality. This
can be used to obtain the triangle inequality for the standard FEuclidean norm
on R”, by a standard argument.

If z,y € R", then

(1.15.5) Je+yf =(z+y)-(@+y) = z-x+z-y+y-z+y-y
2 + 22 -y +[y]*.

Thus
(1.15.6) w-y=(1/2) (lz +y* = |z[> = [y*),

which is known as a polarization identity.
Let T be a linear mapping from R™ into itself. It is easy to see that

(1.15.7) kerT ={z e R":T(z) =0}

is a linear subspace of R™, which is called the kernel of T.

One can check that T is one-to-one on R™ if and only if ker T = {0}, using
linearity. It is well known that 7" is one-to-one on R" if and only if 7" maps R™
onto itself, which is to say that T(R™) = R"™. In this case, the inverse mapping
T~ is linear on R™ too.

A one-to-one linear mapping 7' from R onto itself is said to be an orthogonal
transformation if T preserves the standard inner product on R™. This means
that
(1.15.8) T(z) - Tly)==x-y
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for every z,y € R™. Under these conditions, the inverse mapping 7! is an
orthogonal transformation on R™ as well.
If we take z = y in (1.15.8), then we get that

(1.15.9) |T(x)| = |z|.

Conversely, if (1.15.9) holds for every x € R"™, then (1.15.8) holds for every
x,y € R™. This uses the linearity of T and the polarization identity (1.15.6).
Of course, if (1.15.9) holds for every x € R", then ker T' = {0}. This implies
that T is one-to-one on R"™, and thus that 7" maps R"™ onto itself, as before.
If T is any linear mapping from R"™ into itself, then it is well known that
there is a unique linear mapping 7" from R" into itself such that

(1.15.10) T(x)-y=a T'(y)

for every z,y € R™. More precisely, every linear mapping from R’ into itself
corresponds to an n X n matrix of real numbers in a standard way. The matrix
associated to T” in this way is the transpose of the matrix associated to T.

If T is an orthogonal transformation on R"™, then one can check that T is
the same as the inverse of T. Conversely, if T is an invertible linear mapping
on R™, with inverse equal to T”, then one can verify that T is an orthogonal
transformation on R™.



Chapter 2

Some related notions

2.1 The Laplacian

Let n be a positive integer. The Laplacian on R™ defined by

(2.1.1) A= Z 57
Jj=1 "
Let p(w) be the polynomial in n variables wy, ..., w, with real coefficients
defined by
n
(2.1.2) plw) => w?.
j=1
Observe that .
2
(2.1.3) p(d) =Y 97 =A,
j=1
using the notation in Section 1.7.
If w € C", then
(2.1.4) p(w) =w - w,

using the notation in Section 1.5. If w € R™, then
(2.1.5) p(w) = w|?.

If b € C™, then
(2.1.6) Aexp(b-z)) = (b-b) exp(b- z),

as in Section 1.7. In particular,
(2.1.7) Aexp(b-z)) =0
when b-b = 0.

21
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Let U be a nonempty open subset of R™, and let u be a twice continuuously-
differentiable real or complex-valued function on U. We say that u is harmonic
on U if it satisfies Laplace’s equation

(2.1.8) Au=0

on U.

Let T be a linear mapping from R”™ into itself. It is easy to see that T is
continuous, so that the inverse image T—1(U) of U under T is an open subset
of R™ too. If u is any twice continuously-differentiable function on U, then the
composition u o T of T and u is twice continuously differentiable on T-1(U).

If T is an orthogonal transformation on R"”, then one can check that

(2.1.9) A(uoT) = (Au)oT

on T7Y(U). In particular, if u is harmonic on U, then u o T’ is harmonic on

2.2 Two differential operators on R?

Consider the differential operators

(2.2.1) L:%(if' 0 )

8%‘1 ! 87],‘2

and L, 9 9

2.2.2 L=-(=—+i—
(222) 2 <8x1 t axz)

on R2. Observe that

(2.2.3) L(zy +ixy) = L(zy —ixp) =1
and -

(224) L(l‘l — Z',TQ) = L(LL'1 + il’g) =0.

If z = 2y + ixy is considered as a complex variable, then L and L may be
denoted 9/0z and /9%, respectively.

Let U be a nonempty open subset of R?, and let f be a continuously-
differentiable complex-valued function on U. If

(2.2.5) L(f)=0

on U, then f is said to be complex analytic or holomorphic on U, as a function
of the complex variable z. More precisely, (2.2.5) is equivalent to the usual
Cauchy—Riemann equations for the real and imaginary parts of f. In this case,

(2.2.6) f=L(f)

is the usual complex derivative of f.
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Note that

(2.2.7) LL=TL= A

Let u be a twice continuously-differentiable complex-valued function on U. This
implies that L(u) and L(u) are continuously differentiable on U, and we have
that

(2.2.8) L(Z(w)) = I(L(w)) = ~ Au)

on U. If w is harmonic on U, then it follows that L(w) is holomorphic on U.
If f is holomorphic on U, then it is well known that f is smooth on U, and
twice continuously differentiable in particular. It follows that

(2.2.9) A(f) =4L(L(f)) =0,

so that f is harmonic on U.
If f, g are any continuously-differentiable complex-valued functions on U,
then

(2:2.10) L(fg)=L(f) g+ f L(g)
and
(2.2.11) L(fg)=L(f)g+ f L(g)

on U, by the product rule. In particular, if f and g are holomorphic on U, then
their product f g is holomorphic on U.

If f is any continuously-differentiable complex-valued function on U again,
then it is easy to see that

(22.12) L(f) = I()

on U. Tt follows that L(f) = 0 on U if and only if f is holomorphic on U.
Observe that

(2.2.13) V ={(z1, —22) : (x1,72) € U}

is an open subset of R? as well. If f is a continuously-differentiable complex-

valued function on U again, then

(2.2.14) f(z1,22) = fz1, —x2)

is a continuously-differentiable complex-valued function on V. One can check
that f is holomorphic on U if and only if

(2.2.15) flar,22) = flar, —a2)

is holomorphic on V.



24 CHAPTER 2. SOME RELATED NOTIONS

2.3 Some complex first-order operators

Let n be a positive integer, and let U be a nonempty open subset of R"™. Suppose
that ay,...,a, are n complex-valued functions on U. Thus

(2.3.1) a(z) = (a1(z), ..., an(x))

may be considered as a mapping from U into C". If u is a continuously-
differentiable complex-valued function on U, then

- ou
(2.3.2) Lo(u) = ; % 5

defines a complex-valued function on U.

Let v be another continuously-differentiable complex-valued function on U,
so that the product of u and v is continuously-differentiable on U as well. Ob-
serve that
(2.3.3) Lo(uv) = Lo(u) v+ u Ly (v)

on U, by the product rule. If L,(u) = 0 on U, then
(2.3.4) Lo(uv) =uLgy(v)

on U. If Ly(v) =0 on U too, then

(2.3.5) L,(uv) =0
on U.

Suppose now that ay,...,a, are continuously differentiable on U, and let
b1,...,b, be another n continuously-differentiable complex-valued functions on

U. Let b and L; be as before, and put
(2.3.6) Cj = La(bj) — Lb(aj)

for j =1,...,n. These are continuous complex-valued functions on U, and we
let ¢ and L. be as before again.

Suppose that u is twice continuously differentiable on U. This implies that
Lo(u) and Ly(u) are continuously differentiable on U, because the a;’s and b;’s
are continuously differentiable on U, by hypothesis. It is easy to see that

(2.3.7) Lo(Lp(u)) — Ly(La(w)) = Le(u)
on U.

Put
(2.3.8) Rea(z) = (Reai(x),...,Reay(x))
and

(2.3.9) Ima(z) = Imay(z),...,Imay,(z))
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for each € U, which define mappings from U into R". If u is any continuously-
differentiable complex-valued function on U, then Lreq(u) and Ly, o(u) can be
defined on U as before, and we have that

(2.3.10) Lo(u) = Lrea(t) 4 @ Lim o ().

Of course, if u is real-valued on U, then Lgeq(u) and Ly, . (u) are real-valued
on U as well. Otherwise,

(2.3.11) Re Ly(u) = Lreq(Reu) — Lim o (Im )
and
(2.3.12) Im Ly(u) = Lreo(Imu) + Lim o (Rew)

on U. In particular, L,(u) = 0 may be considered as a system of first-order
homogeneous linear partial differential equations in the real and imaginary parts
of u, with real coefficients.

2.4 Linear differential operators

Let n be a positive integer, and let U be a nonempty open subset of R™ again.
Also let N be a nonnegative integer, and for each multi-index « with order
la] < N, let aq be a real or complex-valued function on U. If u is an N-times
continuously-differentiable real or complex-valued function on U, then put

(2.4.1) L(u) = Z aq 0%u

lal<N

on U, where the sum is taken over all multi-indices o with || < N, as usual.
This defines a differential operator on U, which can have variable coefficients.

Let r be a nonnegative integer, and suppose that a, is r-times continuously
differentiable on U for each multi-index « with |a| < N. If u is (N 4+ r)-times
continuously differentiable on U, then L(u) is r-times continuously differentiable
on U. In this case, L defines a linear mapping from CN*"(U, C) into C" (U, C).
If aq is real-valued on U for each «, then L defines a linear mapping from
CN+7(U,R) into C"(U,R).

Similarly, suppose that a, is infinitely differentiable on U for every multi-
index a with || < N. If w is infinitely differentiable on U, then L(u) is infinitely
differentiable on U too. This means that L defines a linear mapping from
C>(U,C) into itself. If a, is real-valued on U for each «, then L defines a
linear mapping from C*° (U, R) into itself.

One can check that the coefficients a,, are uniquely determined by L(u) for
polynomials u of degree less than or equal to N. More precisely, aq is the same
as L(u) when u(z) =1 on U. If a # 0, then a, can be obtained from L(z%)
and the coefficients ag with |5] < |a].
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Let N be another nonnegative integer, and let bg be a real or complex—

valued function on U for each multi-index  with || < N. If u is an N-times
continuously-differentiable real or complex-valued function on U, then

(2.4.2) Lu)= Y bsd’u

1BI<N

defines a real or complex-valued function on U, as appropriate.

Suppose that bg is N-times continuously differentiable on U for each multi-
index 8 with 3] < N. If u is (N 4 N)-times continuously differentiable on U,
then Z(u) is N-times continuously differentiable on U. This means that

(2.4.3) L(L(u))

is defined as a real or complex-valued function on U, as appropriate.
Under these conditions, (2.4.3) may be expressed as

(2.4.4) L(u) = Z cy 0u,

[v[<N+N

where c, is a real or complex-valued function on U for every multi-index v with
[v] < N+ N. More precisely, the c,’s can be expressed as sums of products of
the ay’s with the bg’s and their derivatives of order less than or equal to N.

Let r be a nonnegative integer again, and suppose that a, is r-times contin-
uously differentiable on U for every o with |o| < N. If the bg’s are (N +r)-times
continuously differentiable on U for every g with |3] < N, then the cy’s are r-
times continuously differentiable on U for every v with lv| < N+ N. If u is also
(N + N + r)-times continuously differentiable on U, then L(u) is (N + r)-times
continuously differentiable on U, and L(u) is r-times continuously differentiable
on U.

Similarly, if the a,’s and bg’s are infinitely differentiable on U, then the c,’s
are infinitely differentiable on U. If w is infinitely differentiable on U too, then

L(u) and L( ) are infinitely differentiable on U as well.

2.5 Some remarks about polynomials

Let n be a positive integer, and let

(2.5.1) p(z) = Z (o T

lal<N

be a polynomial in the n variables z1,...,z, with complex coefficients, as in

Section 1.7. Thus N is a nonnegative integer, a, € C for each multi-index a

with order || < N, and the sum is taken over all such multi-indices, as before.
If

(2.5.2) p(z) =0 for every z € R",
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then 0°p(z) = 0 for every z € R™ and multi-index (. In particular, this implies
that
(2.5.3) 9Pp(0) = 0 for every multi-index 3.

In this case, this means that
(2.5.4) an = 0 for every multi-index «, |o| < N.

If © € C™, then p(x) can be defined as a complex number as in (2.5.1). If
(2.5.4) holds, then we get that

(2.5.5) p(z) =0 for every x € C™.
Let r be a positive real number, and suppose that
(2.5.6) p(z) = 0 for every x € R™ with |z| <.

This implies that 0°p(z) = 0 for every x € R™ with |z| < r, and every multi-
index . It follows that (2.5.3) holds in particular under these conditions.

If b € R or C", then p(x + b) can be expressed as a polynomial in z with
complex coefficients too. If

(2.5.7) p(x + b) = 0 for every z € R" with |z| <,

then the previous remarks imply that p(x 4+ b) = 0 for every x € C". This is
the same as saying that (2.5.5) holds.

Note that
(2.5.8) {z e R" : p(z) =0}

is a closed set in R™, because p is continuous on R™. If this set contains a ball

of positive radius, then (2.5.8) is equal to R™, as in the preceding paragraph.
Equivalently,

(2.5.9) {r e R" : p(z) # 0}

is an open set in R™. If this set is nonempty, then its intersection with any ball
in R™ of positive radius is nonempty, as in the previous paragraph. This means
that the closure of (2.5.9) in R™ is equal to R™ in this case, which is the same
as saying that (2.5.9) is dense in R™, with respect to the standard Euclidean
metric.

Of course, if n = 1 and a, # 0 for some «, then it is well known that
p(z) = 0 for at most N points z € C.

2.6 Some remarks about C"

Let n be a positive integer, and consider the space C™ of n-tuples of complex
numbers. If z = (21,...,2,) € C", then put

(261) A= (1sr) "
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using the nonnegative square root on the right side, as usual. Here |z;]| is the
modulus of z; € C for each j = 1,...,n, as in Section 1.4. We may call (2.6.1)
the standard Euclidean norm on C".

If z,w e C" and t € C, then z+w and ¢ z may be defined as elements of C™
using coordinatewise addition and scalar multiplication. It is easy to see that

(2.6.2) |tz] = |t]|2]
for every z € C™ and t € C. One can check that
(2.6.3) |z + w| < |z| + |w]

for every z,w € C", using the analogous statements for the modulus of a com-
plex number and the standard Euclidean norm on R", as in Sections 1.1 and
1.4. The standard FEuclidean metric on C™ is defined by

(2.6.4) d(z,w) = |z — w|

for every z,w € C".
If z,w € C", then we put

(2.6.5) (z,w) = (z,w)cn = sz w; .

This is the standard inner product on C™. Observe that (2.6.5) is Hermitian
symmetric, in the sense that

(2.6.6) (z,w) = (w, z)
for every z,w € C".
Of course,
(2.6.7) (z:2) =) lzl* =2

j=1
for every z € C™. This means that the standard Euclidean norm on C"™ is the
same as the norm associated to the standard inner product. It is well known
that

(2.6.8) (2, w)| < [2][w]

for every z,w € C™, which is another version of the Cauchy—-Schwarz inequality.
This can also be used to obtain the triangle inequality for the standard Euclidean
norm on C”.

Every z € C™ can be expressed in a unique way as

(2.6.9) z=x+1y,

with 2,y € R™. One can use this to identify C™ with R?". Using this iden-
tification, the standard Euclidean norm and metric on C" correspond exactly
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to their analogues on R?". Similarly, one can check that the real part of the
standard inner product on C” corresponds to the standard inner product on
R?".

Consider the differential operators

0 1,0 .0

and o 1,0 0

2.6.11 f<:—:f(—+i—)
( ) / 82 2 a(L‘j 8yj
on C", as identified with R?", for each j = 1,...,n. Let U be a nonempty
open subset of C”, which may be identified with an open subset of R?". Also
let f be a continuously-differentiable complex valued function on U, as an open
subset of R?". This means that the partial derivatives of f in z; and y; exist
and are continuous on U for each j =1,... n. If

(2.6.12) Li(f)=0

on U for each j =1,...,n, then f is said to be holomorphic on U.
It is easy to see that products of holomorphic functions on U are holomor-

phic. The coordinate functions z; are holomorphic on C" for each [ =1,...,n.
It follows that polynomials in z1, ..., 2, with complex coefficients are holomor-
phic on C™.

2.7 Polynomials on C”

Let n be a positive integer, and let p(z) be a polynomial with complex coefficients
on C™. If n =1, and p(z) is not constant, then it is well known that p(z) = 0
for some z € C. More precisely, the number of zeros of p, counted with their
multiplicities, is equal to the degree of p.

Suppose now that n > 2, and let us identify C™ with C" ! x C. If z =
(21,...,2,) is an element of C", then 2/ = (21,...,2,-1) € C" ! and we
identify z with (z/,z,) € C"~! x C. Using this, we may express p(z) as

(2.7.1) p(z) =p(2', z,) = Zpl(z’) 2k,
1=0

where 7 is a nonnegative integer, and p;(z’) is a polynomial on C"~! for each
[=0,...,7.

Suppose that r > 1, and that p,.(2’) is not identically 0 on C"~1. Otherwise,
if p;(2') is identically 0 on C"~! for each [ > 1, then p(z) would not depend on
zn, and we could consider it as a polynomial in a smaller number of variables.

Let 2/ € C"! be given, and suppose that p,(z') # 0. Under these condi-
tions, (2.7.1) may be considered as a polynomial of degree r in z,, which has r
roots, with multiplicities, as before. There is an analogous statement as long as
pi(2") # 0 for some [ > 1.
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2.8 The Euler operator

Let n be a positive integer, and put

(2.8.1) a;(x) = x;
for each j =1,...,n and x € R™. In this case,
(2.8.2) a(x) = (a1(z),...,an(x)) = (T1,...,2p)

is the identity mapping on R".

Let U be a nonempty open subset of R™, and let u be a continuously-
differentiable real or complex-valued function on U. Let L,(u) be the continuous
real or complex-valued function on U, as appropriate, defined by

(283) (L)) = Y75 o)
j=1 J

for every x € U, as in Section 2.3. The differential operator L, is known as the
FEuler operator.

In this case, (L,(u))(z) is equal to the directional derivative of u at = in
the direction x. Alternatively, if © € U, then u(tz) may be considered as a
continuously-differentiable real or complex-valued function of ¢ in an open subset
of R that contains 1. The derivative of u(tz) in t at 1 is equal to (Ly(u))(x).

Let b be a complex number. A real or complex-valued function v on R™\ {0}
is said to be homogeneous of degree b if

(2.8.4) u(tz) =t u(x)

for every x € R"\{0} and ¢t € R. If u is continuously differentiable on R™\ {0},
then (2.8.4) implies that
(2.8.5) Lo(u) =bu
on R™\ {0}.

Let x € R™ \ {0} be given. If u is continuously differentiable on R™ \ {0},
then u(t z) is continuously differentiable as a function of ¢ € R. In this case,

(2.8.6) Culta) = 3y @u)(ta) = 1 (La(w))(12)
j=1

for every t > 0. If (2.8.5) holds, then we get that

(2.8.7) i(u(t z)) =bt tu(tx)

dt

for every t > 0. This implies that (2.8.4) holds, as in Section 1.14.

Let U be a nonempty open subset of R™, and let ¢ be a positive real number.
Observe that
(2.8.8) ttU={ttr:2cU}
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is an open set in R™ too. If u is a continuously-differentiable real or complex-
valued function on U, then u(tx) is continuously differentiable as a function of
x on t~1U. The partial derivatives of u(tz) are equal to

0
(2.8.9) —(u(tz)) =t (0u)(tx)
a(Ej
foreach j=1,...,nand z €t~ 1 U.
Let us now take U = R™ \ {0}, so that t=*U = U for every t > 0. If u is
homogeneous of degree b € C on R™ \ {0}, then

0
(2.8.10) —(u(tz)) =t (9;u)(2)
Bgcj
for each j = 1,...,n. It follows that 0;u is homogeneous of degree b — 1 on

R™\ {0} under these conditions.
One can check that
(2.8.11) |t?] = tRe?

for every t > 0 and b € C. Suppose that Reb > 0, and let us interpret t* as being
equal to 0 when t = 0. Let us say that a real or complex-valued function u on
R™ is homogeneous of degree b if (2.8.4) holds for every € R™ and nonnegative
real number ¢. This means that u(0) = 0, and that u is homogeneous of degree
bon R™\ {0}.

Let u, v be real or complex-valued functions on R™ \ {0} that are homoge-
neous of degrees b, c € C, respectively. It is easy to see that their product uwv
is homogeneous of degree b + ¢ on R™ \ {0}. Of course, there is an analogous
statement for homogeneous functions on R™.

2.9 Some spaces of polynomials

Let n be a positive integer, and let P(R™ R) and P(R", C) be the spaces of
polynomials on R™ with real and complex coefficients, respectively. These are
linear subspaces of the spaces C*°(R"™ , R) and C*°(R", C) of smooth real and
complex-valued functions on R™.

Let N be a nonnegative integer, and suppose that a,, is a polynomial on R"
for each multi-index « of order |a| < N. Under these conditions,

(2.9.1) L= Y a,0°

la|<N

defines a differential operator on R™ with polynomial coefficients. Of course,
the sum is taken over all mutli-indices a with |a| < N, as usual.

It is easy to see that L defines a linear mapping from P(R", C) into itself.
If a4 is a polynomial with real coefficients for each a, then L maps P(R"™, R)
into itself.
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The composition of two differential operators on R™ with polynomial coef-
ficients is a differential operator with polynomial coefficients too, as in Section
2.4.

Let k be a nonnegative integer. If « is a multi-index of order |a| = k, then
the monomial % is homogeneous of degree k as a real-valued function on R™.
If a polynomial p on R™ can be expressed as a finite linear combination of
monomials % with |a| = k, then it follows that p is homogeneous of degree k
on R™. Conversely, if a polynomial on R" is homogeneous of degree k on R,
then one can check that it is of this form.

Let Pr(R™, R) and Pi(R™, C) be the space of polynomials on R™ with real
and complex coefficients, respectively, that are homogeneous of degree k. These
are linear subspaces of P(R™, R) and P(R", C), respectively.

Let N be a nonnegative integer, and let p be a polynomial on R™ with real
or complex coefficients of degree less than or equal to N. It is easy to see that
p can be expressed in a unique way as a sum of homogeneous polynomials of
degrees from 0 to N.

If a real or complex-valued function v on R"™ is k-times continuously differ-
entiable and homogeneous of degree k, then one can check that w is equal to its
degree k Taylor approximation at the origin.

2.10 Polynomials on R?

Of course,
(2.10.1) Zz=x1+1x2, Z=T1 — 12>

are homogeneous polynomials of degree 1 with complex coefficients on R2. We
also have that
(2.10.2) 1 =(1/2) (24 2), 22 = (—i/2) (2 — 2).

This means that every polynomial on R? with complex coefficients corresponds
to a polynomial in z and Z with complex coefficients, and that every polyno-
mial in z and Z with complex coefficients determines a polynomial in z1, zo
with complex coefficients. More precisely, homogeneous polynomials in x1, x
correspond to homogeneous polynomials in z, Z of the same degree in this way.

Let 9/0z and 0/0% be as in Section 2.2, and remember that (0/0z)(z) =
(0/0%z)(z) =1 and (0/0z)(z) = (0/0%)(z) = 0. If j is a positive integer, then it
follows that

0 ,_; 0]

(2.10.3) %(zﬂ) = £(zi) =0,

by the product rules for these operators. Similarly,

9 .
(I = 55971
(2.10.4) o (#)=j=

and 5
(2.10.5) ?(zj) =457 L
y4
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If [ is another positive integer, then we get that

(2.10.6) A(FZ) = 1 99 iz
4 (%@j)) (%(EG) =451

Note that 27 Z' is harmonic when j or [ is equal to 0.

If k is a nonnegative integer, then a homogeneous polynomial of degree k on
R? with complex coefficients may be expressed as

k
(2.10.7) PN
§=0
for some complex coefficients ¢;, 0 < j < k. If j < k/2, then

(2.10.8) S FhT = |2 g2

If j > k/2, then

(2.10.9) P e P
If
(2.10.10) |2 =22 + 22 =1,

then we get that
(2.10.11) 2 Z"I = k=20

when j < k/2, and that
(2.10.12) 2 ZhI = ik

when j > k/2. Tt follows that there is a harmonic polynomial on R? of degree
less than or equal to k that is equal to (2.10.7) on the unit circle. Using this, it
is easy to see that every polynomial on R? agrees with a harmonic polynomial
on the unit circle. This corresponds to some remarks on p138 of [125].

Let U be a nonempty bounded open subset of R for some positive integer
n. If f is a continuous real or complex-valued function on U, then the Dirichlet
problem asks one to find a continuous real or complex-valued function u on U,
as appropriate, such that

(2.10.13) u= f on U,

and w is harmonic on U. The remarks in the preceding paragraph show that
if n = 2, U is the open unit disk in R?, and f is the restriction to the unit
circle of a polynomial on R?, then one can take u to be the restriction to U of
a harmonic polynomial on R2.
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2.11 Poisson’s equation

Let n be a positive integer, and let U be a nonempty open subset of R". If f
is a real or complex-valued function on U, then one might like to find a real or
complex-valued function u on U, as appropriate, such that

(2.11.1) Au=f

on U. This is Poisson’s equation, as on p193 of [10], and p20 of [29].

Of course, one might like u to be twice continuously-differentiable on U,
which would mean that f should be continuous on U. There are extended
formulations of the equation, which allow for less regularity. One may also be
interested in additional boundary conditions on w.

If f is a homogeneous polynomial of degree k > 0 on R?, then one can find a
homogeneous polynomial u of degree k + 2 on R? that satisfies (2.11.1) on R2,
as in the previous section. It follows that if f is any polynomial on R?, then
one can find a polynomial u on R? that satisfies (2.11.1).

Let g be a real or complex-valued function on OU. Another version of the
Dirichlet problem asks one to find a real or complex-valued function v on U, as
appropriate, such that (2.11.1) holds on U and

(2.11.2) u =g on 9U,

as in Section C of Chapter 2 of [32]. One might like u to be continuous on U,

so that g should be continuous on OU. There are extended versions of this too.
The case where

(2.11.3) u =0 on oU

is known as Dirichlet boundary conditions. If one can solve Poisson’s equation
(2.11.1) without restrictions on u on 9U, and if one can solve the Dirchlet
problem for harmonic functions on U with arbitrary boundary values, then
one can get a solution to Poisson’s equation on U with prescribed boundary
values. Similarly, if one can solve Poisson’s equation U with Dirichlet boundary
conditions, then one can try to use that to solve the Dirichlet problem for
harmonic functions on U.

2.12 An interesting inner product

Let n be a positive integer, and let p, ¢ be polynomials on R™ with complex
coefficients. Note that the complex conjugate g of ¢ is a polynomial on R™ too.
Put

(2.12.1) (r,9) = 0. Q)pwr,c) = (0(9)(Q))(0),

where p(0) is as in Section 1.7.
If p and ¢ are homogeneous polynomials of the same degree k, then p(9)(q)
is a constant, and (2.12.1) is the same as

(2.12.2) (r,q) = 0, Op.(rn,c) = P(0)(@)-
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This is the definition that is used in the proof of Proposition 2.47 in Section G
of Chapter 2 of [32], on p175 of [76], on p69 of [119], and on p139 of [125]. If p
and ¢ are homogeneous polynomials of different degrees, then it is easy to see
that

(2.12.3) (p,q) = 0.
More precisely, if «, 8 are multi-indices, then
(2.12.4) (z*,2%) = a! whena=p
= 0 when a#g.
Using (2.12.4), one can check that
(2.12.5) (p.q) = (¢ p)

for all polynomials p, ¢ on R™ with complex coefficients. Of course, (2.12.1)
is linear in p over the complex numbers, and conjugate-linear in ¢. If p(x) =
ZI al<N Ga @ for some nonnegative integer N and complex coefficients a,,, then

(2.12.6) )= Y laal*al.

la|<N

In particular, this is strictly positive, except when p = 0. It follows that (2.12.1)
defines an inner product on P(R"™, C), as a vector space over the complex num-
bers, as in the proof of Proposition 2.47 in Section G of Chapter 2 of [32], and
on pl76 of [76], p69 of [119], and p139 of [125].

Note that the Laplacian maps P (R", C) into Pr_2(R"™, C) for every integer
k > 2. Let us use this inner product to show that

(2.12.7) A(PL(R",C)) = Pr_»(R", C)

when k& > 2, as in the proof of Proposition 2.47 in Section G of Chapter 2 of
[32], and of Theorem 2.1 on pl39 of [125]. Suppose that ¢ € Pr_o(R™, C) is
orthogonal to every element of A(Pr(R™, C)) with respect to this inner product,
so that

(2.12.8) (g, A(p)y =0

for every p € Pr(R™, C). This means that

(2.12.9) 9(9)(A(p)) = 0,
because A(p) = A(p). This is the same as saying that
(2.12.10) A(q(d)(p)) = 0.

If we take p(z) = |z|? ¢(x), then we get that

(2.12.11) (p,p) = p(0)(P) = A(q(9)(p)) = 0.

This implies that p = 0, as before. This means that ¢ = 0, because of the way
that we chose p. It follows that (2.12.7) holds, by standard arguments in linear
algebra. This also uses the fact that Pr_2(R™, C) has finite dimension, as a
vector space over C.
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2.13 An orthogonality argument

Let us continue with the same notation as in the previous section. If k is any
nonnegative integer, then let

(2.13.1) Ay, ={p € Pr(R",C) : A(p) = 0}

be the space of homogeneous polynomials on R™ of degree k£ with complex
coefficients that are harmonic, which is a linear subspace of Pi(R™, C). Of
course, this is the same as Pr(R",C) when k =0 or 1. If £ > 2, then put
(2.13.2) By = {|z|* q(z) : ¢ € Px_a(R™,C)},

which is also a linear subspace of Py(R", C).
Let k > 2 and p € Pr(R"™, C) be given, and put

(2.13.3) rq() = |zf? g(x)

for every ¢ € Pr_2(R"™, C). Thus r, € Pr(R"”,C), and

(2.13.4) (rg:p) = 14(0)(P) = q(9)(A(P)) = (g, A(p))-
Observe that

(2.13.5) (¢, A(p)) =0

for every ¢ € Pr_2(R™, C) if and only if A(p) = 0. It follows that
(2.13.6) (rg,p) =0

for every g € Pr_o(R™, C) if and only if A(p) = 0. This means that A is the
orthogonal complement of By, in Px(R"™, C) with respect to this inner product,
as in the proof of Proposition 2.47 in Section G of Chapter 2 of [32], on p69 of
[119], and p140 of [125].

This implies that every element of Px(R™, C) can be expressed in a unique
way as a sum of elements of Ay and By, by standard arguments in linear algebra.
More precisely, this uses the fact that Pr(R", C) is a finite-dimensional vector
space over C. This also corresponds to Proposition 5.5 on p76 of [10].

We can repeat the process, to get that every element of Pr(R™, C) can be

expressed as
l

(2.13.7) >l py(a),

§=0
where 21 < k, and p; € Pr_2;(R", C) is harmonic for each j = 1,...,l. This
corresponds to Theorem 5.7 on p77 of [10], Corollary 2.48 in Section G of Chap-
ter 2 of [32], Proposition 4.1.1 on pl76 of [76], some remarks on p70 of [119],
and Theorem 2.1 on p139 of [125].

One can use this to get that every polynomial on R™ agrees with a harmonic
polynomial on the unit sphere, as in some remarks on p77 of [10], Corollary 2.50
in Section G of Chapter 2 of [32], Corollary 4.1.2 on pl77 of [76], mentioned
on p70 of [119], and Corollary 2.2 on p140 of [125]. This corresponds to the
Dirichlet problem on the open unit ball in R™, for the restriction to the unit
sphere of a polynomial on R".
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2.14 The binomial theorem

If m is a positive integer and z, y are real or complex numbers, then the binomial
theorem states that

(2.14.1) (z+y)™ = Zm: (T) aly™ =,

j=0
where
m m)!
(2.14.2) ( ) =
i) gt(m=j)
is the usual binomial coefficient for each j = 0,1,...,n. If we take y = 1 in

(2.14.1), then we get that

(2.14.3) (z+1)™ = Zm: (m> 2.

Conversely, (2.14.1) can be obtained from (2.14.3) by replacing x with x/y when
y # 0.

Of course, it is easy to see that (z + 1)™ can be expressed as a sum of
positive integer multiples of 27, 0 < j < m. To get that the multiples are given
by binomial coefficients as before, one can look at the jth derivative of (z+1)™ at
0 foreach j = 0,1,...,m. In particular, this shows that the binomial coefficients
are positive integers. Alternatively, one can verify (2.14.3) more directly, using
induction on m.

One can expand (x4 1)™ into a sum of 2™ terms, each of which is a product
of m factors, where every factor is equal to « or to 1. The coefficient of z7 in
(x + 1)™ is the same as the number of these terms with exactly j factors of
z, and m — j factors of 1. This is also the same as the number of subsets of
{1,...,m} with exactly j elements.

Let k£ and n be positive integers. It is well known that the number of multi-
indices a = (o, ..., o) with order |a| = k is equal to

(2.14.4) ("*:1> - <”Zfll>

This corresponds to Problem 2 in Section 1.5 of [29]. Equivalently, this is the
dimension of the spaces Pi(R", R), Pr(R", C) of homogeneous polynomials of
degree k on R™ with real or complex coefficients, as vector spaces over R or C,
as appropriate. This is mentioned on p78 of [10], in Proposition 2.52 of Section
G of Chapter 2 of [32], on p174f of [76], and on p139 of [125].

If € R™ or C™, then the multinomial theorem states that

(2.14.5) (214t = 3 (IOZI)xa,

o
loe| =k
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as in Problem 3 in Section 1.5 of [29]. More precisely, the sum is taken over all
multi-indices a with order |a| = k, and we put

(2.14.6) (|a> _ ol

o al’

where a! is as in Section 1.10. Note that (2.14.5) is trivial when n = 1, and that
the n = 2 case is the same as the binomial theorem.

Let a be a multi-index, and let ,y € R™ or C™ be given. One can check
that |
(2.14.7) @+y*= Y %xﬁ na

B+y=a
where the sum is taken over all multi-indices g, v with 8+« = «. This is the
same as the binomial theorem when n = 1.

If p(x) is a polynomial in xq,...,x, with real or complex coefficients and
b€ R™ or C", then p(z + b) can be expressed as a polynomial in = with real or
complex coefficients, as appropriate, as in Section 2.5. One can use (2.14.7) to
get a more precise version of this.

2.15 Leibniz’ formula

Let n be a positive integer, and let «, 8 be multi-indices. If
(2151) ﬂj < Qa

for each j = 1,...,n, then put
(2.15.2) b < a,

as in Problem 4 in Section 1.5 of [29]. Equivalently, this means that o — 3 is a
multi-index too. In this case, we put

(2.15.3) (g) — B!(aa!ﬂ)!,

as in [29].
Let u, v be smooth real-valued functions on R™. Leibniz’ formula states
that

(2.15.4) 0 (uv) =Y <O‘> (9Pu) (8 Pv),

BLa p

as in Problem 4 in Section 1.5 of [29]. More precisely, the sum is taken over all
multi-indices 8 with 8 < a. Of course, this also works when u, v are |al-times
continuously-differentiable real or complex-valued functions on a nonempty open
subset of R™. If || = 1, then this reduces to the usual product rule for partial
derivatives. _

Let U be a nonempty open subset of R™, and let N, N be nonnegative
integers. Suppose that for each multi-index a with order |a| < N, a, is a real
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or complex-valued function on U. This permits us to define the corresponding
differential operator

(2.15.5) L= Y a,0%

la|]<N

as in Section 2.4. Similarly, suppose that bg is a real or complex-valued function
on U for each multi-index 8 with |8 < N. This permits us to define the
differential operator
(2.15.6) L= Y 10",

18]<N
as before.

Suppose that bz is N-times continuously differentiable on U for each multi-
index 8 with || < N. If nis an (N+N)-times continuously-differentiable real or
complex-valued function on U, then z(u) is N-times continuously differentiable
on U, so that L(L(u)) is defined as a real or complex-valued function on U, as
appropriate, as in Section 2.4. In fact, this can be expressed as f(u), where

(2.15.7) L= Y 0,

Y| <N+N

and c, is a real or complex-valued function on U for every multi-index v with
ly| < N 4 N, as before. Remember that the cy’s can be expressed in terms of
sums of products of the a,’s with the bg’s and their derivatives of order less
than or equal to N. This can be described more precisely using (2.15.4).



Chapter 3

Some integrals and other
matters

3.1 Eigenfunctions of differential operators

Let n be a positive integer, let U be a nonempty open set in R™. Also let N
be a positive integer, and let a, be a complex-valued function on U for each
multi-index « with order |o| < N. If f is an N-times continuously-differentiable
complex-valued function on U, then put

(3.1.1) L(f)= > aad"f
la|<N
on U.
We say that f is an eigenfunction for L with eigenvalue A € C if
(3.1.2) Lify=Af

on U. One may wish to ask that f satisfy additional boundary conditions or
other restrictions, depending on the circumstances.
Let us identify R™ x R with R"*!, so that

(3.1.3) V=UxR
may be considered as an open subset of R"*!. Put
(3.1.4) u(z,t) = exp(At) f(x)

for every x € U and t € R, which defines an N-times continuously-differentiable
complex-valued function on V. It is easy to see that

(3.1.5) % = L(u)

40
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on V. We also have that
(3.1.6) u(z,0) = f(x)

for every x € U.
Suppose that u € C satisfies

(3.1.7) pu? =,
and put
(3.1.8) v(z,t) = exp(pt) f(z)

for every x € U and t € R. Observe that v and all of its partial derivatives in ¢
are N-times continuously-differentiable on V', and that

0%v

on V. In addition,
(3.1.10) v(z,0) = f(x)
and
Ov

(3.1.11) o .0) = 1 f(2)
for every x € U.

Similarly,
(3.1.12) w(x,t) = exp(—pt) f(z)

and all of its partial derivaitves in ¢ are N-times continuously-differentiable on
V. As before,
0%w

on V, because (—u)? = )\ too. In this case,

(3.1.14) w(z,0) = f(x)
and

ow
(3.1.15) 5 (©0) = —pf(2)

for every x € U.

Of course, one may consider multiple eigenfunctions of L on U, with possibly
different eigenvalues, to get more solutions of partial differential equations like
these on V. One may also consider infinite sums, under suitable conditions.

Mark Kac’ famous question of whether one can hear the shape of a drum
involves eigenvalues for the Laplacian. See [22, 43, 44, 45, 68] for more informa-
tion.
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3.2 The spherical Laplacian
Let n be a positive integer, and let
(3.2.1) Sl ={zeR":|z| =1}

be the unit sphere in R"™, with respect to the standard Euclidean norm. If u is
a complex-valued function on R™ \ {0} that is homogeneous of degree b € C,
then

(3.2.2) u(z) = |z u(|z)~* 2)

for every x € R™ \ {0}. In particular, this means that u is uniquely determined
by its restriction to the unit sphere. Similarly, any real or complex-valued
function on the unit sphere can be extended to a function on R™ \ {0} that is
homogeneous of any given degree in C.

Suppose that n > 2, and let v be a twice continuously-differentiable real
or complex-valued function on R™ \ {0} that is homogeneous of degree 0. The
restriction of u to the unit sphere may be considered as a twice continuously-
differentiable function on S”~!. Smoothness of functions on S*~! can be defined
in terms of suitable local coordinates, but it is more convenient for us to look
at it here in terms of smoothness of homogeneous extensions to R™ \ {0}.

The spherical Laplacian of u is the function Agu defined on S™~! by

(3.2.3) Agu = Au on S,
Note that Awu is homogeneous of degree —2 on R™\ {0}, as in Section 2.8. Thus
(3.2.4) |z|? (Au)(x)

is homogeneous of degree 0 on R™ \ {0}. Of course, this is the same as (3.2.3)
on "L,

Now let v be a twice continuously-differentiable complex-valued function on
R™\ {0} that is homogeneous of degree b € C. Observe that

(3.2.5) |z~ v ()

is a twice continuously-differentiable function on R™\ {0} that is homogeneous
of degree 0 and equal to v on S"~'. The spherical Laplacian of the restriction
of v to S~ is

(3.2.6) (Agv)(z) = A(|z| P v(z)) on S™7L.

Suppose that p is a homogeneous polynomial of degree £k > 0 on R”, and
that p is harmonic on R™. It is well known that the spherical Laplacian of the
restriction of p to S~ ! satisfies

(3.2.7) Asp=—k(k+n—2)pon S

as in Lemma 2.61 in Section G of Chapter 2 of [32], and on p70 of [119].
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3.3 Connected components

Let n be a positive integer, and let U be a nonempty open subset of R™. It
is well known that U can be expressed in a unique way as a union of a family
of pairwise-disjoint nonempty connected open subsets of R™. These nonempty
connected open sets are called the connected components of U. If U is connected,
then U is the only connected component of itself.

In fact, one can define the notion of connected components for any subset E
of R™, as well as subsets of arbitrary metric spaces or topological spaces. One
can show that the connected components of E are relatively closed in E, but
they are not necessarily relatively open in F.

The connected component of E/ that contains a point € E can be obtained
by taking the union of all of the connected subsets of F that contain z. One
can verify that this is a connected set too. By construction, this is the largest
possible connected subset of FE that contains x.

Connected components of open subsets of R™ are open sets, basically because
R™ is locally connected. This follows from the connectedness of open balls in
R"™.

More precisely, R™ is locally path connected, because every point in an open
ball in R™ can be connected to the center of the ball by a line segment, which
is contained in the ball. Because of this, the connected components of U are
the same as the path connected components. These can be defined by saying
that x,y € U are in the same path connected component of U when there is a
continuous path in U connecting = and y.

If V is a connected component of U, then it is easy to see that

(3.3.1) VCu,
because V C U. In particular, this implies that
(3.3.2) oV CU.

One can check that
(3.3.3) oV C oU

under these conditions. Otherwise, if there is an element of OV in U, then one
can show that that point should be in V', to get a contradiction.

Suppose that U # R™, so that V # R"™. This implies that OV # (), and thus
that OV has an element in 9U.

3.4 Smoothness near the boundary

Let n be a positive integer, and let V' be a nonempty open subset of R". We
shall sometimes be concerned with smoothness properties of functions on V,
including on the boundary. Suppose that U is an open subset of R"™ with

(3.4.1) VCUu.
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If w is a function on U with some smoothness property, then the restriction of
u to V may be considered as having that property on V.

However, we may also be concerned with functions that are defined only on
V. If k is a positive integer, then we let C*(V,R), C*(V,C) be the spaces
of k-times continuously-differentiable real or complex-valued functions v on V,
respectively, such that u and all of its derivatives 0%u with || < k can be
extended continuously to V, as in Section A of Chapter 0 of [32]. A continuous
extension of a function on V to V is unique when it exists, by standard argu-
ments, and so we may consider u and its derivatives of order less than or equal
to k as being defined on V in this case.

This is initially defined a bit differently in Appendix A.3 of [29], where one
considers k-times continuously-differentiable functions v on V' such that v and
its derivatives 0%u with |a| < k are uniformly continuous on bounded subsets
of V. It is well known that continuous functions on compact sets are uniformly
continuous, which implies that continuous functions of V are uniformly con-
tinuous on bounded subsets of V. Conversely, if a function on V is uniformly
continuous on bounded subsets of V', then it is well known and not too difficult
to show that the function has a continuous extension to V.

If m is a positive integer, then we may also be concerned with continuity
or smoothness properties of functions with values in R™ or C™. Such a func-
tion may be considered as an m-tuple of real or complex-valued functions, and
the continuity or smoothness properties of the function are equivalent to the
analogous properties holding for each of the corresponding m components.

We may be concerned with smoothness properties of the boundary of V' as
well. Properties like these are discussed in Appendix C.1 of [29], and Section B
of Chapter 0 of [32].

3.5 The divergence theorem

Let » > 2 be an integer, although one could include n = 1, with suitable
interpretations. Also let V' be a nonempty bounded open subset of R™ with
reasonably smooth boundary. Thus we may consider n-dimensional integrals
over V, and surface integrals over dV, of suitable functions on V and 9V,
respectively.

Let w be a continuously-differentiable function on V with values in R™ or
C™. The divergence theorem states that

(3.5.1) /Vdiv w(r)dr = /av w(y') - v(y) dy,

where dy’ is the element of surface area on OV, and v(y’) is the outward-pointing
unit normal to 9V at y' € V.

Let u be a twice continuously-differentiable real or complex-valued function
on V. If we take

(3.5.2) —L
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for each j = 1,...,n, then w defines a continuously-differentiable function on V'
with values in R™ or C", as appropriate. In this case, the divergence theorem
implies that

(3.5.3) (AmmquzéﬁDmmmymm

where D,y denotes the directional derivative in the direction of v(y’). In
particular, if u is also harmonic on V', then

(3.5.4) /BV(Dl,(y/)u)(y’) dy’' = 0.

Suppose that v is a continuously-differentiable real or complex-valued func-
tion on V, as appropriate. Under these conditions,

(3.5.5) /V(Au) dx+/ Zaxj 6% () do

- /cmmwwwwmy
oV

This follows from the divergence theorem, with

0
(3.5.6) w;(z) = v(z) ﬁuj(m)
for each j = 1,...,n. In particular, we can take v = u, to get that

ZL'

(3.5.7) /V (Au)(z) u(z) dz + axj

mzéﬁmwm@mwmy

If u is any continuously-differentiable real or complex-valued function on V,
then

(3.5.8)

&Tj

is called the Dirichlet integral of u on V, as in Section E of Chapter 2 of [32],
and Section 4 of Chapter 5 of [123]. This is equal to 0 exactly when all of the
first partial derivatives of u are equal to 0 on V. This happens if and only if u
is constant on each of the connected components of V.

3.6 Some consequences

Let n be a positive integer, and let V be a nonempty proper open subset of
R". Suppose that u is a continuous real or complex-valued function on V that
satisfies Dirichlet boundary conditions, so that © = 0 on OV. If u is constant
on any connected component of V', then it is easy to see that u = 0 on that
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component. If u is constant on every connected component of V', then it follows
that u =0 on V.

Suppose now that V is bounded, with reasonably smooth boundary, and
that u is twice continuously differentiable on V. If u satisfies Dirichlet boundary
conditions on V, then (3.5.7) reduces to

(3.6.1) /V(Au)(x)u(x)dx—i-/vil

If w is harmonic on V, then it follows that « = 0 on V', as in the preceding
paragraph. This corresponds to Theorem 16 in Section 2.2.5 a of [29]. The
same conclusion could also be obtained using the maximum principle, as in
Section 6.7.

Let v(y') be the outward-pointing unit normal to 9V at y’ € 9V, as in the
previous section. If
(3.6.2) (Duyuw)(y') =0
for every y' € 9V, then u is said to satisfy Neumann boundary conditions on
V. Note that (3.5.7) reduces to (3.6.1) in this case too. If u is harmonic on V,
then this implies that v is constant on every connected component of V. This
corresponds to part (a) of Problem 10 in Section 6.6 of [29] and Proposition 3.3
in Section A of Chapter 3 of [32], and is related to part (a) of Exercise 18 on
p108 of [10].

Part (b) of Problem 10 in Section 6.6 of [29] asks one to show the same
statement using the maximum principle, under suitable smoothness conditions
on V. This is related to Exercise 27 on p29 of [10].

Suppose that u is an eigenfunction for the Laplacian on V with eigenvalue
A € C, so that
(3.6.3) Au= Ay

on V. If u satisfies Dirichlet or Neumann boundary conditions on V, then we
get that

(3.6.4) A / lu(z)|? da +/ >
v via
by (3.6.1). If u # 0 somewhere on V, then

(3.6.5) /V |u(z)|* dz > 0.

Under these conditions, we obtain that A € R, and that A < 0. More precisely,
if u satisfies Dirichlet boundary conditions on V', then we get that A < 0.

ou

2

ou

2
el dr —
oz, (x)‘ x =0,

3.7 Another consequence

Let n > 2 be an integer, and let V' be a nonempty bounded open subset of R™
with reasonably smooth boundary again. Also let u be a twice continuously-
differentiable real or complex-valued function on V, and let v be a continuously-
differentiable real or complex-valued function on V, as appropriate. Suppose
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that v satisfies Dirichlet boundary conditions on V, so that v(y’) = 0 for every
y' € OV. In this case, (3.5.5) reduces to

(3.7.1) /V(Au dx+/ Z@z] axj (z)dz = 0.

This means that
" du ov
3.7.2 / —(x) =—(x)dx =0
(372 2 72, gy

if and only if
(3.7.3) /V (Au)(z) v(x) dz = 0.

Of course, (3.7.3) holds when w is harmonic on V.

Conversely, if (3.7.3) holds for every smooth function v on R™ with compact
support contained in V', then one can check that u is harmonic on V. It follows
that w is harmonic on V' when (3.7.2) holds for every such v.

Suppose now that u is a twice continuously-differentiable real or complex-
valued function on V', and that v is a continuously-differentiable real or complex-
valued function on R™ with compact support contained in V. Under these con-
ditions, for each j =1,...,n, we can define w; as a continuously-differentiable
real or complex-valued function on R™ with compact support contained in V,
using (3.5.6) on V, and putting w;(z) = 0 when z € R™ \ V. Similarly,

(3.7.4) v(z) (Au) ()
and n
(3.7.5) Zg;]( )aa;j( x)

can be extended to continuous real or complex-valued functions on R” with
compact support contained in V. One can use the divergence theorem to get
that (3.7.1) holds in this case as well.

3.8 The Dirichlet principle

Let n > 2 be an integer, and let V be a nonempty bounded open subset of
R"™ with reasonably smooth boundary. Suppose that u and v are continuously-
differentiable complex-valued functions on V. Put

(3.8.1) D(u,v)/vzgs(z)gsj(x)dx,

j=1 "7

as in Section E of Chapter 2 of [32]. It is easy to see that this is Hermitian
symmetric, in the sense that

(3.8.2) D(u,v) = D(v,u).
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Of course, if v and v are real-valued, then D(u,v) is a real number, and sym-
metric in u and v.

If u = v, then (3.8.1) is the same as the Dirichlet integral (3.5.8), which is
a nonnegative real number. One might be interested in trying to minimize this
quantity, under suitable conditions.

We can express v as u + (v — u), to get that

D(w,v) = D(u,u)+ D(u,v—u)+ D(v—u,u)+ Dv—u,v—u)
(3.8.3) = D(u,u) +2 ReD(u,v —u)+ D(v —u,v — u).

Suppose now that u is twice continuously differentiable on V, and that
(3.8.4) u=v on V.

This means that v — u = 0 on U, so that

(3.8.5) D(u,v —u) = — /V(Au)(x) (v(z) — u(z)) dz,

as in the previous section.
If » is harmonic on U, then it follows that
(3.8.6) D(u,v —u) =0.
This implies that
(3.8.7) D(v,v) = D(u,u) + D(v — u,v — u),
by (3.8.3). In particular, we get that
(3.8.8) D(u,u) < D(v,v),

which is part of the Dirichlet principle. More precisely, equality holds in (3.8.8)
if and only if
(3.8.9) D(v—u,v—u)=0.

This condition holds if and only if u = v on V, because of (3.8.4).
Conversely, suppose that (3.8.8) holds whenever (3.8.4) holds. If t € C, then

(3.8.10) w=u+t(v—u)

is another continuously-differentiable complex-valued function on V, and u = w
on OU, by construction. This means that

(3.8.11) D(u,u) < D(w,w),
by hypothesis. Note that
(3.8.12) D(w,w) = D(u,u) +2 Ret D(u,v — u) + [t|* D(v — u,v — u),

as in (3.8.3). Omne can use this and (3.8.11) to get that (3.8.6) holds, because
t € C is arbitrary. This implies that w is harmonic on U, because of (3.8.5), as
in the previous section. This is another part of the Dirichlet principle. See also
Section 4 of Chapter 5 of [123].
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3.9 Another helpful fact about integrals

Let n > 2 be an integer, and let V' be a nonempty bounded open subset of R™
with reasonably smooth boundary. One could also include n = 1, with suitable
interpretations, as before. If u, v are twice continuously-differentiable real or
complex-valued functions on V, then

(3.9.1) /V(u(x) (Av)(z) — v(z) (Au)(x)) dx

= /(U(y’)(Dm/)v)(y’)—v(y’)(Du(yf>U)(y'))dy’~
oV

Here v(y’) is the outward-pointing unit normal to OV at ' € OV, and D,
denotes the directional derivative in the direction of v(y’), as usual. This can
be obtained from the divergence theorem, with

ov ou

9.2 = — — oy ——
(3.9.2) w; uaxj vaxj

foreach j=1,...,n.

Suppose for the moment that u and v both satisfy Dirichlet boundary con-
ditions on V, so that
(3.9.3) u=v=0ondV.

In this case, (3.9.1) reduces to

(3.9.4) /V(u(x) (Av)(z) — v(z) (Au)(z)) dz = 0.

Similarly, suppose that v and v both satisfy Neumann boundary conditions on
V', which is to say that

(395) (Du(y’)u)(y/) = (Du(y’)v)(y/) =0

for every 3/ € V. Clearly (3.9.1) reduces to (3.9.4) in this case as well.
Suppose now that v and v are eigenfunctions for the Laplacian on V with
eigenvalues A and pu, respectively. This means that

(3.9.6) Au = Au
and
(3.9.7) Av=pv

on V. Suppose also that either u and v both satisfy Dirichlet boundary condi-
tions on V, or that they both satisfy Neumann boundary conditions on V', so
that (3.9.4) holds. This means that

(3.9.8) (n—2N) / u(z)v(z)dr = 0.
v
If X # p, then it follows that

(3.9.9) /V u(z) v(z) dz = 0.



50 CHAPTER 3. SOME INTEGRALS AND OTHER MATTERS

3.10 Some remarks about zero sets

Let n be a positive integer, and let U be a nonempty open subset of R™. Also
let ¢ be a continuous real-valued function on U, and consider the corresponding
zero set of ¢ in U,

(3.10.1) {x €eU:¢(zx)=0}.

This is a relatively closed set in U.
Suppose now that ¢ is continuously-differentiable on U. Let w be an element
of U such that

(3.10.2) d(w) =0
and
¢
3.10.3 —_— 0
(3.103) 22 (w) #
for some [ € {1,...,n}. Under these conditions, the implicit function theorem

implies that near w, the zero set (3.10.1) can be represented as the graph of a
continuously-differentiable real-valued function of the other variables x;, j # [.
Note that the implicit function theorem for real-valued functions can be shown
more directly than for R™-valued functions with m > 2, as in Theorem 3.2.1
on p36 of [84].

One can also look at this in terms of the inverse function theorem. Consider
the mapping ® from U into R™ defined by

(3104) q)(l’) = (xla sy X1, ¢(x)axl+la s 7xn)

for each x € U. Equivalently, the jth coordinate of ®(x) is defined to be z; when
j # 1, and to be ¢(x) when 7 = . This mapping is continuously differentiable
on U, because ¢ is continuously differentiable on U, by hypothesis.

The differential of ® at a point x € U is the linear mapping from R" into
itself that sends v € R™ to the directional derivative (D,®)(z) of ® in the
direction v at x. This linear mapping corresponds to the matrix of partial
derivatives of the components of ®. One can check that the differential of ¢ at
w is invertible as a linear mapping on R™, because of (3.10.3).

Under these conditions, the inverse function theorem implies that the restric-
tion of ® to a small neighborhood of w is invertible, where the inverse mapping
is continuously differentiable too. Of course, the zero set (3.10.1) is the same as
the inverse image of the x; = 0 hyperplane under ®.

3.11 The Neumann problem

Let n be a positive integer, and let U be a nonempty bounded open subset
of R™ with reasonably smooth boundary. If ¢ € 9U, then we let v(y') be
the outward-pointing unit normal to U at y’, and we let D, , denote the
directional derivative in the direction v(y’), as usual.
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Let f be a real or complex-valued function on U, and let g be a real or
complex-valued function on OU. A version of the Neumann problem asks one
to find a real or complex-valued function v on U, as appropriate, such that

(3.11.1) Au=f
on U, and
(3.11.2) (Dyyu)(y') =9y

for every 3/ € OU. This is discussed in Section C of Chapter 2 of [32].

Of course, one could add a constant to u without affecting (3.11.1) or
(3.11.2). More precisely, one could add a different constant to u on each con-
nected component of U, without affecting these conditions.

If u is twice-continuously differentiable on U, harmonic on U, and satisfies
Neumann boundary conditions on U, then w is constant on every connected
component of U, as in Section 3.6. This implies an appropriate uniqueness
result for the Neumann problem.

Suppose that u is a twice continuously-differentiable real or complex-valued
function on U that satisfies (3.11.1) and (3.11.2). If V is a connected component
of U, then the restriction of u to V satisfies the analogous conditions there. It
follows that

(3.11.3) /Vf(x)dJI:/avg(y’)dy’,

as in Section 3.5.

One may be particularly concerned with the Neumann problem with f =0
on U, which may be described as the Neumann problem for harmonic functions.
Of course, (3.11.3) reduces to

(3.11.4) /av gy )dy =0

in this case. Alternatively, one may be particularly concerned with the case
where g = 0 on 9U, so that u satisfies Neumann boundary conditions on U. In
this case, (3.11.3) reduces to

(3.11.5) /Vf(:v) dr = 0.

As with the Dirichlet problem, these two cases of the Neumann problem are
related to each other. If one can solve the Poisson equation (3.11.1) without
(3.11.2), then a solution to a Neumann problem for harmonic functions could
be used to obtain (3.11.2). If one can solve the Poisson equation with Neumann
boundary conditions, then one can use that to try to solve the Neumann problem
for harmonic functions.

The Dirichlet and Neumann problems for harmonic functions are also dis-
cussed in Chapter 3 of [32]. Another approach is discussed in Chapter 7 of [32].
See also Problem 4 in Section 6.6 of [29].
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3.12 The unit ball in R"

Let n be a positive integer, and let us consider the case where U = B(0, 1) is the
open unit ball in R™ in the previous section. If 3/’ is an element of U = dB(0, 1),
which is the unit sphere in R™, then

(3.12.1) v(y') =y

is the outward-pointing unit normal to dB(0,1) at y’. If u is a continuously-
differentiable complex-valued function on U = B(0, 1), then

(3.12.2) (Do ynw)(y)

is the same as the Euler operator applied to u at 3, as in Section 2.8.
Suppose that p is a polynomial on R™ with complex coefficients that is
homogeneous of degree k for some nonnegative integer k. If ¢y’ € 9B(0, 1), then

(3.12.3) (Do) (') = kp(y'),

as in Section 2.8. If £ > 1, and

(3.12.4) q=Fk"p,
then
(3.12.5) (Do) (') = p(y').

This may be considered as an instance of the Neumann problem for harmonic
functions on B(0,1) when p is harmonic, so that ¢ is harmonic as well.

If p is a harmonic polynomial on R™ that is homogeneous of degree k > 1,
then

(3.12.6) / p(y')dy’ = 0.
2B(0,1)

This follows from (3.5.4) and (3.12.3).

If g is any polynomial on R™ with complex coefficients, then g agrees with
a harmonic polynomial on 0B(0,1), as in Section 2.13. More precisely, ¢ is
equal to a sum of homogeneous harmonic polynomials on dB(0, 1), as before.
If these homogeneous harmonic polynomials are all homogeneous of positive
degree, then one can get a polynomial solution to the corresponding Neumann
problem for harmonic functions on B(0,1), using (3.12.5). This condition on g
is equivalent to asking that

(3.12.7) | e =o,
8B(0,1)
because of (3.12.6). This is related to Exercise 18 on p108 of [10].

Let p1, p2 be harmonic polynomials on R™ with complex coefficients that
are homogeneous of degrees k1, ko > 0, respectively. Observe that

(3.12.8) (k1 — ka) / (Y p2(y’) dy’ =0,
9B(0,1)
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because of (3.9.1) and (3.12.3). If k; # ko, then we get that
(3.12.9) / (Y p2(y) dy’ = 0.
8B(0,1)

Note that this includes (3.12.6) as a particular case. This corresponds to Propo-
sition 5.9 on p79 of [10], part of Theorem 2.51 in Section G of Chapter 2 of [32],
Proposition 4.1.5 on pl79 of [76], 3.1.1 on p69 of [119], and Corollary 2.4 on
pl41 of [125].

3.13 Some integrals over spheres

Let n be a positive integer, and let p be a polynomial on R™ with complex
coefficients. If p is harmonic on R™ and homogeneous of degree k > 1, then

(3.13.1) / p(y)dy =0
9B(0,r)

for every r > 0. This is the same as (3.12.6) when r = 1. Otherwise, one can
reduce to that case using a change of variables, or use an analogous argument
for any r > 0.

If p is any polynomial on R™ of degree less than or equal to N for some
nonnegative integer N, then p can be expressed in a unique way as a sum of
homogeneous polynomials of degrees from 0 to IV, as in Section 2.9. If p is
a harmonic polynomial, then one can use this to get that p can be expressed
as a sum of harmonic homogeneous polynomials of degrees from 0 to N. This
uses the fact that the Laplacian of a homogeneous polynomial of degree [ is a
homogeneous polynomial of degree [ — 2 when [ > 2. Of course, the Laplacian
of a homogeneous polynomial of degree [ is 0 when [ =0 or 1.

If p is a harmonic polynomial on R, then

1
|8B(07’I”)‘ oB(0,r)

for every r > 0. Here |0B(0,r)| denotes the (n — 1)-dimensional surface area of
0B(0,r). More precisely, (3.13.2) follows from (3.13.1) when p is homogeneous
of degree k > 1. If p is homogeneous of degree 0, and thus a constant, then
(3.13.2) is clear. One can reduce to the case where p is homogeneous of some
degree k > 0, using the remarks in the preceding paragraph.

It follows that

(3.13.3)

(3.13.2) p(y") dy’ = p(0)

1 (
AR N p
|8B(a’ T)| dB(a,r)
for every a € R™ and r > 0 under these conditions. This uses the fact that
p(xz 4 a) is also a harmonic polynomial in z on R™. If one replaces p(x) with
p(z + a) in (3.13.2), then the result is the same as (3.13.3), using a translation
by a to go from an integral over dB(0,r) to an integral over B(a,r). Of course,
the surface area |0B(a, r)| of B(a, r) is the same as the surface area of 9B(0, r).
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This is known as the mean-value property of p, which will be discuseed
further in Chapter 6. Any harmonic function on an open subset of R™ has
a suitable version of this property, as in Section 6.2. A twice continuously-
differentiable function with the mean-value property is harmonic, as in Section
6.3. One can also use the mean-value property to get smoothness, as in Section
6.4.

3.14 Some remarks about compositions

Let W be a nonempty open subset of R?, and suppose that f is a continuously-
differentiable complex-valued function on W. If v € R?2, then the directional
derivative of f in the direction v is equal to

(3.14.1) Dyf =v10:1f +v202f

on W. If we identify v with the complex number v1 + ¢ v, then it is easy to see

that of of
14.2 Dyf =0 4590
(3.14.2) f = T o
where 0f /0z and Jf /0% are as in Section 2.2.
Let n be a positive integer, let U be a nonempty open subset of R", and let

u be a continuously-differentiable complex-valued function on U. Suppose that
(3.14.3) u(U) C W,

where W is considered as a subset of C, and that f is holomorphic on W. Under
these conditions, we get that

0 o Ju
(3.14.4) %j(f(u(fﬂ))) = f'(u(z)) ach(ﬂc)
on U for each j = 1,...,n, where f' = 0f/0z is the usual complex derivative

of f.

Suppose for the moment that n = 2, and that u is holomorphic on U. In
this case, one can check that f ow is holomorphic on U, using (3.14.4).

It is well known that the complex exponential function is holomorphic on C,
with complex derivative equal to itself. If w is any continuously-differentiable
complex-valued function on U, then it follows that

(3.14.5) i(exp u(z)) = (expu(z)) ;Z(x)

0xj
on U foreach j=1,...,n.
Suppose now that u is a continuously-differentiable real-valued function on
U, and that W is an open subset of R that satisfies (3.14.3). If f is any
continuously-differentiable complex-valued function on W, then (3.14.4) holds
on U, by the usual chain rule.
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3.15 More on first-order operators

Let n be a positive integer, and let U be a nonempty open subset of R™. Also
let aq,...,a, be n complex-valued functions on U, so that a = (aq,...,a,) may
be considered as a mapping from U into C". If w is a continuously-differentiable
complex-valued function on U, then

- ou
(3.15.1) Lo(u) = aj or;
defines a complex-valued function on U, as in Section 2.3.
Let b be another complex-valued function on U, and put
(3.15.2) L(u) = Lqy(u) + bu.

This defines a differential operator on U, as in Section 2.4, with N = 1.
If ¢ is a continuously-differentiable complex-valued function on U, then

(3.15.3) Lo(cu) = La(e) u+ ¢ Ly (u)
on U, as in Section 2.3. If ¢(z) # 0 for every x € U, then we get that
(3.15.4) ¢ La(cu) = Lo(u) + ¢ La(c)u
on U. This is the same as (3.15.2) when
(3.15.5) b=c"'Ly(c).

If 7 is a continuously-differentiable complex-valued function on U, then
(3.15.6) c(z) = expy(x)

is a continuously-differentiable complex-valued function on U with ¢(z) # 0 for
every x € U. We also have that

(3.15.7) ¢! La(c) = La(v)

on U, as in (3.14.5).

Suppose that u, v are continuously-differentiable complex-valued functions
on U that are eigenfunctions for L., with eigenvalues A, u € C, respectively.
Observe that
(3.15.8) Lo(uv) = Lo(u)v4+uLy(v) = (A4 p)uv

on U, so that uwv is an eigenfunction for L, with eigenvalue A\ + p.



Chapter 4

First-order equations

4.1 Some real first-order operators

Let n be a positive integer, and let U be a nonempty open subset of R™. Also
let ay,...,a, be n real-valued functions on U. Alternatively,

(4.1.1) a(z) = (a1(z),...,an(x))

defines a mapping from U into R".
If w is a continuously-differentiable real-valued function on U, then put

- ou
4.1.2 Ly(u) = a; —.
(412) 0= 4 55

Jj=

This defines a real-valued function on U. The value of this function at x € U is
the directional derivative of u at x in the direction a(x).

Let I be a nonempty open interval in the real line, or an open half-line,
or the whole real line, and let w(t) be a continuously-differentiable function
of t € I with values in R™. Equivalently, this means that the jth component
w;(t) of w(t) is a continuously-differentiable real-valued function on I for each
j =1,...,n. One could also allow I to contain one or both endpoints, with
suitable interpretations using one-sided derivatives at the endpoints. Suppose
that

(4.1.3) w(t) € U for every t € I,
so that
(4.1.4) z(t) = u(w(t))

defines a real-valued function on I. It is well known that z(t) is continuously
differentiable on I under these conditions, with

n

(4.1.5) () = 3w (1) (yu)(w(t))

j=1

56
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for every t € I.
Suppose that

(4.1.6) wi(t) = a;(w(t))

for every t € I. This is the same as saying that
(4.1.7) w'(t) = alw(t))

for every t € I, as elements of R™. In this case, we get that

n

(4.1.8) Z(t) =) aj(w(t)) Qyu)(w(t)) = (La(u))(w(t))

Jj=1

for every t € I.
Suppose for the moment that we also have that

(4.1.9) Lo(u) =0on U.

This implies that
(4.1.10) Z(t)=0

for every t € I, so that z(t) is constant on I.
Suppose now that u satisfies the semilinear equation

(4.1.11) (Lo (w)(x) + blu(x),z) =0
for some real-valued function b on R x U. In this case, we get that
(4.1.12) 2'(t) + b(2(t),w(t) =0

for every t € I.

The equations (4.1.7) and (4.1.12) are called the characteristic equations for
(4.1.11). This is related to some remarks in Section 3.2.2 a of [29], and Section
B of Chapter 1 of [32].

It is interesting to consider the case where a is a nonzero constant, as in
Section 2.1 in [29].

4.2 Quasilinear first-order equations

Let n be a positive integer again, and let U be a nonempty open subset of
R™. In this section, we let aq,...,a, and b be real-valued functions on R x U.
Consider the quasi-linear first-order partial differential equation

(4.2.1) Z a;(u(x), x) g;;(x) + b(u(z),z) =0,

where u is a continuously-differentiable real-valued function on U.
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Let I be an interval in the real line with nonempty interior, which may
be unbounded, as in the previous section. Also let w(t) be a continuously-
differentiable function of ¢ € I with values in R"™, and in fact in U, as before. If
u is a continuously-differentiable real-valued function on U, then

(4.2.2) z(t) = u(w(t))
is a continuously-differentiable real-valued function of t € I, with derivative as
in (4.1.5).
Suppose that
(4.2.3) w(t) = aj(u(w(t)), w(t))
for every t € I. If we consider a = (aq,...,a,) as an R"-valued function on
R x U, then this is the same as saying that
(4.2.4) W (8) = au(w(t)), w(t))

for every t € I, as alements of R™. Under these conditions, (4.2.1) implies that
(4.2.5) 2'(t) + b(z(t),w(t)) =0

for every t € I.
Observe that (4.2.3) is the same as saying that

(4.2.6) W (8) = ay(=(t), w(t))
for every t € I. Equivalently, this means that
(4.2.7) w'(t) = a(z(t),w(t))

for every t € I, as elements of R™. This together with (4.2.5) form a coupled
system of ordinary differential equations for w(t) and z(¢) that does not depend
on u. These are the characteristic equations for (4.2.1). This is related to some
remarks in Section 3.2.2 b of [29], and in Section B of Chapter 1 of [32].

There is an important difference between this case and the one discussed
in the previous section. It is well known that solutions of the initial value
problem for systems of ordinary differential equations are unique under suitable
conditions. This implies that different curves corresponding to solutions of
(4.1.7) cannot cross each other, under suitable conditions. Although one also
has uniqueness for the initial value problem for the system (4.2.5), (4.2.7) under
suitable conditions, it is possible for the curves corresponding to the w(t)’s to
cross each other. This corresponds to some remarks in Sections 3.2.5 a, b of
[29].

4.3 Fully nonlinear first-order equations

Let n be a positive integer, let U be a nonempty open subset of R", and let
F(q,y,z) be a real-valued function on

(4.3.1) R" xR xU.
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Consider the fully nonlinear first-order partial differential equation
(4.3.2) F(Du(z),u(z),z) =0,

where u is a continuously-differentiable real-valued function on U.

As in the previous sections, we would like to find some systems of ordinary
differential equations that are related to (4.3.2). Let I be an interval in the real
line with nonempty interior, and which may be unbounded, and let w(¢) be a
continuously-differentiable function of ¢ € I with values in U again. Suppose
that u is a continuously-differentiable real-valued function on U, so that

(4.3.3) 2(t) = u(w(t))

is a continuously-differentiable real-valued function of ¢ € I, as before.
If t € I, then let p(t) € R™ be defined by

(4.3.4) p(t) = Dulw(t)),
so that

(4.3.5) p;(t) = (O5u)(w(t))

for each j = 1,...,n. We would like to find a nice system of ordinary differential

equations for w(t), z(t), and p(t). To do this, we suppose that u is twice
continuously-differentiable on U, so that p(t) is continuously differentiable on
1. More precisely,

(4.3.6) Zwl (0;0iu)(w(t))

forevery j=1,...,nand t € I.

Suppose that u satisfies (4.3.2) on U, and that F is continuously differen-
tiable on (4.3.1). If we differentiate the left side of (4.3.2) with respect to z;,
then we get that

0%u OF ou

(4.3.7) Z@ql ,u(z), x) o2, axl( z) + oy —(Du(z),u (x),x)%j(x)
+gi:(Du() w(z),z) = 0.

If t € I, then we can take x = w(t), to get that

(4.3.8) Z 8ql w(t)) (9;0pu)(w(t)) + g—j(p(t),z(t),w(t))pj(t)
+§Z<p<t>, 2(B).w(t)) = 0

foreach j=1,...,n
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Suppose that

(4.3.9) wi(t) = g—zwx 2(8),w(®))
foreach I =1,...,n and t € I. Using this and (4.3.8), we obtain that
(43.10) (1) = — 2L (p(t). 2(0) wlt)) py (8) — 2L (o), 2(2), w(t))

oy - O
foreach j=1,...,nand t € I.

Remember that 2/(t) can be expressed as in (4.1.5). Using (4.3.9), we get
that

(4.3.11) 2(t) = Z i(p(t),Z(t),w(t))pj(t)

for every t € I.

Thus (4.3.9), (4.3.10), and (4.3.11) form a coupled system of ordinary dif-
ferential equations for w(t), z(t), and p(t) that does not depend on u. These
are the characteristic equations for (4.3.2). This corresponds to some remarks
in Section 3.2.1 of [29], and Section B of Chapter 1 of [32].

4.4 More on fully nonlinear equations

Let n be a positive integer, let U be a nonempty open subset of R", and let
F(q,y,x) be a continuously-differentiable real-valued function on R™ x R x U
again. If w(t), z(¢), and p(t) are any continuously-differentiable functions on I
with values in R™, R, and U, respectively, then

@A1)  ZPGW.a0u0) = T, wv) 50

on I.
If w(t), z(t), and p(t) satisty the characteristic equations (4.3.9), (4.3.10),
and (4.3.11) on I, then it is easy to see that

d

(4.4.2) (), q(t), w(t)) =0

on I. Of course, this means that F'(p(t), 2(t), w(t)) is constant on I.
If

(4.4.3) Fp(t), 2(t),w(t)) = 0
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for some t € I, then it follows that this holds for all ¢ € I under these conditions.
This corresponds to step 2 in the proof of Theorem 2 in Section 3.2.4 of [29],
and a remark near the end of Section B of Chapter 1 of [32].

Of course, if w(t), p(t), and z(¢) are associated to a solution u of (4.3.2) as in
the previous section, then (4.4.3) holds by construction. Alternatively, one may
consider initial value problems for the characteristic equations (4.3.7), (4.3.10),
and (4.3.11) that satisfy (4.4.3) for some ¢, and thus for all ¢. Solutions to initial
value problems of this type can be used to try to find solutions of (4.3.2), as in
the next section.

In the quasilinear case, we have that

(4.4.4) F(q,y,x Zag Y, %) g; + b(y, =)

for some real-valued functions a;(y,x), 1 < j <n, and b(y,z) on R x U. Note
that (4.3.9) is the same as (4.2.6) in this case. If (4.4.3) holds, then (4.3.11) is
the same as (4.2.5). This corresponds to a remark in Section 3.2.2 b of [29], and
just after (1.14) in Section B of Chapter 1 of [32].

If ¢ is a real number, then

(445) ﬁ(qayax) = F(q,yvx) -

is another continuously-differentiable real-valued function on R" x R x U. If
u is a continuously-differentiable real-valued function on U, then the first-order
partial differential equation

(4.4.6) F(Du(z),u(z),z) =0
on U is the same as saying that
(4.4.7) F(Du(z),u(x),z) =c¢

on U. Note that the characteristic equations associated to F as in the previous
section are the same as for F', because they only involve the derivatives of F,
F.

If Fis as in (4.4.4), then

(4.4.8) F(q.y.x Zaj Y. ) q; +b(y, ),

with /b\(y,x) = b(y,x) — c. However, the characteristic equations associated to
the quasilinear equations corresponding to F' and F as in Section 4.2 are not
the same when ¢ # 0. The equations for w’(t) are the same, but the analogue
of the equation (4.2.5) for 2/(t) with B(yw) instead of b(y,x) is a bit different.
The conditions under which this equation is supposed to be the same as in the
previous section are also a bit different.
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4.5 Non-characteristic conditions

Let n be a positive integer, and let U be a nonempty open set in R™. In Sections
4.1 — 4.3, we started with a solution u of a first-order partial differential equation
on U, and found systems of ordinary differential equations that described the
behavior of v along certain curves. These systems of ordinary differential equa-
tions do not depend on u, and may be used to try to find solutions of the partial
differential equation, at least locally, as in Section 3.2.4 of [29], and Section B
of Chapter 1 of [32].

More precisely, this normally involves additional regularity conditions on the
functions used to define the original partial differential equation, in order to use
appropriate results about systems of ordinary differential equations. One might
suppose that u is given along a nice (n — 1)-dimensional submanifold 3 of R™,
with suitable regularity on ¥, as in [29, 32]. One would like to a find a solution
to the partial differential equation near X, with the given values on X, perhaps
at least near a given point on . This may be considered as an initial value
problem or Cauchy problem for the partial differential equation.

Remember that we considered systems of ordinary differential equations for
w(t), z(t), and possibly p(¢) defined on an interval I in the rel line. To deal
with the initial value problem for the partial differential equation along X, we
want to consider suitable initial value problems for these systems of ordinary
differential equations associated to points in X. Let ¢ € ¥ and ¢ty € R be given,
although one might normally simply take ¢y = 0. The initial conditions for w(t)
and z(t) at t = t( are

(4.5.1) w(ty) = o
and
(4.5.2) z(tg) = u(o).

In the fully nonlinear case, we would also need to specify p(tg), and we shall
return to that later.
We would like to define u near ¥ in such a way that

(4.5.3) u(w(t)) = z(¢).

In particular, we would like to be able to reach points in U near X by such a path
w(t). In order to do this, there is an additional non-characteristic condition,
as in Section 3.2.3 ¢ of [29], and Section B of Chapter 1 of [32]. The non-
characteristic condition at o asks that w’(tp) not be tangent to ¥ at w(ty). If
v(o) is a nonzero element of R™ that is normal to ¥ at o, then this means that

(4.5.4) w'(to) - v(w(ty)) = w'(tg) - v(o) # 0.

In Section 4.1, the ordinary differential equations for w are given in terms of
the functions a;(x), 1 < j < n, and the non-characteristic condition at o € X
can be expressed as

(4.5.5) a(o) -v(o) = Z a;(o)vi(o) #0.
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In Section 4.2, the ordinary differential equations for w are coupled with those
for z, and the non-characteristic condition at ¢ can be expressed as

(4.5.6) a(u(o),o0) -v(o) = Zaj(u(a), o)v;(o) #0.
j=1

In particular, this depends on the value of u at o.
In Section 4.3, the ordinary differential equations for w are coupled with
those for z and p, and the non-characteristic condition at ¢ can be expressed as

(4.5.7) Z gi(p(to), Z(to)7 w(to)) v; (UJ(to))
= Z E(p(to)w(a), o) vj(o) #0.

This depends on the value of u at o, and p(to), which is supposed to represent
the values of the first partial derivatives of u at o.

The directional derivative of v at ¢ in a direction that is tangent to X at
o is determined by the restriction of u to X. Another condition on the first
partial derivatives of u at ¢ is given by the partial differential equation. One
basically needs to be able to choose p(tp) in a way that is compatible with these
conditions, and the non-characteristic condition (4.5.7) depends on the choice
of p(to).

In particular, p(top) should satisfy

(45.8) F(p(to), (to), wito)) = F(p(to), u(@), @) = 0.

This implies that (4.4.3) holds along the curve, as before.

In Section 3.2.3 ¢ of [29], one starts with a suitable choice of p(ty) for a
point o € ¥. If the non-characteristic condition (4.5.7) holds at o, then one
can use the implicit function theorem to get suitable initial conditions for p
corresponding to other points in X that are close to o.

In Section B of Chapter 1 of [32], one simply asks to have suitable initial
conditions for p corresponding to points along . An important case where this
is easy to get will be discussed in Section 4.10.

4.6 More on the Euler operator

Let n be a positive integer, and put a;(z) = z; on R" for each j = 1,...,n.
Thus a = (aq,...,a,) is the identity mapping on R"™, and

- 0
(461) La = Zl'] aixj
Jj=1
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is the Euler operator, as in Section 2.8. In this case, (4.1.6) reduces to
(4.6.2) wh(t) = w;(t).

This is solved on the real line by

(4.6.3) w;(t) = ¢; expt,

with ¢; € R for j =1,...,n. Equivalently, (4.1.7) reduces to

(4.6.4) w'(t) = w(t),

which is solved on the real line by

(4.6.5) w(t) = (expt)c,

where ¢ = (¢1,...,¢,) € R™.

Let v be a continuously-differentiable real or complex-valued function on
R™\ {0}. Suppose that ¢ # 0, so that (4.6.5) is nonzero for each t € R. Observe
that

n

(4.6.6) %(U((GXP t)e)) =D _(expt)e; (Dyu)((expt) ) = (La(u))((expt) c)

j=1

for every t € R. This is the same as (4.1.8) in this case. Of course, this is
analogous to considering u(7 z) for z € R™ \ {0} and 7 > 0, and differentiating
in 7, as in Section 2.8.

If
(4.6.7) Lo(u) =bu
on R™\ {0} for some b € C, then (4.6.6) implies that
(4.6.8) %(u((exp t)c)) = bu((expt)c)

for every t € R. This means that
(4.6.9) u((expt) ¢) = u(c) exp(bt)

for every t € R, which holds automatically when ¢ = 0. One can use this to get
that u is homogeneous of degree b on R™ \ {0}, as in Section 2.8. Conversely,
if u is homogeneous of degree b on R™ \ {0}, then (4.6.9) holds, which implies
that (4.6.8) holds, and thus (4.6.7) holds.

4.7 Angular derivatives in the plane
Let ay(z), az(x) be the real-valued functions on R? defined by

(4.7.1) a1 (z) = —x2, az(x) = 7.
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Thus
(4.7.2) a(x) = (a1(x),a2(x)) = (—x2,21)

defines a mapping from R? onto itself. If we identify z = (z1,22) € R? with
z1 +x91 € C, then

(4.7.3) a(x) = —zo +x11 =142,

The corresponding system of ordinary differential equations (4.1.6) reduces
to
(4.7.4) Wl () = —wa(t), wh(t) = wy(t)

in this case. If we identify w(t) = (w1 (t), wa(t)) with wy () + wa(t) 4, as before,
then this is the same as saying that

(4.7.5) w'(t) = tw(t),
as in (4.1.7). This is solved on the real line by
(4.7.6) w(t) = (exp(it))c,

where ¢ = (c1,c2) € R? is identified with ¢; + coi € C, as usual. Note that
w(0) = c.

Let U be a nonempty open subset of R?, and let u be a continuously-
differentiable real or complex-valued function on U. Let L,(u) be the continuous
real or complex-valued function on U, as appropriate, defined by

(4.7.7) (La(u))(z) = =2 %(x) + ”31%(

2)

for every x € U, as in Section 4.1. This is the same as the directional derivative
of w at z, in the direction corresponding to iz, because of (4.7.3).
Let z € R? be given, and consider

(4.7.8) {teR:exp(it)z € U},
where R? is identified with C as before. This is an open subset of R, and
(4.7.9) u(exp(it) x)

may be considered as a continuously-differentiable real or complex-valued func-
tion of ¢ in (4.7.8). Observe that

(4.7.10) %(u(exp(i t)x)) = (La(u))(exp(it) x)

for every t in (4.7.8).
A nice example related to this case is discussed in Section 3.2.2 a of [29].
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4.8 Another example on R?

Now let a1 (z), as(z) be the real-valued functions on R? defined by

(4.8.1) ar(x) = 1, az(x) = —x9,
and put
(4.8.2) a(x) = (a1(x), az(x)) = (21, —x2)

for every x € R2. This leads to the system of ordinary differential equations
(4.8.3) Wi (t) = w (1), wh(t) = —wa(t),

as in (4.1.6) again. These equations are solved on the real line by

(4.8.4) wi(t) = c¢1 expt, wa(t) = co exp(—t),

with ¢1,co € R. If we put w(t) = (wi(t),w2(t)) and ¢ = (¢1,¢2), then we get
that w(0) = ¢. Tt follows from (4.8.4) that

(485) wl(t) Wa (t) = C1 C2

for every t € R.

Let U be a nonempty subset of R? again, and let v be a continuously-
differentiable real or complex-valued function on U. Also let L,(u) be the
continuous real or complex-valued function defined on U by

(4.8.6) (La(w))(z) = 21—~

as in Section 4.1.
Let z € R? be given, and note that

(4.8.7) {reRy:(ra,rtay) €U}
is an open subset of R. We may consider
(4.8.8) u(rzy, ! as)

as a continuously-differentiable real or complex-valued function of r on (4.8.7).
If r is in (4.8.7), then

d

E(u(rxl,r_lxg)) = (61u)(rx1,r_1x2) — 772 2 (82u)(r331,r_1 x3)
(4.8.9) = p! (Lo (u))(ray, 1 x3).
Alternatively,

(4.8.10) {te R : ((expt)x1, (exp(—t))z2) € U}
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is an open subset of R, and

(4.8.11) u((expt) z1, (exp(—t)) x2)

may be considered as a continuously-differentiable real or complex-valued func-
tion of ¢ on (4.8.10). If ¢ is in (4.8.10), then

d
(48.12) Z(u((expt) o1, (exp(~1)) 22) = (La(w)((expt) 21, (exp(—1)) 23)
This is related to Exercise (3) in Section B of Chapter 1 of [32]. In particular,
if f is a continuously-differentiable real or complex-valued function on an open
subset V' of the real line, then

(4.8.13) w(@1,w2) = f(2122)

is a continuously-differentiable function on the open set

(4.8.14) {(.1’17.’172) eR" :x129 € V}
in the plane, and

(4.8.15) Lo(u)=0

on (4.8.14).

4.9 Some simpler quasilinear equations

Let n be a positive integer, and let U be a nonempty open subset of R™. Also let
ai,...,a, be real-valued functions on R x U, and let b be a real-valued function
on R. Consider the quasilinear first-order partial differential equation

(4.9.1) Z a;(u(z),x) gl(x) + b(u(z)) =0,

Ly
where u is a continuously-differentiable real-valued function on U. This is the
same as in Section 4.2, with b not depending on x € U.

Let I be an interval in the real line with nonempty interior, and which may be
unbounded, and let w(t) be a continuously-differentiable function of ¢ € I with
values in U, as before. We previously considered a system of ordinary differential
equations for w(t) and a continuously-differentiable real-valued function z(¢) of
t € I. The equation for w(t) is

(4.9.2) w'(t) = a(z(t),w(t))
for every t € I, as before. In this case, the equation for z(t) is

(4.9.3) 2Z(t)+b(2(t) =0
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for every ¢ € I. This does not depend on w(t), and so a solution to (4.9.3) can
be used to get that (4.9.2) is a system of ordinary differential equations for w(t)
on I.

If =0 on R, then (4.9.1) reduces to

(4.9.4) Z a;(u g;‘] (z) =0,

on U. Similarly, (4.9.3) reduces to
(4.9.5) Z(t)=0

for every t € I. Of course, this means that z(t) is constant on I.
Suppose now that ay,...,a, are real-valued functions on R, which is to say
that they do not depend on 2 € U. This means that (4.9.1) reduces to

(4.9.6) > a;(u()) @(x) + b(u(z)) =0

(4.9.7) W' (t) = a(2(t))

on I.
If we also ask that b =0 on R again, then (4.9.4) reduces to

(4.9.8) Z a;j(u 3% () =0

on U. The right side of (4.9.7) is constant on I under these conditions, as
before. This means that the curve corresponding to w(t) follows a straight line,
at constant speed.

However, it is possible for curves like these to cross each other, as men-
tioned in Section 3.2.5 b of [29]. This can lead to limitations on continuously-
differentiable solutions of (4.9.8), as in [29].

Some equations like these will be mentioned in Section 4.12.

4.10 A simplification with z,

Let n be an integer greater than or equal to 2, and let U be a nonempty open
subset of R™. Also let F(q,y,2) = F(q1,-..,qn,y,2) be a real-valued function
on R" xR x U, as in Section 4.3. If u is a continuously-differentiable real-valued
function on U, then the first-order partial differential equation corresponding
to F(q,y,x) can be expressed as

F( ou ou

(m),u(x),w) =0.
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Suppose that F(g,y,x) can be expressed as

(4102) F(Qh «osqn—1,4n, y7$) = (Qn + ﬁ(Qh e 7Qn—17yax)
for some real-valued function ﬁ(ql, cesGn-1,y,xz) on R"™! x R x U. In this
case, (4.10.1) is the same as saying that
ou ~ /7 Ou ou
410.3 F(— o =2 @), (), x) = 0.
(4103)  ZE@)+ PG @) () ule) o)

Suppose that Fis continuously differentiable on R*~! x R x U, so that F
is continuously differentiable on R™ x R x U. This leads to a coupled system
of ordinary differential equations for w(t), z(t), and p(t) as in Section 4.3. The
differential equation for the nth component w, (t) of w(t) reduces to
(4.10.4) wh(t) =1

n

for every t in the interval I.
In the quasilinear case, as in Section 4.2, the analogous condition is that

(4.10.5) an =1

on R x U. In this case, we have a coupled system of ordinary differential
equations for w(t) and z(t), as before. The differential equation for w,, (t) reduces
to (4.10.4) again. Similarly, one may consider the condition (4.10.5) in Section
4.1, where a,, is a real-valued function on U. The system of ordinary differential
equations for w(t) depends only on a, and the differential equation for w,(t)
reduces to (4.10.4).

Suppose that the hypersurface ¥ mentioned in Section 4.5 is contained in
a hyperplane where x,, is constant. Note that the non-characteristic condition
holds when the differential equation for wy,(t) is as in (4.10.4).

The directional derivatives of u at a point in 3 in directions tangent to X
are determined by the restriction of u to X, as before. In this case, this means
that the derivative of u with respect to z; on ¥ is determined by the restriction
of u to X for j = 1,...,n — 1. If u satisfies a partial differential equation as
in (4.10.3), then it follows that the derivative of u with respect to x, on ¥ is
determined by the restriction of u to ¥ as well.

If u is given on X, then this makes it easy to get initial conditions for p at
points in ¥, as in Section 4.5. More precisely, the initial condition for p; at a
point in X is given by the derivative of u with respect to x; at the point when
j=1,...,n—1, and is determined by (4.10.3) when j = n.

4.11 Some simpler fully nonlinear equations

Let n be a positive integer, and let U be a nonempty open subset of R™. Also
let F(q,z) be a real-valued function on R™ x U, and consider the fully nonlinear
first-order partial differential equation

(4.11.1) F(Du(z),z) =0,
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where u is a continuously-differentiable real-valued function on U. This is the
same as in Section 4.3, where the function F(q,y,2) on R™ x R x U does not
depend on y € R.

Let I be an interval in the real line with nonempty interior, and which may be
unbounded, and let w(t), z(t), and p(t) be continuously-differentiable functions
of t € I with values in U, R, and R", respectively. If F(q,z) is continuously
differentiable on R™ x U, then we get a system of ordinary differential equations
for w(t), z(¢), and p(t), as in Section 4.3, which has some simplifications in this
case. The equations for w’(t) are now

(4.11.2) wi(t) = 71— (p(t), w(t))

for each I =1,...,n and t € I. The equations for p’(t) reduce to

OF
/ _
(4.113) P(0) =~ G () ()
for each j =1,...,n and ¢t € I. The equation for 2'(¢) is
—~ OF
(4.11.4) OEDY 7, (0 w(®)pi ()
j=1 "V
on I.

The right sides of these equations do not involve z(t). Thus (4.11.2) and
(4.11.3) form a system of ordinary differential equations for w(t) and p(t). If
one has solutions for these equations, then (4.11.4) can be solved directly.

Suppose now that n > 2, and that F(g,z) can be expressed as

(4115) F(qla e '7QTL—1aQTL7x) =qn + ﬁ(qla s 7Q7L—17‘T)

for some real-valued function F (q1s--,qn-1,2) on R""1 x U, as in the previous
section. This means that (4.11.1) is the same as saying that

ou ~ Ou ou
411.6 v F(— =, ):0,
(1116) @)+ P (@) (@)
on U, as before. Of course, (4.11.2) reduces to (4.10.4) when | = n. Similarly,
(4.11.4) can be reexpressed as

) n—1 8ﬁ
117 A=) oy P10t (8, w(8) 25 (8) + (1)

j=1

in this case. B

It Flgr,.- yqn-1,2) = F(q1,. - qn-1,21,...,Tn_1,%n) does not depend on
Zn, then (4.11.6) is the same as the Hamilton-Jacobi equation. Under these
conditions, (4.11.3) says that
(4.11.8) Pl (t) =0
for every t € I when j = n, so that p,, is constant on I. This type of equation
is discussed in [29], starting in Section 3.2.5 ¢. These equations are normally
expressed a bit differently, as in the next section.
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4.12 Other notation in n + 1 variables

Let n be a positive integer, and let us identify R™ x R with R”*! in the usual
way. An element of R™ x R may be expressed as (z,7), where z € R™ and
T € R.

Let U be a nonempty open subset of R™ x R, and let

(4121) F(Q1,-~-7Qan+1,ya$,7')

be a real-valued function on R"*! x R x U. This means that (4.12.1) is de-
fined for ¢1,...,¢n,qn+1,y € R and (z,7) € U. If u(x,7) is a continuously-
differentiable real-valued function on U, then the first-order partial differential
equation corresponding to (4.12.1) can be expressed as

ou ou ou
(4.12.2) F(%(w),...,%(x,mE(w),u(m),xﬁ):o,

Suppose that (4.12.1) can be expressed as

(4123) dn+1 +ﬁ(q17--~aqn7y?m7T)

for some real-valued function ﬁ(ql, cesqn,y,x,7) on R x R x U. Under these
coditions, (4.12.2) is the same as saying that

ou ~ 7 Ou ou
(4.12.4) E(x,THF(f(x,T),...,E

(m,T),u(ac,T),x,T) =0.
This corresponds to (4.10.3), in this notation.

If F is continuously differentiable on R™ x R x U, then we can consider the
associated system of ordinary differential equations, as before. The analogue
of (4.10.4) with n replaced by n 4 1 permits us to identify ¢ with 7, perhaps
with a suitable translation. Of course, an equation of the form (4.12.4) is often
expressed with ¢ in place of 7.

If F(q1,...,qn,y,2,7) does not depend on y or 7, then (4.12.4) is the same as
the Hamilton—Jacobi equation, as in the previous section, with slightly different
notation.

Let ® be a continuously-differentiable function on the real line with values
in R™. The partial differential equation

ou .
(4.12.5) 5 + div®(u) =0

is called a scalar conservation law, as in Example 5 in Section 3.2.5 b of [29].
More precisely, the divergence is taken in the z variables here. Equivalently,
this can be expressed as

n

ou , ou
(4.12.6) 5+ ; O’ (u) o, = 0,
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where ®; is the jth component of ® for each j = 1,...,n. This may be consid-
ered as one of the types of equations mentioned in Section 4.9.
If n=1and b € R, then

u u
o o ) =
is a quasilinear first-order equation with some additional properties as in Section
4.9. This is the inviscid form of Burger’s equation when b = 0, which is discussed
in Section 3.4.1 of [29]. Note that Burger’s equation is an example of a scalar
conservation law. This equation with b = 1 is mentioned in Problem 5 (c) in
Section 3.5 of [29], as well as Example 2 and exercise (4) in Section B of Chapter
1 of [32)].

(4.12.7) (2, 7) +u(z, )

4.13 Some other fully nonlinear equations

Let n be a positive integer, and let F(q,y) be a real-valued function on R™ x R.
Also let U be a nonempty open subset of R"™, and consider the fully nonlinear
first-order partial differential equation

(4.13.1) F(Du(z),u(z)) =0,

where u is a continuously-differentiable real-valued function on U. This is the
same as in Section 4.3 again, where the function F'(g,y,2) on R™ x R x U does
not depend on x € U.

Let I be an interval in the real line with nonempty interior, and which may be
unbounded, and let w(t), z(¢), and p(t) be continuously-differentiable functions
of t € I with values in U, R, and R", respectively, as before. If F(q,y) is
continuously differentiable on R™ x R, then the system of ordinary differential
equations for w(t), z(t), and p(t) discussed in Section 4.3 can be simplified in
this case too. The equations for w’(t) are

oF
(4.13.2) wi(t) = 5 (p(t), 2(1))
aq
for each I =1,...,n and t € I. The equations for p/(t) now reduce to
oF
(4.13.3) p;(t) = —Fy(p(t), (1)) p; (t)

for each j =1,...,n and t € I. The equation for z'(¢) reduces to

(4.13.4) Z(t) = Z gi(p(t), z(t)) p; (t)

for every t € I.

The right sides of these equations do not involve w(t), so that (4.13.3) and
(4.13.4) form a system of ordinary differential equations for p(¢) and z(t). If one
has solutions to these equations, then (4.13.2) can be solved directly, as before.
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Suppose for the moment that the derivative of F(g,y) in y does not depend
on y. This means that

oF

(4.13.5) F(q,y) = F(q,0) + @(q,O)y

for every ¢ € R™ and y € R. Note that F(q,0) and (0F/0y)(q,0) can be
arbitrary continuously-differentiable real-valued functions of ¢ € R™ here. It
follows that the right side of (4.13.3) does not involve z(t), so that one gets a
system of ordinary differential equations for p(¢). If one has a solution for this
system, then (4.13.4) gives an ordinary differential equation for z(t).

Suppose now that the derivative of F(q,y) in y is a constant ¢ € R, so that

(4.13.6) F(q,y) = F(q,0) + cy

for every ¢ € R™ and y € R. In this case, (4.13.3) is the same as saying that
(4.13.7) P;(t) = —cp;(t)

on [ for each j =1,...,n. This is solved by taking

(4.13.8) p;j(t) = a; exp(—ct)

for some real numbers ay,...,a,. Note that the right side of (4.13.4) does not
involve z(t) under these conditions. Example 3 in Section 3.2.2 ¢ of [29] is a
nice example of this type.

4.14 A simpler case

Let n be a positive integer again, and let F(q) be a real-valued function on R™.
Consider the fully nonlinear first-order partial differential equation

(4.14.1) F(Du(z)) = 0,

where u is a continuously-differentiable real-valued function on a nonempty open
subset U of R™. This is the same as in Section 4.3, where the function F(q,y, x)
on R” X R x U does not depend on either y € R or x € U. This may also
be considered as a particular case of the classes of fully nonlinear equations
discussed in Sections 4.11 and 4.13. If a € R™ and b € R, then

(4.14.2) uz)=a-xz+0b
satisfies (4.14.1) on R™ if and only if
(4.14.3) F(a) =0.

Let I be an interval n the real line with nonempty interior, and which may be
unbounded, and let w(¢), z(t), and p(t) be continuously-differentiable functions



74 CHAPTER 4. FIRST-ORDER EQUATIONS

on I with values in U, R, and R", respectively, as usual. If F'(g) is continuously
differentiable on R, then the system of ordinary differential equations for w(t),
z(t), and p(t) discussed in Section 4.3 can be simplified further, as follows. The
equations for w’(t) are

oF
4.14.4 wi(t) = —(p(t
(4.1 () = 5o 0(0)
for each I =1,...,n and t € I. The equations for p/(t) are simply
(4.14.5) p;- (t)=0

for each j =1,...,n and ¢t € I. The equation for 2'(¢) is
“~ OF
(4.14.6) )= o (p(t)) p;(t)
j=1 "

for every t € I.

Of course, (4.14.5) implies that p(t) is constant on I. This means that the
right sides of (4.14.4) and (4.14.6) are constant on I as well.

The eikonal equation
(4.14.7) |[Vu(z)| =1
is a partial differential equation of this type. More precisely, this is equivalent
to saying that
(4.14.8) |Vu(z)|* =1

on U. This corresponds to taking
_ 1,2 _ 2
(4.14.9) Flg)=lgf 1= g -1,
Jj=1

which is a smooth function on R”.
Suppose that n > 2, and that F(q) can be expressed as

(4.14.10) F(q1,--vqn) = o+ F(q1, - qn1)
for some real-valued function f‘(ql, e yqn_1) on R ! as in Section 4.10. In
this case, (4.14.1) is the same as saying that
Ju ~/ Ou ou
41411 v F(Z% @, .., ):0
(4.14.11) Fo @+ F (g, (@)

on U, as before. Remember that (4.14.4) reduces to (4.10.4) when [ = n.
Similarly, (4.14.6) reduces to

(4.14.12) HOEDY o0 (p1(t)y -y Pr1(t)) p; () + P (t)

under these conditions. Of course, (4.14.11) is a type of Hamilton—Jacobi equa-
tion, as in Section 4.11. This may normally be expressed a bit differently, as in
Section 4.12. This type of Hamilton—Jacobi equation is discussed in Section 3.3
of [29].
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4.15 Quasilinearity and derivatives

Let n be a positive integer, let U be a nonempty open subset of R", and let
F(q,y,y) be a continuously-differentiable real-valued function on R™ x R x U.
Also let u be a twice continuously-differentiable real-valued function on U, and
suppose that

(4.15.1) F(Du(z),u(x),x) is constant on U.

This implies that

(4.15.2) 52] (F(Du(z),u(z),z)) =0

on U for each j = 1,...,n. This can be expanded using the chain rule to get

differential equations that are linear in the second derivatives of u, as in Section
4.3.
Suppose that there is a real number ¢ such that

(4.15.3) F(q,y,z) = F(q,0,2) + cy

on R™ x R x U. This implies that the equations (4.15.2) only involve the first
and second derivatives of u, and not u itself.
Suppose now that n > 2, and that F(g,y,z) can be expressed as

n
(4.15.4) F(q,y,2) = Fq,2) + Y _arq +cy
=2

on R"xRxU. Here FF (g1, ) is a continuously-differentiable real-valued function
on R x U, and ay,...,a, and c are real numbers. In this case, the equation
(4.15.2) with j = 1 reduces to

oF / du 0% R
(4.15.5) g ((’hl( z), ) 8x1 +Z 8;101 3xl( z)

ou (')F((’)u ):0-

+c 8751( )+87x1 3771(90),33

This may be considered as a first-order quasilinear partial differential equation
in Ou/0x;.
Suppose that n = 2, and that F(q,y,z) can be expressed as

(4.15.6) F(q,y,2) = F(q1) + g2,

where F is a continuously-differentiable real-valued function on R. This means
that (4.15.5) reduces to

~,( ou ) 0%u 0%u

4.15. —_— i - -

(x)=0.

This may be considered as a scalar conservation law in du/dz1, as in Section
4.12. This corresponds to a remark about the initial value problem (26) in
Section 3.4.2 in [29].



Chapter 5

Some flows and
exponentials

5.1 Some flows on R"

Let n be a positive integer, and let us identify R™ x R with R®*! as in the
previous section. An element of R™ x R may be expressed as (z, 7), with x € R"
and 7 € R, as before. Let I be an interval in R with nonempty interior, which
may be unbounded, and let W be a nonempty open subset of R".

Suppose that for each ¢ € I, ¢; is a mapping from W into itself. Typically
we might have that 0 € I, and that ¢ is the identity mapping on W. If £ € W,
then we ask that ¢;(&) be differentiable as a function of ¢ € I with values in R"™.
This should be interpreted in terms of one-sided derivatives at any endpoints of
I that are contained in I.

Let u(x, ) be a continuously-differentiable real or complex-valued function
on W x I. If z € W and 7 is an endpoint of I that is contained in I, then
the partial derivative of u at (x,7) in z; can be defined in the usual way for
j = 1,...,n, and the partial derivative in 7 can be defined as a one-sided
derivative.

If £ € W, then u(¢:(€),t) is differentiable as a real or complex-valued func-
tion of t € I, with

(5.1.1) %(u(qﬁt(f),t)) => %;(5) ii(@(&t) + %(@(E),t)-

Jj=1

Here ¢, ;(€) is the jth coordinate of ¢;(§) for each j =1,...,n.
Note that

(5.1.2) (&, 1) = (¢e(§), 1)

defines a mapping from W x I into itself. Suppose now that for each t € I, ¢
is a one-to-one mapping from W onto itself. Equivalently, this means that ® is
a one-to-one mapping from W x I onto itself.
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If 1 < j < n, then let a; be the real-valued function on W x I such that

déb, :
(513) s (6u(0),1) = 1)
for every £ € W and t € I. Also put
(5.1.4) ani1 =1
on W x I, so that
(5.1.5) a=(ay,...,0n,an41)
defines a mapping from W x I into R*+1.
Put
= Oou  Ou
1. Lo(u) = Pt e
(5 6) (u) jz::laj axj + or
on W x I, as in Section 4.1. By construction,
d
(5.1.7) (La(u)(@e(€),1) = — (u(¢x(€), 1)
for every £ € W and t € I. Similarly, if £ € W, then
(5.1.8) (9(8), 1)

satisfies the system of ordinary differential equations associated to a as a func-
tion of ¢ € I as for w(t) in Section 4.1.
Suppose for the moment that I = R, and that

(5.1.9) Dr4¢(8) = dr(9e(€))

for every £ € W and r,t € R. This implies that the derivative of ¢;(§) in ¢ at ¢
is the same as the derivative of ¢,(¢+(€)) in r at » = 0. This means that

(5.1.10) a(@e(§),t) = a(¢:(€), 0),

so that a(z,7) does not depend on 7. Note that (5.1.9) implies that ¢¢ is the
identity mapping on W, because ¢ is supposed to map W onto itself.

5.2 A more local version

Let n be a positive integer, and let us identify R™ x R with R"! again. Let
U be an open subset of R™ x R, and put

(5.2.1) U={zeR": (z,t) €U}

for each t € R, which is an open set in R™. Let V be another open subset of
R"™ x R, and let V; be as in (5.2.1) for each ¢t € R. If £ € R™, then

(5.2.2) {teR: () eV}
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is an open subset of R.
Suppose that for each t € R, ¢; is a mapping from V; into U;. This means
that

(5.2.3) (¢, 1) = (¢e(8), 1)

defines a mapping from V into U. If £ € R"™, then we ask that ¢;(£) be
differentiable as a function of ¢ in (5.2.2) with values in R™.

Let u be a continuously-differentiable real or complex-valued function on U,
and let £ € R™ be given. If ¢ is an element of (5.2.2), then (§,t) € V, £ € V¢,
@¢(€) € Uy, and thus

(5.2.4) (¢e(§),t) € U.
This means that
(5.2.5) u(P(8), 1)

is defined as a real or complex-valued function on (5.2.2). In fact, (5.2.5) is
differentiable as a real or complex-valued function of ¢ in (5.2.2), with derivative
intasin (5.1.1).

Suppose now that for each t € R, ¢; is a one-to-one mapping from V; onto
U;. Equivalently, this means that the mapping ® in (5.2.3) is a one-to-one
mapping from V onto U. If 1 < j < n, then let a; be the real-valued function
on U such that

~dey ()

5.2.6 i t
(526 ay(6u€).1) = 2
for every (§,t) € V. Also put a1 = 1 on U, so that a = (a1,...,an,an41)

defines a mapping from U into R™*1,
Let L, (u) be defined on U as in (5.1.6). If (§,t) € V, then

d
(5.2.7) (La(u)(@:(8),) = — (u(e(€), 1),
as before. Similarly, if £ € R", then

(5:2.8) (¢¢(€),1)

satisfies the system of ordinary differential equations associated to a as a func-
tion of ¢ in (5.2.2) as for w(t) in Section 4.1.
Let (£,t) € V be given, and suppose that

(5.2.9) (¢:(6),0) € V.
This implies that
(5.2.10) (¢e(§).m) eV

for every r € R with |r| sufficiently small. Of course, we also have that
(5.2.11) &t+r) eV

when |r| is sufficiently small.
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Suppose that
(5.2.12) d)rth(g) = ¢T(¢t(§))

when r is sufficiently small. This implies that the derivative of ¢.(§) in ¢ at ¢
is equal to the derivative of ¢, (¢¢(£)) in 7 at » = 0, as in the previous section.
This means that

(5'2'13) a(¢t(§)7t) = a(¢t(§),0)7

as before.

5.3 Some basic first-order operators

Let n be a positive integer, and suppose that a;(z) is a real-valued linear function
on R"™ for each j = 1,...,n. This can be expressed as

(5.3.1) aj(x) = ajim
=1

forz € R" and j =1,...,n, where (a;;) = (aj’l)?_’l:1 is an n X n matrix of real
numbers. Equivalently,

(532) a(m) = (al(x)a sy an(l'))

is a linear mapping from R"™ into itself, which corresponds to this matrix in the
usual way.

Let U be a nonempty open subset of R™, and let u be a continuously-
differentiable real or complex-valued function on U. Thus

(5:33) (L) (@) = Y ay(a) 2 (0)

defines a continuous real or complex-valued function on U, as appropriate. Note
that the examples mentioned in Sections 2.8, 4.7, and 4.8 are of this form.

Suppose for the moment that U = R™\ {0}, and that u is homogeneous of
degree b € C. Tt is easy to see that L,(u) is homogeneous of degree b as well,
because the partial derivatives of u are homogeneous of degree b—1, as in Section
2.8. Similarly, if p is a polynomial on R™ with real or complex coefficients that
is homogeneous of degree k for some nonnegative integer k, then L,(p) is a
homogeneous polynomial of degree k on R"™ too.

Let by (z),...,by(x) be n more real-valued linear functions on R™, and let b
and L; be as before. Observe that

(5.3.4) ¢j = La(bj) — Ly(ay)

is a real-valued linear function on R™ for each j = 1,...,n, as in the preceding
paragraph. If ¢ and L. are as before, then L. corresponds to the commutator
of L, and Ly, as in Section 2.3.
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Let (b;;) and (cj,;) be the matrices corresponding to b and ¢, respectively,
as before. Clearly

(535) La(bj) = ZZGM x aij = ZZak’lbj’k x
k=1 1=1 Tk o=
for each j = 1,...,n. Similarly,

n

(5.3.6) Ly(a;) =Y Y briajkm
k=

11=1

for each j = 1,...,n. It follows that

(5.3.7) cji = Z bjkak — Z ajk br,1
k=1 k=1

for each 5,1 =1,...,n.

5.4 Exponentiating real matrices

Let n be a positive integer, and let A be a linear mapping from R™ into itself.
This corresponds to an n X n matrix of real numbers in a standard way, as in
the previous section. Of course, the composition of two linear mappings on R"
is another linear mapping on R"™. It is well known and not difficult to see that
this corresponds to matrix multiplication of the corresponding matrices.

If j is a positive integer, then A’ denotes the composition of A with itself
a total of j — 1 times, so that there are j factors of A. This is interpreted as
being the identity mapping I on R™ when j = 0. One would like to define the
exponential of A by

(5.4.1) exp A=Y (1/j) A7,
j=0

as another linear mapping on R".
More precisely, it is well known and not difficult to show that there is a
nonnegative real number C such that

(5.4.2) [A(v)] < Cv]

for every v € R™. The smallest such C' is known as the operator norm of A
with respect to the standard Euclidean norm on R”. It follows that

(5.4.3) 47 ()] < €7 o]

for every 7 > 1 and v € R". This also works with j = 0, and C” interpreted as
being equal to 1, as usual.
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If v € R", then

o0

(5.4.4) > @/l

j=0

is a convergent series of nonnegative real numbers, with sum equal to
(5.4.5) (exp CO) |v],

because of the usual series expansion for exp C. It follows that

o0

(5.4.6) > (/) [A (v

j=0

is a convergent series of nonnegative real numbers, with sum less than or equal
o (5.4.5), because of (5.4.3) and the comparison test. Let (A7(v)); be the Ith
coordinate of A7(v) € R™ for every [ = 1,...,n, so that

(5.4.7) (A7 (v))i] <[4 (v)]

foreach j >0and ! =1,...,n. Thus

(oo}
(5.4.8) D (/51 [(A7 (w))

§=0
is a convergent series of nonnegative real numbers for every [ = 1,...,n. This
means that
(5.4.9) > /4 )

7=0
is an absolutely convergent series of real numbers for every [ =1,...,n.

We would like to put
(5.4.10) (exp A)(v) = S (1/41) A (v),
§=0

as an element of R™. The Ith coordinate of the right side is equal to (5.4.9) for
every [ = 1,...,n. It is easy to see that this defines a linear mapping from R"
into itself. One could also look at this in terms of matrices, where the entries
of the matrix corresponding to exp A can be expressed as absolutely convergent
series of real numbers.

Suppose that v is an eigenvector of A with eigenvalue A € R, so that

(5.4.11) A(v) = dw.

This implies that
(5.4.12) Al(v) = Nw
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for every j > 0. It follows that
(5.4.13) (exp A)(v) = (exp A) v.

Let T be a one-to-one linear mapping from R™ onto itself, so that the inverse
mapping 7! is linear on R" too. It is easy to see that

(5.4.14) ToAloT ' =(ToAoT 1)
for every j > 0. This means that

(5.4.15) To(expA)oT ' =exp(ToAoT™ ).

5.5 Exponentials of sums

Let n be a positive integer, and let A, B be linear mappings from R" into itself.
Suppose that A and B commute on R™, so that

(5.5.1) AoB=DBoA.

If [ is a positive integer, then one can check that

l
(5.5.2) (A+B)=>" (;) Ao B,

=0

as in the binomial theorem.
This implies that
(553)  exp(A+B) = > (1/I)(A+ B)
1=0
l

(Z 1/51) (1/(1 — §)1) AY o B~ J)

=0 j=0

I
Mg

The right side corresponds to the Cauchy product of the series used to define
expA and exp B. In particular, this means that the same terms are being
summed, but in different ways. One can use this to show that

(5.5.4) exp(A + B) = (exp A) o (exp B)

under these conditions. More precisely, this also uses absolute convergence of
the sums, to ensure that the different ways of arranging the sums lead to the
same results.

Note that exp A automatically commutes with A. Similarly, if A commutes
with B, then exp A commutes with B. Of course, if A =0, then exp A = I. If
A is any linear mapping on R™, then

(5.5.5) (exp A) o (exp(—A)) = (exp(—4)) o (exp 4) = I,
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by (5.5.4). This implies that exp A is invertible on R™, with inverse equal to
exp(—A4).

Let A, B be any two linear mappings on R™, and let A’, B’ be the linear
mappings corresponding to them as in Section 1.15. If v,w € R™, then

(Ao B)()-w=A(B@)-w = B(v)- A'(w)

(5.5.6) = v-B'(A(w)) =v- (B o A)(w).
This means that
(5.5.7) (AoB) =B'o A
In particular, A ‘
(5.5.8) (A7) = (A")?
for each j > 0. It follows that
(5.5.9) (exp A) = exp(4’).

If
(5.5.10) A= —-A,
then we get that
(5.5.11) (exp A) = exp(A") = exp(—A) = (exp A) "

This means that exp A is an orthogonal transformation on R", as in Section
1.15.

5.6 The exponential of t A

Let n be a positive integer, let A be a linear mapping from R into itself, and
let ¢t be a real number. Of course, t A may be considered as a linear mapping on
R"™, with (t A)(v) = t A(v) for every v € R™. Thus the exponential of ¢ A may
be defined as before, so that

o0

(5.6.1) exp(tA) =Y (1/j)t) A,

Jj=0
This may be considered as a power series in t, whose coefficients are linear
mappings on R™. If v € R", then

o0

(5.6.2) (exp(tA))(v) =Y (1/5) ¢/ A (v

j=0

may be considered as a power series in ¢, with coefficients in R™.
More precisely, for each | = 1,...,n, the Ith coordinate of (exp(t A))(v) is

(5.6.3) ((exp(t A))(v))r = Z(l/j!)tj (A7 (v)):.
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This is an absolutely convergent power series in ¢ with coefficients in R. Sim-
ilarly, the entries of the matrix associated to exp(t A) may be expressed as
absolutely convergent power series in ¢ with real coefficients.

In particular, these are smooth functions of ¢ on R, by standard results
about power series. We can differentiate these series termwise, to get that

(5.6.4) %((exp(t A))(v)) = A((exp(t A))(v))
for every v € R™. This can be expressed by
(5.6.5) %(exp(t A)) = Ao (exp(t A)).

Let U be a nonempty open subset of R™ and let u be a continuously-
differentiable real or complex-valued function on U. Put

(5.6.6) (La@)@) = Y- (A g (0)

=1

for each x € U. This is the same as in Section 5.3, with different notation. This
is related to the system of ordinary differential equations

(5.6.7) w'(t) = A(w(t)),

as in Section 4.1, where w(t) is a continuously-differentiable function on an
interval in the real line with nonempty interior, and with values in R"™. If
v € R", then

(5.6.8) w(t) = (exp(t A))(v)

satisfies (5.6.7), as in (5.6.4).
Let I be an open interval in the real line, which may be unbounded, with

(5.6.9) (exp(t A))(v) € U

for each ¢t € I. Under these conditions,

(5.6.10) %U((exp(t A))(v)) = (La(u))((exp(t A))(v))

on I, as in Section 4.1. This can be used to analyze first-order semilinear
equations on U involving L4, as before.

5.7 Traces and determinants

Let n be a positive integer, and let (a;;) be an n x n matrix of real numbers.
The trace of this matrix is defined as usual as

n
(571) Zaj,j.
Jj=1
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The determinant of (a;;) is defined in a standard way, that we shall not repeat
here.

If A is a linear mapping from R"™ into itself, then A corresponds to an n x n
matrix (a;,;) of real numbers in a standard way. The trace tr A and determinant
det A of A are defined as the trace and determinant of (a;;), respectively.

Let B be another linear mapping from R’ into itself. It is well known and
not difficult to verify that

(5.7.2) tr(Ao B) =tr(Bo A).
It is also well known that
(5.7.3) det(A o B) = (det A) (det B).

If ¢ is a real number, then I + ¢ A is another linear mapping from R"™. It is
clear from the definition of the determinant that

(5.7.4) det(I +t A)

is a polynomial in ¢ of degree at most n. One can check that this polynomial is
of the form
(5.7.5) 14 (trA)t+---,

where the additional terms are multiples of t, 2< J < n. This means that the
derivative of (5.7.4) in t at ¢ = 0 is equal to tr A.
It is well known that

(5.7.6) det(exp A) = exp(tr A).
One way to see this is to use calculus to show that
(5.7.7) det(exp(t A)) = exp(t tr A)

for every t € R. Note that both sides of this equation are equal to 1 at t = 0.
The right side of (5.7.7) satisfies the differential equation

(5.7.8) f(t) = (tr A) f(t)

on R. We would like to check that the left side of (5.7.7) satisfies the same
differential equation. If we can do that, then (5.7.7) follows, by standard argu-
ments.

One can verify directly that the left side of (5.7.7) satisfies (5.7.8) at ¢t = 0.
Let tp € R be given, and observe that

(5.7.9) exp(t A) = (exp((t — to) A) o (exp(ty A))

for every t € R, as in Section 5.5. One can use this to obtain that the left side
of (5.7.7) satisifes (5.7.8) at to from the analogous statement at 0.
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5.8 Exponentiating complex matrices

Let m be a positive integer, and let A be a linear mapping from C™ into itself, as
a vector space over the complex numbers. This corresponds to an m x m matrix
of complex numbers in the usual way. The composition of two linear mappings
on C™ corresponds to matrix multiplication of the corresponding matrices of
complex numbers.

If j is a positive integer, then A7 denotes the composition of A with itself a
total of j — 1 times, so that there are j factors of A, and which is interpreted
as being the identity mapping I on C™ when j = 0. As in the real case, it is
well known and not difficult to show that there is a nonnegative real number C
such that
(5.8.1) |A(v)| < C'v|

for every v € C™, and the smallest such C' is the operator norm of A with
respect to the standard FEuclidean norm on C™. This implies that

(5.8.2) |A7(v)] < C7 o]

for every j > 0 and v € C™.
One would like to define the exponential of A as another linear mapping on
C™ by
(5.8.3) expA=> (1/j) A
j=0

as in Section 5.4. More precisely, if v € C™, then we would like to put

(5.8.4) (exp A)(v Z 1/4!) Al (v
3=0
as an element of C™, as before. This means that for each [ = 1,...,m, the lth

coordinate of (exp A)(v) is equal to

(5.8.5) ((exp A) (v Z (1/4Y )i

j=0

The right side is an absolutely convergent series of complex numbers, by the
comparison test. This defines a linear mapping on C™, and the entries of
the corresponding matrix can be expressed as absolutely convergent series of
complex numbers in an analogous way.

Note that a linear mapping from R™ into itself, as a vector space over the
real numbers, has a unique extension to a linear mapping from C™ into itself, as
a vector space over the complex numbers. Both linear mappings correspond to
the same m X m matrix of real numbers, which may be considered as an m x m
matrix of complex numbers too. The exponential of the linear mapping on C™
is the same as the extension of the exponential of the linear mapping on R™ to
a linear mapping on C™.
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Suppose that v € C™ is an eigenvector of A with eigenvalue A € C, so that
(5.8.6) A(v) = Aw.

It is easy to see that
(5.8.7) (exp A)(v) = (exp A) v,

as before. If T is a one-to-one linear mapping from C™ onto itself, then
(5.8.8) To(expA)oT t=exp(ToAoT™),

as before.
Let B be another linear mapping from C™ into itself, and suppose that A
and B commute on C™, so that

(5.8.9) AoB=DBoA.
Under these conditions,
(5.8.10) exp(A + B) = (exp A) o (exp B),

as in Section 5.5. We also have that exp A commutes with B in this case, as
before. If we take B = —A, then we get that exp A is invertible on C™, with
inverse equal to exp(—A), as before.

The trace and determinant of an m xm matrix of complex numbers can be de-
fined in the same way as for real numbers. Similarly, the trace and determinant
of A are defined to be the trace and determinant of the matrix corresponding
to A, repectively. These satisfy the same basic properties as in the real case. In
particular, it is well known that

(5.8.11) det(exp A) = exp(tr 4),

which can be shown using an argument like the one in Section 5.7. Alternatively,
one can use results from linear algebra to reduce to the case where A corresponds
to an upper triangular matrix, for which (5.8.11) can be verified more directly.

5.9 More on C™

Let m be a positive integer, and let (v,w) = (v, w)cm be the standard inner
product on C™, as in Section 2.6. If v, w € C™, then

(5.9.1) wH+w?=@w+wv+w) = (v,0)+ vw) + (w,v) + (w,w)
[v|2 + 2 Re(v, w) + |w|*.

If we replace w with ¢ w, then we get that

(5.9.2) |v+iw|* = |v]* + 2Re(—i (v, w)) + |w|* = |v]|* 4+ 2 Im(v, w) + |wl|?.
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It follows that
(5.9.3) (v, w) = (1/2) (v + w[* = [o]* = [w]?) + (i/2) (Jv + i w[* = o[> = |w]?).

This is another polarization identity.
Let T be a linear mapping from C™ into itself, as a vector space over the
complex numbers. As in the real case,

(5.9.4) kerT ={v e C™:T(v) =0}

is a linear subspace of C™, called the kernel of T. This is equal to {0} if and
only if T is one-to-one, as before. It is is well known that T is one-to-one on C™
if and only if T maps C™ onto itself, in which case the inverse mapping 7! is
linear on C™ too.

A one-to-one linear mapping T' from C™ onto itself is said to be unitary if

(5.9.5) (T(w), T (w)) = (v,w)

for every v,w € C™. Note that this implies that T~ is unitary as well. In this
case, we can take v = w in (5.9.5), to get that

(5.9.6) T (v)] = |v].

Conversely, if (5.9.5) holds for every v € C™, then (5.9.5) holds for every v. w
in C™, because of the polarization identity (5.9.3). Of course, (5.9.6) implies
that ker T = {0}.

If T is any linear mapping from C™ into itself, then it is well known that
there is a unique linear mapping 7™ from C™ into itself such that

(5.9.7) (T(v),w) = (v, T"(w))

for every v, w € C". This is called the adjoint of T. As in the real case, every
linear mapping from C™ into itself corresponds to an m x m matrix of complex
numbers in a standard way. The matrix associated to T* is obtained by taking
the complex conjugates of the entries of the transpose of the matrix associated
to T.

If T is a unitary transformation on C™, then one can verify that 7™ is the
same as the inverse of T. Conversely, if T is an invertible linear mapping on
C™, with inverse equal to T, then T is a unitary transformation on C™.

Let A, B be linear mappings from C™ into itself, and let ¢ be a complex
number. Under these conditions, A + B and t A are linear mappings on C™,
and one can check that

(5.9.8) (A+ B)* = A* + B*
and
(5.9.9) (tA)" =t A"

One can also verify that
(5.9.10) (Ao B)"=B"o0 A"
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This implies that _ _
(5.9.11) (A7) = (A*)!

for each nonnegative integer j, so that

(5.9.12) (exp A)* = exp(A4").
It
(5.9.13) A =—A,

then it follows that
(5.9.14) (exp A)* = exp(A*) = exp(—A) = (exp A) 7,

so that exp A is a unitary transformation on C™.
A linear mapping A on C™ is said to be self-adjoint with respect to the
standard inner product on C™ if

(5.9.15) A" = A
If T is any linear mapping on C™, then it is easy to see that
(5.9.16) (T =T.

One can use this to check that

(5.9.17) A=(1/2)(T+T")
and
(5.9.18) B=(—i/2)(T-T%")

are self-adjoint. Note that
(5.9.19) T=A+1iB.

5.10 The exponential of z A

Let m be a positive integer, let A be a linear mapping from C™ into itself, and
let z be a complex number. Thus z A is another linear mapping from C™ into
itself, whose exponential

8

(5.10.1) exp(z A) Z 1/51) 27 A7
7=0

may be considered as a power series in z, with coefficients that are linear map-
pings on C™. If v € C™, then

o

(5.10.2) (exp(z A)) Z 1/41) 27 Al (v
7=0
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may be considered as a power series in z, with coefficients in C™.
As in Section 5.6, the th coordinate of (exp(z A))(v) is

oo

(5.10.3) ((exp(z A)) Z 1/41) 27 (A9 (v)),
7=0
for each [ = 1,...,m, which is an absolutely convergent power series in z with

complex coefficients. Similarly, the entries of the matrix associated to exp(z A)
may be expressed as absolutely convergent power series in z with complex co-
efficients. One can differentiate these series termwise, to get that they are
holomorphic functions of z, with

(5.10.4) %((exp(z A))(v)) = A((exp(z A))(v))

for every v € C™. This can be expressed by

2(exp(z A)) = Ao (exp(z A)),

(5.10.5) o

as before.
Let r be a nonnegative integer, and suppose that

(5.10.6) AT =0

on C™. In this case, A is said to be nilpotent on C™. It is well known that if A
is nilpotent on C™, then one can take r < m — 1. Of course, if (5.10.6) holds,
then A7 =0 when j > r + 1. This means that

T

(5.10.7) exp(z A) = Z(l/j') 27 AI

Jj=0

is a polynomial in z, with coefficients that are linear mappings on C™.
Note that
(5.10.8) exp(czI) = (exp(cz)) ]

for every ¢,z € C, where I is the identity maping on C™. If A is any linear
mapping on C™, then A commutes with ¢I on C™. This implies that

(5.10.9) exp(z(cI+ A)) = (exp(czI)) o (exp(z A)) = (exp(cz)) exp(z A).

5.11 Polynomials and differential operators

Let n be a positive integer, and remember that P(R™, R) and P(R", C) are the
spaces of polynomials on R™ with real and complex coefficients, respectively, as
in Section 2.9. If k is a nonnegative integer, then let P*(R™, R) and P*(R", C)
be the spaces of polynomials on R™ with real and complex coefficients and degree
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less than or equal to k, respectively. These are linear subspaces of P(R™, R)
and P(R"™, C), as vector spaces over R and C, respectively.

Consider the collection of monomials 2, where 3 is a multi-index with order
|3| < k. This collection is a basis for P*(R", R) and P*(R", C), as vector spaces
over R and C, respectively. In particular, P¥(R", R) and P*(R", C) have the
same finite dimension, as vector spaces over R and C, respectively.

Let N be a nonnegative integer, and suppose that a,, is a polynomial on R"
with real or complex coefficients for each multi-index « with |a| < N, so that

(5.11.1) L= Y a,0
lal<N

defines a differential operator on R™ with polynomial coefficients, as in Section
2.9. Remember that L maps P(R", R) or P(R", C) into itself, as appropriate.
Suppose that

(5.11.2) degas < o

for each v, |a] < N. If p is a polynomial on R™ with real or complex coefficients,
as appropriate, then
(5.11.3) deg L(p) < degp.

This means that L maps P*(R"™, R) or P*(R", C) into itself for each k > 0, as
appropriate.
Similarly, let ¢ be a nonnegative integer, and suppose that

(5.11.4) degaq < |a| —c
for each a, |a| < N. This is interpreted to mean that
(5.11.5) ao =0 when || < c.

If p is a polynomial on R™ with real or complex coefficients, as appropriate,
then

(5.11.6) deg L(p) < degp —c.
As before, this means that
(5.11.7) L(p) = 0 when degp < c.
If j is a positive integer, then we get that
(5.11.8) deg L7 (p) < degp — cj.
This means that ‘
(5.11.9) L7 (p) = 0 when degp < c¢j,
as usual. Suppose that ¢ > 1, and let k be a nonnegative integer. If
(5.11.10) k< cj,
then it follows that
(5.11.11) L’ =0 on P*¥(R™,R) or P*(R",C),

as appropriate. Thus the restriction of L to P*(R™,R) or P*(R", C), as ap-
propriate, is nilpotent under these conditions.
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5.12 Some related differential equations

Let n be a positive integer, let N be a nonnegative integer, and let L be a
differential operator of order less than or equal to NV on R™ with polynomial
coefficients, as in the previous section. Suppose that the coefficients satisfy
(5.11.2) for each a, |a] < N, and let k be a nonnegative integer. Thus L maps
PER™, R) or PE(R", C) into itself, as before. Let Ly be the restriction of L to
PE(R™, R) or P*¥(R", C), as appropriate.

Let m = m(k) be the number of multi-indices 8 with order || < k. We can
identify P¥(R", R) and P*(R",C) with R™ and C™, respectively, by listing
the coefficients of a polynomial on R™ with degree less than or equal to k in
any reasonable way. This means that we can identify L; with a linear mapping
from R™ or C™ into itself, as appropriate.

If t € R, then we can define the exponential of ¢ Ly as a linear mapping on
PFR™ R) or P¥(R", C), as appropriate, as before. Let p be a polynomial on
R”™ with real or complex coefficients, as appropriate, and of degree less than or
equal to k. Thus

(5.12.1) (exp(t Lx.))(p)

is another polynomial on R™ with real or complex coefficients, as appropriate,
and degree less than or equal to k. Of course, the coefficients of (5.12.1), as a
polynomial on R"™, depend on ¢, and in fact they are smooth functions of t. It
follows that
(5.12.2) u(z,t) = ((exp(t L)) (p))(2)
is smooth as a function of (x,t) on R" x R, which we can identify with R"*!.
Suppose for the moment that the coefficients of L satisfy (5.11.4) for some
¢ > 1. This implies that Lj is nilpotent on P*(R",R) or P¥(R", C), as ap-
propriate, as in the previous section. It follows that exp(t Ly) is a polynomial
in ¢ with coefficients that are linear mappings on P*(R",R) or P*(R", C), as
appropriate, as in Section 5.10. This means that (5.12.2) is a polynomial in x
and ¢ in this case.

Note that
(5.12.3) u(z,0) = p(x)
for every x € R™. We also have that
0

(5.12.4) 57 ((exp(t Lk))(p)) = Li((ex(t Li)) (),
as before. This means that 5

u

12. — =1L

(5.125) = L)
on R"” x R.

5.13 Some additional related equations

Let us continue with the same notation and hypotheses as at the beginning of the
previous section. Suppose now that we are interested in the partial differential
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equation
0%u
on R™ x R. If we put
(5.13.2) v = %
. . - at )

then (5.13.1) is the same as saying that

Ov
5.13.3 — = L(u).
(5139 % = Lw)
Let us consider (5.13.2) and (5.13.3) as a system of partial differential equations
in v and v on R™ X R.
Of course, we can identify R™ x R™ and C™ x C™ with R?™ and C?™,
respectively. Similarly, we can identify

(5.13.4) PER"™,R) x P*(R",R)
and
(5.13.5) P*R"™, C) x P*(R", C)

with R?™ and C?™, respectively, using the analogous identifications mentioned
in the previous section. Let T} be the mapping from (5.13.4) or (5.13.5) into
itself, as appropriate, defined by

(5.13.6) Ti(p.q) = (¢, Lr(p))

for every p,q € P¥(R"™ R) or P*¥(R", C), as appropriate. Observe that

(5.13.7) T (p,q) = Ti(Tr(p,q)) = Tr(q, Lk (p)) = (Lr(p), Li(q))

for all such p, g. We can identify T} with a linear mapping from R?™ or C?™
into itself, as before.

If t € R, then we can define the exponential of ¢ T} as a linear mapping on
(5.13.4) or (5.13.5), as appropriate, in the usual way. Let p, ¢ be elements of
PFR",R) or P*(R", C), as appropriate, so that

(5.13.8) (exp(t Ti))(p, q)

is an element of (5.13.4) or (5.13.5), as appropriate. Let u(-,t), v(-,t) be the
elements of P*(R™,R) or P¥(R", C), as appropriate, such that

(5'13'9) (exp(tTk))(p, Q) = (u(-,t),v(-,t)).

The coefficients of u(z,t) and v(zx,t), as polynomials in  on R"™, are smooth

functions of t, as before. This implies that u(z,t) and v(x,t) are smooth as

functions of (z,t) on R™ x R, which we can identify with R"*!, as usual.
Note that

(613100 (@t T)p: ) = Tel(xp(t ) (p.0),
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as before. This means that

7]
(51311) a(ﬂ(',f),@(',lﬁ)) = Tk(u('at)7v('7t)) = (U('7t>7L(u('7t)))7
which is the same as saying that u and v satisfy (5.13.2) and (5.13.3). We also
have that
(5.13.12) u(-,0) =p, v(-,0) =q.

Suppose that the coefficients of L satisfy (5.11.4) for some ¢ > 1, so that Ly
is nilpotent on P*(R™, R) or P¥(R", C), as appropriate, as before. This implies
that T}, is nilpotent on (5.13.4) or (5.13.5), as appropriate, because of (5.13.7).
This means that exp(tT}) is a polynomial in ¢ with coefficients that are linear
mappings on (5.13.4) or (5.13.5), as appropriate, as in Section 5.10. It follows
that u(z,t) and v(z,t) are polynomials in « and ¢ under these conditions.

5.14 Some products with exp(b- z)

Let n be a positive integer, and let b € R™ or C" be given. Also let N be
a nonnegative integer, and let p be a polynomial on R™ with real or complex
coefficients of degree less than or equal to N. Thus

(5.14.1) po(z) = p(z +b)

can be expressed as a polynomial of degree less than or equal to N with real or
complex coefficients, as appropriate, as in Section 2.5.

Let p(0) and py(0) be the differential operators corresponding to p and p;, as
in Section 1.7, respectively. If f is a continuously-differentiable real or complex-
valued function on R"”, then

(5.14.2) a(Z](f(x) exp(b-z)) = (;jj(x) +0b; f(x)) exp(b- ).

If f is N-times continuously differentiable on R"™, then we get that

(5.14.3) p(9)(f(z) exp(b- x)) = (ps(9)(f))(x) exp(b- z).
If b € R™, then let
(5.14.4) PR"™,R) exp(b-x)

be the space of functions on R™ of the form
(5.14.5) q(z) exp(b- x),

where ¢ € P(R™,R). This is a linear subspace of C*°(R™, R), as a vector space
over the real numbers. If p is a polynomial with real coefficients, then p;, is a
polynomial with real coefficients as well. In this case, p(9) maps (5.14.4) into
itself, because of (5.14.3).
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Similarly, if b € C™, then let
(5.14.6) PR",C) exp(b- x)

be the space of functions on R™ of the form (5.14.5), with ¢ € P(R"™, C). This

is a linear subspace of C*°(R™, C), as a vector space over the complex numbers.

We also have that p(9) maps (5.14.6) into itself, because of (5.14.3), as before.
Let k be a nonnegative integer, and if b € R", then let

(5.14.7) P*R",R) exp(b- )

be the space of functions on R™ of the form (5.14.5), with ¢ € P*(R”,R). This
is a linear subspace of (5.14.4), as a vector space over the real numbers. If p is
a polynomial with real coefficients, then p(9) maps (5.14.7) into itself, because
of (5.14.3) again.

If b € C™, then let
(5.14.8) PE(R", C) exp(b- x)

be the space of functions on R” of the form (5.14.5), with ¢ € P¥(R", C). This
is a linear subspace of (5.14.6), as a vector space over the complex numbers. As
usual, p(9) maps (5.14.8) into itself, because of (5.14.3).

Suppose that
(5.14.9) pp(0) = p(b) = 0.

If ¢ is a polynomial on R™ with real or complex coefficients, then

(5.14.10) deg(py(0))(q) < degq — 1.

This implies that the restriction of py(9) to P¥(R™, C) is nilpotent, as in Section
5.11. It follows that the restriction of p(9) to (5.14.8) is nilpotent, because of
(5.14.3). If b € R™, and p is a polynomial with real coefficients, then the
restriction of p(d) to (5.14.7) is nilpotent, for the same reasons.

5.15 Some remarks about derivatives

Let m be a positive integer, and let I be an interval in the real line, which may
be unbounded, and which has nonempty interior. One can define continuity of a
mapping from I into C™ in the usual way, using the restriction of the standard
Euclidean metric on R to I, and the standard Euclidean metric on C™. It is
well known and not difficult to see that this is equivalent to the continuity of
the corresponding m component functions, as complex-valued functions on I.
Similarly, a complex-valued function on I is continuous if and only if its real
and imaginary parts are continuous.

Suppose that for each t € I, A(t) is a linear mapping from C™ into itself, as a
vector space over the complex numbers. The continuity of A(t) as a function on
I with values in the space L(C™) of linear mappings from C™ into itself can also
be defined in the usual way, using the restrction of the standard Euclidean metric
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on R, and a suitable version of the standard Euclidean metric on £(C™). More
prcisely, we can use the standard correspondence between elements of £(C™)
and m x m matrices of complex numbers to identify £(C™) with C™", and use
the standard Euclidean metric there. The continuity of A(t) on I is equivalent
to the continuity of the m? complex-valued functions on I corresponding to the
matrix entries of A(¢). This is equivalent to the continuity of

(5.15.1) (A())(v)

for each v € C™, as a function of t € I with values in C™.

One can define differentiability of a mapping from I into C™ directly, using
one-sided derivatives at any endpoints of I. This is equivalent to the differen-
tiability of the m component functions, as complex-valued functions on I. The
differentiability of a complex-valued function on I is equivalent to the differen-
tiability of its real and imaginary parts.

Differentiability of A(t) on I can be defined directly, and is equivalent to
the differentiability of the m? complex-valued functions on I corresponding to
the matrix entries of A(¢). This is equivalent as well to the differentiability of
(5.15.1) for each v € C™, as a function of ¢ € I with values in C™.

Let v(t) be a function on I with values in C™, so that

(5.15.2) (A1) (v())

is an element of C™ for each t € I. Of course, the components of (5.15.2) can
be expressed as a sum or products of matrix entries of A(t) and components
of v(t) in the usual way. If v(t) is continuous at a point ¢ty € I, and if A(t) is
continuous at g, then (5.15.2) is continuous at ¢y too, as a function of ¢ € T
with values in C™. If v(¢t) is differentiable at to, and A(t) is differentiable at ¢g,
then (5.15.2) is differentiable at to, with derivative equal to

(5.15.3) (A'(to))(v(to)) + (A(to)) (v (t0))-

This is basically another version of the product rule.
Let B be a linear mapping from C™ into itself, and consider

(5.15.4) A(t) = exp(—t B).

This is a differentiable function of ¢ € R with values in £(C™), with derivative
(5.15.5) A'(t)= —Bo A(t) = —A(t) o B.

Suppose that v(t) is differentiable on I, and put

(5.15.6) w(t) = (A1) (1)) = (exp(—t B))(u(2))

for each t € I. Thus w(t) is differentiable on I, with

(5.15.7) w'(t) = =B(w(t)) + (A1) (v'(1)),



5.15. SOME REMARKS ABOUT DERIVATIVES 97

by (5.15.5). Note that
(5.15.8) v(t) = (exp(t B))(w(t))

for each t € I.
Suppose for the moment that

(5.15.9) v'(t) = B(v(t))
on I. In this case,
(5.15.10) w'(t) =0

on I, by (5.15.7). This means that w(t) is constant on I, because of the analo-
gous statement for real-valued functions.
Similarly, consider the differential equation

(5.15.11) v'(t) = B(v(t)) + 2(t),

where z(t) is a function of ¢ € I with values in C™. This corresponds to the

differential equation
(5.15.12) w'(t) = (exp(—t B))(z(t))

on I. Note that the right side is continuous on I when z(t) is continuous on I.



Chapter 6

More on harmonic functions

Some nice references concerning harmonic functions include [10, 29, 32, 125],
and some additional information may be found in [119]. See also [114, 123], for
instance.

6.1 Some particular harmonic functions
It is well known and not difficult to verify that

(6.1.1) |2

is harmonic on R™ \ {0} when n > 3. This implies that

(6.1.2) |z —al®>™™

is harmonic on R™ \ {a} for every a € R™ when n > 3.
Similarly, one can check that

(6.1.3) log|z| = (1/2) log|z|?
is harmonic on R? \ {0}. This means that
(6.1.4) log |z — al

is harmonic on R?\ {a} for every a € R?, as before.
If we put z = 21 + i o, then we can express (6.1.3) as

(6.1.5) (1/2) log |2|*.

Let /02 and /0% be the differential operators defined in Section 2.2. Observe
that

Lo
2|z|? 0z

Lo
22| 0z

(%) =

(6.1.6) 1/2) log|z|?) = (22) =

0
7, ((

98
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when z # 0.
It is well known and not difficult to check that
0 /1
(6.1.7) = (2) =0

for z # 0, which is to say that 1/z is holomorphic for z # 0. It follows that
(6.1.3) is harmonic on R?\ {0}, as in Section 2.2.
If n>3and 1 < j <n, then

9 2—n _ 9 2\(2—n)/2
gz, () = ()
(6.1.8) = ((2=n)/2) (Jz|*)(E=m/2—1 (2%):(2_”)‘%‘71

on R™\ {0}. Similarly,

i

(6.1.9) a?cj(logﬂ) aa ((1/2) log|a]?) = (1/2) 2|7 (2a;) = EE

0z
on R?\ {0} for j = 1,2, which is basically the same as (6.1.6). Note that these
are harmonic functions too.

6.2 The mean-value property

Let n > 2 be an integer, and let V' be a nonempty bounded open subset of
R™ with reasonably smooth boundary. It is convenient to use |V| for the n-
dimensional volume of V', and |0V| for the (n — 1)-dimensional surface area of
ov.

In particular, if @ € R™ and r > 0, then |B(a,r)| denotes the volume of
B(a,r), and |0B(a,r)| denotes the surface area of 9B(a,r). Note that

(6.2.1) |B(a,r)| = r"|B(0,1)|
and
(6.2.2) |0B(a,r)| = r"~1|0B(0,1)|.

Let U be a nonempty open subset of R", and let u be a twice continuously-
differentiable real or complex-valued function on U that is harmonic on U. Also
let a € U and r > 0 be given, with

(6.2.3) B(a,r) CU.
Under these conditions, it is well known that

1
6.2.4 ua) = m—— u(y') dy'.
( ) ( ) ‘83(0,77“) dB(a,r) ( )
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To see this, it suffices to show that

1 ! ! ]' / / /
_ u(y)dy = m5—— u(y') dy
Bt Josan ™Y = 0B@n] Jopan ")

when 0 < t < r. Indeed, one can check that

(6.2.5)

(6.2.6) lim —— uw(y')dy' = u(a),

t—=0+ [0B(a,t)| Joap(a.n

because u is continuous at a. This permits one to obtain (6.2.4) from (6.2.5).
Note that

(6.2.7) / (D)) dy' =0,
dB(a,r)

where v(y’) is the outward-pointing unit normal to dB(a,r) at a point ¢y’ in
0B(a,r). This follows from (3.5.4), with V' = B(a,r). Similarly,

(6.2.8) / (Dyyyu)(y) dy =0,
OB(a,t)

where v(y') is the outward-pointing unit normal to 9B(a,t) at a point y’ in
0B(a,t).
To get (6.2.5), consider

(6.2.9) V = B(a,r) \ B(a,t),
which is a nonempty bounded open subset of R™. Observe that
(6.2.10) oV = (0B(a,r)) U (0B(a,t)).

The outward-pointing unit normal to 0V is the same as the outward-pointing
unit normal to dB(a,r) at points in dB(a,r), and it is —1 times the outward-
pointing unit normal to 9B(a,t) at points in 0B(a, ).

Put
(6.2.11) v(z) = |z —a*"

on R™\ {a} when n > 3, and
(6.2.12) v(z) = log |z — al

on R?\ {a} when n = 2. In both cases, v(z) is harmonic on R™\ {a}, as in the
previous section.

We would like to use (3.9.1) in this case. The left side of that equation is
equal to 0, because u and v are harmonic on V. One can check that the part
of the right side of the equation involving the normal derivative of u is equal to
0, because of (6.2.7) and (6.2.8). This also uses the fact that v is constant on
0B(a,r) and 0B(a,t).

It follows that the part of the right side of the equation involving the normal
derivative of v is equal to 0. One can use this to get (6.2.5), as desired.
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Alternatively,

1

1
6.2.13 7/ u(y') dy' =
( ) 10B(a,t)| JoB(a) @) 10B(0,1)] 8B(0,1)

when 0 < t < r. The derivative of the right side in ¢ is equal to

n

1 U
—(a+t2) 2 d
|5B( 1) 2B(0,1) ; Ox; !

_ 1 - @ N =11 . ’

= @] S 2 9, i)
1

= 10B(a,t)| aB( t(Du(y/)u)(yl)dy,’

(6.2.14)

u(a+t2")d2

101

where v(y’) is the outward-pointing unit normal to 0B(a,t) at v’ € 0B(a,t)
again. More precisely, one can verify that differentiation under the integral sign
is permitted here, using the continuous differentiability of . If u is harmonic
on U, then the right side of (6.2.14) is equal to 0, as in (6.2.8). This implies
that the right side of (6.2.13) is constant for 0 < ¢ < r, so that (6.2.5) holds.

6.3 More on mean values

Let n be a positive integer, let U be a nonempty open subset of R™, and let u
be a continuous real or complex-valued function on U. Let us say that u has the
mean-value property on U if for every a € U and r > 0 such that B(a,r) C U,

we have that (6.2.4) holds. Equivalently, this means that
(6.3.1) / u(y')dy' = 10B(a,r)|u(a) = r"~|0B(0,1)| u(a).
9B (a,r)
In this case, we get that
(6.3.2) / u(z) dx = |B(a,r)|u(a) = r" |B(0, 1)| u(a),
B(a,r)

by integrating in r. Of course, this is the same as saying that

1

(6.3.3) U= B S

u(x) dx.

Conversely, one can get (6.3.1) from (6.3.2), by differentiating in r.
One can check that

(6.3.4) / (y; —a;)dy’ = / (j —a;)dz =0
dB(a,r) B(a,t)
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for every a € R™, r > 0, and j = 1,...,n. Similarly,

(6.3.5) / () — a5) (] — ar) dyf = / (2; — aj) (21 — a1) dz = 0
9B(a,t) B(a,t)

when j # [. We also have that

(6.3.6) / (v —a;)*dy’ = / (v — ) dy
dB(a,r)

dB(a,r)
and
(6.3.7) / (zj —aj)*de = / (z; — a;)? dx
B(a,r) B(a,r)
for every j,I = 1,...,n. One can use these remarks to show directly that a

polynomial on R™ of degree less than or equal to 2 satisfies the mean value
property if and only if it is harmonic.

If w is twice continuously differentiable on U, and u has the mean-value
property on U, then u is harmonic on U. This can be seen using the Taylor
approximation to w at a point a € U of degree 2, to estimate the difference
between the average of u on balls or spheres centered at a with small radius and
u(a).

Alternatively, the mean-value property implies that the right side of (6.2.14)
is 0 when B(a,t) C U. This means that

(6.3.9) /B L, (B0 =0

because of (3.5.3). One can use this to get that (Au)(a) = 0.

6.4 Mean values and smoothness

Let n be a positive integer, and let U be a nonempty open subset of R™. Also
let u be a continuous real or complex-valued function on U with the mean-value
property. Let r > 0 be given, and let ¢ be a continuous real-valued function
on R" supported in B(0,7). Suppose too that ¢ is a radial function on R", so
that ¢(x) depends only on |z|.

Let a € U be given, and suppose that B(a,r) C U. If 0 <t < r, then

eay [ e —aa = ([ ot o)) e

This uses the mean-value property of u, and the fact that ¢(y’ — a) is constant
as a function of 3’ on dB(a,t), because ¢ is radial on R™. Tt follows that

(6.4.2) /8 oy M9 ey = /8 o S8 @)
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We can integrate over t to get that
(6.4.3) / u(z) ¢z — a) do = ( / d(w) dw) u(a).
B(a,t) B(0,r)

If
6.4.4 dw =1
(6.4.4) /B o P =1,

then we get that
(6.4.5) / u(z) p(xz — a) der = u(a).
B(a,r)

Of course, we can get (6.4.4) by dividing ¢ by its integral over B(0,r), as long
as the integral is not zero. It is easy to see that the integral is positive when ¢
is nonnegative and not equal to 0 at every point in B(0, 7).

Remember that B(a,r) C U implies that

(6.4.6) B(a,r+¢) CU
for some € > 0, as in Section 1.13. If b € R™ and |a — b| < e, then it follows that
(6.4.7) B(b,r) C B(a,7+¢) CU,

using the triangle inequality in the first step. This means that
(6.4.8) u(b) = / () (e — b) da,

B(b,r)
as before. This can also be expressed as

(6.4.9) u(b):/B( IRCLCOL

because ¢ is supported in B(0, 7).

Suppose that ¢ is a smooth function on R"™ too, which can be arranged
by taking a suitable smooth function of |z|2. Under these conditions, one can
differentiate under the integral sign in (6.4.9), to get that w is smooth near a.

One can use this type of argument at every point in U, to get that u is
smooth on U. It follows that u is harmonic on U, as in the previous section.

If w is twice continuously differentiable and harmonic on U, then u has the
mean value property, as in Section 6.2. This implies that u is smooth on U, as
in the preceding paragraph.

6.5 Uniform convergence

Let E be a nonempty set, let { fj}fil be a sequence of real or complex-valued
functions on F, and let f be another real or complex-valued function on E. We
say that {f;}32, converges to f pointwise on E if for every z € E, {f;(v)}32;
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converges to f(z) in the usual sense, as a sequence of real or complex numbers.
We say that {f; 524 converges uniformly to f on E if for every € > 0 there is a
positive integer L such that

(6.5.1) [fi(z) = f(@)] <€

for every z € E and j > L. Uniform convergence on E clearly implies pointwise
convergence on F.

Let n be a positive integer, and suppose now that F is a nonempty subset
of R™. If {f;}52, is a sequence of continuous real or complex-valued functions
on F that converges uniformly to a real or complex-valued function f on F, as
appropriate, then it is well known that f is continuous on E too.

Let U be a nonempty open subset of R", let { f; };";1 be a sequence of real or
complex-valued functions on U, and let f be a real or complex-valued function
on U. We say that {fj};‘;l converges to f uniformly on compact subsets of U
if for every compact subset E of R"™ such that E C U, {f; j=1 converges to
f uniformly on E. Uniform convergence on U implies uniform convergence on
compact subsets of U, and uniform convergence on compact subsets of U implies
pointwise convergence on U.

If {f;}52, is a sequence of continuous real or complex-valued functions on
U that converges to f uniformly on compact subsets of U, then f is continuous
on U as well.

Let {u;}52; be a sequence of harmonic functions on U that converges to
a function v on U, uniformly on compact sets contained in U. This implies
that w is continuous on U, as before. One can use the mean-value property for
u; for each j to get that u has the mean-value property on U too, because of
standard results about uniform convergence and integration. This means that u
is harmonic on U, as in the previous section. One can also show that derivatives
of the u;’s converge to the corresponding derivatives of «, uniformly on compact
subsets of U, by expressing the derivatives in terms of integrals of the functions,
as in the previous section.

6.6 Liouville’s theorem
Let n be a positive integer, and let u be a bounded harmonic function on R™.

Under these conditions, Liouville’s theorem states that u is a constant function
on R”. To see this, let z,y € R™ and r > 0 be given, so that

1 1
ulx) —uly) = ——— uw(w)dw — ——— u(w
=)= Ba] Joen " B Jpn
1
6.6.1 = 7/ u(w) dw
( ) |B(O’1)|’r‘" B(z,r)\B(y,r) ( )

e ),
. u(w) dw
B0, D)7 JBy,m\Bar)
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If r > |z — y|, then one can check that
(6.6.2) B(x,r)\ B(y,7) C B(z,r)\ B(z,r — |z —yl),

and similarly with the roles of x and y interchanged. The n-dimensional volume
of the right side is equal to

|B(x, )| = [B(x,r — e =yl = |BO,(" = (r—|z—y)")
(6.6.3) = |B(0’]_)|Z(_l)"—j+1rj|x_y|n—j7
j=0

and similarly with the roles of z and y interchanged.

If w is bounded on R", then one can use this to check that right side of
(6.6.1) tends to 0 as r — oo. This implies that u(z) = u(y), as desired.

Alternatively, we can use arguments like those in Section 6.4 to estimate
first derivatives of harmonic functions. These estimates will show that bounded
harmonic functions on R™ have all of their first derivatives equal to 0.

Let ¢ be a smooth real-valued radial function on R™ supported on the closed
unit ball B(0,1), and with

(6.6.4) /B(O,l) d(w) dw = 1.
Put
(6.6.5) r(w) =r""o(r T w)

for every w € R™ and r > 0. It is easy to see that ¢, is a smooth real-valued
radial function on R"™ that is supported on B(0,r) and satisfies

(6.6.6) /B(O o) =1

Let U be a nonempty open subset of R", and let u be a real or complex-
valued harmonic function on U. If ¢ € U, r > 0, and B(a,r) C U, then

(6.6.7) u(a) = /B( ) w(z) ¢r(x — a),

asin (6.4.5). If e > 0 is as in (6.4.6), b € R™, and |a — b| < ¢, then we get that

(6.6.8) u(b) = /B(G,H_E) u(z) ¢ (x — b) dz,
as in (6.4.9).

Observe that 5
(6.6.9) 5 (b (w) =771 (9;0) (r ™ w)

8wj
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for each j = 1,...,n. We can differentiate under the integral sign in (6.6.8) to
get that
(6.6.10) (0ju)(a) = —r~ "1 / u(z) (0;0)(r~! (z — a)) dx
B(a,r)

for each j = 1,...,n. This also uses the fact that ;¢ is supported in B(0,1).

If U = R™ and w is bounded on R"™, then one can check that the right side
of (6.6.10) tends to 0 as  — oo. This implies that dju = 0 on R™ for each
j=1,...,n, so that u is constant on R".

6.7 The maximum principle

Let n be a positive integer, let U be a nonempty open subset of R™, and let u
be a continuous real-valued function on U. Suppose that for every a € U there
is an 7 > 0 such that B(a,r) C U and the average of u on B(a,r) is equal to
u(a), as in (6.3.3). In particular, this happens when u is harmonic on U, as in
Section 6.2.

Let A be a real number such that
(6.7.1) u(z) < A

for every € U. Note that

(6.7.2) {z €eU:ux)=A4}

is a relatively closed set in U, because u is continuous on U. Equivalently,
(6.7.3) {z eU:ux) < A}

is an open set.
Suppose that
(6.7.4) u(a) = A

for some a € U. If B(a,r) C U and (6.3.3) holds, then one can verify that
(6.7.5) u(z) = A

for every x € B(a,r).

This shows that (6.7.2) is an open set under these conditions. If (6.7.2) is
nonempty, and U is connected, then it follows that (6.7.2) is equal to U. This
is often called the strong mazimum principle.

Suppose now that U is also bounded, and let u be a continuous real-valued
function on U. As before, we ask that for each a € U there be an r > 0 such
that B(a,r7) C U and (6.3.3) holds. Note that U is a nonempty compact subset
of R™, so that u attains its maximum on U, by the extreme value theorem.

Suppose that u attains its maximum on U at a point @ € U. If V is the
connected component of U that contains a, then it follows that u is constant
on V, as before. More precisely, u is constant on V, by continuity. This implies
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that u attains its maximum on U at a point in OV, which is contained in U,
as in Section 3.3.

Otherwise, if 4 does not attain its maximum on U at a point in U, then
w attains its maximum on U at a point in OU. This means that u attains its
maximum on U at a point in OU in either case, which is another version of the
mazimum principle.

In particular, if
(6.7.6) u(z) = 0 for every z € 9U,

then we get that u(z) < 0 for every x € U. The same argument can be used for
—u, to obtain that
(6.7.7) u(z) = 0 for every x € U.

6.8 A helpful integral formula

Let n > 2 be an integer, and let N(z) be the real-valued function defined on
R™\ {0} by

|x|27n
6.8.1 N h >3
(68.1) ) = e-wpBoy M2
1
= — log|z| when n = 2.
2T

Thus N(x) is harmonic on R™ \ {0}, as in Section 6.1.

Let V be a nonempty bounded open subset of R™ with reasonably smooth
boundary, and let u be a twice continuously-differentiable real or complex-valued
function on V, as in Section 3.4. Also let a € V be given, and suppose that

(6.8.2) B(a,r) CV

for some r > 0. Put
(6.8.3) V, =V \ B(a,r),

which is an open subset of R™. Note that

(6.8.4) V., =V \ B(a,r)
and that
(6.8.5) oV, = (0V) U (0B(a,r)).

We would like to use (3.9.1), with V replaced with V., and v(z) = N(z —a).
This implies that

—/ N(z — a) (Au)(z) dz
Vi

(6.8.6) = /BV (u(y") (Do, )Ny — a) = N(y' = a) (Dy, (,yu)(y')) dy',
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where D, (/) denoted the directional derivative in the direction v,(y’) of the
outward-pointing unit normal to OV, at ¢y’ € dV,.. It follows that

- /V N(z — a) (Au)(x) dz
- /a () (a0 = 0) = Ny’ =) (Dugyy)(6)

(6.8.7) —/@B( )(u(y’) (DN —a) = N(y' — a) (Dunu)(y')) dy,

where v(y') is the outward-pointing unit normal to 9V at y' € 9V, and u(y’) is
the outward-pointing unit normal to dB(a,r) at ¢y’ € 9B(a,r). Of course,

(6.8.8) ve(y) = v(y) wheny €0V
= —u(y') wheny € dB(a,r).

One can check that

1
059 [ uy) Du N -0ty = o [ty ay
OB(a,r) u) |8B((1, T)' OB(a,r)
by expressing the partial derivatives of N as in Section 6.1. This tends to u(a)
as r — 04, because u is continuous at a.

One can also verify that

(6.8.10) lim N(y' —a) (DyHu)(y')dy' = 0.
=0+ JaB(a,r)
This uses the continuous differentiability of u to get that the first derivatives of
u are bounded near a.
This implies that

(6.8.11) Tlira . N(z — a) (Au)(x) dz

- /a (NG =) (Duyyn) () = ) (Do) M’ =)y + u(a).

The left side may be considered as

(6.8.12) /v N(z — a) (Au)(x) dz,

defined as an improper integral, because N(z — a) is unbounded near a. One
can check that
(6.8.13) |N(xz — a)| |[(Au)(z)| dz
Vi

stays bounded as r — 0+, using polar coordinates near a, and the fact that
|(Au)(z)| is bounded near a, because Aw is continuous, by hypothesis. In par-
ticular, (6.8.12) can be defined as a Lebesgue integral.

If w is harmonic on V', then we get that

(6.8.14)  u(a) = /8‘/(14(3/) (Do N)(Y' = a) = N(y' = a) (Dyyyu)(y')) dy'.
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6.9 Poisson’s equation on R”

Let n > 2 be an integer, and let N(z) be as in (6.8.1). If f is a real or
complex-valued function on R", then one might like to define u as a real or
complex-valued function on R"™, as appropriate, by

(6.9.1) w@)= | N@-y)flydy= | N(y)flz—y)dy.

R" R»
If f is a continuous function on R™ with compact support, then the integral
on the right may be considered as an improper integral over a bounded region
for each x € R™. One can use the Lebesgue integral to define u as a locally
integrable function on R™ under suitable integrability conditions on f.

One would like to have
(6.9.2) Au=f

on R™ under suitable conditions, or interpreted in a suitable way. Suppose
that f is twice continuously differentiable on R", with compact support. In
this case, one can show that w is twice continuously differentiable on R™, by
differentiating the second integral in (6.9.1) under the integral sign. One can
also use this to get (6.9.2), by taking V large enough in the previous section so
that the support of f is contained in V. This corresponds to some remarks on
p193 of [10], and to Theorem 1 in Section 2.2.1 b in [29].

Let v be a twice continuously-differentiable real or complex-valued function
on R™ with compact support. Thus

(6.9.3) - N(z —y) (Av)(z) dx = v(y)

for every y € R™, as in the previous section, with V taken large enough to
contain the support of v. Under suitable integrability conditions on f, we have
that

[ uw) @@ — /R ([ = rwdy) (so)ta) de
(6.9.4) - /R n( Nz —y) (Av)(x) do) £ () dy
£y

I
,3\

This means that u satisfies (6.9.2) in the sense of distributions, as in Theorem
2.16 in Section B of Chapter 2 of [32].

If f is continuous on R™, and u is twice continuously differentiable on R,
then one can use (6.9.4) to get that (6.9.2) holds on R™. If f has a bit more
regularity, then one can get that u is twice continuously differentiable under
suitable conditions, as in Theorem 2.17 in Section B of Chapter 2 of [32].

Some topics related to integrals like those in (6.9.1) are discussed in Chapter
5 of [119].
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6.10 The Poisson kernel

Let n > 2 be an integer, and put

I )
6.10.1 ! =
(6.10.1) P ) = B(0,1)] o= wp
for every w’,x € R™ with |w'| = 1 and & # w’. This is the Poisson kernel

associated to the unit ball in R".
Let w’ € R™ with |w’| = 1 be given, and let us check that p(w’, ) is harmonic
as a function of x for z # w’. Observe that

(6.10.2) z|> = |(z—w)+w' P =]z —w'P+2(@x—w) w +|0]?
= |z—w]P+2(x—w) w +1.

Thus

/ _ 1 -1 _ (z_wl) T w

/

The first term on the right is harmonic in z for x # w’, as mentioned in Section
6.1 when n > 3, and trivially when n = 2. The second term on the right can
be expressed in terms of derivatives of harmonic functions in x for z # w’, as
before, which are harmonic too.

Suppose that w', 2’ € R™, [w/| =|2/| =1, r € R, and 0 < r < 1. Tt is easy
to see that
(6.10.4) [ra’ —w'| = |2 —ru'|,

by squaring both sides and expanding using the dot product on R™. This means
that
(6.10.5) p(w',ra’) = pla’,rw').

The mean-value property for harmonic functions implies that

1
p(a’,rw)dw’ = p(x',0) = ———.

1
6.10.6) -
( ) 10B(0, 1) Jop(0,1) [0B(0,1)|

This implies that

(6.10.7) / p(w',ra’)dw' =1,
2B(0,1)
because of (6.10.5).
Note that
(6.10.8) p(w',z) >0

for every w',z € R™ with |w'| =1 and |z| < 1. If 2’ € R", |2/| =1, and 7 is a
positive real number, then one can check that

(6.10.9) p(w',ra’)dw’ — 0

/(33(071))\3(36’,77)



6.11. THE POISSON INTEGRAL 111

as 7 — 1—, uniformly in 2’. More precisely,
(6.10.10) 1= <|w —rad|+|rd|=|w —ra'|+7r

for every r > 0, so that
(6.10.11) l—r<juw —ra|.

This implies that
(6.10.12) Jw' —2'| < |w' —ra2/|+ra’ =2 |=lw—r2|+1—r <20 —ra

when 0 <r < 1.

6.11 The Poisson integral

Let us continue with the same notation and hypotheses as in the previous sec-
tion. Let f be a continuous complex-valued function on the unit sphere 8B7(0, 1).
Consider the complex-valued function u defined on the closed unit ball B(0, 1)
by

(6.11.1) u(z) = /83(0 , fw)p(w',z)dw’  when |z| <1
= f(x) when |z| = 1.

It is not too difficult to show that « is harmonic on B(0, 1), because p(w’, x)
is harmonic in « on B(0, 1) for every w’ € 0B(0,1), as in the previous section.
One way to do this is to use standard results about differentiation under the
integral sign. Another way to do this is to check that w is continuous and
satisfies the mean-value property on B(0,1). This uses the mean-value property
for p(w',z) in z for each w’, and well known results about interchanging the
order of integration.

One can also show that u is continuous on B(0,1). The continuity of u
on B(0,1) is reasonably straightforward, as in the preceding paragraph. If
y € 0B(0,1), then one would like to verify that u is continuous at ¥, as a
function on B(0,1). Equivalently, this means that

(6.11.2) w@) = uwy') = f(y')

as x € B(0,1) tends to y’. More precisely, it suffices to consider only € B(0, 1)
here, because f is continuous on dB(0, 1), by hypothesis.
Note that

(6.11.3) / pw',z)dw' =1
9B(0,1)

for every z € B(0,1), by (6.10.7). This implies that

(6.11.4) u(z) — f(y) :/ pw',x) (f(w') = f(y')) dw’

9B(0,1)
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for every x € B(0,1). It follows that

©115)  ule) = S < [ p(wn) ) - Fl)du
8B(0,1)
for every x € B(0,1), because of (6.10.8).
We would like to get that the right side of (6.11.5) is as small as we like
when z is sufficiently close to y'. If > 0, then the right side of (6.11.5) can be
expressed as the sum of

(6.11.6) / p(w',z) |f(w') = f(y)] dw’
(0B(0,1))NB(y’,n)

and

(6.11.7) / p(w, ) | f(w') — £(5/)| du'.
(0B(0,1)\B(y’,n)

If n is sufficiently small, then
(6.11.8) |f(w') = f(¥)]

is as small as we like when |w' — 3’| < 7, because f is continuous at y’, by
hypothesis. We can use this to get that (6.11.6) is as small as we like, because
of (6.11.3). Let us now fix 7 > 0 in this way.

With 7 fixed, we can get that (6.11.7) is as small as we like when x is suffi-
ciently close to y'. Note that f is bounded on 9B(0, 1), because f is continuous
on 0B(0,1), and 0B(0,1) is compact. If = is sufficiently close to ¥, then |z| is
as close as we like to 1, and z/|z| is as close as we like to y’. We can use this to
get that (6.11.7) is as small as we like, as in (6.10.9).

If v is any continuous complex-valued function on B
on B(0,1) and equal to f on B(0,1), then v = u on B(

(0,1) that is harmonic
0,1), as in Section 6.7.

6.12 Some more integral formulas

Let n be a positive integer, and let N(z) be the real-valued function defined on
R™\ {0} as in Section 6.8. Put

7,27n

la. r = 2
(6.12.1) c 2= n)[0B0, 1] when n > 3

1
= — logr when n = 2
2

for each r > 0, so that N(z) = ¢, when |z| = r. Let a € R™ and r > 0 be given,
and suppose that u is a twice continuously-differentiable real or complex-valued
function on B(a,r), as in Section 3.4.

Let 0 < t < r be given, and put

(6.12.2) V = B(a,r)\ B(a,t).
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If y € OV = (0B)(a,r)) U (0B)(a,t)), then let v(y") be the outward pointing
unit normal to V at ', as usual. We would like to use (3.9.1), with

(6.12.3) v(z) = N(z —a) — ¢,.
This implies that

6.124) - /V o(z) (Au)(z) do

= /(U(y’)(Dmyf)v)(y’)—v(y’)(Dy(yf>u)(y'))dy’~
oV

If p> 0 and y' € dB(a,p), then put

(6.12.5) o) =p' (¢ — ),
which is the outward-pointing unit normal to 0B(a, p) at y’. Thus
(6.12.6) v(y) = w-(y) wheny' € 0B(a,r)

= —u(y’) wheny' € 9B(a,t).
Using this and (6.12.4), we get that

—/ v(z) (Au)(x) dx

v

= [ ) D))
dB(a,r)

(6127) - /8 e 0 Pactr) ) = o0) (D))

because v = 0 on dB(a,r), by construction.
It follows from this and (6.12.3) that

/ (¢, — N(z — a)) (Au)(z) dzx
%

1
6.12.8 P — u(y’ dy’—i/ u(y) dy’
C128) = 5B Josan " “Y T BB@H Jysey Y

Heme) [ (D))
OB(a,t)
using also (6.8.9) and its analogue for 0B(a,t). Remember that

(6.12.9) / (Dy,yw) (') dy' = / (Au)(x) dz,
dB(a,t) B(a,t)

as in Section 3.5. Using this, we can reexpress (6.12.8) as

/ min(¢, — N(z — a), ¢, — ¢p) (Au)(z) do
B(a,r)

1 1
6.12.10) = ———— u(y’ dylfi/ u(y') dy'.
C1210 = BB Jopan " Y T 0B@O] o "
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We can take the limit as ¢ — 0+ on both sides of (6.12.8) or (6.12.10) to get
that

(6.12.11) /B( )(cr — N(z —a)) (Au)(z) dx

1
|6B(a’ T)' dB(a,r)
as in Section 6.8. More precisely, the left side of the equation should be consid-

ered as an improper integral, or a Lebesgue integral, as before.
Alternatively, if 0 < p < r, then

d 1

dp (W 9B(a,p)
1

|8B(aap)| dB(a,p)

u(y') dy' — u(a),

(6.12.12) u(y') dy’)

(Dup(y’)u) (y/) dy'7

as in Section 6.2. This means that

i(#
d/) ‘83((1? p)| 9B(a,p)

1
= [0B(ap) /Bm,p)(m‘)(“’) 4z,

by (6.12.9). One can get (6.12.10) by integrating both sides of (6.12.13) in p from
t to r. This also involves interchanging the order of integration on the right side.
In some cases, we may be particularly interested simply in the nonnegativity of
some of these integrals of Au when Au > 0, as in the next section.

(6.12.13) u(y') dy’)

6.13 Subharmonic functions

Let n be a positive integer, and let U be a nonempty open subset of R™. A twice
continuously-differentiable real-valued function w on U is said to be subharmonic
if
(6.13.1) Au>0
on U. Equivalently, © may be considered as a subsolution of the Laplace equation
in this case. If n = 1, then this corresponds to convexity of u.

Let a € U and r > 0 be given, with B(a,r) C U. If u is subharmonic on U,
then it is well known that

1
6.13.2 ula) < ——
(6.13.2) @< BGB@n] Jopn

This can be obtained from suitable integral formulas, as in the previous section.
One can use this to get that

u(y') dy'.

(6.13.3) w(a) < —

<1 [ @
|B<a7T)| B(a,r)
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as before. Conditions like these may be used to extend the notion of subhar-
monicity to functions with less regularity.

Suppose that u is a continuous real-valued function on U, and that there is
a real number A such that
(6.13.4) u(z) < A

for every x € U. Suppose also for the moment that
(6.13.5) u(a) = A

for some a € U, and that (6.13.3) holds for some r > 0 such that B(a,r) C U.
Under these conditions, one can check that

(6.13.6) u(z) = A

for every x € B(a,r). More precisely, A — u(z) > 0 for every z € U, and

(6.13.7) /B( )(A —u(z))dx <0,

because of (6.13.3) and (6.13.5).

Suppose now that for every a € U there is an r > 0 such that B(a,r) C U
and (6.13.3) holds. This implies that the set of z € U such that (6.13.6) holds is
an open set, as in the preceding paragraph. This set is relatively closed in U as
well, because w is continuous on U. If this set is nonempty, and U is connected,
then this set is equal to U, so that

(6.13.8) u=AonU.

This is another version of the strong maximum principle.

Suppose that U is bounded, and that w is a continuous real-valued function
on U such that for every a € U there is an r > 0 with B(a,r) C U and for which
(6.13.3) holds. The extreme value theorem implies that u attains its maximum
on U. In fact, the maximum of v on U is attained as a point in OU, as in Section
6.7. More precisely, this uses the remarks in the previous paragraph too. This
is another version of the maximum priciple.

6.14 Another approach to local maxima

Let n be a positive integer, let U be a nonempty open subset of R”, and let
u be a twice continuously-differentiable real-valued function on U. If u has
a local maximum at a point a € U, then a is a critical point of U, and the
second derivatives of u at a in any direction are less than or equal to 0, by the
second-derivative test. In particular, this means that

(6.14.1) (Au)(a) < 0.

If
(6.14.2) (Au)(x) >0
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for every x € U, then it follows that u has no local maxima in U.

Suppose from now on in this section that U is bounded, and that w is a
continuous real-valued function on U that is twice continuously differentiable
on U. The extreme value theorem implies that u attains its maximum on U.
If (6.14.2) holds at every point in U, then the maximum of u on U cannot be
attained at a point in U, as in the preceding paragraph. This implies that the
maximum of u on U is attained at a point in OU.

Suppose that u is subharmonic on U, so that Au > 0 on U. Let € > 0 be
given, and put
(6.14.3) ve() = u(z) + € |z|?

for every € U. Note that v, is continuous on U, twice continuously differen-
tiable on U, and that
(6.14.4) (Ave)(xz) >2ne>0

for every = € U. It follows that the maximum of v, on U is attained at a point
in QU, as in the previous paragraph.

Of course, U is bounded in R”, because U is bounded, so that there is a
nonnegative real number R such that

(6.14.5) 2] <R

for every x € U. This means that

(6.14.6) ve(x) < u(z) + e R?
for every x € U. It follows that

14. = < ?
(6.14.7) rileag ve () max ve(z) < max u(z) + € R,

using the remarks in the previous paragraph in the first step. This implies that

(6.14.8) max u(r) < max u(z) + € R?,
€U z€edU

because u < v, on U, by construction. Thus

6.14.9 <
( ) r;lgﬂ(w) < max u(z),

because € > 0 is arbitrary.

This is the same as saying that the maximum of u on U is attained at a
point in QU. This is another approach to the maximum principle under these
conditions.

6.15 Positive harmonic functions

Let n be a positive integer, and suppose for the moment that u is a positive
real-valued harmonic function on R™. Another version of Liouville’s theorem
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states that u has to be constant on R™. This can be shown in a way that is
somewhat analogous to the first proof in Section 6.6, with some adjustments.
This is Theorem 3.1 on p45 of [10].

Now let u be a positive harmonic function on a nonempty open subset U of
R™. Suppose that x,y € U and r > 0 satisfy

(6.15.1) e —y| <r
and -
(6.15.2) B(z,27) C U.

It is easy to see that - .
(6.15.3) B(y,r) C B(z,2r),

using (6.15.1) and the triangle inequality. It follows that

1 1
uwy) = ——— w(2)dz < —m— / u(z) dz
( ) |B(y,7’)‘ B(y,r) ( ) ‘B(y,’f')| B(z,2T) ( )
27l

6.15.4 = — w(z)dz = 2" u(x).
(6:154) B2 Jsan " )

Similarly, if (6.15.1) holds and

(6.15.5) B(y,2r) CU,
then

(6.15.6) u(z) < 2" u(y).
Note that o o
(6.15.7) B(y,2r) C B(x,37),

by (6.15.1) and the triangle inequality again. If

(6.15.8) B(z,3r) C U,

then (6.15.7) implies (6.15.5).

Suppose that U is connected, and that K is compact subset of R™ that is
contained in U. In this case, it is well known that there is a real number C > 1
such that
(6.15.9) C () < u(y) < Culx)

for every x,y € K. More precisely, this constant C' does not depend on u. This
is Harnack’s inequality, as in Theorem 3.6 on p48 of [10], and Theorem 11 in
Section 2.2.3 f of [29].

One can get more precise estimates on balls using the Poisson integral for-
mula, as in 3.4, 3.5 on p47f of [10].



Chapter 7

The heat equation

7.1 Some basic solutions

Let n be a positive integer, and let us identify R™ x R with R"*!, as usual. Let
U be a nonempty open subset of R x R, and let u be a twice continuously-
differentiable real or complex-valued function on U. We shall use Au = A u to
refer to the Laplacian of u(x,t) as a function of x, with ¢ fixed.

We say that u(x,t) satisfies the heat equation on U if

ou " 9%y
j=1 "

on U. One may also consider continuously-differentiable functions u(x,t) on U
whose second derivatives in x exist and are continuous on U.

Let V be a nonempty open subset of R™, and let v be a twice continuously-
differentiable real or complex-valued function on V. Thus W =V x R is an
open set in R™ x R, and
(7.1.2) w(z,t) = v(x)

is twice continuously-differentiable on W. Clearly w satisfies the heat equation
on W if and only if v is harmonic on V.
Let a € C and b € C™ be given, and put

(7.1.3) u(z,t) =exp(at+b-x)

for every x € R™ and t € R. This satisfies the heat equation on R™ x R if and
only if
(7.1.4) a=b-b.

If b € R", then it follows that a > 0. If b = ic for some ¢ € R, then (7.1.4)
implies that
(7.1.5) a=—c-c<0.

118
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Put
(7.1.6) K(z,t) = (4 t) ™2 exp(—|z|?/(41))

for x € R™ and ¢ > 0. One can check directly that this satisfies the heat
equation on R™ x R. This is known as the Gauss—Weierstrass or heat kernel,
as in Section A of Chapter 4 of [32] and p8 of [125]. This is also discussed in
Section 2.3.1 a of [29].

With this normalization, we have that

(7.1.7) K(z,t)de =1
R'IL

for every t > 0. The integral on the left may be considered as an improper
integral or as a Lebesgue integral, and this will be discussed in the next two
sections.

Put
(7.1.8) K(z,t)=0
when ¢ = 0 and = # 0, and for every x € R™ when ¢ < 0. This together with
(7.1.6) defines K(xz,t) on (R™ x R) \ {(0,0)}. One can verify that K(z,t) is
smooth on this set, and satisfies the heat equation there, as in Section 2.3.1 b
of [29], and Section A of Chapter 4 of [32].

Of course, the heat equation is invariant under translations. In particular,
if y € R® and r € R, then
(7.1.9) K(x —y,t—r)

is smooth as a function of (z,t) on (R™ x R) \ {(y,7)}, and satisfies the heat
equation there.

Note that
(7.1.10) (—t)7"/% exp(—|a|?/(4t))

satisfies the heat equation on R™ x (—00,0), for the same reasons as before. If
y € R™ and r € R, then it follows that

(7.1.11) (r=t)7"2 exp(|lz — yI?/(4(r — 1))

satisfies the heat equation as a function of (z,t) on R™ x (—o0,r).

7.2 Integrable continuous functions

Let f be a nonnegative real-valued continuous function on the real line. If a, b
are real numbers with a < b, then

b
(7.2.1) / f(z)dx

is defined as a Riemann integral, and is a nonnegative real number. Let us say
that f is integrable on R if the integrals (7.2.1) are bounded. In this case,

(7.2.2) /_O:Of(x)dx:/Rf(x)dx
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may be defined as the supremum of the integrals in (7.2.1) over all a,b € R with
a < b. This could also be considered as an improper integral, which is obtained
by taking a suitable limit of (7.2.1) as a — —o0 and b — oo.

One could also use the Lebesgue integral to define (7.2.2) as a nonnegative
extended real number for any nonnegative continuous function on R. Integra-
bility of f in the sense considered in the preceding paragraph is the same as
the finiteness of (7.2.2) as a Lebesgue integral, which implies that f is Lebesgue
integrable on R.

If f is a real-valued continuous function on R, then

(723) f+ = maX(f7 0)7 f— = ma’X(ifa 0)
are nonnegative continuous functions on R such that
(7.2.4) F=fe—fo 1fl=Fa+ o

Let us say that f is integrable on R if | f]| is integrable as a nonnegative contin-
uous function on R, which happens if and only if f; and f_ are integrable as
nonnegative continuous functions on R. This permits us to define the integral
(7.2.2) as the difference of the integrals of f and f_ on R. This could also be
considered as an improper integral, as before. This is the same as the Lebesgue
integral of f on R as well.

Similarly, a complex-valued continuous function f on R is said to be inte-
grable on R if | f| is integrable as a nonnegative real-vaued continuous function
on R. This happens if and only if the real and imaginary parts of f are in-
tegrable as real-valued continuous functions on R, and the real and imaginary
parts of the integral (7.2.2) are defined as the integrals of the real and imaginary
parts of f on R. This could be considered as an improper integral too, and it
is the same as the Lebesgue integral of f on R.

There are analogous notions on R™ for any positive integer n. If f is a
nonnegative real-valued continuous function on R"™, then the integrability of f
on R™ can be defined in terms of the boundedness of the integrals of f over
any reasonable family of balls, cubes, or other regions that exhaust R"™, and the
integral of f on R™ can be defined as the supremum of these integrals. If f is
a real or complex-valued continuous function on R™, then the integrability of
f is defined to mean that |f| is integrable, and this can be used to define the
integral of f on R™ as before. This implies that f is Lebesgue integrable on
R”, and the integral of f on R"™ is the same as the Lebesgue integral.

7.3 Some examples of integrable functions
Let n be a positive integer, and let a be a positive real number. Note that

(7.3.1) min(1, 2|~%)

is continuous on R"™, which is interpreted as being equal to 1 at x = 0. One can
check that this function is integrable on R™ exactly when a > n.
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It is easy to see that exp(—|x|?) is integrable on R™. It is well known that

(7.3.2) / exp(—|z|?) dz = ="/2.
Rn

More precisely, the n = 2 case can be obtained using polar coordinates. The
2-dimensional integral is the same as the square of the one-dimensional integral,
which can be used to get the n = 1 case. Similarly, the n-dimensional integral
is equal to the nth power of the one-dimensional integral.

If a is a positive real number again, then exp(—a |x|?) is integrable on R™.
One can check that

(7.3.3) / exp(—a|z|?) dz = (7/a)"/?,

using a change of variables.
If b € R™, then it is easy to see that

(7.3.4) exp(—alz|* +b-x)
is integrable on R™. Observe that
(7.35)  exp(—alz|* +b-x) =exp(—alz — (2a)7*b)* + (4a) " |b]?)

for every x € R™. It follows that
(7.3.6) / exp(—a|z> +b-x)dex = (r/a)"? exp((4a)~" b]?),
RTL

using (7.3.3) and a change of variables.
In fact, (7.3.4) is integrable on R™ when b € C™. It is well known that

(7.3.7) / ) exp(—a|z> +b-z)de = (7/a)"? exp((4a)"1 b-b)

for every b € C™, which is the same as (7.3.6) when b € R™. One can first reduce
to the case where n = 1, because the left side is the same as the product of n
analogous integrals over R. If n = 1, then both sides of (7.3.7) are holomorphic
functions of b € C. This permits one to reduce to the case where b € R, using
standard results in complex analysis.

Alternatively, one can use the fact that

(7.3.8) exp(—az? +bz) = exp(—a(z — (b/(2a)))* + b*/(4a))

is a holomorphic function of z € C. One can reduce to the case where b € R
again, using Cauchy’s theorem to make a suitable change of contour.

As another approach, one can reduce to the case where b is purely imaginary,
using a change of variables in xz, as before. This corresponds to a Fourier
transform, as on pl05f of [76], and Theorem 1.4 on p138 of [121].
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7.4 Some integral solutions

Let n be a positive integer, and let f be a continuous real or complex-valued
function on R™. If z € R™ and ¢ > 0, then we would like to put

(74.1) u(z,t) K(x—y,t) f(y)dy

R

[ amt) " expl-lo o/ (40) £0) d

This is called the Gauss—Weierstrass integral of f. The integral on the right is
defined as long as

(7.4.2) exp(—|z —y*/(41) f(y)

is integrable as a function of y on R"™, as in Section 7.2. Equivalently, this means
that

(7.4.3) exp((2z -y — [yl*)/(41)) | f ()]

is integrable as a function of y on R™.
Let 7 be a positive real number, and suppose that there is a nonnegative
real number C(7) such that

(7.4.4) [f()l < C(7) exp(ly|*/(47))

for every y € R". If 0 < ¢t < 7 and € R", then it follows that (7.4.3) is
integrable as a function of y on R™. Thus u(x,t) can be defined as in (7.4.1) in
this case.

One can differentiate under the integral sign, to show that u(z,t) is smooth
on R™ x (0,7) under these conditions. In particular, one can check that any
number of derivatives of (7.4.2) in = and t is integrable as a function of y on
R™ when 0 < t < 7, because of (7.4.4). We also get that u(z,t) satisfies the
heat equation on R™ x (0, 7), because K (x — y,t) satisfies the heat equation as
a function of (z,t) for every y € R™.

Ifx,ze R" and 0 < t < 7, then

(7.4.5) u(z,t) - fz) = - K(z —y,t) (f(y) — f(2)) dy,
because of (7.1.7). This implies that

(7.4.6) u(z, t) — f(z)] < - K(z —y,t)|f(y) — f(2)] dy,
because K (z — y,t) > 0. One can use this to show that

(7.4.7) u(z,t) — f(2)

as (z,t) — (2,0) in R™ x R. This means that u(z,t) extends continuously to
t > 0, by taking it to be equal to f(x) when ¢ = 0. Properties like these are
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mentioned in Theorem 1 in Section 2.3.1 b of [29], and Theorem 4.3 in Section
A of Chapter 4 of [32].
A related convergence property is that

(7.4.8) u(z,t) = f(x)

uniformly on bounded subsets of R™ as ¢t — 0. This can be obtained using the
uniform continuity of f on compact subsets of R™. The previous convergence
property can be obtained from this one and the continuity of f on R™. This
convergence property could also be obtained from the continuous extension of
u(x,t) to t > 0, and the uniform continuity of this extension on compact sets.

Suppose now that for every 7 > 0 there is a nonnegative real number C(7)
such that (7.4.4) holds. This implies that u(z,t) can be defined as in (7.4.1) for
every x € R™ and t > 0.

Of course, this condition holds when f is bounded on R™. This condition
also holds when f is the exponential of a linear function on R".

7.5 Some related integrability conditions

Let n be a positive integer, and let f be a continuous real or complex-valued
function on R™. Also let 71 be a positive real number, and suppose that

(7.5.1) exp(—y*/(4)) |f ()|

is integrable on R™, as in Section 7.2. This implies that (7.4.3) is integrable as
a function of y on R™ when 0 < t < 7y and € R™. This means that u(z,t)
can be defined as in (7.4.1) under these conditions.

If f satisfies (7.4.4) for some 7 > 0, then it is easy to see that (7.5.1) is
integrable on R™ for 0 < 7y < 7. If (7.5.1) is integrable on R™ for some 71 > 0,
then u(x,t) satisfies the same properties on R™ x (0,71) as mentioned in the
previous section when (7.4.4) holds.

If (7.5.1) is integrable on R" for every 71 > 0, then u(x,t) can be defined as
in (7.4.1) for every x € R™ and t > 0. In particular, this holds when for every
7 > 0 there is a C(7) > 0 such that (7.4.4) holds. Of course, if f is integrable
on R”, then (7.5.1) is integrable on R™ for every 71 > 0.

If one is familiar with Lebesgue integrals, then one may consider real or
complex-valued Lebesgue measurable functions f on R™. The integral on the
right side of (7.4.1) can be defined as a Lebesgue integral when (7.4.2) is
Lebesgue integrable as a function of y on R™. This is equivalent to the Lebesgue
integrability of (7.4.3) as a function of y on R™, as before. Note that this implies
that f is locally integrable with respect to Lebesgue measure on R".

If (7.5.1) is Lebesgue integrable on R™ for some 7, > 0, then (7.4.3) is
Lebesgue integrable as a function of ¥y on R™ when 0 <t < 71 and x € R", as
before. This implies that u(x,t) can be defined as in (7.4.1) on R™ x (0, 71). One
can differentiate under the integral sign under these conditions too, to get that
u(z,t) is smooth on R™ x (0, 7). Note that any number of derivatives of (7.4.2)
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in x and ¢ is Lebesgue integrable as a function of y on R™ when 0 < ¢t < 7,
because of the Lebesgue integrability of (7.5.1) on R™. We also have that u(x,t)
satisfies the heat equation on R™ x (0,7), as before.

However, the convergence of u(x,t) to f(x) as t — 0+ is more complicated
in this case. Some results along these lines are mentioned in Theorem 4.3 in
Section A of Chapter 4 of [32], and Theorems 1.18 and 1.25 on pl0, 13 of [125].

There are continuity and convergence results like those mentioned in the
previous section at points where f is continuous. One can also use Riemann
integrals on suitable regions in R”, and corresponding improper integrals on
R”, to deal with some types of functions that may not be continuous, instead
of Lebesgue integrals.

7.6 Translations and integrability

Let n be a positive integer, and let f be a continuous real or complex-valued
function on R”. If a € R", then

(7.6.1) fa(z) = f(x — a)

is a continuous function on R™ as well. Note that f is integrable on R" if and
only if f, is integrable on R", in which case

(7.6.2) folz)de = f(z) dx.
R" R"

Of course, this also holds with |f| in place of f, so that

(763) | @lde = [ i) da.
Let x € R™ and t > 0 be given. Observe that
(7.6.4) exp(—|z —yl*/(41)) f(y — a)
= exp(—|(z —a) — (y —a)|?/(41)) f(y — a)

is the same as
(7.6.5) exp(—|(z — a) — y[>/(41)) f(y)

with y replaced by y — a. Thus (7.6.4) is integrable on R™ if and only if (7.6.5)
is integrable on R", as in the preceding paragraph. In this case, we get that

(7.6.6) u(r—a,t)= /n(47f £)7"? exp(—|z — y?/(41)) f(y — a) dy,

where the left side is defined as in (7.4.1).
Note that

(7.6.7) exp(=[y*/(41) £ (y — a)|
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is integrable on R™ if and only if

(7.6.8) exp(—y + al?/(48)) |f (v)

is integrable on R™. This is equivalent to the integrability of

(7.6.9) exp((=2a-y — |yI*)/(4)) |f ()

If (7.5.1) is integrable on R™ for some 73 > 0, then (7.6.9) is integrable on
R™ when 0 < ¢t < 7y, as in the previous section. This means that (7.6.7) is
integrable on R™ when 0 < ¢t < 77. Of course, there are analogous statements
for Lebesgue measurable functions f using Lebesgue integrability.

Similarly, (7.6.7) is bounded on R™ if and only if (7.6.8) is bounded on R",
which is equivalent to the boundedness of (7.6.9) on R™. Suppose that

(7.6.10) exp(—ly*/(47)) | f(y)]

is bounded on R™ for some 7 > 0, which is the same as saying that (7.4.4) holds
for some C(7) > 0. If 0 < ¢t < 7, then it follows that (7.6.9) is bounded on R™,
so that (7.6.7) is bounded on R™.

Let 0 < 79 < +00 be given. Consider the condition that (7.5.1) be integrable
on R" for every positive real number 7 < 7. This implies that f, satisfies the
analogous condition, by the earlier remarks. Similarly, consider the condition
that (7.6.10) be bounded on R™ for every 0 < 7 < 7. This implies that f,
satisfies the analogous condition, as in the preceding paragraph.

7.7 Some properties of these solutions

Let n be a positive integer, and let f be a continuous real or complex-valued
function on R™. Also let z € R™ and t > 0 be given, and suppose for the
moment that (7.4.2) or equivalently (7.4.3) is integrable as a function of y on
R™. Thus u(x,t) may be defined as in (7.4.1), and we have that

@) ] < [ K@yl

[ am )2 expl—fo — yP2/(40) | dy.

This also works when f is Lebesgue measurable on R", and (7.4.2) or equiva-
lently (7.4.3) is Lebesgue integrable as a function of y on R".

Of course, if f is real-valued on R", then u(x,t) € R. If f is also nonnegative
on R"™, then
(7.7.2) u(z,t) > 0.

Similarly, if f(y) > a for some a € R and every y € R", then

(7.7.3) u(z,t) > a,
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because of (7.1.7). If f(y) < b for some b € R and every y € R™ then
(7.7.4) u(z,t) <0,

for basically the same reasons.

If f is a bounded continuous complex-valued function on R", then u(z,t) is
defined for every x € R™ and ¢ > 0, as in Section 7.4. More precisely, suppose
that

(7.7.5) lfy)l<C
for some C' > 0 and every y € R™. This implies that

(7.7.6) lu(z,t)] < C

for every x € R™ and ¢ > 0, because of (7.1.7) and (7.7.1). This works when f
is a bounded Lebesgue measurable function on R™ as well. If f is a constant
on R™, then u(z,t) is equal to the same constant for every z € R™ and ¢ > 0.

Suppose now that f is a real or complex-valued function on R™ that is
continuous and integrable, or simply Lebesgue integrable. This implies that
u(z,t) may be defined as in (7.4.1) for every x € R™ and ¢ > 0. In this case,
u(z,t) is integrable as a function of = on R™ for every ¢ > 0, with

(177) | unids< [ il

This can be obtained from (7.7.1) by interchanging the order of integration and
using (7.1.7). Similarly,

(7.7.8) / u(x,t) de = - fy)dy

for every t > 0.
One can also show that

(7.7.9) tgr&_ - lu(z,t) — f(x)| dx = 0.

This corresponds to taking p = 1 in Theorem 4.3 in Section A of Chapter 4 of
[32], and Theorem 1.18 on pl0 of [125]. This is simpler when f is a continuous
function on R™ with compact support. Otherwise, one can approximate f by
such functions.

7.8 Parabolic boundaries and maxima

Let n be a positive integer, let V' be a nonempty bounded open subset of R™,
and let T be a positive real number. Thus

(7.8.1) U=Vx(0,T)
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is a bounded open subset of R™ x R, which we identify with R"*!, as usual.
The closure U of U in R™ x R is given by

(7.8.2) U=V x[0,T],

where V is the closure of V in R"™. The boundary U of U in R" x R is given
by

(7.8.3) oU = (Vx{0Hu((oV) x [0, T)) U (V x {T}),
where OV is the boundary of V' in R"™.

Note that
(7.8.4) (V x {0}H)u((oV) x [0,T))

is a closed set in R™ x R that is contained in 0U. This may be called the
parabolic boundary of U, as in Section 2.3.2 of [29], although the term is used
slightly differently there. This is the same as

(7.8.5) (V x {0}) U ((0V) x [0,T)),

because (V') x {0} is contained in the second part of the union.

Let u be a continuous real-valued function on U, and suppose that u is
continuously differentiable on U, and that the second derivatives of u(x,t) in x
exist and are continuous on U. Remember that u attains its maximum on U,
by the extreme value theorem. If u satisfies the heat equation on U, then it is
well known that the maximum of v on U is attained on the parabolic boundary
of U. This is the mazximum principle for the heat equation, as in Theorem 4.10
in Section B of Chapter 4 of [32].

This corresponds to part (i) of Theorem 4 in Section 2.3.3 a of [29]. Part (ii)
of that theorem is a version of the strong maximum principle for the heat equa-
tion. The proof uses a mean-value property for the heat equation in Theorem
3 of Section 2.3.2 of [29]. A more direct approach to the first part is indicated
in Problem 16 in Section 2.5 of [29], which is similar to the argument in [32],
that we shall follow here. This version of the maximum principle also works for
subsolutions of the heat equation, which will be discussed in the next section.

If w = 0 on the parabolic boundary of U, then the maximum principle implies
that < 0 on U. The same argument could be applied to —u, to get that . =0
on U. This corresponds to Theorem 5 in Section 2.3.3 a of [29], and to Corollary
4.11 in Section B of Chapter 4 of [32].

Of course, the parabolic boundary (7.8.4) of U is closed and bounded in
R” x R, and thus compact. If u is any continuous real-valued function on
U, then the maximum of u on the parabolic boundary of U is attained, by
the extreme value theorem. In order to show that the maximum of v on U
is attained on the parabolic boundary of U, it suffices to show that for each
(x,t) € U, u(x,t) is less than or equal to the maximum of u on the parabolic
boundary of U.

Suppose now that u is a continuous complex-valued function on U that is
continuously differentiable on U, and that the second derivatives of u(z,t) in
x exist and are continuous on U. Thus the previous statements for real-valued
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functions can be applied to the real and imaginary parts of w. Similarly, if
a € C, then the previous statements can be applied to

(7.8.6) Re(a u(z,t)).
If w € C, then it is easy to see that
(7.8.7) |w| = max{Re(aw) : @ € C, |a| = 1}.

One can use this to show that the maximum of |u| on U is attained on the
parabolic boundary of U, because of the analogous statement for (7.8.6).

7.9 Subsolutions of the heat equation

Let n be a positive integer, let U be a nonempty open subset of R" x R, and let
u be a real-valued function on U. Suppose that u is continuously differentiable
on U, and that the second derivatives of u(z,t) exist and are continuous on U.
If

7.9.1 — <A

(7.9.1) 5 < Qu

on U, then u is said to be a subsolution of the heat equation, as in Problem
17 in Section 2.5 of [29]. Let us say that w is a strict subsolution of the heat
equation if

ou
(7.9.2) 5 < Au

on U.

Suppose that u has a local maximum at (£, 7) € U. This implies that (£, 7)
is a critical point of u, and that the second derivative of w at (£,7) in z; is
less than or equal to 0 for each j = 1,...,n. It follows that u is not a strict
subsolution of the heat equation on U.

Now let V, T', and U be as in the previous section, and let v be a continuous
real-valued function on U. Suppose that u is continuously differentiable on U
again, and that the second derivatives of u(x,t) in x exist and are continuous on
U. Suppose for the moment that u is a strict subsolution of the heat equation
on U.

Let R be a positive real number with R < T, and note that

(7.9.3) V x[0,R]

is closed and bounded in R™ x R, and thus compact. This means that the max-
imum of w on (7.9.3) is attained, by the extreme value theorem. The maximum
of u on (7.9.3) cannot be attained at a point in

(7.9.4) V x (0,R),

as before.
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Suppose for the sake of a contradiction that u has a local maximum at (¢, R)
for some £ € V, as a function on (7.9.3). In particular, (£, R) is a local maximum
for u as a function on

(7.9.5) V x {R},
so that £ is a critical point for u(z, R) as a function of z, and the second
derivative of u at (£, R) in x; is less than or equal to 0 for each j =1,...,n.

We also get that the derivative of u in ¢ at (£, R) is greater than or equal to 0,
because (£, R) is a local maximum for « on (7.9.3). This is not possible, because
u is supposed to be a strict subsolution of the heat equation on U.

It follows that the maximum of u on (7.9.3) can only be attained at a point
in
(7.9.6) (V x {0})u ((aV) x [0, R]).
This is the parabolic boundary of (7.9.4), as in the previous section.

Remember that the maximum of w on the parabolic boundary (7.8.4) of U
is attained, by the extreme value theorem. Of course, the maximum of u on
(7.9.6) is less than or equal to the maximum of u on (7.8.4), because (7.9.6) is
contained in (7.8.4). This implies that the maximum of u on (7.9.3) is less than
or equal to the maximum of u on (7.8.4), by the statement in the preceding
paragraph. One can use this to get that the maximum of u on U is attained on
(7.8.4), because the previous statement holds for all R € (0,T)).

In [29], one typically asks that the regularity properties of u extend to the
“parabolic cylinder”, which includes

(7.9.7) vV xA{T}.

In this case, one can get directly that the maximum of u on U can only be
attained on the parabolic boundary of U, as before.

Suppose now that w is a non-strict subsolution of the heat equation on U,
and let € > 0. It is easy to see that

(7.9.8) ue(z,t) = u(z,t) — et
and
(7.9.9) ve(w,t) = u(xw,t) + e |z|?

are strict subsolutions of the heat equation on U. Thus the maxima of u. and
ve on U are attained on the parabolic boundary of U, as before. One can use
either of these to get that the maximum of u on U is attained on the parabolic
boundary of U. This is a version of the maximum principle for subsolutions of
the heat equation, as mentioned in the previous section.

7.10 Another approach to uniqueness

Let n be a positive integer, let V' be a nonempty bounded open subset of R™
with reasonably smooth boundary, and let T" be a positive real number. Put
U =V x(0,T), which is a bounded open subset of R" x R, as before. Let u
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be a continuously-differentiable real or complex-valued function on U, which is
twice continuously differentiable in z. More precisely, this means that u(z,t) is
twice continuously differentiable as a function of x on V for each ¢ € [0, T}, and
that all of the second derivatives of u(x,t) in z are continuous on U.

If 0 <t <T, then put

(7.10.1) e(t) = /V lu(z, £)[? da.

Observe that

0] 5y O —  Ou Ju
Sl OP) = o (el ) ule ) = St ) + ulet) S )
—— Ju
(7.10.2) = 2Re (u(x,t) a(w,t}).
We can differentiate under the integral sign under these conditions, to get that
de —— Ju
(7.10.3) ﬂ(t) =2 Re/vu(x,t) a(m,t) dx.

If u satisfies the heat equation, then this implies that

de —
(t)=2 Re/v u(z,t) (Au)(z,t) dz.

104 —
(7.10.4) 7

Suppose that either

(7.10.5) u(y',t) = 0 on (V) x [0,T]
(7.10.6) (Dy(yyu)(y'st) =0 on (V) x [0,T],

where v(y') is the outward-pointing unit normal to dV in R™ at y' € 9V, as
usual, and D, indicates the directional derivative in the direction v(y’). In
both cases, we can use the divergence theorem, as in Section 3.5, to get that

(7.10.7) de(t):—Z/VWu(x,t)Qda:.

dt

More precisely, Vu(z,t) = Vyu(x,t) refers to the gradient of u(z,t) in z. In
particular, the right side of (7.10.7) is less than or equal to 0, so that e(t)
decreases monotonically on [0, 7.

If we also have that
(7.10.8) u(x,0) =0onV,
then we get that e(0) = 0. This implies that e(t) = 0 for every t € [0,T],
because e(t) decreases monotonically on [0,T]. This means that

(7.10.9) u(z,t)=00n U =V x [0,T].

This corresponds to Theorem 10 in Section 2.3.4 a of [29] in the case of the
Dirichlet boundary conditions (7.10.5), and Problem 1 in Section 7.5 of [29] for
the Neumann boundary conditions (7.10.6).
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7.11 Some integrals of products

Let n be a positive integer, let V' be a nonempty bounded open subset of R™
with reasonably smooth boundary, and let a, b be real numbers with a < b. Thus
U =V x (a,b) is a bounded open subset of R" x R, with closure U = V x [a, b].
Let u, v be continuously-differentiable real or complex-valued functions on U
that are twice continuously differentiable in x. Suppose that u satisfies the heat
equation, and that v satisfies the “backwards” heat equation

Ov
7.11.1 — = —Av.
(7.11.1) ot Y
Equivalently, this means that v(x, —t) satisfies the heat equation.

Observe that

0 ou ov
(7.11.2) a(uv) =57 Jrua = (Au) v — u (Av).

If a <t < b, then one can differentiate under the integral sign to get that

d
(7.11.3) pn / u(z,t)v(z,t)de = / ((Au)(z,t) v(z, t) — u(z, t) (Av)(z,t)) dz.

v 1%

This implies that

d
(7.11.4) — | w(ax,t)v(z,t)de

dt Jyv

= /BV((Du(yfw)(y'J)v(y',t) —u(y',t) (Dyn)(y's1)) dy,

as in Section 3.9. Here v(y’) is the outward-pointing unit normal to 9V in R™
at y' € OV, and D, indicates the directional derivative in the direction v(y’),
as before.

If we integrate in ¢ over [a, b], then we get that

v(y’

(7.11.5) /u(x,b)v(ac,b)dx—/ u(z,a)v(z,a)de

\%4

1%
b
= //E)V((Du(y')u)(y'at)v(y’,t)—u(y’,t)(Dy(y/)v)(y’,t)))dy’dt,

This corresponds to Problem 3 in Section 7.5 of [29]. This could also be obtained
from the divergence theorem on U, as in the proof of Theorem 4.4 in Section A
of Chapter 4 of [32].

Let K(z,t) be the heat kernel as defined on (R™ x R) \ {(0,0)} in Section
7.1, so that K(x,t) is smooth and satisfies the heat equation on this set. Let
z € R™ and t; € R with ¢; > b be given, and consider

(7.11.6) v(x,t) = K(x — z,t1 —t),
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which is a smooth function on (R™ x R) \ {(2,¢1)} that satisfies the backward
heat equation. In particular, (7.11.6) is smooth and satisfies the backward heat
equation on U, so that (7.11.4) and (7.11.5) hold in this case.

If z € V, then

(7.11.7) / u(z,b) K(z — 2,11 — b)dx — u(z,b)
1%
as t; — b+, as in Section 7.4. This implies that

(7.11.8) wu(z,b) = /Vu(x,a)K(x—z,b—a)dx
b
—|—/ /Bv(Dl,(y/)u)(y') K@ —z,b—1t)dy dt

b
— / / u(y’,t) (Du(y/)K)(y’ —z,b—t)dy’ dt,
a oV

by taking the limit as t; — b+ in the other terms in (7.11.5).

Suppose now that u is a continuously-differentiable real or complex-valued
function on R™ x [a, b] that is twice continuously differentiable in x and satisfies
the heat equation. If z € R™, then we would like to use (7.11.8) to get that

u(z,b) = /nu(x,a)K(xfz,bfa)dx

(7.11.9) / u(x,a) (47 (b—a)) ™2 exp(—|z — 22/ (4 (b — a))) dz
under suitable conditions, as in the proof of Theorem 4.4 in Section A of Chapter
4 of [32].

Suppose that there are real numbers by > b and C,C’ > 0 such that

(7.11.10) lu(z,t)| < C exp(|z|>/(4 (b1 —t)))
and
(7.11.11) IVu(z, )] < C exp(|z]?/(4 (b1 — t)))

for every x € R"™ and a < ¢t < b. Here Vu(x,t) = V,u(x,t) refers to the gradient
of u(zx,t) in x, as before. In particular, if we take ¢ = a in (7.11.10), then we
get that the integrand on the right side of (7.11.9) is integrable on R™.

If r is a positive real number with |z| < r, then we can take V = B(0,r) in
(7.11.8). The second and third terms on the right side of (7.11.8) tend to 0 as
r — 00, because of (7.11.10) and (7.11.11). The first term on the right side of
(7.11.8) tends to the right side of (7.11.9) as r — oo, because of (7.11.10) with
t = a. Thus (7.11.9) holds, as desired.

Suppose that 0 < T < oo, and let u(x,t) is a continuously-differentiable real
or complex-valued function on R™ x (0,7T) that is twice continuously differen-
tiable in z and satisfies the heat equation. If 0 < a < b < T, then (7.11.9)
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holds for every z € R™ under the conditions mentioned earlier. If u(z,t) has
boundary values as ¢ — 0+ in an appropriate sense, then one can use (7.11.9)
to express u as the Gauss—Weierstrass integral of its boundary values, under
suitable conditions. A version of this is given by Theorem 4.4 in Section A of
[32] and its proof.

7.12 Upper bounds and £t =0

Let n be a positive integer, and let T' be a positive real number. Also let u be
a continuous real-valued function on R™ x [0, T]. Suppose that on R™ x (0,7,
u(x,t) is continuously differentiable, twice continuously differentiable in z, and
satisfies the heat equation. If

(7.12.1) u(x,0) < 0 for every z € R",
then we would like to be able to say that
(7.12.2) u(z,t) <0 for every (x,t) € R" x [0,T],

at least under suitable conditions.
‘We shall do this here when

(7.12.3) || =2 max(u(x,t),0) — 0 as |z| — oo,

uniformly over ¢ € [0,T]. An analogous statement with a much weaker condition
on u(x,t) is given in Theorem 6 in Section 2.3.3 a of [29], which will be discussed
in the next section. More precisely, it suffices to ask that u be a subsolution of

the heat equation on R™ x (0,7, instead of satisfying the heat equation there.
Let y € R™ be given, and observe that

(7.12.4) |22 +2nt

satisfies the heat equation on R™ x R. Thus, for each ¢ > 0,
(7.12.5) v(z,t) = u(z,t) — e (x> +2nt)

is a subsolution of the heat equation on R™ x (0,T). Note that
(7.12.6) v(z,0) <u(x,0) <0

for every x € R™. We also have that

(7.12.7) v(z,t) <0

for every t € [0,T] when |z| is sufficiently large, by hypothesis.

It follows that (7.12.7) holds for every (z,t) € R™ x [0, 7], by the maximum
principle. This implies (7.12.2), because € > 0 is arbitrary.
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Suppose now that u satisfies the heat equation on R™ x (0,T), and that

(7.12.8) u(xz,0) = 0 for every z € R".

If

(7.12.9) lz| "2 u(z,t) = 0 as |z| — oo,

then

(7.12.10) u(z,t) =0 for every (z,t) € R" x [0,T],

by the previous argument for w and —wu. This corresponds to Theorem 7 in
Section 2.3.3 a of [29], which has a much weaker condition on the size of u(x,t),
as before.

7.13 A weaker condition on u(z,t)

Let n, T', and u be as at the beginning of the previous section, and suppose that
(7.12.1) holds. Suppose also that there are nonnegative real numbers a, A such
that

(7.13.1) u(z,t) < A exp(a|z|?)

for every (x,t) € R™ x [0,7]. Under these conditions, we have that (7.12.2)
holds, as in Theorem 6 in Section 2.3.3 a of [29]. As in the previous section,
it suffices to ask that u be a subsolution of the heat equation on R™ x (0,7,
instead of satisfying the heat equation there.

As in [29], we suppose first that

(7.13.2) 4aT < 1.

This implies that
(7.13.3) da(T+n) <1

for some 7 > 0. Note that
(7.13.4) (T +n =)~ exp(|a*/(4(T +1n — 1))

satisfies the heat equation on R™ x (—o00,T + 1), as in Section 7.1. It follows
that for each p > 0,

(7.13.5) w(e,t) = u(z,t) — u (T +n—t)~"2 exp(le2/(4 (T + 1 — 1))

is a subsolution of the heat equation on R™ x (0,7).
Clearly
(7.13.6) w(z,0) <u(z,0) <0

for every x € R™. One can check that

(7.13.7) w(z,t) <0
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for every ¢ € [0,7] when |z| is sufficiently large, using (7.13.1) and (7.13.3).
This implies that (7.13.7) holds for every (z,t) € R™ x [0,T], by the maximum
principle. It follows that (7.12.2) holds, because p > 0 is arbitrary.

If (7.13.2) does not hold, then we can use the same argument on smaller
intervals that satisfy this condition. One can use this repeatedly to get the
same conclusion as before, as in [29].

If u satisfies the heat equation on R™ x (0,7, (7.12.8), and

(7.13.8) lu(z,t)| < A exp(a |z]?)

for some a,A > 0 and all (z,t) € R™ x [0,T], then (7.12.10) holds, as in the
previous section. This corresponds to Theorem 7 in Section 2.3.3 a of [29], as
before.

7.14 Some more integrals of products

Let n be a positive integer, let V' be a nonempty bounded open subset of R™
with reasonably smooth boundary, and let a, b be real numbers with a < b, as
in Section 7.11. Put U =V x (a,b), and let u, v be continuously-differentiable
real or complex-valued functions on U that are twice continuously differentiable
in z.

If a <t <b, then

ou ov

d
(7.141) = /V u(z,t) v(z, t) de = /V (a(z,t) w(zt) + u(z, 1) a(;g,t)) dz.
We can combine this with an identity from Section 3.9 to get that

i u(z, t)v(z,t) dx

- /V (%(m,t) - (Au)(x,t)) oz, t) da
(7.142) 4+ /V (@, ) (%(x,t)+(Av)(m,t)) do

+/6\V(U(y’,t) (Dyyo)(y'st) — vy, ) (Dunu)(y', 1) dy'.
Here v(y’) is the outward-pointing unit normal to 9V in R™ at ¢y’ € 9V, and

D, indicates the directional derivative in the direction v(y’), as usual.
Let us integrate in ¢ over [a, b], to get that

/Vu(gc,b)v(x,b)dm—/ u(z,a)v(z,a)dr

v

= /ab/v(g?(x,t)—(Au)(m,t» v(z,t) dx dt
(7.14.3) —I—/ab/vu(a:,t) (%(x,t)+(Av)(m,t)) dr dt
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b
+/a /(3V(U(y/at) (Do) (' 1) —v(y,t) (Dynyu)(y', 1)) dy’ dt.

Of course, this can be simplified when u satisfies the heat equation, or v satisfies
the backward heat equation.

Let K(z,t) be the heat kernel as defined on (R™ x R) \ {(0,0)} in Section
7.1, which is smooth and satisfies the heat equation on this set. If z € R™ and
t1 € R, then
(7.14.4) v(x,t) = K(x — z,t; — t)

is a smooth function on (R™ x R) \ {(z,¢1)} that satisfies the backward heat
equation, as in Section 7.11. If ¢; > b, then (7.14.4) is smooth and satisfies the
backward heat equation on U, as before. In this case, we get that

/Vu(as,b)K(xfz,tlfb)dxf/vu(z,a)K(x—z,tl—a)da:

= /ab /v (%(x,t) - (Au)(x,t)) K(z— 2zt —t)dzxdt
(7.14.5) + /ab /av u(y', 1) (Dyn K) (Y — z,t1 — t) dy' dt

b
—/ K(y' —z,t1 —t) (Dyyyu)(y',t) dy' dt.
a oV

Suppose that z € V', and consider the limit as t; — b+ of both sides of the
equation, as in Section 7.11. We would like to say that

u(z,b) — /Vu(x,a)K(x —z,b—a)dz
= /ab/v(?)q;(sc,t)—(Au)(x,t)) K(x —2z,b—t)dxdt
(7.14.6) + /ab /av u(y',t) Dy K)(y — 2,0 —t)dy' dt

b
- / K — 2b— ) (Do) (/1) dy dt.
a ov

More precisely, the first term on the right side should be handled a bit carefully,
as in the next section.
Similarly, if z € R™ and ¢y € R, then

(7.14.7) u(z,t) = K(z — z,t —tg)

is a smooth function on (R™ x R)\ {(z,%)} that satisfies the heat equation. If
to < a, then (7.14.7) is smooth and satisfies the heat equation on U. If v is as
at the beginning of the section again, then we obtain that

/K(a:—z,b—to)v(x,b)dx—/K(ax—z,a—to)v(x,a)da:
1% v
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’ ov
= /a /‘/K(x —2,t —tp) (E(x,t) + (Av)(x7t)> da dt
b
(7148) +/ - K(y/ —z,t— tO) (Du(y’)v)(yl,t) dy/ dt

b
—/ / (Y, ) (D K) (Y — z,t —to) dy’ dt.
a ov

Suppose that z € V' again, and consider the limit as t) — a— of both sides
of the equation. Of course, this is basically the same as the previous version,
and we get that

VK(:Ufz,bfa)v(:r,b)dva(z,a)
b ov
- / /‘/K(:cfz,tfa) (E(x,t)Jr(Av)(x,t)) da dt

b

(7.14.9) +/ - K(y' —z,t —a) (Dynv)(y',t) dy' dt
b

[ ] o Doy K = - )

a ov

7.15 Some integrals with K(z,t)

Let K(x,t) be the heat kernel as defined on (R™ x R) \ {(0,0)}, as in Section
7.1. Remember that
(7.15.1) K(xz,t)dx =1
R’n.
for every t > 0. This implies that

(7.15.2) / K(z,t)dxdt =ry — 1
1 R

when 71, o are positive real numbers with r; < r5. One could also allow 71 = 0
here, by considering the integral over ¢ as an improper integral, or defining the
integrand at t = 0, or using Lebesgue integrals.

One may consider the left side of (7.15.2) as an (n + 1)-dimensional integral
over R™ x [ry,r], even when r; = 0, using suitable improper integrals, or
Lebesgue integrals. In particular, K(z,t) is locally integrable on R™ x R, with
respect to (n + 1)-dimensional Lebesgue measure.

Let W be a nonempty bounded open subset of R", let T' be a positive real
number, and let f be a continuous real or complex-valued function on W x [0, T').
Note that f is bounded on W x [0, 7], so that

(7.15.3) [f(z, )] < C

for some C' > 0 and every z € W, t € [0,T]. If one is using Riemann integrals,
then one should ask for a bit more regularity of the boundary of W, or that f is
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equal to 0 on (OW) x [0,T]. If one is using Lebesgue integrals, then one might
simply ask that f be bounded and measurable on W x [0, T7.
If 0 <t <T, then

(7.15.4) /W K(x,t) |f(z,0)]dz < C,

by (7.15.1) and (7.15.3). This implies that

(7.15.5) /Tz /W K(z,t)|f(z,t)|dedt < C(rqg —1r1)

when 0 < r; < ro9 < T. This also works with r; = 0, with suitable inter-
pretations when 0 € W, or using Lebesgue integrals, as before. In particular,
this means that K(z,t) |f(x,t)| is integrable with respect to (n-+ 1)-dimensional
Lebesgue measure on W x [0, T7.

Similarly, if  is a positive real number, then

(7.15.6) / K(z,t+n)|f(z,t)|de < C
W
for every t € [0,T]. Tt follows that
(7.15.7) / / Kzt +n) |f(z,8) dzdt < C (rs — 1)
T1 W
when 0 <7y <ry <T.
Of course,
(7.15.8) ‘/ K(x,t) f(z,t)dz| < C
when 0 <t < T, by (7.15.4). If r € [0, T}, then
(7.15.9) / / K(z,t) f(x,t)dxdt

may be defined directly unless 0 € W, in which case the integral over ¢ may
be considered as an improper integral, or defined a bit carefully as a Riemann
integral, or using Lebesgue integrals, as before. Note that

(7.15.10)

/ K(x,t) f(a:,t)dmdt' <Cr.
If0<r; <ry <T, then

T2
(7.15.11) nlg&/n /W K(z,t+n) f(z,t)dedt

/ | Ko s

by standard arguments. It is not too difficult to show that this works with
r1 = 0 as well, using the previous remarks.



Chapter 8

Some more equations and
solutions

8.1 Another uniqueness argument

Let n be a positive integer, let V' be a nonempty bounded open subset of R™
with reasonably smooth boundary, and let T" be a positive real number. Put
U =V x (0,T), which is a bounded open subset of R™ x R, with closure
U =V x[0,T]. Let u(x,t) be a twice continuously-differentiable real or complex-
valued function on U. If 0 < t < T, then put

‘ ) dx.

(8.1.1) E(t) == /v ( Ou,

We can differentiate under the integral sign in ¢, to get that

,t

d ou, | 0? u 0%u
(8.1.2) ZE(t) = Re/ (at (2.8) 5 (@) +Z @) g0 (ﬂc,t)) dz.
Suppose that
(8.1.3) u(y’,t) =0 on (V) x [0,T7,
so that
ou
(8.1.4) —(y',t) =0on (8V) x [0,T).

ot
Under these conditions,

(8.1.5) /V(Au)(x, ) 2% (2, 0) dq;+/ Zamj 3828t(x’t) .

as in Section 3.5, where (Au)(x,t) refers to the Laplacian of u(z,t) in . This
also works when

(8.1.6) (Dy(yyu)(y'st) =0 on (OV) x [0,T],

139
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where v(y') is the outward-pointing unit normal to dV in R™ at ' € 9V, and
D, indicates the directional derivative in the direction v(y’). Combining
(8.1.2) and (8.1.5), we obtain that

d ou 0%u
B17) B0 =Re | St (Gt - (Bu)n) dr
Suppose now that u satisfies the wave equation
0%u

on U. In this case, (8.1.7) reduces to
(8.1.9) iE(t) =0

1. o =0.
If
(8.1.10) E(0) =0,
then it follows that
(8.1.11) E(t)=0

for every ¢t € [0,7]. This means that the first derivatives of u(z,t) in = and ¢
are equal to 0 on U.
Of course, (8.1.10) holds when

(8.1.12) u(z,0) = @(x,()) =0
ot
for every z € V. If
ou
1.1 —(z,t) =
(81.13) 1) = 0
on U, then (8.1.12) implies that
(8.1.14) u(z,t) =0

on U. Thus (8.1.14) holds on U when (8.1.12) holds, and (8.1.11) holds for each
t € [0,7]. This means that (8.1.14) holds on U when u satisfies (8.1.3), (8.1.8),
and (8.1.12). This corresponds to Theorem 5 in Section 2.4.3 a in [29)].

A more localized version of this will be discussed in the next section.

8.2 A more localized version

Let n be a positive integer, let T be a positive real number, and let u(z,t) be a
twice continuously-differentiable real or complex-valued function on R™ x [0, T].
Also let £ € R™ and a positive real number tg < T be given, and if 0 < ¢ < t,

then put

1 2

(8.2.1) e(t) == / ( ) dz.
2 B(&,to—t)

2

ou
E(l‘at)

n
2.
j=1

ou
87j (z,1)



8.2. A MORE LOCALIZED VERSION 141

Here B(&,to — t) is the open ball in R™ centered at & with radius ¢y — ¢, which
may be interpreted as the empty set when ¢ = ¢5. Observe that

d ou, . 0%u
ac® = Re/B(fth_t)(at( @ +Z D 52 6‘t(m’t))dx

s2n - (8“w'w2+§5é“<yt>)dy
L. 2 8B(£7t0_t) 5‘t ) = axj ) .
As in Section 3.5, we have that
ou
(8.2.3) (Au)(x,t) = (x,t) dz
B(€,to—t) ot

+/ ) Z%(x,t) Ou (z,t)dx

ou
= [ Du) Gty
OB(E,to—t)

More precisely, if y' € 0B(£,to — t), then v4(y’) denotes the outward-pointing
unit normal to dB(€,to—t) at ¢, and D,, (,) indicates the directional derivative
in the direction 14(y'), as usual. If u(z,t) satisfies the wave equation (8.1.8),
then the integral in the first term on the right side of (8.2.2) is the same as the
left side of (8.2.3). This means that

d / ou
—e(t) = Re D, ,huw)(y' t) = (v, t) dy’
) e D60 G0
1 ou 2 X 2
(324) 5L (G X o] )ar
2 OB(&,to—t) 325 ; an
We would like to use this to get that
(8.2.5) 4oty <0
o dat 7~

To do this, note that

(826) e (D00 53 0120) < (D)0l 56020

IN

(Fu) 01| 55 0/.0)

for every y' € 9B(&,to —t), where (Vu)(z,t) is the gradient of u(z,t) in z, as
before. The right side of this inequality is less than or equal to

Y

(8:2.) 5 (170008 + | S0

t
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because of the well-known fact that 2ab < a4 b? for all a,b € R. One can use
this to obtain (8.2.5) from (8.2.4).
This shows that e(t) decreases monotonically on [0, ¢o]. If

(8.2.8) e(0) =0,

then we get that
(8.2.9) e(t)=0

when 0 <t < ty. Suppose now that

0
(8.2.10) w(z,0) = 22 (2,0) = 0

ot
for every x € B(&,tg), which implies that (8.2.8) holds. If
(8.2.11) 0<t<tyand x € B(§,tg —t),
then it follows that 5
(8.2.12) (Vu)(z,t) = ait‘(x,t) =0,
by (8.2.9).

One can use (8.2.10) and (8.2.12) to get that
(8.2.13) u(z,t) =0

when (8.2.11) holds. More precisely, in this argument, we only need that u(x,t)
is twice continuously differentiable and satisfies the wave equation on the set
where (8.2.11) holds. This corresponds to Theorem 6 in Section 2.4.3 b of [29],
and Theorem 5.3 in Section A of Chapter 5 of [32].

8.3 Some differential equations on R?
Let w(y1,y2) be a twice continuously-differentiable real or complex-valued func-
tion on R?, and consider the partial differential equation

0w

0y Oy -

(8.3.1)

This equation obviously holds when w(yi,y2) depends only on y; or ys. Con-
versely, it is well known and not too difficult to show that if w(y;,y2) satisfies
(8.3.1) on R2, then w(y1,y2) can be expressed as the sum of a function of y; and
a function of yo. More precisely, (8.3.1) implies that dw/dy; does not depend
on s, and one can use this to get the desired representation of w. Alternatively,
one could use (8.3.1) to get that dw/dys does not depend on y;, and use this
to get the same type of representation of w.

Let u(x, t) be a twice continuously-differentiable real or complex-valued func-
tion on R?, and consider the partial differential equation

O 0u_

(8.3.2) o
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This is the same as the wave equation with n = 1, and it can also be expressed
as

0 0 0 0
8.3.3 (5:+5) (5, = 5 )u=0.
(8.3.3) ot ox) \ot " o) "
It is easy to see that (8.3.1) corresponds to (8.3.3) under the change of variables
(834) ynn=x+¢t y2=x—1.

Clearly any function of x + ¢ or of « — ¢ satisfies (8.3.2). Conversely, if u(z,t)
satisfies (8.3.2) on R?, then u(z,t) can be expressed as a sum of a function of
x + t and a function of z — t, as before.

Alternatively, put

(8.3.5) v(z,t) = (% — %) u(z,t),

which is a continuously differentiable function on R?. Thus (8.3.3) is the same
as saying that
ov  Ov
8.3.6 —+ —=0.
(8.3.6) ot ' oz
This is a linear first-order partial differential equation in v, as in Section 4.1,
whose solutions are given by functions of  — ¢ on R?. Given such a solution,
(8.3.5) may be considered as a linear first-order partial differential equation in
u. This corresponds to some remarks in Section 2.4.1 a in [29]. Of course, we
could consider
(8.3.7) (e, t) <a+a) (2,1)
3. v(z,t) ==+ =— ) u(z
’ ot Ox ’
instead, which is another continuously differentiable function on R?. Using this,
(8.3.3) is the same as saying that
Jv Ov
8.3.8 — - —=0.
( ) ot Ox

Suppose that
(8.3.9) u(z,t) =z +t)+¢(xz—1t)

for some continuously-differentiable real or complex-valued functions ¢, 1 on
the real line. This implies that

(8.3.10) u(x,0) = ¢(z) + ¢(x)
and
(8.3.11) %(LO) ¢’ () — ()
for every x € R. Of course,

ou

(8.3.12)
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for every x € R, by (8.3.10). It follows that ¢ and 1)’ are uniquely deter-
mined by (Ou/0t)(x,0) and (Ju/dz)(x,0) on R. This means that ¢ and ¢ are
uniquely determined on R, up to adding a constant to ¢ and subtracting the
same constant from 1, by u(x,0) and (Ou/dt)(z,0) on R. Note that the right
side of (8.3.9) is not affected by adding a constant to ¢, and subtracting the
same constant from 1. Thus we get that u(z,t) is uniquely determined on R?
by w(z,0) and (Ou/0t)(z,0) on R. This corresponds to some more remarks in
Section 2.4.1 a of [29], and some remarks in Section B of Chapter 5 of [32].

Observe that ¢’ and 1’ may be arbitrary continuous real or complex-valued
functions on R, so that the right sides of (8.3.11) and (8.3.12) may be arbitrary
continuous functions on R. Similarly, the right side of (8.3.10) may be any
continuously-differentiable function on R, which can be chosen at the same
time as the right side of (8.3.11), as an arbitrary continuous function on R. If
we take ¢ and ¥ to be twice continuously-differentiable functions on R, then
the right side of (8.3.10) can be any twice continuously-differentiable function
on R, which can be chosen at the same time as the right side of (8.3.11), as
an arbitrary continuously-differentiable function on R. In this case, (8.3.9) is a
twice continuously-differentiable function on R? that satisfies the wave equation
(8.3.2). This corresponds to Theorem 1 in Section 2.4.1 a of [29], and Theorem
5.6 in Section B of Chapter 5 of [32].

8.4 Some remarks about the Laplacian

Let n be a positive integer, and let a, b be real numbers with
(8.4.1) 0<a<hb,

although one could also permit b = +o00 here. Also let f be a twice continuously-
differential real or complex-valued on (a,b). Note that

(8.4.2) {r eR":a < |z| < b}

is an open set in R™. Put

(8.4.3) F(z) = f(|z])

on (8.4.2), which is a twice continuously-differentiable function on this set. One
can check that

(8.4.4) AF(z) = f"(l2]) + (n = 1) 2|7 f'(|a])

on this set, as in Lemma 2.60 in Section G of Chapter 2 of [32].
Let p be a homogeneous polynomial of degree £ > 0 on R™, and suppose
that p is harmonic on R”. Thus

(8.4.5) q(x) = || " p(=)

is a twice continuously-differentiable function on R™\ {0} that is homogeneous
of degree 0 and equal to p on the unit sphere. One can check that

(8.4.6) Aq(z) = —k (k+n—2)|z| "2 q(x)
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on R™\ {0}, as in Lemma 2.61 in Section G of Chapter 2 of [32]. This was
mentioned in Section 3.2 when |z| = 1.
Under these conditions, one can also verify that

A(F g)(x)
BA47) = (f"(z)) + (n =D 7" f/(l2]) = k (k +n = 2) |22 f(J2])) ()

on (8.4.2) as in Lemma 2.62 in Section G of Chapter 2 of [32].
Suppose that

(848)  f/0)+(n—1)r " F(r) — k(k4n -2 f(r) = p (1)

on (a,b) for some real or complex number p. Combining this with (8.4.7), we
get that
(8.4.9) A(Fq)=uFq

n (8.4.2). This is discussed further in Section G of Chapter 2 of [32].

8.5 Some spherical means

Let n be a positive integer, and let ¢ be a continuous real or complex-valued
function on R™. If x € R™ and r € R, then the corresponding spherical mean
of ¢ may be defined by

1

8.5.1 Mgy(z;7 o(x+ry')dy,
(524 5D = BB Jomon O
as in Section B of Chapter 5 of [32]. Note that
(8.5.2) Mg (s —r) = My (x;7),
and that
(5.5 My (:0) = 6(a),
as in [32]. If » > 0, then

1 / !/
(8.5.4) My(z;r) = o(2") dz".

|8B(x,r)\ OB(x,r)

If x € R™ is fixed, then (8.5.1) is continuous as a function of € R. Similarly,
if ¢ is k-times continuously differentiable on R™ for some positive integer k, then
(8.5.1) is k-times continuously differentiable as a function of r € R, as in [32].

Let a and b be real numbers with a < b, although we could also allow
a = —oo or b = 400 here. Suppose now that ¢(x,t) is a continuous real or
complex-valued function on R™ x (a,b). If x € R™ and ¢ € (a,b), then put

1

(8.5.5) My(x;r,t) = BO.1)]

dlx+ry',t)dy
DI Jaso.n
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for each € R. This is the same as (8.5.1) for ¢(z,¢) as a function of z on R"”
for each ¢ € (a,b). In particular,

(8.5.6) My(x;—r,t) = My(x;r,t)

for each r € R,

(8.5.7) My(z;0,t) = ¢(z, 1),

and .

(8.5.8) My(z;r,t) = (', t) d2’

\8B(:v, 7‘)| OB(z,r)

when r > 0, as before.

If z € R™ is fixed, then (8.5.5) is continuous as a function of (r,t) € R x
(a,b), as before. Similarly, if ¢(w,t) is k-times continuously differentiable on
R"™ X (a,b), then (8.5.5) if k-times continuously-differentiable as a function of
(r,t) € R x (a,b).

Let us now take a = 0 and b = +00, and let u(x,t) be a twice continuously-
differentiable real or complex-valued function on R™ x R, that satisfies the
wave equation. If z € R™, then M, (z;r,t) satisfies
PM, , PM, , n—1 0M,

8t2 (:177 T, t) - 87‘2 (LE, T, t) + r 87"
for r,t > 0, as in Proposition 5.8 in Section B of Chapter 5 of [32]. This
corresponds to part of Lemma 1 in Section 2.4.1 b of [29]. This is known as the
Euler—Poisson—Darbouz equation, as in [29].

(8.5.9)

(z37,1)
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Some distribution theory

9.1 Fundamental solutions

Let n be a positive integer, and let u, v be complex-valued functions on R", at
least one of which has compact support in R™. If « is a multi-index, and if u,
v are |«|-times continuously differentiable on R™, then

9.1.1) /”(aau)(:c)v(x)dxz(-1)'&'/ () (0°v) () da,

n

by integration by parts.
Let N be a nonnegative integer, and let

(9.1.2) p(w) = Z o W

la] <N

be a polynomial in the n variables w1, ..., w, of degree less than or equal to NV,
and with complex coefficients a,. Put

(9.1.3) plw) =p(-w) = Y (-1 aqw®,

la|<N

which is another polynomial in ws,...,w, of degree less than or equal to n
with complex coefficients, as appropriate. Using these polynomials, we get cor-
responding differential operators p(d) and p(d), as in Section 1.7. If w, v are
N-times continuously differentiable on R™, then

(9.1.4) / (@O (z) da = / ula) (BO)0) () dr,

because of (9.1.1).
A complex-valued function F on R" is said to be a fundamental solution of

p(0) if
(9.1.5) E(x) (p(0)v)(x) dz = v(0)

R»
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for every smooth function v on R™ with compact support. This is interpreted
as meaning that (p(9))(F) is the Dirac delta function ¢y associated to 0, in the
sense of distributions. More precisely, this can be extended to distributions F
on R™. 1If p # 0, then a famous theorem of Ehrenpreis and Malgrange states
that p(9) has a fundamental solution on R™, which may be a distribution. See
[27, 32, 37, 101, 111, 115, 138] for more information.

A fundamental solution for the Laplacian is given by the function N defined
in Section 6.8. A fundamental solution for the heat operator

0
(9.1.6) 5~ A

is given by the heat kernel. Once one has a fundamental solution E for p(9),
one can solve

(9.1.7) (P(O)(u) = f

by convolving E with f under suitable conditions, in the sense of distributions.
If f is a smooth function with compact support on R"™, then this gives a smooth
solution u of (9.1.7).

Some basic aspects of distribution theory will be discussed in the next sec-
tions, and some additional references about this include [14, 34, 35, 36, 47, 65,
70, 88, 98, 124, 128, 133, 156].

9.2 Spaces of test functions

Let n be a positive integer, and let U be a nonempty open subset of R". Re-
member that a real or complex-valued function f on U is said to have compact
support in U if there is a compact set £ C R™ such that £ C U and f =0 on
U\ E, as in Section 1.9. Note that the union of two compact subsets of R™ is
compact too. Using this, it is easy to see that the sum of two real or complex-
valued functions on U with compact support in U has compact support in U as
well.

Let Ceom (U, R), Ceom (U, C) be the spaces of continuous real and complex-
valued functions on U with compact support, respectively. These are linear
subspaces of the spaces C'(U,R), C(U,C) of all continuous real or complex-
valued functions on U, as vector spaces over the real and complex numbers,
respectively. Similarly, if & is a positive integer, then let C* (U,R), C¥ (U, C)
be the spaces of k-times continuously-differentiable real and complex-valued
functions on U with compact support. It is sometimes convenient to use the
same notation with & = 0 for the analogous spaces of continuous functions,
as before. The spaces of smooth real or complex-valued functions on U with
compact support are denoted C%5.. (U, R), CS. (U, C).

Equivalently,

(921) Ofom(UvR) = Ck(U7R)chom(U’ R))
(U,C) = C*U,C)NCom(U,C)

Q
>
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for every k > 1. These are linear subspaces of C*(U,R) and C*(U, C), respec-
tively. Similarly,

(9.2.3) 0% (UR) = C®(U,R)NCopm(U,R),
(9.2.4) C% (U,C) = C®(U,C)N Coom(U,C),

which are linear subspaces of C*°(U,R) and C*°(U, C), respectively.

If f is a real or complex-valued function on U, then we can extend f to a
function on R, simply by putting f = 0 on R*\U. If f is a continuous function
on U with compact support in U, then this extension of f to R"™ is continuous
too. Similarly, if f is k-times continuously differentiable on U for some k > 1,
or if f is smooth on U, and f has compact support in U, then this extension
has the analogous property on R”.

If f is a continuously-differentiable real or complex-valued function on U with
compact support in U, then it is easy to see that the partial derivatives of f have
compact support in U as well. If « is a multi-index and |a| < k, then 0* defines

linear mappings from C*_ (U, R), Ck (U, C) into Chonk™ (U, R), CE1 (U, ©),
respectively. Similarly, 9% defines linear mappings from C2, (U, R), C% (U, C)
into themselves.

If f, g are continuous real or complex-valued functions on U, then it is well
known that their product f g is continuous on U. If f and g are both k-times
continuously differentiable on U, or both smooth on U, then f g has the same
property. If either f or g has compact support in U, then fg has compact
support in U.

Smooth functions on U with compact support in U are also known as test

functions on U.

9.3 Distributions

A linear functional on a vector space V over the real or complex numbers is a
linear mapping from V into R or C, as appropriate. Let n be a positive integer,
and let U be a nonempty open subset of R™. A distribution on U is a linear
functional on the space CS3,, (U, C) of complex-valued test functions on U that
is continuous in a certain sense. Before describing the continuity condition, let
us mention some basic examples.

Let f be a continuous complex-valued function on U. If ¢ is a test function

on U, then put
(9.3.1) A(6) = /U f(2) é(x) d.

The right side may be interpreted as a Riemann integral over any suitable region
that contains the support of ¢. This defines a linear functional on C25, (U, C).

com

One can check that A¢(¢) = 0 for every test function ¢ on U only when f =0
on U. This implies that f is uniquely determined by Ay on CZ5,, (U, C).
Similarly, if f is a complex-valued function on U that is locally integrable

on U with respect to Lebesgue measure, then the right side of (9.3.1) may
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be interpreted as a Lebesgue integral. In this case, one can show that f is
determined almost everywhere on U with respect to Lebesgue measure by Ay
on C2 (U, C).

If x € U, then
(9.3.2) 02(¢) = ¢(x)

defines a linear functional on CS5, (U, C). This is the Dirac distribution on U
associated to x.

The continuity condition used to define distributions can be described in
terms of a suitable notion of convergent sequences of test functions. Let {¢;}52,
be a sequence of test functions on U, and let ¢ be another test function on U.
We say that
(9.3.3) {¢;}521 converges to ¢ in Cgy,, (U, C)

if the following two conditions hold. First, there is a compact set £ C R”™ such
that £ C U and
(9.3.4) $;j=00nU\E

for every j > 1. Second, for every multi-index o, we have that
(9.3.5) {0%¢;}572, converges to 0”¢ uniformly on U.

In particular, we can take o = 0, to get that {¢; 524 converges to ¢ uniformly
on U. It follows that
(9.3.6) ¢p=00onU\E,

because of (9.3.4).
A linear functional A on C3°, (U, C) is said to be a distribution on U if for
every sequence {¢; 5= of test functions on U that converges to a test function

¢ on U, in the sense described in the preceding paragraph, we have that

(9.3.7) lim A(¢;) = A(¢).

j—o0

Alternatively, there is a standard topology defined on C$2, (U, C), and it is

com

well known that a linear functional on C2, (U, C) is continuous with respect
to this topology if and only if it satisfies this continuity condition in terms
of convergent sequences. More precisely, one can show that convergence of
sequences in C° (U, C) with respect to this topology is equivalent to the notion
of convergence mentioned in the preceding paragraph. In particular, this implies
that continuity with respect to this topology on C2.  (R™, C) automatically
implies the sequential continuity condition (9.3.7). It is well known that the
converse holds for linear functionals, but this is more complicated in this case
than for metric spaces, for instance.

The space of distributions on U may be denoted
(9.3.8) cx (U,C).

This is a vector space over the complex numbers, with respect to pointwise

addition and scalar multiplication of linear functionals on C5,, (U, C).
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If f is a continuous complex-valued function on U, or a locally integrable
function on U with respect to Lebesgue measure, then it is easy to see that
(9.3.1) defines a distribution on U. In this case, it is enough to take o = 0 in
(9.3.5). We also have that
(9.3.9) fr=Ar

is a linear mapping from C(U, C) into C22, (U, C)’, or from the space of locally

com

integrable functions f on U into C2° (U, C)’. It is very easy to see that the

com
Dirac distribution associated to x € U is indeed a distribution on U.

9.4 Some basic properties of distributions

Let n be a positive integer, and let U be a nonempty open subset of R". Suppose
that {¢;}52, is a sequence of test functions on U that converges to a test function
¢ on U, in the sense described in the previous section. This implies that

(94.1) {01¢;}721 converges to 0,¢
in the same sense for each [ = 1,...,n. Similarly, if a is a smooth complex-

valued function on U, then one can check that
(9.4.2) {a¢;}52, converges to a ¢

in this sense as well. This uses the fact that a and its derivatives of any order
are bounded on any compact subset of R™ that is contained in U.
Let A be a distribution on U, and for each [ = 1,...,n, put

(9-4.3) (@A) () = —A(919)

for every test function ¢ on U. It is easy to see that this defines a distribution
on U, which is considered as the partial derivative of A in the [th variable. If
f is a continuously-differentiable complex-valued function on U, and Ay is the
distribution associated to f as in (9.3.1), then

(9.4.4) 31/\]0 = /\51f

is the distribution associated to 0;f on U. This basically corresponds to inte-
gration by parts. More precisely, this works when f is a continuous function
on U such that the partial derivative df/0z; in the Ith variable exists at every
point in U, and is continuous on U.

It is easy to see that
(9.4.5) 0;(O\) = 01(0;\)

for each j,l = 1,...,n, using the analogous statement for smooth functions. If
« is any multi-index, then one can differentiate A\ repeatedly, to get that

(9.4.6) (8*N)(9) = (=1)!* A(9%9)
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for all test functions ¢ on U. If f is an |a|-times continuously-differentiable
complex-valued function on U, and Ay is the distribution on U associated to f
as before, then

(9.4.7) 0%Af = Aoa g

is the distribution associated to 0% f on U.
If a is a smooth complex-valued function on U, then put

(9.4.8) (@A) () = Aag)

for every test function ¢ on U. This defines a distribution on U, which is
considered as the product of @ and A. If f is a continuous or simply locally-
integrable complex-valued function on U, then

(949) a )\f = >\af

is the distribution on U associated to the usual product a f of @ and f on U.
One can check that
(9410) 6l(a )\) = (8[(1) A4a (al)\),

as distributions on U, using the usual product rule for partial derivatives of
smooth functions on U.
One may consider A to be real-valued as a distribution on U if

(9.4.11) A¢) €R

for every real-valued test function ¢ on U. In this case, one may say that A is
nonnegative as a distribution on U, or

(9.4.12) A >0,
if
(9.4.13) A¢) >0

for every nonnegative real-valued test function ¢ on U. If A is the distribution
associated to a continuous function f on U, then these conditions correspond
to their usual versions for f. If f is locally integrable with respect to Lebesgue
measure, and not necessarily continuous, then the analogous conditions on f
should be interpreted as holding almost everywhere with respect to Lebesgue
measure, as usual.

9.5 Using a fixed compact set

Let n be a positive integer, and let K be a nonempty compact subset of R™.
Consider the space CZ(R", C) of smooth complex-valued functions ¢ on R"
such that

(9.5.1) supp ¢ C K.
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Equivalently, this means that ¢ = 0 on R"\ K. Note that C% (R", C) is a linear
subspace of the space C2. (R™, C) of all smooth complex-valued functions on
R™ with compact support, as a vector space over the complex numbers.

Let {¢;}72, be a sequence of elements of CFF(R", C), and let ¢ be another
element of CF(R", C). Let us say that {¢;}72, converges to ¢ in C2(R",C)
if for every multi-index «,

(9.5.2) {0%¢;}52, converges to 9”¢ uniformly on K.

Let A be a linear functional on C3°(R"™,C). We can use the notion of
convergent sequences in C(R"™, C) described in the preceding paragraph to
define a natural continuity condition for A. This condition asks that

(9.5.3) lim A(¢;) = A(¢)

j*)OO
for every sequence {¢;}72; of elements of C7°(R",C) that converges to an
element ¢ of C32(R™, C) in this sense.

Alternatively, there is a standard topology defined on C%(R™, C), for which
convergence of sequences is equivalent to the notion of convergence mentioned
before. In this case, one can get the equivalence between continuity and sequen-
tial continuity more directly. In particular, the continuity condition for a linear
functional mentioned in the preceding paragraph is equivalent to continuity with
respect to this topology.

One can show that A is continuous on Cf(R"™, C) with respect to this topol-
ogy if and only if there are a nonnegative real number C' and a nonnegative
integer N such that

(9.5.4) M@ <C Y (max|@°9)@)])

la|<N

for every ¢ € C2(R™, C). The sum on the right is taken over all multi-indices
a with |a| < N, as usual. This condition implies that (9.5.3) holds whenever
(9.5.2) holds for all such multi-indices.

9.6 Compact sets in open sets

Let n be a positive integer, and let U be a nonempty open subset of R". Every
element of C$3, (U, C) can be extended to an element of C*°(R", C), by putting

com

it equal to 0 on R™\ U, as in Section 9.2. Using this, we can identify CS, (U, C)

com

with a linear subspace of C2 (R™,C). With this identification, C2° (U, C)

com com
corresponds to the union of C(R™, C) over all nonempty compact subsets K
of R™ such that K C U.
If K is a nonempty compact subset of R™ that is contained in U, then
a convergent sequence in CP¥(R™, C), in the sense described in the previous
section, may be considered as a convergent sequence in CS (U, C), in the sense

of Section 9.3. Conversely, any convergent sequence in CS5, (U, C), in the sense
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of Section 9.3, corresponds to a convergent sequence in C(R",C) for some
nonempty compact subset K of R™ that is contained in U.

Let A be a linear functional on C5, (U, C). If K is a nonempty compact
subset of R” that is contained in U, then the restriction of A to C¢(R"™,C)
defines a linear functional on that vector space. Observe that A satisfies the
continuity condition on C2° (U, C) described in Section 9.3 if and only if the
restriction of A to C3(R™, C) satisfies the continuity condition described in the
previous section for every nonempty compact subset K of R"™ that is contained
in U. This follows from the remarks about convergent sequences in the preceding
paragraph.

It is not too difficult to show that there are sequences {K; };";1 of nonempty
compact subsets of R™ such that

(9.6.1) Uxk,=U
j=1

and K is contained in the interior of K;; for each j. If K is any compact
subset of R™ that is contained in U, then it follows that

(9.6.2) K CK;

for some j. This implies that CS° (U, C) corresponds to

com

(9.6.3) G C (R",C),

j=1

as a linear subspace of C25, (R", C).

9.7 The Schwartz class

Let n be a positive integer. The Schwartz class S(R™) is the space of smooth
complex-valued functions f on R"™ such that

(9.7.1) 2% (07 f)(x)
is bounded on R™ for all multi-indices «, 5. Equivalently, this means that
(9.7.2) (L+ [2[*)* (87 f) ()]

is bounded on R™ for every nonnegative integer k and multi-index 8. It is easy

to see that S(R™) is a linear subspace of the space C*°(R™, C) of all complex-

valued smooth functions on R"™, as a vector space over the complex numbers.
Clearly

(9.7.3) cx (R",C) CSR™).

com

If a is a positive real number and b € C", then one can check that

(9.7.4) exp(—alz|* +b-2) € S(R™).
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If feSMR") and ¢ € R™, then one can verify that
(9.7.5) flx+c) e S(R™).

It is easy to see that

(9.7.6) 9 f € S(R™)

for every multi-index v in this case too.

If f € S(R") and p is a polynomial on R™ with complex coefficients, then
one can check that
(9.7.7) pfeSR"Y).

More precisely, this holds for smooth complex-valued functions p on R™ with
the following property. If v is any multi-index, then we ask that 97p has at
most polynomial growth at infinity on R™. This means that for every such -,
there are a nonnegative real number C'(y) and a nonnegative integer N(v) such
that

(9.7.8) (87p)(2)] < C(7) (L + |2HN)

for every x € R™. Of course, polynomials on R"™ satisfy these conditions.

Let {f;}52, be a sequence of elements of S(R"), and let f be another element
of S(R™). We say that {f;}52; converges to f in S(R") if for every pair of
multi-indices «, 3,

(9.7.9) z* (8ﬁfj)(3:) — z° (3ﬁf)(a:) as j — 0o,

uniformly on R™. This is the same as saying that for every nonnegative integer
N and multi-index 3,

(9.7.10) (L4 2N 1@ f;)(x) — (87 f) ()] = 0 as j — oo,

uniformly on R™. This is also equivalent to the convergence of { f; };";1 to f with
respect to a standard topology on S(R™). Note that a convergent sequence in
C.(R™ C), in the sense described in Section 9.3, converges as a sequence in
S(R™).

If {f;}52; converges to f in S(R™), then it is easy to see that {07 f;}72,
converges to 07 f in S(R™) for every multi-index «y. If p is a smooth complex-
valued function on R™ whose derivatives of all orders grow at most polynomially
on R", as before, then one can check that {p f;}52; converges to p f in S(R").
In particular, this holds when p is a polynomial on R™.

9.8 Tempered distributions

Let n be a positive integer, and let A be a linear functional on S(R™). Let us
say that A is continuous on S(R") if for every sequence {¢;}52; of elements of
S(R™) that converges to an element ¢ of S(R™), in the sense described in the
previous section, we have that

(9.8.1) lim A(¢;) = A(6).

j—o0
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This is equivalent to the continuity of ¢ with respect to the standard topology on
S(R™), which was mentioned in the previous section. Under these conditions,
A is said to be a tempered distribution on R™. The space

(9.8.2) S(R™)

of tempered distributions on R”™ is a vector space over the complex numbers,
with respect to pointwise addition and scalar multiplication of linear functionals
on S(R™).

Let f be a continuous complex-valued function on R”, and suppose that f
grows at most polynomially on R", so that

(9-8.3) [f(2)l < C(1+|z*)

for some nonnegative real number C, nonnegative integer k, and every x € R™.
If p € S(R™), then put

(9.8.4) (o) = | [flx)o(z)de,

Rn
where the right side may be defined as in Section 7.2. One can check that this
defines a tempered distribution on R™. More precisely, this works when

(9.8.5) fla) (14 =)

is integrable on R™ for some nonnegative integer [. This also works when f is a
locally integrable function on R™ with respect to Lebesgue measure such that
(9.8.5) is integrable, in which case (9.8.4) should be interpreted as a Lebesgue
integral.

One can define derivatives of tempered distributions in the same way as in
Section 9.4. Let p be a smooth complex-valued function on R™ whose derivatives
of all orders grow at most polynomially, as in the previous section. If X is any
tempered distribution on R", then

(9.8.6) (PA)(9) = Ap¢)

defines another tempered distribution on R™. If f is as in the preceding para-
graph, then p f satisfies an analogous condition, so that A, is defined as a
tempered distribution on R™ too. Of course,

(9.8.7) PA; =y,

as tempered distributions on R™.
If X is a tempered distribution on R™, then it is easy to see that

(9.8.8)  the restriction of A to C%. (R", C) defines a distribution on R".

com

It is well known that

(9.8.9) X is uniquely determined by its restriction to C5s,,(R", C).

com
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More precisely,
(9.8.10) C (R™,C) is dense in S(R"),

com

with respect to the standard topology on S(R™). Equivalently, this means that
if ¢ € S(R"), then there is a sequence {¢;}32; of elements of Cg5,, (R") that
converges to ¢ in S(R™). The ¢;’s can be obtained by multiplying ¢ by suitable
smooth functions on R™ with compact support, which are equal to 1 on large
bounded subsets of R™.

Of course, if z € R"™, then §,(¢) = ¢(x) defines a tempered distribution
on R"™, which is another version of the Dirac distribution associated to x. See
[85, 121, 125] for more information about the Schwartz class and tempered
distributions, in addition the references about distributions mentioned in Section
9.1.

9.9 More on S(R"), S(R")

Let n be a positive integer, let f be an element of the Schwartz class S(R"),
and let ¢ € R™ be given. One can check that f(x + ¢) € S(R"), as a function
of x € R", as mentioned in Section 9.7. More precisely, if a and § are multi-
indices, then the boundedness of

(9.9.1) (0P f)(z +¢)

on R” is equivalent to the boundedness of

9.9.2) (x = &) (0° f)(x)

on R™. This can be obtained from the boundedness of
(9.9.3) 27 (0° f)(x)

on R", for multi-indices v with v; < a; for each j = 1,...,n. This argument
also shows that one can get a bound for the absolute value of (9.9.1) on R™ that
grows at most polynomially in |c|.

Let A be a linear functional on S(R™). Suppose that there are a nonnegative
real number C' and nonnegative integers N1, Ny such that

(9.9.4) ol<c S Y (sup B 8%)(%)0

la|<Ni ||<N, ZER"

for every ¢ € S(R™). Here the first sum is taken over all multi-indices o with
|a] < Ny, and the second sum is taken over all multi-indices 5 with |3| < Na, as
usual. Under these conditions, one can check that X is a tempered distribution
on R™.

In fact, let {¢;}32; be a sequence of elements of S(R™), and let ¢ be another
element of S(R™). Suppose that

(9.9.5) z* (0%¢)(x) — % (0°p)(x) as j — oo,
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uniformly on R", for all multi-indices a, § with |a| < N; and || < Ny, If
(9.9.4) holds, then it is easy to see that A(¢;) — ¢ as j — oo.

Conversely, if X is a tempered distribution on R, then it is well known that
(9.9.4) holds for some C, Ny, N, > 0. This can be obtained from the continuity
of X at 0, with respect to the standard topology on S(R").

Let f be a continuous complex-valued function on R", and let {cj};?’;l be a
sequence of elements of R™ that converges to 0. Put

for each x € R™ and j > 1. Note that
(9.9.7) fi— fasj— o0

pointwise on R, because f is continuous on R™. More precisely, one can check
that (9.9.7) holds uniformly on compact subsets of R™, because continuous
functions are uniformly continuous on compact sets. If f is uniformly continuous
on R™, then (9.9.7) holds uniformly on R™.

If f is smooth on R, then for each multi-index «,

(9.9.8) 0%f; — 0%f as j — oo,

uniformly on compact subsets of R™. If f has compact support in R"™, then one
can verify that there is a compact subset of R™ that contains the supports of f
and f; for each j.

If f € S(R™), then f; € S(R") for each j, as before. In this case, it is not
too difficult to show that (9.9.7) holds in S(R™), in the sense defined in Section
9.7.

9.10 Some convolutions

Let n be a positive integer, and let U be a nonempty open subset of R™. If
a € R" and E C R", then put

(9.10.1) a+E={a+z:2€E}
and
(9.10.2) —E={-z:2€E}

Similarly, we put a — E = a + (—F).
Let K be a nonempty compact subset of R™, and put

(9.10.3) V={acR":a— K CU}.

One can check that this is an open subset of R", because U is an open set.
If ¢ is a complex-valued function on R™, then put

(9.10.4) P(y) = o(—y)
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for every y € R™. Also let 7,(¢) be the complex-valued function on R™ defined
by

(9.10.5) (7a(@))(y) = d(y — a)
for every y € R™. Thus B
(9.10.6) (7a())(y) = ¢(a —y)

for every y € R™.
Suppose now that ¢ is smooth on R"™, with

(9.10.7) supp ¢ C K,

and let A be a distribution on U. Observe that

(9.10.8) supp 7,(¢) = a — supp ¢

for every a € R". In particular, if a € V', then

(9.10.9) supp 74 (¢) C U.

Under these conditions, the convolution of A and ¢ is the complex-valued
function A * ¢ defined on V' by

(9.10.10) (A @)(a) = A(7a(9))-
If b € R™, then
(9.10.11) (66 * ¢)(a) = ¢(a —b)

for every a € R", by (9.10.6).
If {a;}32, is a sequence of elements of V' that converges to a € V, then one
can check that

(9.10.12) ler&(A x@)(a;) = (Axo)(a).

Equivalently, this means that

(9.10.13) lim A(7a, (9)) = A(7a()).
Jj—oo
This implies that A % ¢ is continuous on V.
It is well known and not too difficult to show that the first partial derivatives
of A * ¢ exist on V, with
(9.10.14) al()\ * (b) = A% ((’)lq/))

for each [ = 1,...,n. One can use this repeatedly, to get that A * ¢ is smooth
on V, with
(9.10.15) O%(Ax @) = A (0%9)

on V for each multi-index a.
One can verify that
(9.10.16) Ax (%) = (0%N) x ¢



160 CHAPTER 9. SOME DISTRIBUTION THEORY

on V for every multi-index «a. It follows that
(9.10.17) O%(Ax @) = (0N) x ¢

on V, by (9.10.15).

If g € S(R™) and A € S(R™)’, then Ax¢ can be defined on R™ as in (9.10.10).
It is well known that this satisfies the same type of properties as before.

In this case, one can also show that

(9.10.18) A ¢ grows at most polynomially on R,
using the remarks in the previous section. More precisely,
(9.10.19) the derivatives of A x ¢ of all orders grow at most polynomially

too.

9.11 Local solvability

Let n be a positive integer, and let p(w) be a nonzero polynomial on R™ with
complex coefficients. As in Section 9.1, a theorem of Ehrenpreis and Malgrange
states that there is a distribution £ on R"™ that is a fundamental solution of
p(0), in the sense that

(9.11.1) p(0)(F) = do.

Let f € C,,(R™, C) be given, and put

(9.11.2) u=FExf,

which is a smooth complex-valued function on R"™, as in the previous section.
Under these conditions, we have that

(9.11.3) (0(9))(u) = (PO)(E) x f =do* f = f
on R™, as mentioned earlier.
Let
(9.11.4) L= )" an(x)0”
|| <N

be a differential operator whose coefficients a,(z) are smooth complex-valued
functions on R™. Here N is a nonnegative integer, and the sum is taken over
all multi-indices o with || < N, as usual. We say that L is locally solvable at
a point g € R” if for any smooth complex-valued function f on R™ there is a
function (or distribution) u on a neighborhood of xg in R™ that satisfies

(9.11.5) L(u) = f

on that neighborhood, as in Section F of Chapter 1 of [32]. We may as well take
f to have compact support in R", as in [32], since otherwise we can multiply
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f by a smooth function on R™ with compact support that is equal to 1 on a
neighborhood of . Similarly, we could start with any smooth complex-valued
function fy defined on a neighborhood of xg in R", and get a smooth function
on R™ with compact support that is equal to fy on neighborhood of .

If the coefficients of L are constants, not all equal to 0, then the theorem of
Ehrenpreis and Malgrange implies that L is locally solvable at every point in
R™ If

(9.11.6) f and the coefficients a, are real-analytic near z,
and if
(9.11.7) aq(zo) #0

for some multi-index « with |a| = N, then one can get real-analytic solutions
to (9.11.5) near zy using a famous theorem of Cauchy and Kovalevskaya, as
mentioned near the beginning of Section E of Chapter 1 of [32]. This theorem
is discussed in Section 4.6.3 of [29], Section D of Chapter 1 of [32], and Section
2.8 of [83].

There is a famous example of H. Lewy of a first-order differential operator
on R? whose coefficients are constants or linear functions, and for which local
solvability does not hold. See Section E of Chapter 1 of [32] for more information.

9.12 Sequences of distributions

Let n be a positive integer, and let U be a nonempty open subset of R™. A
sequence {\;}%2, of distributions on U is said to converge to a distribution A
on U if

(9.12.1) lim A;(¢) = A(¢)

J—0o0

for every ¢ € C25., (U, C). More precisely, this is the same as convergence with
respect to the “weak* topology” on CS. (R™, C)'.
In this case, it is easy to see that

(9.12.2) {07152, converges to 0%\

in the same sense for every multi-index «. Similarly, if ¢ is a smooth complex-
valued function on U, then

(9.12.3) {aAj}72; converges to a A

in this sense.

Let {f;}32, be a sequence of continuous complex-valued functions on U that
converges to a complex-valued function f uniformly on compact sets contained
in U. Under these conditions, it is easy to see that the corresponding sequence
of distributions {Af, }52,, as in Section 9.3, converges to the distribution A;
corresponding to f, in the sense considered here. This also works when {f; }JO‘;I
is a sequence of locally-integrable functions on U that converges to a locally-
integrable function f on U with respect to the L' metric on any compact set
contained in U.
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Let {\; }?‘;1 be a sequence of distributions on U again, and suppose for the
moment that for each ¢ € C, (U, C),

com

(9.12.4) {Ai(9)}52, is a bounded sequence in C.

Let K be a nonempty compact subset of R™ that is contained in U. A famous
theorem of Banach and Steinhaus implies that there are a nonnegative real
number C(K) and a nonnegative integer N(K) such that

(9.12.5) M@l <oE) Y (max|@°6)@))
|| <N (K)
for each j > 1 and ¢ € CP(R™,C). This uses the well-known fact that
C®(R",C) is a “Fréchet space”.
Suppose now that for each ¢ € CS5,,(U, C),

(9.12.6) {Aji(9)}52, converges in C.

This implies (9.12.4), because convergent sequences are bounded. If A is defined
on C..(U,C) as in (9.12.1), then it is easy to see that A is a linear functional

com

on C..(U,C). We also have that

com

(9.12.7) Aol o) Y (max|(©°6)(@)])

reK
|| <N(K)

for every nonempty compact set K contained in U and ¢ € C3(R™, C), where
C(K) and N(K) are as in the preceding paragraph. This implies that

(9.12.8) A is a distribution on U,

as in Section 9.6. Thus {\;}22, converges to A in the sense described at the
beginning of the section. This corresponds to Theorem 6.17 on pl146 of [115].

Similarly, a sequence {/\j}?il of tempered distributions on R™ is said to
converge to a tempered distribution A on R™ if (9.12.1) holds for every ¢ in
S(R™). This is the same as convergence with respect to the weak* topology on
S(R™), as before.

If o is a multi-index, then it follows that {9%\;}7_; converges to 0%\ in the
same sense. If a is a smooth complex-valued function on R’ such that a and all
of its derivatives grow at most polynomially on R™, then {a \; };";1 converges
to a A in this sense too.

Let { fj};?‘;l be a sequence of complex-valued functions on R™, let f be
another complex-valued function on R”, and let [ be a nonnegative integer.
Suppose that the f;’s and f are continuous on R", or at least locally integrable,
and that the products f;(x) (1 + |z|?)~" and f(x) (1 + |z|*)~! are integrable on
R". Thus we get tempered distributions Ay, Ay on R", as in Section 9.8. If

(9.12.9) lim |fi(x) — f(z)| (14 |z*) " dz = 0,

j—roo RrRn
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then it is easy to see that {\;;}32, converges to Ay, as tempered distributions
on R™.

Suppose that {\; }‘;‘;1 is a sequence of tempered distributions on R"™ that
satisfies (9.12.4) for every ¢ € S(R™). One can use the Banach-Steinhaus
theorem to get that there are a nonnegative real number C' and nonnegative
integers N1, N3 such that

(9.12.10) pl<c >N (sup B 6%)(%)0

la| <Ny |BISN2

for each j > 1 and ¢ € S(R™). This uses the fact that S(R™) is a Fréchet space
too.

Suppose that (9.12.6) holds for every ¢ € S(R™), so that (9.12.4) holds in
particular, as before. This permits us to define A as a linear functional on S(R™)
by (9.12.1). Note that

(9.12.11) ol<c S Y (sup |z 8ﬁ¢)(x)l>

n
la|<Ny [B|<N, TER

for every ¢ € S(R™), by (9.12.10). This implies that X is a tempered distribution
on R"™, as in Section 9.9.



Chapter 10

Vector-valued functions and
systems

10.1 Vector-valued functions

Let n and [ be positive integers, and let U be a nonempty open subset of R™.
If f1,..., f; are real or complex-valued functions on U, then

(10.1.1) f(x) = ([i(@), ..., filz))

defines a mapping from U into R! or C!, as appropriate. The continuity of f
on U can be defined in the usual way, using the standard Euclidean metrics on
R" and on R or C!, as appropriate. It is well known and not difficult to show
that this is equivalent to the continuity of fi,..., f; as real or complex-valued
functions on U, as appropriate.

The spaces of continuous functions on U with values in R! and C! may
be denoted C(U,R!) and C(U, C!), respectively. These are vector spaces over
the real and complex numbers, respectively, with respect to pointwise addition
and scalar multiplication of functions. These spaces may be identified with the
spaces C(U,R)! and C(U, C)! of I-tuples of elements of C(U,R) and C(U, C),
respectively.

One can define partial derivatives of f, when they exist, in the usual way,
using the standard Euclidean metric on R! or C', as appropriate. This is equiv-
alent to the existence of the corresponding partial derivative of f; for each
j =1,...,1, in which case the jth component of the partial derivative of f is
equal to the corresponding partial derivative of f;. Similarly, the continuous
differentiability of f on U can be defined directly, and is equivalent to the con-
tinuous differentiability of f; on U for each j = 1,...,I. If k is any positive
integer, then the k-times continuous differentiability of f on U can be defined
directly as well, and is equivalent to the k-times continuous differentiability of
fjonU for each j =1,...,1. If f is k-times continuously differentiable on U

164
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for every k > 1, then f is said to be infinitely differentiable or smooth on U, as
before.

Let C*(U,R!) and C*(U, C!) be the spaces of k-times continuously differen-
tiable functions on U with values in R! and C', respectively, for each k > 1. We
may use the same notation with £ = 0 for the corresponding spaces of continuous
functions, as before. Note that C*(U, R') and C*(U, C') are linear subspaces of
C(U,RY) and C (U, C'), as vector spaces over the real and complex numbers, for
each k. We may identify C*(U,R') and C*(U, C!) with the spaces C*(U,R)!
and C*(U,C)! of I-tuples of elements of C*(U,R) and C*(U, C), respectively,
as usual.

Similarly, C>° (U, R!) and C*(U, C') denote the spaces of smooth functions
on U with values in R! and C!, respectively. These are linear subspaces of
Ck(U,RY) and C*(U, C'), respectively, for each k. We may identify C>(U, R')
and C> (U, C') with the spaces C*°(U, R)! and C> (U, C)! of I-tuples of elements
of C*(U,R) and C*(U, C), respectively, as before.

10.2 Matrix-valued functions

Let Iy, I be positive integers, and let £L(R",R'2), £(C!1,C*2) be the spaces
of linear mappings from R!, C" into R!2, C!2, respectively, as vector spaces
over the real and complex numbers. Note that £(R!*, R!2) and £(Ch,C!2)
are vector spaces over the real and complex numbers, respectively, with respect
to pointwise addition and scalar multiplication of linear mappings. Of course,
these linear mappings can be represented in terms of matrices of real or com-
plex numbers, as appropriate, in the usual way. One can use this to identify
L(RI* R2) and £(C1, C"2) with R %2 and Ch 2| respectively.

Let n be a positive integer, and let U be a nonempty open subset of R™. Sup-
pose that a(x) is a function of € U with values in L(R",R'2) or £(C", C!2).
This can be identified with a function on U with values in R %2 or Chiz, as
appropriate, as before. In particular, this can be used to define the usual conti-
nuity and differentiability properties of a(x) on U, using the standard Euclidean
metric on R*% or C*!2 as appropriate. This is equivalent to the analogous
continuity or differentiability properties of the I I real or complex-valued func-
tions on U corresponding to the matrix entries of a(x).

A version of this was mentioned in Section 5.15, for functions defined on an
interval in the real line. Similarly, if v € R" or C!*, as appropriate, then

(10.2.1) (a(z))(v)

defines a function of z € U with values in R’ or C'2, as appropriate. Continuity
or differentiability properties of a(x) on U are also equivalent to the analogous
properties of (10.2.1) holding for every v € R or C!, as appropriate, as a
function of 2 € U with values in R2 or C'2, as appropriate.

Suppose that v(x) is a function on U with values in R or C!*| as appro-
priate, so that

(10.2.2) (a(x))(v(x))
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is a function on U with values in R’ or C'2, as appropriate. If a(z)and v(z) sat-
isfy suitable continuity or differentiability properties on U, then (10.2.2) satisfies
the same property on U, as in Section 5.15. In particular,

0 da ov

(1023) S (@)@ = (g @) 0@) + (@) (5 @)

when the partial derivatives of a(z) and v(x) exist, as before.
Let lp be another positive integer, and let b(x) be a function of x € U with
values in L(R!, R1) or £(Clo, C"), as appropriate. If z € U, then let

(10.2.4) a(x) b(z)

be the composition of b(x) with a(x) as linear mappings, which defines an ele-
ment of L(R!,Ry,) or £L(Clo, C2), as appropriate. Of course, this corresponds
to multiplication of the matrices associated to b(z) and a(z). If a(z) and b(x)
satisfy suitable continuity or differentiability properties on U, then (10.2.4) sat-
isfies the same property on U, as before. In particular,

1025 5 (ae) o) = (@) ba) + alo) (G- ).

when the partial derivatives of a(z) and b(z) in z; exist.

10.3 Matrix-valued coefficients

Let I3, l2, and n be a positive integer, and let U be a nonempty open subset of
R”™. Also let N be a nonnegative integer, and for each multi-index a with order
la| < N, let a, be a function on U with values in L(R!*, R!2) or £(C!t, C'2). If
u is an N-times continuously-differentiable function on U with values in R or
C't, as appropriate, then let L(u) be the function on U with values in R’ or
C!z, as appropriate, defined by

(10.3.1) (L) (z) = Y (aa(@)((0*uw)(z))

lal<N

for every x € U. More precisely, if © € U and « is a multi-index with || < N,
then (9%u)(z) is an element of R!* or C"*| a,(z) is an element of L(R",R') or
L(Ch,C"2), and (aq(z))((0%u)(z)) is an element of R!2 or C'2, as appropriate.

Suppose that a, is r-times continuously differentiable on U for some non-
negative integer r, and each multi-index a with || < N. If w is (N + r)-times
continuously differentiable on on U, then L(u) is r-times continuously differen-
tiable on U, as in Section 2.4. Under these conditions, L defines a linear mapping
from CN+7(U,R") into C" (U, R"2), or from CN*"(U, Ch) into C"(U, C'2), as
approrpiate.

Similarly, if a, is smooth on U for every multi-index « with |a| < N, and
u is smooth on U, then L(u) is smooth on U as well. In this case, L defines
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a linear mapping from C*°(U,R") into C>=(U,R!2), or from C>(U, C'*) into
C>(U,C'2), as appropriate.

Polynomials on R™ with values in R! or C! for some positive integer I will
be discussed in the next section. One can check that the a,’s are uniquely
determined by L(u) for polynomials u with values in R" of degree less than or
equal to IV, as in Section 2.4. B

Let Iy be another positive integer, and let N be another nonnegative integer.
Suppose that for each multi-index 5 with |3| < N, bg is a function on U with val-
ues in £(Rl,R!") or £(Cl,Ch). If u is an N-times continuously-differentiable
function on U with values in R or C', as appropriate, then

(10.3.2) (L)) = Y (bp()((9"u)(x))

1BI<N

defines a function on U with values in R" or C!t, as appropriate. If bg is N-
times continuously-differentiable on U for every multi-index 8 with |3] < N,
and u is (N + N)-times continuously differentiable on U, then L(u) is N-times
continuously differentiable on U. This implies that

(10.3.3) L(L(u))

is defined as a function on U with values in R or C'2, as appropriate.
As in Section 2.4, (10.3.3) may be expressed as

(10.3.4) L)) = > (@)(@u)(x))

ly|<N+N

Here ¢, is a function on U with values in £(R',R!2) or £(Co, C'2) for each
multi-index v with |y] < N + N. These functions can be expressed as sums of
products of the a,’s with the bg’s and their derivatives of order less than or equal
to N, as before. More precisely, these products correspond to compositions of
linear mappings from R% or C% into R* or C"* with linear mappings from R’
or Ch into R' or C'2 to get linear mappings from R/ or Cl into R!? or C'2,
as appropriate.

If a, is r-times continuously differentiable on U for some r > 0 and every
a with || < N, and if bg is (N + r)-times continuously differentiable on U
for every § with |5| < N , then ¢y is r-times continuously differentiable on U
for every v with |[y| < N + N. If u is also (N + N + r)-times continuously
differentiable on U, then L(u) is (N 4 r)-times continuously differentiable on U,
and E(u) is r-times continuously differentiable on U, as before. In particular, if
the a,’s and bg’s are smooth on U, then the c,’s are smooth on U. In this case,
if u is smooth on U, then L(u) and L(u) are smooth on U as well.

10.4 Vector-valued polynomials

Let n and [ be positive integers again, and let P(R", R!) and P(R", C!) be the
spaces of polynomials on R™ with coefficients in R! and C', respectively. These
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spaces can be identified with the spaces P(R",R)! and P(R", C)! of I-tuples of
polynomials on R™ with real or complex coefficients, as appropriate. These are
also linear subspaces of C°(R"”, R!) and C*(R", C'), respectively, as vector
spaces over the real or complex numbers, as appropriate.

If k is a nonnegative integer, then let P*(R" R!) and P*(R",C') be the
spaces of polynomials on R” with coefficients in R! and C!, respectively, and
degree less than or equal to k. These are linear subspaces of P(R",R!) and
P(R™, C'), as vector spaces over the real or complex numbers, as appropriate.
We can identify P¥(R"”, R!) and P*¥(R", C!) with the spaces P*(R",R)! and
PF(R"™, C)! of I-tuples of polynomials on R™ with real and complex coefficients,
respectively, of degree less than or equal to k.

Note that P*(R™, R!) and P*(R", C!) have the same finite dimension, as
vector spaces over R and C, respectively. This is equal to [ times the dimension
of P¥(R™,R) and P*(R™, C), which is the same as the number of multi-indices
B with order |3] < k, as in Section 5.11.

Let I, Il be positive integers, and let

(10.4.1) P(R", L(R",R"?)), PR" L(C",C"?))

be the spaces of polynomials on R" with coefficients in £L(R!,R!2), £(C!t, C'2),
respectively. These spaces may be identified with P(R",R!12), P(R", Cl1!2),
respectively, as in Section 10.2.

If k is a nonnegative integer, then let

(10.4.2) PER™, LR, R2)), PHR", L(C",C"2))

be the spaces of polynomials on R™ with coefficients in £(R!1, R'2), £L(Ch, C'2),
respectively, and degree less than or equal to k. These may be identified with
the spaces PF(R™, R/ !2), P*(R", C!1!2), respectively, as before.

Suppose that a(z) be a polynomial on R™ with coefficients in £(R!*, R!2) or
L(C" C!2), and let v(x) be a polynomial on R™ with coefficients in Rt or Ch1,
as appropriate. Observe that a(x)(v(x)) is a polynomial on R™ with coefficients
in R!2 or C'2, as appropriate, and that

(10.4.3) deg(a(x)(v(z))) < dega(x) + degv(z).

Let Iy be another positive integer, and let b(z) be a polynomial on R™ with
coefficients in £(R'  R!t) or £L(C!°, C't), as appropriate. The product a(x) b(z)
may be defined as in Section 10.2, and is a polynomial on R"™ with coefficients
in L(R% R!2) or £(Cl.C'2), as appropriate. We also have that

(10.4.4) deg(a(x) b(z)) < dega(x) + degb(z).

Let L(RY) = £(R!, RY) and £(C') = L(C', C!) be the spaces of linear map-
pings from R! and C'! into themselves, respectively, as in Section 5.15. The
spaces of polynomials on R™ with coefficients in £(R!) and £(C!) may be de-
noted P(R", L(R!)) and P(R™, L(C')), respectively. Similarly, the spaces of
polynomials on R™ with coefficients in £(R!) and £(C!) and degree less than
or equal to k may be denoted P*(R"™, L(R')) and P*(R", L(C')), respectively.
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10.5 Matrix-valued polynomials

Let n, I, and Il be positive integers, and let IV be a nonnegative integer. Also
let

(10.5.1) p(w) = Z Ao W

la] <N

be a polynomial in the n variables wy, ..., w, with coefficients in £(R", R/2)
or L(C!, C") of degree less than or equal to N. Thus, for each multi-index o
with order |a| < N, a, is a linear mapping from R" or C" into R!2 or C!2, as
appropriate.

Using p, we get a differential operator

(10.5.2) p(d) = > and",

la|<N

as in Section 1.7. More precisely, this is a differential operator with coefficients
in L(R",R!2) or £(Ch,C!2), as appropriate, as in Section 10.3.

Let b be an element of R™ or C™, as appropriate, so that exp(b- x) defines
a smooth real or complex-valued function of z € R™®. If v € R" or Ch, as
appropriate, then
(10.5.3) (exp(b-x))v

defines a smooth function of x € R™ with values in R"* or C!1, as appropriate.
It is easy to see that

(10.5.4) (P(9))((exp(b - z)) v) = (exp(b - z)) (p(b))(v),

which is a function of 2 € R™ with values in R!2 or C'2, as appropriate. More
precisely, p(b) is defined as a linear mapping from R’ or C! into R!2 or C'2,
as appropriate, which sends v to an element of R!2 or C!2, as appropriate. In
particular,

(10.5.5) (P(9))((exp(b - z)) v) = 0
if and only if
(10.5.6) (p(b))(v) = 0.

Let Iy be another positive integer, let Ny be another nonnegative integer,
and let po(w) be a polynomial in wy, ..., w, with coefficients in £L(R' R!t) or
L(Clo,C"), as appropriate. Thus py(9) is a differential operator with coeffi-
cients in L(R!,R1) or £L(C!, Ch), as appropriate. The product p(w) po(w) is
a polynomial in wy,...,w, with coefficients in £(R' R!2) or £(Cl, C!2), as
appropriate, of degree less than or equal to Ny + NV, as in the previous section.
This leads to a differential operator (ppo)(9) with coefficients in L(R%, R!2) or
L(Clo, C'"), as appropriate. One can check that

(10.5.7) (Pp0)(9) = p(9) po(9),

as in Section 1.7.
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Let U be a nonempty open subset of R™, and let u be a function on U
with values in R% or Clo, as appropriate, that is (Ny + N)-times continuously
differentiable on U. Thus (po(d))(u) is a function on U with values in R or
C!', as appropriate, that is N-times continuously differentiable on U. Under
these conditions, we have that

(10.5.8) ((Pp0)(9))(u) = (p(9))((po(9))(w))

on U, as in (10.5.7).

Let I be a positive integer, and let us now take [y = I = [. Let b be an
element of R™ or C™ again, as appropriate, so that p(b) is a linear mapping
from R! or C! into itself, as appropriate. Suppose that v is an element of R! or
C!, as appropriate, that is an eigenvector of p(b) with eigenvalue A in R or C,
as appropriate. This implies that

(10.5.9) (p(0))((exp(b-z))v) = A(exp(b- z)) v,
as in (10.5.4).
Note that det p(w) is a polynomial in wy, ..., w, of degree less than or equal

to N[ with real or complex coefficients, as appropriate.

10.6 Polynomials, vectors, and operators

Let n, l;, and [» be positive integers, and let N be a nonnegative integer.
Suppose that for each multi-index « with || < N, a, is a polynomial on R"
with coefficients in £(R!*, R!2) or £(C!*,C!2). This can be identified with a
polynomial with coefficients in R 2 or Ch %2 as in Section 10.2.

Using the a,’s, we can define a differential operator L acting on N-times
continuously differentiable functions u on R™ with values in R or C1, as
appropriate, as in (10.3.1). In this case, L maps polynomials on R" with coef-
ficients in R or Ch to polynomials on R™ with coefficients in R' or C'2, as
appropriate.

Let ¢ be an integer, and suppose that

(10.6.1) dega, < |a|—c

for each o, |a] < N, which is interpreted as meaning that a, = 0 when || < ¢, as
usual. If p is a polynomial on R™ with coefficients in R" or C", as appropriate,
then

(10.6.2) deg L(p) < degp — ¢,

which means that L(p) = 0 when degp < ¢, as before.

Suppose now that I; = Iy = I, so that L maps P(R™,R!) or P(R",C!) into
itself, as appropriate. If p is a polynomial on R"™ with coefficients in R! or C!,
as appropriate, then
(10.6.3) deg L7 (p) < degp — cj
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for each j > 1, by (10.6.2). This means that L/(p) = 0 when degp < cj, as
before.

Suppose that ¢ > 0, and let &k be a nonnegative integer. Thus L maps
PFR", R or P*(R", C!) into itself, as appropriate. Let L be the restriction
of L to P¥(R™, R!) or P*(R", C!), as appropriate. If ¢ > 1 and

(10.6.4) k<cjy,
then ‘
(10.6.5) L{c =0,

by (10.6.3). In particular, this means that Ly is nilpotent when ¢ > 1.

Let m(k) be the number of multi-indices § with order || < k, so that
PER™, RY) and P¥(R", C!) have dimension [ m(k) as vector spaces over R and
C, respectively, as in Section 10.4. This permits us to identify Lj with a linear
mapping from R!™*) or C'™(k) into itself, as appropriate. If ¢ € R, then
we can define the exponential of ¢ L, as a linear mapping on P*(R™, R!) or
PF(R", Cl), as appropriate, as in Sections 5.4 and 5.8.

Let ¢ be a polynomial on R™ with coefficients in R’ or C!, as appropriate,
and of degree less than or equal to k. Note that

(10.6.6) (exp(t Ly))(q)

is another polynomial on R™ with coefficients in R! or C!, as appropriate, and
degree less than or equal to k. The coefficients of this polynomial depend on ¢,
and are smooth functions of ¢. This implies that

(10.6.7) u(z,t) = ((exp(t Li))(q))(x)

is smooth as a function of (z,t) € R" xR with values in R! or C!, as appropriate.

If ¢ > 1, then exp(t L) is a polynomial in ¢ whose coefficients are linear
mappings on P*(R", R!) or P*(R™, C!), as appropriate, as in Section 5.10. It
follows that (10.6.7) is a polynomial in = and ¢ with coefficients in R! or C', as
appropriate, in this case.

Of course,

(10.6.8) u(z,0) = q(z)
for every x € R™, and

0
(10.6.9) e ((exp(t Lx))(q)) = Li((exp(t Li))(q)),
as in Sections 5.6 and 5.10. This implies that

ou
10.6.1 — =1L

(106.10) = L)

on R” x R, as in Section 5.12.

A standard approach to dealing with equations with higher-order derivatives
in t is to reduce to the case of systems of equations with only first-order deriva-
tives in ¢t. A basic version of this was discussed in Section 5.13. That is much
easier to do here, since we are already working with systems of equations.
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10.7 Some more products with exp(b - x)

Let n and [ be positive integers, also let N be a nonnegative integer. Also let
p(w) be a polynomial in the n variables wy, ..., w, with coefficients in £(R!)
or L(C') of degree less than or equal to N, as in Section 10.5. This leads to a
differential operator p(0), as before.

Let b € R™ or C" be given, as appropriate. Observe that

(10.7.1) po(w) = p(w + b)

can be expressed as a polynomial in wy,...,w, with coefficients in £(R!) or
L(C'), as appropriate, of degree less than or equal to N, as in Section 2.5.

Let py(0) be the differential operator associated to py(w), and let f be an
N-times continuously-differentiable function on R™ with values in R! or C!, as
appropriate. Under these conditions,

(10.7.2) p(9)((exp(b - z)) f(x)) = (exp(b - x)) (ps(9)(f)) (%),

as in Section 5.14.
If b € R™, then let

(10.7.3) (exp(b-z)) P(R™,R)

be the space of functions on R™ with values in R of the form

(10.7.4) (exp(b - x)) q(),

where ¢ € P(R™,R!). This is a linear subspace of C>®°(R", R!), as a vector
space over the real numbers. Similarly, if £ is a nonnegative integer, then let

(10.7.5) (exp(b-z)) P*(R", R

be the space of functions on R" with values in R! of the form (10.7.4), with
q € P*(R™,R!). This is a linear subspace of (10.7.3), as a vector space over
R. If p(w) has coefficients in £(R'), then p(d) maps (10.7.3) and (10.7.5) into
themselves, because of (10.7.2), as in Section 5.14.

If b € C™, then let

(10.7.6) (exp(b-z)) P(R™, C)

be the space of functions on R™ with values in C! of the form (10.7.4), with
q € P(R",C!). Similarly, if k is a nonnegative integer, then let

(10.7.7) (exp(b- z)) P*(R™, C)

be the space of functions on R"™ with values in C! of the form (10.7.4), with
q € P*(R",C!). These are linear subspaces of C>°(R", C!), as a vector space
over the complex numbers. If p(w) has coefficients in £(C'), then p(d) maps
(10.7.6) and (10.7.7) into themselves, because of (10.7.2), as before.
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10.8 Some remarks about nilpotency

Let n, I, N, and p(w) be as at the beginning of the previous section. Suppose
for the moment that p(0) is nilpotent, so that

(10.8.1) p(0)" =0

on R! or C!, as appropriate, for some nonnegative integer r. If k is a nonnegative
integer, then it follows that p(9)"*! is nilpotent on P*(R™, R') or P*(R™, C!),
as appropriate, as in Section 10.6. Of course this means that p(0) is nilpotent
on PE(R™ R!) or P¥(R"™, C!), as appropriate.

Put
(10.8.2) L =p(9),

and let Ly, be the restriction of L to P*(R"”, R') or P*(R", C!), as appropriate,
for each nonnegative integer k. If ¢ € R, then we can define

(10.8.3) exp(t Lg)

as a linear mapping on P*(R"™,R!) or P*¥(R", C!), as appropriate, as in Sec-
tions 5.4 and 5.8. If p(0) is nilpotent, so that Ly is nilpotent, then (10.8.3)
is a polynomial in ¢ whose coefficients are linear mappings on P*(R",R!) or
PF(R", Cl), as appropriate, as in Section 5.10.

Let ¢ be an element of P¥(R"™, R!) or P¥(R", C!), as appropriate. If p(0)
is nilpotent, then (exp(t Ly))(¢) may be considered as a polynomial in ¢ with
coefficients in P*(R"™,R!) or P¥(R", C!), as appropriate. In particular,

(10.8.4) ((exp(t Lk))(q)) (=)

is a polynomial in z and t with coefficients in R! or C!, as appropriate.

Let b € R™ or C™ be given, as appropriate, and let p,(w) be as in (10.7.1).
Suppose now that
(10.8.5) pp(0) = p(b) is nilpotent

on R! or C!, as appropriate. If k is a nonnegative integer, then the restriction of
p(0) to PE(R™, R'Y) or P¥(R™, C!), as appropriate, is nilpotent, by the remarks
at the beginning of the section. This implies that the restriction of p(d) to
(10.7.5) or (10.7.7), as appropriate, is nilpotent, because of (10.7.2).

10.9 The characteristic polynomial

Let [ be a positive integer, and let A be a linear mapping from R! or C! into
itself. If ¢ is a real or complex number, then A — ¢ I is another linear mapping
from R! or C! into itself, as appropriate, where I is the identity mapping on R!
or C!. Thus

(10.9.1) cha(t) = det(A — 1)
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defines a real or complex-valued function on R or C, as appropriate. More
precisely, ch4(t) is a polynomial of degree [ in ¢, with real or complex coefficients,
as appropriate. This is known as the characteristic polynomial of A.

The characteristic polynomial may be expressed as

l

(10.9.2) cha(t) = ¢ ¥/,

Jj=0

with ¢; € R or C for each j, as appropriate. Remember that the determinant
of an | x | matrix is given by a homogeneous polynomial of degree [ in the [2
entries of the matrix. This means that c; is given by a homogeneous polynomial
of degree I — j in the [? entries of the ! x [ matrix corresponding to A. In
particular,

(10.9.3) a=(-1),

and ¢y = det A. The zeros of ch4(t) in R or C are the same as the eigenvalues
of A as a linear mapping on R! or C', as appropriate, by standard arguments.

A polynomial of degree [ in ¢t with complex coefficients is equal to the prod-
uct of the coefficient of ¢ and [ linear factors, corresponding to the ! zeros of
the polynomial in C, with their appropriate multiplicities, by the fundamen-
tal theorem of algebra. It follows that ch4(t) is uniquely determined by the
eigenvalues of A in the complex case, because of (10.9.3).

If A is nilpotent, then it is easy to see that 0 is the only eigenvalue of A.
This implies that

(10.9.4) cha(t) = (—1) ¢

in the complex case, by the remarks in the preceding paragraph. Equivalently,
this means that

(10.9.5) ¢;=00<j<l—1,

One can get the same conclusion in the real case using the unique extension of
a linear mapping from R! into itself to a linear mapping from C' into itself, as a
vector space over the complex numbers. Another proof of this will be mentioned
in the next section.

If A is any linear mapping from R! or C! into itself, then the Cayley—
Hamilton theorem states that

l
(10.9.6) cha(A) = ¢; A =0,
=0

where A is interpreted as being equal to I. If (10.9.4) holds, then it follows
that

(10.9.7) Al =o.
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10.10 More on nilpotent linear mappings

Let [ be a positive integer again, and let A be a linear mapping from R or C!
into itself. If 7 is a real or complex number, then I —7 A defines a linear mapping
from R! or C! into itself, as appropriate. Let r be a nonnegative integer, and
observe that

r r r+1

10.10.1) (I -7 A FIAT =N AT N AT — [ L gL
( ) (

j=0 j=0 j=1
Similarly,
(10.10.2) (ZTj AJ’) (I—7A)=1-7"+1 AT,

j=0

If
(10.10.3) AT — 0,

then it follows that I — 7 A is invertible, with

(10.10.4) (I-rA)=> 4.
j=0
Note that
(10.10.5) det(I — 7 A)
and .
(10.10.6) det (Z 7 AJ’)
j=0

are polynomials in 7 with real or complex coefficients, as appropriate. Both of
these polynomials are equal to 1 at 7 = 0. If (10.10.3) holds, then

(10.10.7) det(I — 7 A) det (iﬁ Aj) =1
§=0

for all 7 in R or C, as appropriate. One can use this to get that

(10.10.8) det(I—-7A)=1

and .

(10.10.9) det (Z 7 AJ’) —1
§=0

for each 7.

If ¢ is a nonzero real or complex number, as appropriate, then it is easy to
see that (10.9.4) is equivalent to (10.10.8), with 7 = 1/¢. Of course, if (10.9.4)
holds for all ¢ # 0, then it holds when ¢ = 0 too. One could also obtain (10.9.4)
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with ¢ = 0 more directly from (10.10.3). This is another way to obtain (10.9.4)
from (10.10.3), as mentioned in the previous section.
If

(10.10.10) flt) = ibj t7
j=0

is any polynomial with real or complex coefficients, then
(10.10.11) F(A) = "b; A
j=0

defines a linear mapping from R! or C' into itself, as appropriate. If A is any
linear mapping from R! or C' into itself, then it is well known that one can find
a nonzero polynomial f(t) of degree at most [ such that

(10.10.12) f(A)=0.

Of course, this follows from the Cayley—Hamilton theorem, and it can also be
obtained more directly from the fact that £(R'), £(C') have dimension I2, as
vector spaces over the real and complex numbers, respectively.

If A is a linear mapping from C' into itself, and A — tI is invertible for
every t € C with ¢ # 0, then (10.10.12) implies that A is nilpotent, because f
can be expressed as the product of a nonzero constant and finitely many linear
factors. This invertibility condition holds when (10.9.2) holds for every t € C,
or equivalently (10.10.8) holds for every 7 € C. If A is a linear mapping from
R! into itself, then A has a unique extension to a linear mapping from C! into
itself, as a vector space over the complex numbers, that we may denote by A as
well. If (10.9.4) holds for every ¢t € R, or equivalently (10.10.8) holds for every
7 € R, then these conditions hold for all ¢, 7 € C, because the left sides of these
equations are polynomials in ¢, 7, respectively. The argument in the complex
case implies that A is nilpotent on C!, and thus on R'.



Chapter 11

Power series in several
variables

11.1 Sums over multi-indices

Let n be a positive integer, and let (Z; U{0})™ be the set of n tuples of elements
of the set Z U {0} of nonnegative integers. Equivalently, this is the set of all
multi-indices. If f is a real or complex-valued function on (Z U{0})", then we
may be interested in a sum of the form

(11.1.1) Z flo).

a€(ZUf0})"

Of course, this can be reduced to a finite sum when f(«) = 0 for all but finitely
many multi-indices «. If n = 1, then this may be interpreted as an infinite
series.

One can try to define (11.1.1) for any n by reducing to an infinite series. One
way to do this is to use the fact that (Z, U {0})" is countably infinite, so that
one can find a sequence {c(l)};°, of multi-indices in which every multi-index
occurs exactly once. Thus one may try to interpret the sum (11.1.1) as being
equal to the infinite series

(11.1.2) > Fle).
=0

Alternatively, let Ey, E1, Es, Fs3, ... be an infinite sequence of nonempty fi-
nite subsets of (Z4 U {0})™ such that

(11.1.3) En € Enta
for every nonnegative integer N, and
oo
(11.1.4) U En = (Zy u{oh)™.
N=0

177
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One may wish to interpret the sum (11.1.1) as being equal to

(11.1.5) Jim > fla,
a€EN
if the limit exists.

Let {a(1)}2, be an enumeration of (Z; U {0})", as before. If we put
(11.1.6) En ={a(0),a(1),...,a(N)}

for each nonnegative integer N, then we get a sequence of nonempty finite
subsets of (Z4 U {0})™ that satisfies (11.1.3) and (11.1.4). In this case,

N
(11.1.7) > fa) =) fla)
=0

acEN

for each N > 0, so that (11.1.2) is the same as (11.1.5).
As another basic example, one can take En to be

(11.1.8) {a e (Z,U{OD)": |a < N}

for each N > 0, where |a] is the order of «, as usual. Another possibility is to
take En to be

(11.1.9) {a € (ZyU{0})":a; < N foreachj=1,...,N}

for every N > 0. These are the same when n = 1, in which case (11.1.5) is the
same as the usual interpretation of (11.1.1) as an infinite series.

Let f be a nonnegative real-valued function on (Z; U {0})". If A is a
nonempty finite subset of (Z U {0})™, then

(11.1.10) > f@)

acA

is a nonnegative real number. Let us say that f is summable on (Z4 U {0})"
if the collection of these finite sums has an upper bound in R. Under these
conditions, the sum (11.1.1) may be defined as the supremum of the set of these
finite sums. Otherwise, it is sometimes convenient to interpret (11.1.1) as being
equal to 4o0.

If n = 1, then the summability of f is equivalent to the convergence of the
corresponding infinite series of nonnegative real numbers, with the same value of
the sum. If {«(1)};°, is any enumeration of (Z4 U {0})", then the summability
of f is equivalent to the convergence of (11.1.2), with the same value of the sum.

Let Ey, F1, Fo, E3, ... be an infinite sequence of nonempty finite subsets of
(Z; U{0})™ that satisfies (11.1.3) and (11.1.4) again. It is easy to see that f is
summable on (Z4 U {0})™ if and only if the sums

(11.1.11) > fla)

a€FEN
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bounded. In this case, the supremum of these sums is the same as the supre-
mum of the set of sums of the form (11.1.10). We also get that the limit in
(11.1.5) exists and is equal to this supremum, because the sums (11.1.11) are
monotonically increasing in V.

Suppose that f can be expressed as

(11.1.12) fla) = Hfj(aj),

where f; is a nonnegative real-valued function on the set Z; U{0} of nonnegative
integers for each j =1,...,n. If Ex is as in (11.1.9), then

(11.1.13) Y fla)= H ( i filey))

a€EN a;=0

for each N > 0. If f; is summable on Z; U {0} for each j = 1,...,n, then it
follows that f is summable on (Z4 U {0})™, with

(11.1.14) > s =TI fitan):
aE(Z;O{o})" J=1 - ag=0

Conversely, if f is summable on (ZU{0})", and if none of the f;’s is identically
zero on Z4 U {0}, then f; is summable on Z, U {0} for each j.

As a basic family of examples, let 7 be an element of the set (R4 U{0})" of
n-tuples of nonnegative real numbers, and put

(11.1.15) fla) =r¢

for each multi-index «. This is of the form (11.1.12), with

(11116) fj(aj) =%
for each j =1,...,n. It follows that f is summable on (Z4 U {0})™ if and only
if r; <1 foreach j=1,...,n, in which case
(11.1.17) >oooore=JJa-rm
ae(Zu{o})n j=1

11.2 Real and complex-valued functions

Let n be a positive integer, and let f be a real or complex-valued function
on (Z; U {0})™. Let us say that f is summable on (Z4 U {0})™ if |f(«a)| is
summable as a nonnegative real-valued function on (Z; U {0})™. If f is real
valued, then this is equivalent to the summability of fi(a) = max(f(«),0)
and f_(«) = max(—f(«),0) on (Z; U {0})™. If f is complex valued, then
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summability of f is equivalent to the summability of the real and imaginary
parts of f.

If f is a summable real or complex-valued function on (Z; U {0})", then
the sum (11.1.1) may be defined as a real or complex number, as appropriate,
by reducing to the case of nonnegative real-valued summable functions. More
precisely, if f is real valued, then the sum may be defined as the difference of
the analogous sums for f, and f_. If f is complex valued, then the real and
imaginary parts of the sum may be defined as the corresponding sums of the
real and imaginary parts of f. In both cases, the sum (11.1.1) may be described
equivalently as in (11.1.2) or (11.1.5), because of the analogous statements for
nonnegative real-valued summable functions.

We also have that

(11.2.1) oo fals > A

a€(Zu{o})" a€(Zu{o})"

in both cases. If f is real valued, then this follows directly from the definition of
the sum (11.1.1) mentioned in the preceding paragraph. If f is complex valued,
and one tries to consider the real and imaginary parts of the sum directly, then
one gets an extra factor of 2 on the right side, or /2 with a bit more effort.
Of course, if f(a) = 0 for all but finitely many « € (Z4 U {0})™, then (11.2.1)
follows from the triangle inequality for the absolute value of a complex number.
One can use this to get (11.2.1), by expressing the sum (11.1.1) as in (11.1.2)
or (11.1.5).

It is easy to see that the spaces of real and complex-valued summable func-
tions on (Z4 U {0})™ are linear subspaces of the spaces of all real and complex-
valued functions on (Z; U {0})™, as vector spaces over R and C, respectively.
The linearity of the sum (11.1.1) in f can be obtained from the descriptions of
the sum as in (11.1.2) or (11.1.5).

If n = 1, then the summability of f is equivalent to the absolute convergence
of the corresponding infinite series. Similarly, if {c(l)};°, is any enumeration of
(Z1U{0})™, then the summablility of f is equivalent to the absolute convergence
of (11.1.2).

Suppose that f is as in (11.1.12), where f; is a real or complex-valued
summable function on Z; U {0} for each j = 1,...,n. This implies that f
is summable on (Z; U {0})", as in the previous section. One can check that
(11.1.14) holds under these conditions, using the same type of argument as
before, or by reducing to the previous case.

Let z € C™ be given, and put

(11.2.2) fla) =2"
for each multi-index a. If |z;| < 1 for each j =1,...,n, then f is summable on

(Z, U{0})™, as in the previous section. In this case,

(1 - Zj)717
1

(11.2.3) Y=

ae(Zyu{oh)n J

n
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by (11.1.14).

11.3 Cauchy products

Let n be a positive integer, and let f, g be real or complex-valued functions on
(Z4 U{0})". If ~y is a multi-index, then put

(11.3.1) hy)= Y. fl@)gd).

at+p=y

More precisely, the sum on the right is taken over all multi-indices «, 5 such
that a+ 8 = . Note that there are only finitely many such multi-indices «, 5.

Suppose for the moment that f(«) = 0 for all but finitely many multi-indices
a, and that g(8) = 0 for all but finitely many multi-indices S. This implies that
h(y) = 0 for all but finitely many multi-indices 7. Under these conditions, one
can verify that

ws2) Y owm=( X r@)( X a®)

ve(Z4u{oh)n a€(Z4Uf0})" BE(Z4U{0})"

In fact, both sides of the equation are the same as the sum of f(a)g(8) over
all multi-indices «, 8. The sum on the left may be desacribed as the Cauchy
product of the two sums on the right.

Suppose now that f, g are nonnegative real-valued functions on (Z4 U{0})",
so that h is nonnegative as well. If IV is a nonnegative integer, then let En be
the set of multi-indices o with order || < N, as in (11.1.8). Observe that

(11.3.3) > h(v) S( > f(a))( > g(ﬂ))

YyEEN acEN BEEN
and
(11.3.4) (> r@) (X a®)= 3w
a€EEN BeEEN yEEaN

for each N > 0. If f and g are summable on (Z4 U {0})", then it follows that
h is summable too, and that (11.3.2) holds.
If f and g are any real or complex-valued functions on (Z; U {0})", then

(11.3.5) RMI< > 1H(@)]1g(B)]
a+p=y

for every multi-index . Suppose that f and g are summable on (Z, U {0})™,
which implies that the right side of (11.3.5) is summable as a function of v, as
in the preceding paragraph. It follows that h is summable as well, with

ase) > mel=( X w@)( X les)).

yE(Zyu{ohHn a€g(Z4u{o})" BE(Zu{o})™
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One can check that (11.3.2) holds too, by reducing to the case of nonnegative
real-valued summable functions.
Let z € C™ be given, and suppose that

(11.3.7) fa) =aq 2%, g(B) =bs 2"
for all multi-indices a, 3, where a,, bg are complex numbers. If we put
(11.3.8) cy= Y asbg

a+pB=y

for each multi-index y, then we get that

(11.3.9) h(y) =cy 27.

11.4 Power series on closed polydisks

Let n be a positive integer, and let zp = (20,1,-..,%0,n) € C" be given. Also let
ao be a complex number for each multi-index «, and consider the power series

(11.4.1) f@) = ). aa(z—z2)"

ae(Ziu{o})m

in z1,...,2n, centered at zg. More precisely, the sum on the right is defined as
a complex number for each z € C” such that

(11.4.2) aa (2 = 20)”

is summable as a function of o on (Z U {0})™.
Let r € (R4 U{0})™ be given, and suppose for the moment that

(11.4.3) laa| ™

is summable as a function of o on (Z4 U {0})™. This implies that (11.4.2) is
summable as a function of o on (Zy U {0})"™ when

(1144) |Zj — ZO,j| S T, 1 S] S n.

This means that (11.4.1) defines a complex-valued function on the closed poly-
disk

(1145) {Z € Cc": |Zj - ZO,j| § Tj, 1 S_] S n},

which is a closed set in C", with respect to the standard Euclidean metric.

Let € > 0 be given, and let A(e) be a nonempty finite subset of (Z U{0})"
such that

(11.4.6) S aalrt < (X laalr®) +e

a€(Z+u{o})" a€A(e)
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The existence of such a set follows from the definition of the sum on the left,
as the supremum of the corresponding sums over nonempty finite subsets of
(Z4 U{0})", as in Section 11.1. Using this, we get that

(11.4.7) > |aa| 7 < €,

a€(Z4 U{0})™\A(e)

because of the linearity of the sum.
Let A be a nonempty finite subset of (Z; U {0})" such that

(11.4.8) A(e) C A.

If z € C" satisfies (11.4.4), then

(11.49) [76) = X aa e - )" S an(eoz0)

acA a€(Z,U{0})m\A
< Z |aa| 7
ae(ZU{0})"\A
< Z |aa| T < €.
a€(Z+U{0})™\A(e)
Let Ey, E1, Es, E3, ... be an infinite sequence of nonempty finite subsets of

(Z4 U{0})™ that satisfy (11.1.3) and (11.1.4). If z € C™ satisfies (11.4.4), then

(11.4.10) Jim_ D aa(z—20)" = f(2),
a€EN

as in Sections 11.1 and 11.2. In fact, the convergence is uniform over (11.4.5),
as in (11.4.9). This corresponds to a classical criterion for uniform convergence
of Weierstrass. It follows that f is continuous on (11.4.5), because polynomials
are continuous on C™.

11.5 Power series on open polydisks

Let n be a positive integer, let zg € C™ be given, and let a,, be a complex number
for each multi-index «. Also let t be an element of the set (R4 U {+o0})™ of
positive extended real numbers. Suppose that if » € (R4 U {0})" satisfies
(11.5.1) r<t;, 1<j<n,

then (11.4.3) is summable as a function of o on (Z; U{0})™. If z € C™ satisfies
(11.5.2) ‘Zj - ZO,jl <y, 1 <5 <n,

then it follows that (11.4.2) is summable as a function of o on (Zy4 U {0})™.
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This implies that (11.4.1) defines a complex-valued function on
(11.5.3) {z€C" |25 — 20,5 <tj, 1 < j<n},

which is an open set in C", with respect to the standard Euclidean metric. This
set may be described as an open polydisk in C™, at least when ¢4, ..., t, are finite.
One can check that f is continuous on (11.5.3), because its restriction to any
closed polydisk (11.4.5) is continuous when (11.5.1) holds, as in the previous
section.

Suppose for the moment that ¢q,...,t, are finite, and that

(11.5.4) |aa| £

is bounded as a function of o on (ZL U {0})". If r € (Ry U {0})" satisfies
(11.5.1), then
(11.5.5) o g

is summable as a function of « on (Z4 U {0})™, as in Section 11.1. This implies
that (11.4.3) is summable as a function of o on (Z4 U {0})™.

Let 8 be a multi-index. If « is another multi-index, then o can be defined
as a nonnegative integer in the usual way. If » € (Ry U {0})" satisfies (11.5.1),
then

(11.5.6) o |ag| ™

is summable as a function of o on (Z4 U {0})™. To see this, one can use an
n-tuple ro = (701, -.,70,n) Of positive real numbers such that

(1157) r; <70, < tj, 1<j5<n.

Under these conditions,
(11.5.8) laa| re

is summable as a function of a on (Z U {0})™, by hypothesis, and
(11.5.9) ol rpg®

is bounded as a function of a on (Z4 U {0})", by well-known results.

If one differentiates the right side of (11.4.1) term-by-term, then one gets a
power series of the same type, with suitable coefficients. The remarks in the
preceding paragraph imply that this power series has the same summability
properties as those considered for f(z) in this section. It is well known that
f(2) is smooth on (11.5.3), with derivatives given by differentiating the power
series termwise.

More precisely, f(z) is holomorphic on (11.5.3), because polynomials in

21, ..., 2p are holomorphic on C". If £ is any multi-index, then
oIBlf
-4 — Al

(11.5.10) 5.7 (20) = Blag.

Conversely, it is well known that any holomorphic function on (11.5.3) can
be expressed as a power series with these summability properties.



11.6. DOUBLE SUMS 185

11.6 Double sums

Let m and n be positive integers, and let us refer to multi-indices associated to
n as n-multi-indices, so that we may also consider m-multi-indices and (m+n)-
multi-indices. Let us identify the set (Z4 U{0})™ "™ of all (m + n)-multi-indices
with the set

(11.6.1) (Zyu{oh)™ x (ZL U {ohH)"™

of ordered pairs (a, §), where « is an m-multi-index, and f is an n-multi-index.

Let f(a, ) be a nonnegative real-valued function on (Z, U {0})™"", iden-
tified with (11.6.1). If f(«, 3) is summable on (Zy U {0})™"", then it is easy
to see that for each o € (Z4 U {0})™, f(e, B) is summable as a function of 3
on (Z4 U{0})™. If A is a nonempty finite subset of (Z; U {0})™, then one can
check that

(11.6.2) Z( 3 f(a,ﬁ))g 3 F(a, B).

acA  Be(Ziu{o})" (a,B)€(ZyU{0})m+n

This implies that

(11.6.3) > B

pe(zyufopn

is summable as a nonnegative real-valued function of a on (Zy U {0})™, with

(11.64) > ( > f(aﬁ))g > fle, B).

ae(Z,u{o})™  BeZ,u{o})» (a,8)€(Z4U{0})m+n

Conversely, suppose that for each o € (Z1 U {0})™, f(«, 8) is summable as
a function of 8 on (Z4 U {0})™, and that (11.6.3) is summable as a nonnega-
tive real-valued function of a on (Zy U {0})™. One can check that f(«, ) is
summable on (Z; U {0})™*" under these conditions, with

aes) > fens > (X s@s).

(a,8)€(ZU{0})m+n a€(Z4u{o})™  Be(Ziu{opn

This means that

(11.6.6) > fen= Y (X f@s)
(a,8)€(Zu{0})m+n ae(zru{oh™  Be(Ziu{opn

in both cases. Of course, there are analogous statements for summing over «
first.

Suppose now that f(a, ) is a summable real or complex-valued function on
(Z, U{0})™*™. This implies that for each a € (ZU{0})™, f(c, B) is summable
as a function of § on (Z4 U {0})", as before. We also have that

(11.6.7)

) f(a,ﬁ)‘< S i)

Be(Zu{ohr Be(zru{o})n
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for every « € (Z4 U{0})™, as in Section 11.2. The right side is summable as a
function of « on (Z4 U {0})™, as before. It follows that (11.6.3) is summable
as a function of @ on (Z; U {0})™. One can check that (11.6.6) holds here
too, by reducing to the case of summable nonnegative real-valued functions on
(Z+ U{0})™*™. There are analogous statements for summing over « first, as
before.

Now let f(«), g(f8) be summable real or complex-valued functions of «,
on (Z; U{0})™, (Z+ U {0})™, respectively. One can check that

(11.6.8) oo, B) = f(a) g(B)

is summable on (Zy U {0})™*", by summing

(11.6.9) [¢(v, B)] = | f(a)[lg(B)]

one variable at a time. Similarly,

(11.6.10) > f@)g(B)

(a7ﬁ)€(Z+U{0})7"+‘n

- (X @) X »)

aezZu{o})m pe(zufopn

11.7 Some more rearrangements

Let m and n be positive integers, and let A(y) be a finite set of n-multi-indices
for each m-multi-index . Suppose that the A(~)’s are pairwise disjoint, so that

(11.7.1) Ay)NAH)=0
for all m-multi-indices v, v/ with v # +/, and that

(11.7.2) U  Aw =@z, u{op™
ye(Zyu{op™

Let ¢ be a real or complex-valued function on (Z4 U {0})", and put

(11.7.3) v = Y éa)

a€A(y)

for every m-multi-index ~. This is interpreted as being equal to 0 when A(~y) =
(). Note that
(11.7.4) < D Il

a€A(y)

for every n-multi-index ~.
Suppose for the moment that ¢ is a nonnegative real-valued function on
(Z; U {0})™, so that ® is a nonnegative real-valued function on (Z4 U {0})™.
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If ¢ is summable on (Z4 U {0})™ then one can check that ¢ is summable on
(Z4 U{0})™, with

(11.7.5) oo Y ).

ye(Z+ufoh™ ae(z+u{o})"

Similarly, if ¢ is summable on (Z; U {0})™, then one can verify that ¢ is
summable on (Z4 U {0})", with

(11.7.6) D) B W C) )

ag(Zyu{ohn ye(Zu{op™

It follows that

(11.7.7) Y owm= Y e

ve(Z4u{opm a€(Z1U{0})"

in both cases.

If ¢ is a summable real or complex-valued function on (Z; U {0})", then
one can use (11.7.4) and the remarks in the preceding paragraph to get that
¢ is summable on (Z; U {0})™. One can also check that (11.7.7) holds under
these conditions, by reducing to the case of summable nonnegative real-valued
functions on (Z U {0})™.

As a basic class of examples, let us take n = 2m, and identify the set
(Z U {0})?™ of all (2m)-multi-indices with the set

(11.7.8) (ZLu{0})™ x (ZL U {o}H)™

of all ordered pairs (a, 8) of m-multi-indices, as in the previous section. If v is
an m-multi-index, then put

(11.7.9) A() = {(a, ) € (Z1 U{0})*™ :a+ B =7}

These are pairwise-disjoint nonempty finite subsets of (ZU{0})?>™, whose union
is all of (Z4 U {0})*™.

Let f, g be real or complex-valued functions on (Z; U{0})™, and let ¢(«, 5)
be defined on (Z; U {0})*™ as in (11.6.8). In this case,

(11.7.10) b)) = Y fl@)gB)

atf=y

is the same as h(y) in Section 11.3, and the earlier properties of h(7y) could also
be obtained from the remarks in this and the previous section.
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spherical Laplacian, 42
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