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Preface

These informal notes are intended to complement more detailed texts, some of
which are mentioned in the bibliography. The reader is expected to be familiar
with some basic notions in analysis, including metric spaces and countability.
The brief introduction in [174] may be of interest in this regard.

Some references concerning related topics are mentioned in the bibliography
too. This includes more involved areas connected to topology and set theory,
as well as more on some of the sorts of questions discussed here.

In particular, some very nice surveys may be found in [20, 21, 27, 32, 41, 42,
44, 45, 89, 90, 134, 169, 171, 203, 238, 278, 312, 317, 321, 322, 340, 341, 366,
376, 377, 383, 395, 413, 440, 441, 443, 447, 448, 449, 450].

Some additional expositions that one may find to be quite informative in-
clude [15, 16, 23, 53, 55, 64, 65, 68, 73, 74, 136, 143, 149, 151, 161, 162, 163,
165, 219, 233, 245, 282, 339, 351, 407, 410, 415, 426].

Some more articles with some helpful background material are [6, 7, 12, 14,
22,48, 51, 54, 56, 57, 58, 59, 60, 61, 62, 80, 84, 113, 115, 116, 122, 123, 144, 145,
155, 158, 159, 195, 206, 212, 217, 239, 246, 253, 279, 280, 288, 292, 293, 300,
305, 324, 327, 328, 336, 388, 409, 420, 435].

Of course, there are quite a few other papers in the bibliography related to
topology and set theory. See [81, 82, 138, 229, 308, 337, 453, 454] for some more
ways in which topological notions or properties may be used.

Although various aspects of history may be found in a number of the refer-
ences, one may be particularly interested in the collections [24, 25, 26, 218].

Some interesting perspectives may be found in [4, 5, 63, 70, 83, 131, 137,
141, 142, 150, 194, 214, 386, 417, 421, 433, 438].

One may also enjoy the contributions [29, 104, 125, 140, 157, 164, 170, 172,
177, 196, 197, 198, 223, 224, 234, 259, 284, 285, 298, 332, 333, 334, 335, 343,
344, 345, 347, 348, 356, 371, 374, 397, 398, 402, 419, 437, 439, 458, 460] to
the “Miscellanea” section of the American Mathematical Monthly, for instance.
Some suggestions for questions to ask at the end of a lecture in mathematics
may be found in [289).

I would like to dedicate these notes to the memory of Juha Heinonen, who
was also interested in various connections between analysis, geometry, and topol-
ogy. This is related to the notions of Lipschitz and bilipschitz mappings, as in
[286, 287], and of quasisymmetric embeddings, as in [430, 432]. Some additional
related notions may be found in [34]. Of course, there are many other types of
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connections between these areas as well, some aspects of which may be found
in some of the other references included here.

The reader may notice that there are a number of references to articles in
the American Mathematical Monthly and Mathematics Magazine in the bibli-
ography. These journals aim to have papers that are accessible to rather wide
mathematical audiences, and in particular hopefully fit well with these notes.
These journals also happen to have a lot of papers on topics related to those dis-
cussed here. However, there are surely many more papers with similar qualities
that have not been listed here, in other publications as well.

It is well known that there are many connections between abstract algebra
and each of topology and set theory. Although we do not really get into this
here, readers familiar with some abstract algebra can find many related topics
in the bibliography. A brief introduction to groups, rings, and fields may be
found in [18]. Note that one may be interested in algebraic structures related
to topological spaces, as in algebraic topology, as well as topological structures
on algebraic objects, as in topological algebra.



Contents

1 Some basic notions in topology
1.1 Some definitions and examples . . . . . ... ... ...
1.1.1 Some basic examples . . . . . ... ... ...
1.1.2  Some basic separation conditions . . . . . . . ..
1.2 Semimetrics and intervals . . . . .. ... ...
1.2.1 Open balls and opensets . . ... ... .....
1.2.2  Intervals in the set of extended real numbers . .
1.3 Dense sets and stronger topologies . . . . ... ... ..
1.3.1 Stronger topologies . . . . . . .. ... ... ...
1.3.2 The topologies 74, 7— on the real line . ... ..
1.3.3 Some propertiesof 7, 7— . . ... ...
1.4 Closed sets and limit points . . . . . . . ... ... ...
1.4.1 Limit points, adherent points, and closures of sets
1.4.2 Interiorsofsets . . . . . ... ... ... .....
1.5 Induced topologies . . . . . . .. ... ... ... ...,
1.5.1 Closed sets with respect to the induced topology
1.5.2 Induced topologies and separation conditions . .
1.5.3 Induced topologies and semimetrics . . .. . . .
1.6 Convergent sequences . . . . . . . . . . .. ... .. ..
1.6.1 Some properties of convergent sequences . . . . .
1.6.2 Convergent sequences in R with respect to 7, 7_
1.7 Localbases . . .. ... ... ... .. .. ... ...
1.7.1 Countable local bases . . . . ... .. ... ...
1.7.2 A criterion for the convergence of a sequence . .
1.7.3 Local bases and induced topologies . . . . . . . .
1.7.4 The first countability condition . . . . . . . . ..
1.8 Directed systems and nets . . . . . ... ... ... ...
1.8.1 Nets of elements of sets . . . .. ... ... ...
1.8.2 Convergence of nets . . . . ... ... ... ...
1.8.3 Uniqueness of the limit in Hausdorff spaces . . .
1.9 More on convergent nets . . . . . .. .. ... L
1.9.1 Using a local base to get a directed system . . .
1.9.2 A criterion for the convergence of anet . . . ..
1.10 Regular topological spaces . . . . . ... ... ... ...

iv

© 000 I ~JO O ULOULUU = WWN R~



CONTENTS v

1.10.1 Regularity in the strong sense implies Hausdorff . . . . . 16
1.10.2 Regularity and semimetrics . . . . .. ... .. ... ... 16
1.10.3 Regularity of R with respect to 7, 7— . . . . . . . . ... 17
1.10.4 Regularity and induced topologies . . . . ... .. .. .. 17

1.11 Completely Hausdorff spaces . . . . .. ... .. ... .. .... 17
1.11.1 The completely Hausdorff condition . . . . .. ... ... 18
1.11.2 More on completely Hausdorff spaces . . . . . . ... ... 18

1.12 Separated sets and connectedness . . . . . . . ... ... ... 19
1.12.1 Connectedness . . . . . . . . ... o 20

1.13 Normality and complete normality . . . ... ... .. ... ... 20
1.13.1 Normality in the strong sense . . . . . .. ... ... ... 20
1.13.2 Normality in the strict sense . . . . . ... .. ... ... 21
1.13.3 Complete normality . . . . . . ... ... ... ... ... 21

1.14 Examples of completely normal spaces . . . . ... ... ..... 22
1.14.1 Complete normality of R with respect to 7, 7— . . . . . 23

1.15 More on connectedness . . . . . . .. ... L. 23
1.15.1 A criterion for connectedness . . . .. ... ... ... .. 24

2 Cardinality and some more topology 26
2.1 Cardinal equivalence . . . . . . . . ... ... L. 26
2.1.1 Thepowerset. . . . ... ... . ... ... ... .... 27
2.1.2  The cardinality of [0,1] . . . . ... ... ... .. .... 27

2.2 Comparing cardinalities . . . . . ... .. ... ... ... 28
2.2.1 The axiom of choice . . . . ... ... ... ... ..... 29

2.3 Products and exponentials . . . . .. .. ... ... ... 29
2.3.1 Exponentials . ... ... ... ... .. L. 30
2.3.2 Exponentials of disjoint unions . . . . . .. ... ... .. 30

2.4 Some more exponentials . . . . .. ... oL 31
2.4.1 Exponentials of products . . . . ... ... ... ... .. 31

2.5 Strong limit points and separability . . . . . . . ... .. ... .. 32
2.5.1 Separable topological spaces . . . . . . .. ... ... ... 33

2.6 Bases for topologies . . ... ... oo 33
2.6.1 Bases and local bases . . ... ... ... .. .. ..... 34
2.6.2 The second countability condition . . .. ... ... ... 34
2.6.3 Bases and semimetrics . . . . ... ... 34
2.6.4 Second countability implies separability . . . . ... ... 35
2.6.5 Bases and induced topologies . . . . ... ... ... ... 35
2.6.6 Some remarks about bases for 7, 7— . . . ... ... 35
2.6.7 Some more remarks about bases . . . ... .. ... ... 36

2.7 Continuous mappings . . . . . . . . . . ... 36
2.7.1 Continuity and convergent nets . . . . . . ... ... ... 36
2.7.2 Theconverse . . . .. .. ... ... ... ... ... 37
2.7.3  Another version of the converse . . . . . . ... ... ... 37
2.74 Continuity on X . . . ... ... L oL 37
2.7.5 Some basic classes of examples . . . . ... .. ... ... 38

2.7.6 Locally constant mappings . . . . .. ... .. ... ... 38



vi

2.8

2.9

2.10

2.12

2.13

2.14

2.15

CONTENTS

2.7.7 Locally constant mappings and connectedness . . . . . . . 38
More on continuity . . . . . . ... .o 39
2.8.1 Homeomorphisms. . . . . . .. ... ... ... ...... 39
2.8.2 Openmappings . . . . . . . . . . o 39
2.8.3 Restrictions of continuous mappings . . . . . . ... ... 39
2.8.4 Continuity and connectedness . . . . . . . ... ... ... 40
2.8.5 Path connectedness. . . . . .. ... ... ... ... 40
The product topology . . . . . . . . . ... 41
2.9.1 Defining the product topology . . . . .. ... ... ... 41
2.9.2 The strong product topology . . . . .. ... .. ... .. 42
2.9.3 Some basicopensets . . . . ... ... Lo 42
2.9.4 Using the discrete topology on the factors . . . . . . . .. 42
2.9.5 The standard topology on R™ . . . . .. .. ... ... .. 42
Coordinate mappings . . . . . . . . . . ... 43
2.10.1 Some propertiesof p; . . . . .. ... 43
2.10.2 Continuity of the coordinate mappings . . . . . . . . . .. 43
2.10.3 Products of closed sets . . . . . ... ... ... ... ... 44
2.10.4 Convergence of nets and the product topology . . . . .. 44
2.10.5 Closures of products of sets . . . . . ... ... ... ... 44
2.10.6 Some basic separation conditions for the product . . . . . 45
2.10.7 Regularity of the product . . . . . ... ... .. ... .. 45
Bases and finite products . . . . . .. ... ... 45
2.11.1 Countability of B(z) . . . . . ... ... ... ... .. .. 46
2.11.2 Another local base for the product topology at = . . . . . 46
2.11.3 Some bases for the product topology on X . . . . .. .. 47
Bases and countable products . . . . ... ..o 47
2.12.1 A local base for the product topology at = . . . . . . . .. 47
2.12.2 Countability of B™(x) . . . . . ... .. ... ... .. 48
2.12.3 Another countable local base for X at x . . . . . . . ... 48
2.12.4 Some basesfor X . . . . .. ... ... ... ... ... 48
2.12.5 Countable bases for X . . . . ... ... ... ... ... . 49
2.12.6 Some local bases for the strong product topology . . . . . 49
2.12.7 Some bases for the strong product topology . . . . . . .. 49
Finite products and semimetrics . . . . ... ... ... .. ... 50
2.13.1 Open balls in X with respect tod . . .. ... ... ... 50
2.13.2 Relation with the product topology on X . . . ... ... 50
2.13.3 Another semimetricon X . . . . ... ... ... ... .. 51
2.13.4 An additional semimetricon X . . .. ... ... ... .. 51
Truncating semimetrics . . . . . . .. .. ... oL 51
2.14.1 Open balls in X with respect tod; . . . . . ... ... .. o1
Countable products and semimetrics . . . . . . .. .. ... ... 52
2.15.1 A semimetricon X . . . . ... ... oL 52
2.15.2 The corresponding open balls . . . . . .. ... ... ... 52

2.15.3 Relation between d and the product topology on X . . . 53



CONTENTS vii

3 Compactness and related topics 54
3.1 Compact sets . . . . . . . . . 54
3.1.1 Some examples of compact sets . . . . .. ... ... ... 54
3.1.2  Another class of examples . . . . . .. .. ... ... .. 55
3.1.3 Compactness and induced topologies . . . . . . ... ... 55
3.1.4 Intersections of compact sets and closed sets . . . . . .. 55
3.1.5  An additional class of examples . . . . . .. ... .. ... 56

3.2 Compactness in Hausdorff spaces . . . . . ... ... ... .. ... 56
3.2.1 Disjoint compact sets . . . .. .. ..o 57
3.2.2 Disjoint compact and closed sets . . . . .. ... ... .. 57

3.3 Continuity and compactness . . . . . . ... ... L. 58
3.3.1 The extreme value theorem . . .. ... ... ... .... 58
3.3.2 Compactness and homeomorphisms . . . . .. ... ... 58

3.4 The limit point property . . . . . . . . . . ... ... ... 59
3.4.1 Compactness implies the strong limit point property . . . 59
3.4.2 A partial converse . . . .. ... 59
3.4.3 Some related results . . .. ... 60

3.5 Sequential compactness . . . . . ... ... 61
3.5.1 A consequence of sequential compactness . . .. ... .. 61
3.5.2 A criterion for sequential compactness . . . . ... .. .. 61
3.5.3 Sequential compactness and induced topologies . . . . . . 62
3.5.4 Sequentially closed sets . . . . .. ... ... ... .. .. 62
3.5.5 Sequential continuity . . . . . ... ... ... ... ... 63

3.6 Countable compactness . . . . . .. ... ... ... . ...... 63
3.6.1 The Lindelof property . . . . ... .. ... ... ..... 64
3.6.2 Lindel6f’s theorem . . . . . .. ... .. ... ... 64
3.6.3 Some additional results . . . ... ... L 65

3.7 The finite intersection property . . . . . . .. ... ... ... .. 66
3.7.1 A characterization of compactness . . . . ... ... ... 66
3.7.2 A characterization of countable compactness . . . . . .. 67

3.8 The strong limit point property . . . . . . . ... ... ... ... 67
3.9 Compactness and bases . . . . . ... .. ... oL 68
3.9.1 A criterion for compactness . . . ... .. ... 69
3.9.2 The proof of the proposition . . . ... ... ....... 69
3.93 Subbases . . ... ... 70
3.9.4 Alexander’s subbase theorem . . ... ... ........ 70

3.10 Products of two compact sets . . . . . . ... ... 70
3.10.1 Some open coverings of KinY . .. ... ... .. .... 71
3.10.2 Anopencoveringof Hin X . . ... ... ... ...... 71
3.10.3 Using these finite subcoverings . . . . ... ... ... .. 71

3.11 Products of more compact sets . . . . . . ... ... ... ... 72
3.11.1 An induction argument . . . . ... ... ... 72
3.11.2 Some compact subsets of R™ . . . . ... ... ... .. 73
3.11.3 Compactness of arbitrary products of compact sets . . . . 73

3.12 Sequential compactness and finite products . . . . . . ... ... 73

3.12.1 An initial subsequence . . . . . . . ... ... ... L. 74



viii CONTENTS

3.12.2 A subsequence of the first subsequence when n >2 . . . .
3.12.3 Repeating the process . . . . . .. ... ... ... ....
3.13 Sequential compactness in countable products . . . . . ... ...
3.13.1 A sequence of subsequences . . . . . ... ... ... ...
3.13.2 Another subsequence . . . . . ... ...
3.13.3 More on this subsequence . . . .. ... ... ... ....
3.14 Compactness and sequential compactness . . . . . .. ... ...
3.15 Another result of Tychonoff . . . . .. ... ... ... ......

4 Some more set theory
4.1 Zorn’slemma . . . . . ..o
4.1.1 The statement of Zorn’s lemma . . . . . ... .. ... ..
4.1.2 Countably-infinite sets A . . . . . ... ... ...
4.2 Hausdorft’s maximality principle . . . . . ... ... .. .. ...
4.2.1 Maximal chains in countable sets . . . . . ... ... ...
4.2.2 Zorn’s lemma from maximal chains . . . . ... ... ...
4.3 Maximal chains from Zorn’s lemma . . . . . . . .. .. ... ...
4.3.1 Anupper bound for EinC . . ... ... ... ......
4.4 The axiom of choice . . . . . ... ... ... ... ...
4.4.1 A partially-ordered set A . . . . . ...
4.4.2 Upper bounds for arbitrary chainsin A . .. .. ... ..
4.5 Injective mappings . . . . . . . . ..o
4.5.1 A partially-ordered set A . . . . .. ...
4.5.2 Upper bounds for arbitrary chainsin A . . .. ... ...
4.6 Well-ordered sets . . . . . .. ... ..o
4.6.1 The well-ordering principle . . . . . ... ... ... ...
4.6.2 Ideals and segments in partially-ordered sets . . . . . . .
4.6.3 Ideals in well-ordered sets . . . . . ... ... ... ....
4.6.4 Checking that a linear ordering is a well ordering . . . . .
4.7 The well-ordering principle . . . . . . ... .. ... ... .. ..
4.7.1 The collection of well-ordered subsets of A. . . . . .. ..
4.7.2 Upper bounded for chains of well-ordered subsets . . . . .
4.7.3 Elements of C correspond to ideals in A¢ . . . . ... ..
4.7.4 Checking that Ac is well ordered by <¢ . . . . . . . . ..
4.8 Order isomorphisms . . . . . . . ... ... L.
4.8.1 Automorphisms of well-ordered sets . . . . .. ... ...
4.8.2 Uniqueness of isomorphisms between well-ordered sets . .
4.8.3 Isomorphisms onto ideals in well-ordered sets . . . . . . .
4.8.4 Uniqueness of isomorphic segments in well-ordered sets
4.9 Order isomorphisms, continued . . . . . . . .. .. ... ... ..
491 Asubset Ipof A . . . . . ... ... ...
492 Moreon I . . . . . . . e
493 AsubsetIgof B .. ... .. ... ... ... ... ...
4.9.4 Either I =AorIg=B ... .... ... ........

74
74
5
75
76
T
T
78

80
80
81
81
81
82
82
83
83
83
84
84
85
85
85
86
87
87
87
88
88
88
88
89
89
90
90
90
90
91



CONTENTS

5 Some additional notions in topology

5.1

5.2

5.3

5.4

5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

Continuous real-valued functions . . . .. ... ... .. .....
5.1.1 Sums and products . . . . . .. ... ...
5.1.2 Reciprocals of continuous functions . . . . . . .. ... ..
5.1.3 Urysohn spaces . . . . . . . . .. ..o
5.1.4 Continuous functions from semimetrics . . . . . . . . . ..
5.1.5 Maxima and minima of continuous real-valued functions .
Urysohn functions . . . . . . ... ... oL
5.2.1 Urysohn’s lemma . . . . ... ... ... ... ...
5.2.2  Urysohn’s metrization theorem . . . ... ... ... ...
5.2.3 Some properties of Urysohn spaces . . . . .. .. ... ..
Complete regularity . . . . .. .. ... 0oL
5.3.1 Relation with other separation conditions . . . . .. . ..
5.3.2 Relation with induced topologies . . . . . ... ... ...
5.3.3 More on completely regular spaces . . . . ... ... ...
Local compactness and manifolds . . . . . . ... ... ......
5.4.1 Locally compact Hausdorff spaces . . .. ... ... ...
5.4.2 Locally Euclidean of dimensionn . . . . .. ... .. ...
5.4.3 Topological manifolds . . . ... ... ... ... .....
5.4.4 Baire’stheorem . . . . . . ... ... oL
o-Compactness . . . . . . . . ...
5.5.1 Some criteria for o-compactness . . . ... ... ... ..
5.5.2 Some bases from open coverings . . . .. ... ... ...
553 AnexampleinR . .. ... ... ... ... .
Quotient Spaces . . . . . . ... e e e e e e e
5.6.1 The quotient or identification topology . . . . . . . . . ..
Local connectedness . . . . . .. ... .. oL
5.7.1 Local path connectedness . . . .. ... ... ... ....
5.7.2  Some examples and basic properties . . . . ... ... ..
Connected and path-connected components . . . . . . ... ...
5.8.1 Another equivalence relationon X . . . .. ... ... ..
One-point compactifications . . . . . . .. ... ... ...
5.9.1 Checking that this defines a topology on X*. . . . . . ..
5.9.2 Compactness of X* . . . . ... ... ... ... ...
5.9.3 When X*is Hausdorff . . . . ... ... ... .. .....
Homotopic mappings . . . . . . . . . . ... L.
5.10.1 Additional conditionson f, g . . . .. .. ... ... ...
5.10.2 Convexsets Y inR™ . . . . . ... ... ... ....
Countable unions and intersections . . . . . . .. ... ... ...
5.11.1 Some subsets of semimetric spaces . . . . ... ... ...
5.11.2 Some remarks about inverse images . . . ... ... ...
5.11.3 Perfectly normal spaces . . . ... ... ... ... ....
5.11.4 Nowhere dense sets and category . . . . .. ... .. ...
Distance functions . . . . . ... ..o oL
5.12.1 Continuity of distance functions . . . ... ... .. ...
5.12.2 Separated sets and opensets . . . . ... ... ... ...

ix



CONTENTS

5.12.3 Urysohn’s lemma for semimetric spaces . . . ... .. ..
5.13 Local finiteness . . . . . . .. ...
5.13.1 Local finiteness and adherent points . . . . . .. .. ...
5.13.2 Local finiteness and closures . . . . . . .. ... ... ...
5.13.3 Local finiteness and induced topologies . . . . . . . . . ..
5.13.4 Local finiteness and compactness . . . . . . .. . ... ..
5.14 Sums of real-valued functions . . . . .. ... ... ...
5.14.1 Local finiteness and continuity . . . . .. ... ... ...
5.14.2 Some partitions of unity . . . . . ... ..o
5.15 Local compactness and o-compactness . . . . . .. ... .. ...
5.15.1 Some sequences of compact and open sets . . . . . .. ..
5.15.2 A locally finite sequence of compact sets . . . . . .. . ..
5.15.3 A locally finite sequence of opensets . . . . . .. .. ...

Some spaces of mappings
6.1 Bounded sets and mappings . . . . . . .. ...
6.1.1 Countable compactness implies boundedness . . . . . ..
6.1.2 Bounded mappings . . . . . . . . ...
6.1.3 Some related real-valued functions . . . . ... ... ...
6.1.4 Supremum semimetrics . . . . . . . .. ... ...
6.1.5 Some supremum semimetrics on C(X,Y) . ... ... ..
6.1.6 Existence of the maximum . . .. ... ... .......
6.1.7 Bounded continuous mappings . . . . . . . .. ... ...
6.2 Uniform convergence . . . . . . . . .. ... o
6.2.1 Relation with the product topology . . . . . . .. ... ..
6.2.2  Using a semimetricon Y . . . .. ... ... .. L.
6.2.3 Some sets N(f) and N(f) . . . . . ..o oL
6.2.4 The topology of uniform convergence . . . . . .. ... ..
6.2.5 Moreon Ny(f) . . .. .. o
6.2.6 Uniformly convergent nets . . . . . . ... ... .. ....
6.2.7 Relation with the supremum semimetric on B(X,Y)
6.2.8 Uniform convergence and continuity . . . ... ... ...
6.3 Infinite series of functions . . . . . .. ... ... ...
6.3.1 Some continuous functions defined using infinite series . .
6.3.2 Perfect normality implies complete normality . . . . . . .
6.4 Tietze’s extension theorem . . . . . . . ... ... ... ... ...
6.4.1 An initial approximation . . . . . . ... ... ... ...
6.4.2 Some more precise approximations . . . . . .. ... ...
6.4.3 A refinement of this argument . . . ... ... ... ...
6.4.4 Another version of Tietze’s theorem . . . ... ... ...
6.5 Uniform convergence on compact sets . . . . .. ... ......
6.5.1 Moreon Ng (f)and Ng(f) . . . .. . ... ... . ...
6.5.2 The topology of uniform convergence on compact sets .
6.5.3 Some properties of this topology . . . .. ... ... ...
6.5.4 Convergent nets with respect to this topology . . . . . . .
6.6 The compact-open topology . . . . . . . .. . .. ... ... ...



CONTENTS xi

6.6.1 Some properties of the compact-open topology . . . . . . 127
6.6.2 The compact-open topology on C(X,Y) . . ... ... .. 128
6.6.3 Using a semimetricon Y again . . . .. .. ... .. ... 128
6.6.4 A property of compact subsetsof Y . . ... ... L. 128
6.6.5 Some remarks about continuous mappings and compact
SetsS .. 128
6.6.6 More on continuous mappings and compact sets . . . . . 129
6.6.7 Finitely many smaller compact sets. . . . . . .. .. ... 129
6.6.8 Using the compact-open topology . . . . . . . .. .. ... 130
6.7 Continuity on compact sets . . . . . . .. .. ... ... ..., 130
6.7.1 Local compactness and continuity on compact sets . . . . 130
6.7.2 Some remarks about sequential continuity . . . . . . . .. 130
6.7.3 Using the first countability condition . . . . . . . ... .. 131
6.7.4  Uniform convergence and continuity conditions . . . . . . 131
6.8 Supports of real-valued functions . . . . . ... ... ... .... 131
6.8.1 Compactly-supported functions . . . . . . ... ... ... 132
6.8.2 Another version of Urysohn’s lemma . . . . . .. ... .. 132
6.9 Functions with finite support . . . . . .. ... ... ... .... 132
6.9.1 Relation with Cartesian products . . . . . . .. ... ... 132
6.9.2 Using positive weightson X . . . . . . .. ... ... ... 132
6.9.3 Another metric associated toa . . . . .. ... ... 133
6.94 Thecasewhere X =Z, . . .. ... ... ... .. .... 133
6.10 Some subspaces of ¢(X) . . . . ... 133
6.10.1 Relation with ¢(F) and coo(E) . . . . . . ... .. .. 134
6.10.2 Relation with Cartesian products again . . . . ... ... 134
6.10.3 Using positive weights again . . . . . . . .. .. ... ... 134
6.11 Some mappings into products . . . . . . . ... ... 135
6.11.1 Continuous mappings into Y . . . .. . ... ... .. .. 135
6.11.2 Mappings into coo(A) . . . . . . . oo oo 135
6.11.3 A local finiteness condition . . . . . ... ... ... ... 135
6.11.4 Continuity of ¢ . . . . . . . . ... oL 136
7 Filters and ultrafilters 137
7.1 Filters . . . . . e 137
7.1.1 Some basic examples of filters . . . . . .. ... ... ... 137
7.1.2 Pre-filters or filter bases . . . . . . ... ... L. 137
7.1.3 Filter bases fromnets . . . . .. ... ... ... ... .. 138
7.1.4 Some nets related to filters . . . . ... ... 138
7.1.5  Uniqueness of the limit in Hausdorff spaces again . . . . . 138
7.1.6  Adherent points and filters . . . . ... .. ... ... .. 139
7.1.7 Filters and induced topologies . . . . . . . ... ... ... 139
7.2 Continuity and refinements . . . . . .. ... ... ... ... 139
7.2.1 Pushing filters forward . . . . . .. ... 0oL 140
7.2.2 Refinements of filters . . . . . . . . ... ... ... .. 140
7.2.3 Convergent refinements . . . . . . ... ... ... ..., 140

7.2.4 Filters and compact sets . . . . .. ... ... L. 140



xii

CONTENTS

7.2.5 Filter bases and the finite intersection property . . . . . .
7.3 Ultrafilters . . . . . . . . . ...
7.3.1 Some ultrafilters . . . . ... ... ... ... ... ...
7.3.2 Compactness and ultrafilters . . . . ... ... ... ...
7.3.3 Some refinements of filters . . . . . . ... ... ...
7.3.4 A characterization of ultrafilters . . . . .. .. ... ...
7.3.5 Pushing ultrafilters forward . . . . . ... ... ... ...
7.3.6 Filters and the product topology . . . . . . ... ... ..
7.3.7 Tychonoff’s theorem using ultrafilters . . . .. .. .. ..
7.4 Filters and relations . . . . .. ... ... oL L.
7.4.1 An equivalence relation associated to the filter 7 . . . . .
7.4.2 The corresponding quotient space. . . . . . . .. .. ...
7.4.3 The case where F is an ultrafilter . . . .. ... .. ...
7.4.4 Some related partial orderings . . . ... ... ... ...

Families and coverings

8.1 Coverings and refinements . . . . . .. . ... ... ...
8.1.1 Refinements of familiesof sets. . . . . . .. .. ... ...
8.1.2 Refinements of refinements . . . . . ... ... ... ...
8.1.3 Some subfamilies associated to refinements . . .. .. ..
8.1.4 Some common refinements . . . . . ... ... L.

8.2 Opencoverings . . . . . ... .. ..
8.2.1 Another look at Lindel6f’s theorem . . . . . . .. ... ..
8.2.2 Another look at compactness with respect to a base . . .
8.2.3 A theorem of Lebesgue. . . . . . ... ... ... ....
8.2.4 The proof of Lebesgue’s theorem . . . . ... . ... ...

8.3 Paracompactness . . . . . .. ... Lo Lo
8.3.1 Paracompactness in the strict sense . . . . .. ... ...
8.3.2 Paracompactness in the strong sense . . . . . .. ... ..
8.3.3 Another version of paracompactness . . . . .. .. .. ..
8.3.4 A paracompactness property of closed sets in X . . . ..
8.3.5 Paracompactness and induced topologies . . . . . . . . ..
8.3.6 Paracompactness in the strong sense implies regularity . .
8.3.7 Paracompactness and normality . . .. ... .. ... ..
8.3.8 Some criteria for paracompactness . . . . ... .. .. ..

8.4 Closed refinements . . . . . .. ... ... ..
8.4.1 A variant of paracompactness . . . . . . . ... ... ...
8.4.2 Another variant of paracompactness . . . . ... ... ..
8.4.3 Using the first variant . . . . .. ... ... ... . ....
8.4.4 Using the second variant . . . . . . . .. .. ... ... ..

8.5 Star refinements . . . ... .. ... Lo o
8.5.1 The star of & with respect to {W }yec . ... .. .. ..
8.5.2 Star refinements of a family of subsets of X . . . . .. ..
8.5.3 Fully normal spaces in the strict sense . . . . . ... ...
8.5.4 A criterion for full normality in the strict sense . . . . . .



CONTENTS xiii

8.5.5 Checking that Wi(x), * € X, is a star refinement of

O 154

8.5.6 Normality from full normality . . . . . .. ... ... ... 154
8.5.7 Fully normal spaces in the strong sense . . ... ... .. 155

8.6 Using another refinement . . . ... ... ... ... ... 155
8.6.1 The star of E with respect to {W,}yinc - . . . . . . . .. 155
8.6.2 The star of the star of € X with respect to {W,},cc . 155
8.6.3 Star refinements of star refinements . . . ... ... ... 155
8.6.4 Using full normality in the strict sense . . . . . . . .. .. 156
8.6.5 The star of Eg with resect to {W,}tyec . . . . . . .. .. 156
8.6.6 Local finiteness of {Zglgep . . . . . . . .. ... 156
8.6.7 Staring with an open coveringof X . . . . . ... ... .. 157
8.6.8 Using this to get paracompactness in the strict sense . . . 157

8.7 o-Local finiteness . . . . . . . .. ... 157
8.7.1 o-Locally finite refinements . . . . . . .. ... ... ... 158
8.7.2 Using o-locally finite refinements . . . . . .. .. ... .. 158
873 Asubset Egof Vg . . ... ... ... ... ... 158
874 The Eg’s, B€ B,cover X . . ... ... .......... 158
8.7.5 Local finiteness of {Eglgep - - - - - - -« . . ... 159

8.8 Semimetrics and full normality . . . ... ... ... ... ... 159
8.8.1 Some collections of open ballsin X . . ... ... ..... 159

8.9 Discrete families of sets . . . . .. ... o o 160
8.9.1 Discrete families and induced topologies . . . . . . . ... 160
8.9.2 Discrete families and full normality . . . . . ... ... .. 160
8.9.3 o-Discrete familiesof sets . . . . . ... ... ... .. 161

8.10 Sequences of star refinements . . . . . .. ... ... 161
8.10.1 The star of F € B; with respect to B; . . . ... ... .. 161
8.10.2 The star of the star of £ with respect to Bjy1. . . . . .. 161
8.10.3 Some more collections of subsets of X . . . ... ... .. 162

8.11 o-Discreteness and full normality . . . . . . ... ... ... ... 163
8.11.1 Using a well-ordering on X to get some more sets in X . 163

8.12 Point finiteness . . . . . . ... oo 164
8.12.1 Metacompactness . . . . . . . . .. ..o 164
8.12.2 Using point finiteness . . . . . . . ... ... ... ... 164

8.13 Partitions of unity . . . . . .. ... Lo o 166
8.14 Minimal coverings . . . . . . . .. . ... 167
8.14.1 Using metacompactness . . . . . . .. . ... ... .... 168
Bibliography 169
Index 196



xiv CONTENTS



Chapter 1

Some basic notions in
topology

1.1 Some definitions and examples

Let X be a set.

Definition 1.1.1 A collection 7 of subsets of X is said to define a topology on
X if it satisfies the following three conditions. First,

(1.1.2) 0, X er.
Second, if Uy, ..., U, are finitely many elements of T, then
(1.1.3) U e

j=1

Third, if A is a nonempty set, and U, € T for every a € A, then

(1.1.4) U Uaer
acA

In this case, (X, T) is said to be a topological space, and the elements of T are
called open sets in X.

Sometimes we may refer to a topological space X, in which case the topology
7 is implicit.

1.1.1 Some basic examples

Definition 1.1.5 If X is any set, then the discrete topology on X is defined
by taking T to be the collection of all subsets of X. The indiscrete topology on
X is defined by taking T to be the collection consisting of only the empty set and
X.
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It is easy to see that the discrete and indiscrete topologies satisfy the re-
quirements of a topology.

If d(x, y) is a metric on a set X, then the notion of an open subset of X with
respect to d(-,-) can be defined in a standard way. An extension of this will be
mentioned in the next section. It is well known and not difficult to check that
this defines a topology on X.

In particular, the discrete metric on a set X is defined by putting d(z,y) = 1
when x and y are distinct elements of X, and d(z,z) = 0 for every x € X. This
defines a metric on X, for which the corresponding topology is the discrete

topology.
Let R be the real line, as usual. If x € R, then the absolute value of x
is defined by |z| = # when = > 0, and |z| = —z when = < 0. The standard

FEuclidean metric on R is defined by
(1.1.6) d(z,y) = |z —yl.

The standard topology on R may be defined as the topology determined on R
by (1.1.6).

1.1.2 Some basic separation conditions

Let (X, 7) be a topological space.

Definition 1.1.7 We say that (X, 7) satisfies the first separation condition if
for every pair x, y of distinct elements of X, there is an open subset U of X
such that x € U and y & U. Equivalently, we say that X is a T1 space in this
case.

The first separation condition is supposed to be symmetric in z and y, so
that there should also be an open set V' C X such that y € V and z ¢ V.

Definition 1.1.8 We say that (X, 7) satisfies the zeroth separation condition
if for every pair x, y of distinct elements of X there is an open set W C X such
that either x € W andy ¢ W, ory € W and x ¢ W. In this case, we may also
say that (X, 1) is a Ty space.

Thus the first separation condition implies the zeroth separation condition.

Definition 1.1.9 We say that (X, 7) satisfies the second separation condition
if for every pair x, y of distinct elements of X there are disjoint open subsets
U,V of X such that x € U and y € V. We may also say that (X,7) is a T
space in this situation, or equivalently that (X, 7) is Hausdorff.

Hausdorff spaces obviously satisfy the first separation condition. If X is a
set with at least two elements equipped with the indiscrete topology, then X
does not satisfy the zeroth separation condition. Any set equipped with the
discrete topology is Hausdorff.
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1.2 Semimetrics and intervals

Let X be a set.

Definition 1.2.1 A nonnegative real-valued function d(z,y) defined for x, y in
X is said to be a semimetric or pseudometric on X if it satisfies the following
three conditions. First,

(1.2.2) d(z,z) =0
for every x € X. Second, d(x,y) is symmetric in x and y, so that
(1.2.3) d(z,y) = d(y,z)

for every x,y € X. Third, the triangle inequality
(1.2.4) d(z,z) < d(z,y) + d(y, )
holds for every x,y,z € X. If we also have that
(1.2.5) d(z,y) >0

for every x,y € X with x # y, then d(-,-) is said to be a metric on X.

1.2.1 Open balls and open sets

Let d(-,-) be a semimetric on X. If z € X and r is a positive real number, then
the open ball in X centered at z with radius r with respect to d(-,-) is defined
by

(1.2.6) B(z,r) = Ba(z,r) ={y € X : d(z,y) <r}.

A subset U of X is said to be an open set with respect to d(-, ) if for every
x € U there is an r > 0 such that

(1.2.7) B(xz,r) CU.

It is well known and not difficult to show that this defines a topology on X. If
d(xz,y) = 0 for every z,y € X, then B(x,r) = X for every x € X and r > 0,
and the corresponding topology on X is the indiscrete topology.

If we X and ¢ > 0, then one can check that B(w,t) is an open set in X
with respect to d(-,-). More precisely, if © € B(w,t), then r =t — d(w,z) > 0,
and one can verify that
(1.2.8) B(z,r) C B(w,t),

using the triangle inequality.
If wy,we € X satisfy d(wy,ws) > 0, then it is easy to see that
(1.2.9) B(wy,d(wy,ws)/2) N B(ws, d(w,ws)/2) = 0,

using the triangle inequality again. In particular, if d(-, ) is a metric on X, then
X is Hausdorff with respect to the topology determined by d(-,-). If X satisfies
the zeroth separation condition with respect to the topology determined by a
semimetric d(-,-), then d(-,-) is a metric on X.



4 CHAPTER 1. SOME BASIC NOTIONS IN TOPOLOGY

1.2.2 Intervals in the set of extended real numbers

Now let X be the set of extended real numbers, which consists of the real numbers
together with +o0o0 and —oo, where

(1.2.10) —00 <z < +00

for every z € R. If a,b € X and a < b, then the corresponding open interval is
defined by

(1.2.11) (a,b) ={r e R:a <z <b}

It is easy to see that this is an open set in R with respect to the standard
topology. If a,b € R, then this is the same as the open ball centered at the
midpoint (a+b)/2 with radius (b— a)/2 with respect to the standard Euclidean

metric on R.
If a,b € X and a < b, then the corresponding closed interval is defined by

(1.2.12) [a,b] ={z € X :a <z <b}.

If @ < b, then we get the half-open, half-closed intervals

(1.2.13) [a,b) ={r e X :a<z<b}
and
(1.2.14) (a,b] ={r € X :a<ax <b}.

Let us say that U C X is an open set if for each € U, one of the following
three conditions holds. If z € R, then there are a,b € R such that a <z < b
and

(1.2.15) (a,b) C U.

If x = +00, then there is an a € R such that
(1.2.16) (a,+o00] CU.
If = —o0, then there is a b € R such that
(1.2.17) [—o0,b) C UL

One can check that this defines a topology on X, which we may refer to as the
standard topology on the set of extended real numbers.

If U C R, then U is an open set in X if and only if U is an open set in R with
respect to the standard topology. In particular, open intervals in R are open
sets in X with respect to this topology. Similarly, one can verify that (a, +00]
and [—oo,b) are open sets in X with respect to this topology for all a,b € R.
Using this, it is easy to see that X is Hausdorff with respect to this topology.
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1.3 Dense sets and stronger topologies
Let (X, 7) be a topological space.

Definition 1.3.1 A subset E of X is said to be dense in X with respect to T
if for every x € X and open set U C X with x € U there is a y € E such that
y € U. FEquivalently, this means that for every nonempty open set U C X, we
have that

(1.3.2) EnNU#0.

Of course, X is dense in itself. If X is any set equipped with the discrete
topology, then X is the only dense subset of itself. If X is a nonempty set
equipped with the indiscrete topology, then EF C X is dense in X if and only if
E # (). Tt is well known that the set Q of rational numbers is dense in the real
line with respect to the standard topology.

1.3.1 Stronger topologies
Proposition 1.3.3 Let X be a set, and let 7, T be topologies on X such that

(1.3.4) rCF

In this case, we may say that T is at least as strong as T on X.

(a) If j € {0,1,2} and (X, T) satisfies the jth separation condition, then
(X, 7T) satisfies the jth separation condition as well.

(b) If E C X is dense in X with respect to T, then E is dense in X with
respect to T.

This can be verified directly from the definitions.

1.3.2 The topologies 7., 7_ on the real line

Let 74 be the collection of subsets U of the real line such that for every x € U
there is a b € R with < b and

(1.3.5) [z,b) C U.

Similarly, let 7_ be the collection of subsets U of R such that for every x € U
there is an a € R with a < x and

(1.3.6) (a,2] CU.

One can check that 74 and 7_ define topologies on R. Every open set in R
with respect to the standard topology is an open set with respect to 74 and 7_.
More precisely,

(1.3.7) T+ N7

is the same as the standard topology on R.



6 CHAPTER 1. SOME BASIC NOTIONS IN TOPOLOGY

1.3.3 Some properties of 7, 7_

IfaeR,beRU{+o0}, and a < b, then it is easy to see that
(1.3.8) [a,b)

is an open set with respect to 7. Similarly, if a € RU{—o0}, b € R, and a < b,
then
(1.3.9) (a, 0]

is an open set with respect to 7_. Note that the real line is Hausdorfl with
respect to 7+ and 7_, by Proposition 1.3.3, and because R is Hausdorff with
respect to the standard topology. If E C R is dense in R with respect to the
standard topology, then one can check that F is dense in R with respect to 74
and 7_. Of course, if E' is dense in R with respect to 7 or 7_, then F is dense
in R with respect to the standard topology, as in Proposition 1.3.3.

1.4 Closed sets and limit points
Let (X, 7) be a topological space.

Definition 1.4.1 A subset E of X is said to be a closed set in X with respect
to T if the complement

(1.4.2) X\E={reX :z¢E}
of E in X is an open set in X with respect to T.

Of course,
(1.4.3) X\(X\wW)=w

for every subset W of X. This implies that the complement of an open subset
of X is a closed set.

Note that X and the empty set are closed subsets of X. If Fy,..., E, are
finitely many closed subsets of X, then their union is a closed set as well. More

precisely,
n

(1.4.4) X\(OEj> = N(X\E)

Jj=1 Jj=1

is an open set in X, by the definition of a topology.
If A is a nonempty set, and F, is a closed set in X for every a € A, then
Naca Fo is a closed set in X too. Indeed,

(1.4.5) X\ ( N Ea> = J(X\E)

acA a€cA

is an open set in X in this case, by the definition of a topological space.
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1.4.1 Limit points, adherent points, and closures of sets

Definition 1.4.6 A point p € X is said to be a limit point of F C X if for
every open set U C X with p € U thereis a ¢ € ENU such that p # q. We say
that p € X is adherent to E if for every open set U C X with p € U, we have
that ENU # 0.

Thus every element of E and every limit point of F in X is adherent to F.
If p € X is adherent to F and p € F, then p is a limit point of F in X.

Definition 1.4.7 The closure of a subset E of X is the set E consisting of all
points in X that are adherent to E. Equivalently, E is the set of p € X such
that p € E, p is a limit point of E, or both.

Note that £ C X is dense in X if and only if £ = X.
Proposition 1.4.8 If E C X is a closed set, then E = E.

It suffices to check that E C E. If E is a closed set and p € X \ E, then it
is easy to see that p is not adherent to F, because X \ F is an open set. Thus
p &€ E, as desired.

1.4.2 Interiors of sets

Definition 1.4.9 The interior of a subset A of X is the set Int A of p € A for
which there is an open set U C X such that p € U and U C A. Equivalently,
Int A is the union of all the open subsets of X that are contained in A.

Thus Int A is automatically an open subset of X, and Int A = A when A is
an open set in X.

Proposition 1.4.10 If E is any subset of X, then
(1.4.11) X\E=Int(X\E).
In particular, E is a closed set in X.

Indeed, p € X is not adherent to E exactly when there is an open set U C X
such that p € U and U N E = (. This is the same as saying that p € U and
U C X\ E, which means that p € Int(X \ E).

1.5 Induced topologies

Let (X, 7) be a topological space, and let Y be a subset of X.

Definition 1.5.1 A subset E of Y is said to be relatively open in Y if there is
an open set U C X such that
(1.5.2) E=UnNY.
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Proposition 1.5.3 The collection of relatively open subsets of Y defines a
topology on Y, which is called the induced topology on Y.

Clearly Y = X NY and ) = 0 NY are relatively open in Y. If Ey,..., E,
are finitely many relatively open subsets of Y, then there are open subsets
Ui,...,U, of X such that &/; = U; NY for each j =1,...,n. This implies that

(1.5.4) (n] ﬁUnY (ﬂU)mY

is relatively open in Y.

Let A be a nonempty set, and suppose that F, C Y is relatively open for
every a € A. Thus, for each a € A, there is an open subset U, of X such that
E,=U,NnY. It follows that

(1.5.5) U Ea= | @Wany) = (UU)
acA acA acA

is relatively open in Y, as desired.

1.5.1 Closed sets with respect to the induced topology

Proposition 1.5.6 A subset A of Y is a closed set with respect to the induced
topology if and only if there is a closed set Ay C X such that

(1.5.7) A=A NY.

If A; is a closed set in X, then X \ A; is an open set in X, and hence
(X \ A1) NY is relatively open in Y. One can check that

(1.5.8) Y\ (A4 NY)=(X\4)NY,

so that A3 NY is a closed set in Y with respect to the induced topology. Con-
versely, if A CY is a closed set with respect to the induced topology, then Y\ A
is relatively open in Y. This implies that there is an open subset U of X such
that

(1.5.9) Y\A=UnNY.

This means that A; = X \ U is a closed set in X, and it is easy to see that
(1.5.7) holds.

1.5.2 Induced topologies and separation conditions

Proposition 1.5.10 If j € {0,1,2} and X satisfies the jth separation condi-
tion, then Y satisfies the jth separation condition, with respect to the induced

topology.

This can be verified directly from the definitions.
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1.5.3 Induced topologies and semimetrics

Let d(-,-) be a semimetric on X, and suppose now that X is equipped with the
topology determined by d(-,-). It is easy to see that the restriction of d(z,y) to
x,y € Y defines a semimetric on Y.

Proposition 1.5.11 Under the conditions just mentioned, the induced topology
on'Y is the same as the topology determined on'Y by the restriction of d(-,-) to
Y.

If z € X and r > 0, then let By (z,7) be the open ball in X centered at x
with radius r with respect to d(-,-). Similarly, if z € Y, then let By (z, ) be the
open ball in Y centered at  with radius r > 0 with respect to the restriction
of d(-,-) to Y. It is easy to see that

(1.5.12) By (z,r) = Bx(z,r)NY

for every x € Y and r > 0.

If F is a relatively open subset of Y, then there is an open subset U of X
such that £ = U NY. One can check directly that F is an open set in Y with
respect to the topology determined by the restriction of d(-,-) to Y, using the
analogous property of U in X.

To show the converse, observe first that (1.5.12) is relatively open in Y for
every x € Y and r > 0, because open balls in X are open sets. If £ C Y is an
open set with respect to the topology determined by the restriction of d(-,-) to
Y, then E can be expressed as a union of open balls in Y. This implies that
F is relatively open in Y, because the union of any family of relatively open
subsets of Y is relatively open in Y, as before.

1.6 Convergent sequences

Let (X, 7) be a topological space.

Definition 1.6.1 A sequence {z;}32, of elements of X is said to converge to
an element x of X if for every open subset U of X with x € U there is a positive
integer L such that

(1.6.2) z; €U

for every j > L.

If z; = z for all but finitely many j, then {z;}32, automatically converges
to z. If X is equipped with the discrete topology, and {z; };";1 converges to x,
then z; = =z for all but finitely many j. If X is equipped with the indiscrete
topology, then every sequence of elements of X converges to every element of
X.
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1.6.1 Some properties of convergent sequences

Proposition 1.6.3 If (X, 7) is a Hausdorff topological space, then a sequence
of elements of X can converge to at most one element of X.

This is not difficult to show, and an extension of this will be discussed soon.

Proposition 1.6.4 Let E be a subset of X, and let {xj};?';l be a sequence of
elements of E. If {xj}z?';l converges to an element x of X, then x is adherent
to E. If, for each positive integer j, we also have that x; # x, then x is a limit
point of E in X.

This can be verified directly from the definitions.

Proposition 1.6.5 Let Y be a subset of X, let {x;}52; be a sequence of ele-
ments of Y, and let x be an element of Y. Under these conditions, {xj};";l
converges to x in X if and only if {xj}j';l converges to x in'Y , with respect to
the induced topology.

This can also be verified directly from the definitions.

1.6.2 Convergent sequences in R with respect to 7, 7_

Let {z;}72, be a sequence of real numbers, and let x be a real number too. If
{z; };";1 converges to « with respect to either of the topologies 74 or 7_ defined
in Subsection 1.3.2, then {z;}32, converges to z with respect to the standard
topology on R. More precisely, if {xj}Jo‘;l converges to x with respect to 7,
then

(1.6.6) xj >« for all but finitely many j.

This can be seen by taking U = [z, +00) in (1.6.2). Conversely, if {x;}72, sat-
isfies (1.6.6), and {x;}32, converges to x with respect to the standard topology
on R, then {z;}32, converges to z with respect to 7.

Similarly, if {z;}32; converges to z with respect to 7_, then

(1.6.7) zj <z for all but finitely many j.

Conversely, if {z;}72 satisfies (1.6.7), and if {z;}32, converges to = with respect
to the standard topology on R, then {x; };";1 converges to x with respect to 7_.

1.7 Local bases

Let (X, 7) be a topological space, and let « be an element of X.

Definition 1.7.1 A collection B(z) of open subsets of X is said to be a local
base for the topology of X at x if it satisfies the following two conditions. First,
for every U € B(x), we have that x € U. Second, if V is an open subset of X
such that x € V, then there is an element U of B(x) with

(1.7.2) Ucv.
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The collection of all open subsets U of X with € U is a local base for the
topology of X at x. If X is equipped with the indiscrete topology, then X is
the only element of this collection. If X is equipped with the discrete topology,
then the collection consisting only of {x} is a local base for the topology of X
at x.

1.7.1 Countable local bases

We are often particularly interested in situations where there may be a local
base for the topology of X at x with only finitely or countably many elements,
which can therefore be listed in a sequence. Equivalently, we may wish to have
a sequence Uy (x), Uz(x),Us(x), ... of open subsets of X such that the collection
of the U;(z)’s is a local base for the topology of X at x. This means that

(1.7.3) z € Uj(x) for every j,
and that
(1.7.4) for every open set V C X withz e V

we have that U;(z) C V for some j.
In this situation, it is frequently helpful to also ask that
(1.7.5) Ujt1(z) CUj(x) for every j.
This can always be arranged, by replacing U, (x) with ﬂ{zl U (z) for each j, if

necessary.
If the topology on X is determined by a semimetric d(-,-), then

(L.7.6) Uy(z) = B(a,1/)

satisfies the conditions just mentioned. If X is the real line equipped with the
topology 74 defined in Subsection 1.3.2, then

(1.7.7) Uj(z) =[x,z + 1/j)

satisfies these conditions. Similarly, if X = R equipped with the topology 7_,
then
(1.7.5) Uy(a) = (z — 1/j.a]

satisfies these conditions.

1.7.2 A criterion for the convergence of a sequence
Let (X, 7) be any topological space again, and let z € X be given.

Proposition 1.7.9 Suppose that {U;(x)}32, is a sequence of open subsets of X
that satisfies (1.7.5), (1.7.4), and (1.7.5). Let {x;}32, be a sequence of elements
of X such that

(1.7.10) T; € UJ(Z‘)

for every j. Under these conditions, {xj};?‘;l converges to x in X.
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This is easy to check, directly from the definitions.

Corollary 1.7.11 Suppose that there is a local base for the topology of X at x
with only finitely or countably many elements. If x is adherent to E C X, then
there is a sequence {xj}?i1 of elements of E that converges to x in X. If x is
a limit point of I/ in X, then we may also ask that x; # x for each j.

The hypothesis of the corollary implies that there is a sequence {Uj;(z)}52,

of open sets in X as in the previous proposition. If z is adherent to F, then we
can choose

(1.7.12) T; € EﬂUj(.’L’)

for each j. If  is a limit point of F, then we can also choose z; to be different
from z for every j.

1.7.3 Local bases and induced topologies

Proposition 1.7.13 LetY be a subset of X such that x € Y. If B(z) is a local
base for the topology of X at x, then

(1.7.14) By(x)={UNY :U € B(x)}
is a local base for the induced topology on'Y at x.

This can be verified directly from the definitions. Note that if B(x) has only
finitely or countably many elements, then By (z) has only finitely or countably
many elements.

1.7.4 The first countability condition

Definition 1.7.15 We say that (X, 7) satisfies the first countability condition
if for every x € X there is a local base B(x) for the topology of X at x with only
finitely or countably many elements.

If (X, 7) satisfies the first countability condition and Y C X, then Y satisfies
the first countability condition with respect to the induced topology, by the
previous remark.

1.8 Directed systems and nets
Let A be a set.
Definition 1.8.1 A binary relation < on A is said to be a partial ordering if

it satisfies the following three conditions. First, < should be reflexive on A, in
the sense that

(1.8.2) a=a foreverya€ A.
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Second,
(1.8.3) if a,b € A satisfy a 2 b and b < a, then a = b.

Third, < should be transitive on A, in the sense that

(1.8.4) ifa,b,c € A satisfya 2 b and b < ¢, then a < c.
If, in addition,

(1.8.5) for every a,b € A, we have that a < b or b < a,
then = is said to be a linear ordering or total ordering on A.

A binary relation on A that is reflexive and transitive may be called a pre-
order on A.

Definition 1.8.6 We say that (A, <) is a directed system if < is a partial
ordering on A, and if

(1.8.7)  for every a,b € A thereis a ¢ € A such that a < ¢ and b < c.

Sometimes one also considers pre-orderings that satisfy (1.8.7), which can
work just as well for some purposes. Note that linearly-ordered sets are directed
systems.

1.8.1 Nets of elements of sets

Suppose that (A4, <) is a nonempty directed system, and let X be a set.

Definition 1.8.8 A net {z,}qca of elements of X indexed by A assigns to each
a € A an element x, of X.

Thus this is a function defined on A with values in X, where A is also
equipped with the partial ordering <. If A is the set Z, of positive integers
with the standard ordering, then this is the same as a sequence of elements of
X.

1.8.2 Convergence of nets

Now let (X, 7) be a topological space.

Definition 1.8.9 A net {zy}aca of elements of X indexed by A is said to
converge to an element x of X if for every open subset U of X with x € U there
is a b € A such that

(1.8.10) 2, €U

for every a € A with b < a.

This reduces to the earlier definition of convergent sequences when A = Z
with the standard ordering.
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1.8.3 Uniqueness of the limit in Hausdorff spaces

Proposition 1.8.11 Let {z,}aca be a net of elements of X that converges to
elements x and ©' of X. If (X, 1) is Hausdorff, then x = z’.

Suppose for the sake of a contradiction that x # z’. This implies that there
are disjoint open subsets U and V of X such that z € U and 2’ € V, because
X is Hausdorff. Using the convergence of {z,}qca to =, we get that there is a
b € A such that (1.8.10) holds for every a € A with b < a. Similarly, there is a
¢ € A such that
(1.8.12) 2, €V

for every a € A with ¢ < a, because {z,}sca converges to 2’ in X.

There is an a € A such that b < ¢ and ¢ < a, by the definition of a directed
system. In this case, we get that x, € U NV, contradicting the disjointness of
Uand V.

Conversely, if (X, 7) is not Hausdorff, then one can find a net of elements of
X indexed by some nonempty directed system that converges to two different
elements of X. If (X, 7) also satisfies the first countability condition, then one
can find a sequence of elements of X that converges to two different elements
of X.

1.9 More on convergent nets
Let (A, <) be a nonempty directed system, and let (X, 7) be a topological space.

Proposition 1.9.1 Let E be a subset of X, and let {x,}aca be a net of elements
of E indexed by A. If {xa}aca converges to an element x of X, then x is
adherent to E in X. If, for every a € A, we also have that x, # x, then x is a
limit point of E in X.

This follows easily from the definitions, as in the case of sequences.

Proposition 1.9.2 LetY be a subset of X, let {xq}taca be a net of elements of
Y indexed by A, and let x be an element of Y. Under these conditions, {4 }aca
converges to x in X if and only if {x4}aca converges to x in'Y, with respect to
the induced topology.

This can also be verified directly from the definitions, as before.

1.9.1 Using a local base to get a directed system

Let z € X be given, and let B(z) be a local base for the topology of X at x.
Let us define a binary relation < on B(x) by

(1.9.3) U=V when U,V € B(x) satisty V C U.
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Proposition 1.9.4 With respect to the binary relation < defined in (1.9.3),
B(x) is a directed system.

It is easy to see that < is a partial ordering on B(z). To check that B(x) is
a directed system with respect to <, let U,V € B(x) be given. Thus U and V
are open subsets of X that contain x, so that U NV is an open set that contains
x too. It follows that there is a W € B(x) such that

(1.9.5) wcuny,

by definition of a local base. This implies that U < W and V < W, as desired.

1.9.2 A criterion for the convergence of a net

Proposition 1.9.6 If {zv}uep) is a net of elements of X indeved by B(x)
such that
(1.9.7) ay €U

for every U € B(x), then {xy }yep(w) converges to x in X.

Let W be an arbitrary open subset of X that contains z. By the definition
of a local base, there is a V € B(x) such that VC W. If U € B(z) and V < U,
then
(1.9.8) xyeUCVCW,

as desired.

Corollary 1.9.9 If x is adherent to E C X, then there is a net {wy }yep() of
elements of E indexed by B(z) that converges to x. If x is a limit point of E in
X, then we may also ask that xy # x for every U € B(x).

If x is adherent to F, then we can choose
(1.9.10) zyp e ENU

for every U € B(x). If  is a limit point of E, then we can also choose zy to be
different from z for every U € B(x).

1.10 Regular topological spaces
Let (X, 7) be a topological space.

Definition 1.10.1 We say that (X, 7) is regular in the strict sense if for every
point p € X and closed set E C X with p € E there are disjoint open subsets U
and V of X such that

(1.10.2) pelU and ECV.

If (X, 7) also satisfies the zeroth separation condition, then (X, T) is said to be
regular in the strong sense.
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Sometimes one may say that (X, 7) is regular when X is regular in the strict
sense. In this case, one may say that X satisfies the third separation condition,
or equivalently that (X, 7) is a T3 space, when X is regular in the strong sense.
However, the opposite convention is sometimes used as well. Alternatively,
regularity, the third separation condition, and T3 spaces may be used to refer to
regularity in the strong sense, and regularity in the strict sense may be described
in other ways.

1.10.1 Regularity in the strong sense implies Hausdorff

Proposition 1.10.3 If (X, 1) is regular in the strong sense, then (X,T) is
Hausdorff.

To see this, let  and y be distinct elements of X. Thus there is an open
set that contains one of x and y and not the other, because (X, ) satisfies the
zeroth separation condition. Equivalently, this means that there is a closed set
in X that contains one of = and y, and not the other. It follows that = and y
are contained in disjoint open subsets of X, as desired.

1.10.2 Regularity and semimetrics

Proposition 1.10.4 If the topology on X is determined by a semimetric d(-,-),
then X is reqular in the strict sense. If d(-,-) is a metric on X, then X is reqular
in the strong sense.

Of course, the second statement follows from the first.

Lemma 1.10.5 Ifp € X and r is a nonnegative real number, then
(1.10.6) Vip,r)={z e X :d(p,z) > r}
s an open set in X.

If x € V(p,r), then t = d(p,x) —r > 0, and one can check that
(1.10.7) B(x,t) CV(p,r),

using the triangle inequality.

To prove the first part of Proposition 1.10.4, let p € X and a closed set
E C X be given, with p ¢ E. Thus X \ F is an open set in X that contains p,
so that

(1.10.8) B(p,r) CX\E

for some r > 0. It is easy to see that U = B(p,r/2) and V = V(p,r/2) are
disjoint open subsets of X that contain p and F, respectively.
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1.10.3 Regularity of R with respect to 7, 7_

Proposition 1.10.9 The real line is reqular in the strong sense with respect to
the topologies T and 7_ defined in Subsection 1.3.2.

Of course, we already know that R is Hausdorff with respect to 7 and 7_,
and so we only need to verify regularity in the strict sense. We shall do this for
T4, the argument for 7_ being analogous. Let p € R and a closed set £ C R
with respect to 71 be given, with p ¢ E. This means that R\ F is an open set
in R with respect to 71 that contains p, so that there is a b € R such that p < b
and

(1.10.10) [p,b) CR\ E.
Equivalently,
(1.10.11) ECR\[p,b) = (—00,p) U[b,+00).

In this situation, [p,b) and (—oo,p) U [b, +00) are disjoint open subsets of R
with respect to 74 that contain p and E, as desired.
Let (X, 7) be a topological space again, and let Y be a subset of X.

1.10.4 Regularity and induced topologies

Proposition 1.10.12 If (X, 1) is regular in the strict sense, then Y is regular
in the strict sense, with respect to the induced topology. Similarly, if (X, 1) is
regular in the strong sense, then Y is regular in the strong sense, with respect
to the induced topology.

The second statement follows from the first, and the analogous fact for the
zeroth separation condition. To prove the first statement, let p € Y and a
closed set A C Y with respect to the induced topology be given, with p ¢ A.
Remember that there is a closed set A; C X such that A = A; NY, because A
is a closed set with respect to the induced topology. Note that p € A, because
p € Y\ A. It follows that there are disjoint open subsets U and V of X that
contain p and Aj, respectively, because (X, 7) is regular in the strict sense.
This implies that UNY and VNY are disjoint relatively open subsets of Y that
contain p and A, respectively, as desired.

1.11 Completely Hausdorff spaces

Let (X, 7) be a topological space.

Proposition 1.11.1 The following condition is equivalent to (X, ) being regu-
lar in the strict sense: for every point p € X and open set W C X withp € W,

there is an open set U C X such that p € U and the closure U of U in X is
contained in W.
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Let p € X and an open set W C X with p € W be given, so that E = X\ W
is a closed set that does not contain p. If (X, 7) is regular in the strict sense,
then there are disjoint open subsets U and V' of X such that p € U and F C V.
It is easy to see that U NV = 0 in this situation, which means that

(1.11.2) UCX\VCX\E=W,

as desired.

Conversely, let p € X and a closed set £ C X with p € E be given. Thus
W = X \ E is an open set that contains p. If (X, 7) satisfies the condition in
the statement of the proposition, then there is an open set U C X such that
peU and U C W. Put V = X \ U, which is an open set in X, because U is a
closed set. Clearly UNV =0, and

(1.11.3) E=X\WCX\U=YV,

as desired.

1.11.1 The completely Hausdorff condition

Definition 1.11.4 We say that (X, 7) is completely Hausdorft if for every pair
x, y of distinct elements of X there are open subsets U and V' of X such that
xeU,yeV, and

(1.11.5) unv =4.

In this case we may also say that (X, T) satisfies separation condition number
two and a half, or equivalently that (X,7) is a T,1 space.

Of course, completely Hausdorff spaces are Hausdorff in particular.

Proposition 1.11.6 If (X, 1) is reqular in the strong sense, then (X, 1) is com-
pletely Hausdorff.

Let z, y be distinct elements of X. If (X, 7) is regular in the strong sense,
then (X, 7) is Hausdorff, and so there are disjoint open subsets U and V of X
with z € U and y € V. Using Proposition 1.11.1, we get open subsets U; and V}
of X such that x € Uy, U; C U,y € Vi, and V; C V. It follows that Uy NV, = 0,
as desired.

1.11.2 More on completely Hausdorff spaces

Proposition 1.11.7 Let T be another topology on X such that T C 7. If (X, )
is completely Hausdorff, then (X,T) is completely Hausdorff too.

If E is any subset of X, then let E, and E; be the closures of E with respect
to 7 and T, respectively. It is easy to see that

(1.11.8) E-CE,,
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because 7 C 7. Using this, one can verify the proposition directly from the
definition of the completely Hausdorff property.

Suppose for the moment that (X, 7) is regular in the strict or strong sense.
If 7 is as before, then it is not so clear if (X, 7) should have the same property.

Proposition 1.11.9 If (X, 7) is completely Hausdorff and Y C X, then Y is
completely Hausdorff with respect to the induced topology.

If ECY and p € Y, then one can check that
(1.11.10) p is adherent to £ in X
if and only if
(1.11.11) p is adherent to E in Y, with respect to the induced topology.
This implies that the closure of F in Y, with respect to the induced topology,

is the same as the intersection of Y with the closure of E in X. Using this, the
proposition can be verified directly from the definitions.

1.12 Separated sets and connectedness
Let (X, 7) be a topological space.

Definition 1.12.1 A pair A, B of subsets of X are said to be separated in X
if
(1.12.2) ANB=ANB=0.

Disjoint closed subsets of X are obviously separated in X. It is easy to see
that disjoint open subsets of X are separated in X as well.

Proposition 1.12.3 Let Y be a subset of X, and let A, B be subsets of Y.
Under these conditions, A and B are separated in X if and only if A and B are
separated in'Y , with respect to the induced topology.

This follows from the fact that the closure of a subset F of Y, with respect
to the induced topology on Y, is the same as the intersection of Y with the
closure of F in X.

Proposition 1.12.4 If A and B are separated subsets of X such that AUB =
X, then A and B are both open and closed in X .

It is easy to see that A = A and B = B in this case, so that A and B are
closed sets. This implies that A and B are open sets in X too, because their
complements in X are closed sets.
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1.12.1 Connectedness

Definition 1.12.5 A subset E of X is said to be connected in X if E cannot
be expressed as the union of two nonempty separated sets in X .

It is well known that a subset E of the real line is connected with respect
to the standard topology on R if and only if for every z,y € F with x < y, we
have that
(1.12.6) [z,y] C E.

Proposition 1.12.7 LetY be a subset of X, and let E be a subset of Y. Under
these conditions, E is connected as a subset of X if and only if E is connected
as a subset of Y, with respect to the induced topology.

This follows from Proposition 1.12.3.

Proposition 1.12.8 The following three statements are equivalent: (a) X is
connected, as a subset of itself; (b) X cannot be expressed as the union of two
nonempty disjoint open sets; (c¢) X cannot be expressed as the union of two
nonempty disjoint closed sets.

This follows from Proposition 1.12.4.

If X is any set equipped with the indiscrete topology, then X is connected.
If X is any set with at least two elements equipped with the discrete topology,
then X is not connected.

1.13 Normality and complete normality
Let (X, 7) be a topological space.

Definition 1.13.1 We say that (X, 7) is normal in the strict sense if for every
pair A, B of disjoint closed subsets of X, there are disjoint open subsets U, V'
of X such that A C U and B C V. If (X,7) also satisfies the first separation
condition, then (X,7) is said to be normal in the strong sense.

Sometimes one may say that (X,7) is normal when X is normal in the
strict sense, and that X satisfies the fourth separation condition, or equivalently
that X is a Ty space, when X is normal in the strong sense. The opposite
convention may be used sometimes as well. One may also use normality, the
fourth separation condition, and T, spaces for normality in the strong sense,
and refer to normality in the strict sense in other ways.

1.13.1 Normality in the strong sense

Proposition 1.13.2 If (X,7) is normal in the strong sense, then (X,T) is
Hausdorff, and regular in the strong sense.
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One can check that (X, 7) satisfies the first separation condition if and only
if for every p € X, {p} is a closed set in X. Of course, this is the same as
saying that X \ {p} is an open set in X for every p € X. More precisely, the
first separation condition says that every element of X \ {p} is an element of the
interior of X \ {p}. The proposition follows easily from this and the definitions.

1.13.2 Normality in the strict sense

Proposition 1.13.3 The following condition is equivalent to (X, 7) being nor-
mal in the strict sense: if A C X is a closed set, W C X is an_open set, and
A C W, then there is an open set U C X such that ACU and U CW.

Let a closed set A C X and an open set W C X with A C W be given, so
that B = X \ W is a closed set in X that is disjoint from A. If (X, 7) is normal
in the strict sense, then there are disjoint open subsets U, V of X such that
A C U and B C V. In this situation, we have that U NV = 0, so that

(1.13.4) UCX\VCX\B=W,

as desired.

Conversely, let A and B be disjoint closed subsets of X, so that W = X\ B is
an open set that contains A. If (X, 7) satisfies the condition in the statement of
the proposition, then there is an open set U C X such that A C U and U C W.
Thus V = X \ U is an open set in X that is disjoint from U. We also have that

(1.13.5) B=X\WCX\U=YV,

as desired.

1.13.3 Complete normality

Definition 1.13.6 We say that (X, 7) is completely normal in the strict sense
if for every pair A, B of separated subsets of X there are disjoint open sets
UV C X such that A C U and B C V. If (X,7) also satisfies the first
separation condition, then (X, T) is said to be completely normal in the strong
sense.

If (X, 7) is completely normal in the strict sense, then (X, 7) is normal in the
strict sense, because disjoint closed subsets of X are separated in X. Similarly,
if (X, 7) is completely normal in the strong sense, then (X, 7) is normal in the
strong sense. Sometimes one may say that (X,7) is completely normal when
(X, 7) is completely normal in the strict sense, and that (X, 7) satisfies the
fifth separation condition, or equivalently that (X, 7) is a T space, when (X, 7)
is completely normal in the strong sense. As before, the opposite convention
may sometimes be used too. One may also use complete normality, the fifth
separation condition, and T5 spaces for complete normality in the strong sense,
and refer to complete normality in the strict sense in other ways.
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Proposition 1.13.7 If (X, 7) is completely normal in the strict sense and Y
1s a subset of X, then Y is completely normal in the strict sense, with respect to
the induced topology. If (X,T) is completely normal in the strong sense, then' Y
is completely normal in the strong sense, with respect to the induced topology.

The first part can be obtained from the definitions, using Proposition 1.12.3.
The second part follows from the first part and the fact that Y satisfies the first
separation condition when (X, 7) has this property.

1.14 Examples of completely normal spaces

Proposition 1.14.1 If X is a set with a semimetric d(-,-), then X is completely
normal in the strict sense with respect to the topology determined by d(-,-). If
d(-,-) is a metric on X, then X is completely normal in the strong sense with
respect to the topology determined by d(-,-).

The second statement follows immediately from the first. To prove the first
statement, let A and B be separated subsets of X. Thus, for each = € A, there
is a positive real number r(z) such that

(1.14.2) B(z,r(z))Nn B =1,
because x € B. Similarly, for every y € B, there is a t(y) > 0 such that
(1.14.3) B(y,t(y))NA=10,

because y ¢ A. Put

(1.14.4) U= |]J Ba,r@)/2), V=) Buty)/2.

z€A yeB

These are open sets in X, because open balls are open sets, and unions of open
sets are open sets. We also have that A C U and B C V, because every z € A
is contained in B(x,r(x)/2), and every y € B is contained in B(y, t(y)/2).

Suppose for the sake of a contradiction that U N’V # (. This means that
there are x € A, y € B, and w € X such that

(1.14.5) w € B(x,r(x)/2) N B(y, t(y)/2).

It follows that

(1.14.6) d(z,y) < d(z,w) + d(w,y) <r(x)/2+t(y)/2.
However,
(1.14.7) d(z,y) = r(z), t(y),

by (1.14.2) and (1.14.3). This is a contradiction, as desired.
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1.14.1 Complete normality of R with respect to 7, 7_

Proposition 1.14.8 The real line is completely normal in the strong sense with
respect to the topologies 7+ and T_ defined in Subsection 1.3.2.

We already know that the real line is Hausdorff with respect to 7 and 7_,
and so we only have to check complete normality in the strict sense. We shall
do this for 7, the argument for 7_ being analogous. Let A and B be subsets of
R that are separated with respect to 7. If x € A, then there is a real number
b1 (z) such that z < by (x) and

(1.14.9) [,b1(z)) N B =10,

because z is not in the closure of B with respect to 7. Similarly, if y € B, then
there is a real number by(y) such that y < ba(y) and

(1.14.10) [y, b2(y)) N A =10,

because y is not in the closure of A with respect to 7. Put

(1.14.11) U=Jlwbi@), V= b)),

z€A yeB

which are open subsets of R with respect to 7, because these intervals are open
sets with respect to 7. Note that A C U and B C V, by construction.
If x € Aand y € B, then

(114.12) [, by (2)) N [y, ba(y)) = 0.

More precisely, if © < y, then by (z) < y, by (1.14.9). Similarly, if y < z, then
ba(y) < x, by (1.14.10). It is easy to see that (1.14.12) holds in both cases. This
implies that U NV = (), as desired.

1.15 More on connectedness

Let (X, 7) be a topological space.

Proposition 1.15.1 If E is a connected subset of X, then the closure E of E
in X is connected too.

Suppose for the sake of a contradiction that E is not connected, so that there
are nonempty separated subsets A and B of X such that £ = AU B. Put

(1.15.2) A =ANE, By=DBnNE,

and note that £ = A; U B;y. It is easy to see that A; and B; are separated in
X, because A1 C A and B; C B. We would like to check that A; and By are
nonempty.
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Let 2 be an element of A. Thus x ¢ B, because AN B = (), by hypothesis.
This means that there is an open subset U of X such that x € U and BNU = (.
However, ENU # (), because x € A C E. It follows that A; # (), because
ENU C A;. Similarly, By # (. This implies that F is not connected, as
desired.

Proposition 1.15.3 Let I be a nonempty set, and suppose that E; is a con-
nected subset of X for every j € I. If

(1.15.4) () E; #9,

jel
then ;e Ej is connected in X.

Suppose for the sake of a contradiction that e Ej 1s not connected, so that
there are nonempty separated subsets A and B of X such that UjeL E; = AUB.
Let = be an element of ﬂjel E;. We may as well suppose that © € A, by
interchanging the roles of A and B, if necessary. Let y be an element of B, and
let jo be an element of I such that y € E;,. Put

(1155) A() =AnN Ejov BO =BnN Ejo?

and observe that E;, = Ao U By. As before, Ay and By are separated in X,
because Ay C A and By C B. We also have that x € Ay and y € By, by
construction, so that Ag, By # 0. This implies that Ej, is not connected, which
is a contradiction.

1.15.1 A criterion for connectedness

Proposition 1.15.6 Let E be a subset of X. Suppose that for every pair of
elements x, y of E there is a connected subset E(xz,y) of X such that

(1.15.7) z,y € E(z,y)
and
(1.15.8) E(z,y) CE.

Under these conditions, E is connected in X.

Suppose for the sake of a contradiction that F is not connected in X, so
that there are nonempty separated subsets A and B of X such that £ = AU B.
Let x be an element of A, let y be an element of B, and let E(z,y) be as in the
statement of the proposition. Put

(1.15.9) As = ANE(z,y), B2=BNE(zy),

which satisfy € Ay, y € By, and A3 U By = E(x,y). We also have that A, and
By are separated in X, because Ay C A and By C B. This implies that F(x,y)
is not connected, which is a contradiction.
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Of course, if E is connected, then E satisfies the condition mentioned in
Proposition 1.15.6, with E(x,y) = E for every z,y € E.

Alternatively, Proposition 1.15.6 could be obtained from Proposition 1.15.3.
More precisely, Proposition 1.15.6 is trivial when E = (). Otherwise, one can fix
x € F, and use the fact that F is the union of E(z,y), y € E.

If £y and F5 are connected subsets of X and E; N Fy # 0, then E; U Fs
is connected in X as well, as in Proposition 1.15.3. One could also prove this
directly, and use this to obtain Proposition 1.15.3 from Proposition 1.15.6.



Chapter 2

Cardinality and some more
topology

2.1 Cardinal equivalence

Let A and B be sets, and let f be a function defined on A with values in B.
This is also known as a mapping from A into B, which may be expressed by
f A — B. As usual, we say that f is one-to-one or injective if for every
x,y € A with x # y, we have that f(z) # f(y). We say that f maps A onto
B, or equivalently that f is surjective, if for every z € B there is an z € A
such that f(z) = z. A one-to-one mapping from A onto B is also known as a
bijection, or a one-to-one correspondence.

Let C be another set, and let g be a mapping from B into C. Thus the
composition g o f is the mapping from A into C' defined by

(2.1.1) (go f)(x) = g(f(x))

for every x € A. If f and g are injections, then it is easy to see that g o f is an
injection. If f and g are surjections, then g o f is a surjection. It follows that if
f and g are bijections, then g o f is a bijection.

If f is a one-to-one mapping from A onto B, then the inverse mapping is
defined on B by f~1(f(x)) = z for every x € A, which is a one-to-one mapping
from B onto A. If g is a one-to-one mapping from B onto C, then one can check
that
(2.1.2) (gof) ™ =FfTog L.

If there is a one-to-one mapping from A onto B, then let us express this by
(2.1.3) #A =#B.

Note that #A = #A, because the identity mapping on A is a one-to-one map-
ping from A onto itself. It is easy to see that #A = #B implies #B = #A,
because the inverse of a bijection is a bijection. Similarly, #A = #B and

26
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#B = #C imply that #A = #C, because the composition of bijections is a
bijection.

To say that A is a finite set with exactly n elements for some positive integer
n means that

(2.1.4) #A=#{1,...,n}.
By definition, A is countably infinite when
(2.1.5) H#HA=HZ,.

2.1.1 The power set

Let P(A) be the power set of A, which is the set of all subsets of A. Suppose
that f is a mapping from A into P(A), and put

(2.1.6) B={acA:a¢ f(a)},
which is a subset of A. If x € A, then it is easy to see that

(2.1.7) f(z) # B.

More precisely, if € f(x), then ¢ B, so that (2.1.7) holds. Otherwise, if
z & f(z), then z € B, and (2.1.7) holds. Thus f cannot map A onto P(A). In
particular,
(2.1.8) #A# H#P(A).

A set is said to be uncountable if it is neither finite nor countably infinite.
Note that P(Z; ) is uncountable, by (2.1.8).

Let B be the set of infinite sequences x = {x;}52, such that for each positive
integer j, x; = 0 or 1. It is easy to see that

(2.1.9) 4B = #P(Z,),

using the correspondence between elements of B and the subsets of Z on which
they are equal to 1.

2.1.2 The cardinality of [0, 1]

It is well known that
(2.1.10) #B = #[0,1].

More precisely, we can start with the usual mapping that sends =z € B to
Z;’;l x;277, which is an element of [0,1]. This mapping is surjective but not
injective, and we can modify it on a countable set to get a bijection. If n is a

nonnegative integer, then put
(2.1.11) Apo={x€B:z; =0 for every j > n}

and
(2.1.12) Api={z e B:x; =1for every j > n}.
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These are finite sets with exactly 2" elements, and

(oo}

(2.1.13) A=JAnoU 4,
n=0

is a countably-infinite subset of B. Also let E be the subset of [0,1] consisting
of nonnegative integer multiples of nonnegative integer powers of 1/2, which is
countably infinite as well. The restriction of the mapping from B onto [0, 1]
mentioned earlier to B\ A is a one-to-one mapping onto [0,1] \ E. Because A
and E are both countably infinite, one can find a one-to-one mapping from A
onto F. One can combine these two mappings to get a one-to-one mapping from
B onto [0, 1], as desired.

2.2 Comparing cardinalities

If A and B are sets, and if there is a one-to-one mapping from A into B, then
we may express this by

(2.2.1) #A < #B.

If #A4 = #B, then it follows that #A4 < #B and #B < #A. In particular,
#A < #A automatically. If A, B, and C are sets such that #4 < #B and
#B < #C, then it is easy to see that #A < #C, because the composition of
injective mappings is injective.

A famous theorem of Bernstein and Schroder states that if A and B are sets
with #A < #B and #B < #A, then #A = #B. This corresponds to Theorem
7 on p33 of [236].

If A is any set, then

(2.2.2) a— {a}

defines a one-to-one mapping from A into the power set P(A) of A. This implies
that

(2.2.3) #A < #P(A).

Let A be a nonempty set, and let f be a one-to-one mapping from A into a
set B. Let ag be an element of A, and consider the mapping ¢g from B into A
defined as follows. We put

(2.2.4) 9(f(a) =a

for every a € A, and g(z) = ag for every z € B\ f(A). Here

(2.2.5) F(A) = {f(a) :a e A}

is the image of A under f, as usual. Clearly g maps B onto A.
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2.2.1 The axiom of choice

Let I be a nonempty set, and suppose that X is a nonempty set for every j € I.
Under these conditions, the aziom of choice states that there is a function f
defined on I with values in Ujel X such that

(2.2.6) f() € X;

for every j € I.
Let g be a mapping from a set B onto a nonempty set A. Thus, if a € A,
then

(2.2.7) g '{a}) ={z€B:g(z) =a} #0.

Using the axiom of choice, we get a mapping f from A into B such that f(a)
is an element of g~!({a}) for every a € A. This is the same as saying that
9(f(a)) = a for every a € A. In particular, it follows that f is a one-to-one
mapping from A into B.

If A and B are any two sets, then there are well-known arguments using the
axiom of choice to get that #A < #B or #B < #A.

Let A be an infinite set, and let C be a set such that

(2.2.8) #C < #A.
There are well-known arguments using the axiom of choice to get that
(2.2.9) H#A=#(AUCO).

Of course, #A < #(AUC), because the obvious inclusion mapping from A into
AUC is an injection. Note that we can reduce to the case where ANC = (), by
replacing C' with C'\ A.

If C has only finitely or countably many elements, then we can get (2.2.9)
more directly, as follows. Let B be a countably-infinite subset of A, so that
BUC is countably-infinite as well. In particular, there is a one-to-one mapping
from B onto BUC. If ANC = (), then we can combine this with the identity
mapping on A\ B to get a one-to-one mapping from A onto AU C, as desired.

If @ and b are real numbers with a < b, then we get that

(2.2.10) #(a,b) = #[a,b) = #(a,b] = #]a, b].

One can use explicit mappings to get that #[a, b] = #[0,1] and #R = #(-1,1).
One can also use the argument in the previous paragraph to get that #(R\Q) =
#R.

2.3 Products and exponentials

The Cartesian product of two sets A and B is the set A x B of all ordered
pairs (a,b), with a € A and b € B. Let A and B be sets, let ¢ be a one-to-one
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mapping from A onto /1 and let 1 be a one-to-one mapping from B onto B.
Under these conditions,

(2.3.1) (a,b) = (¢(a), ¥ (b))

is a one-to-one mapping from A x B onto A x B. This implies that

(2.3.2) #(A x B) = #(A x B).
Note that
(2.3.3) (a,b) — (b, a)

is a one-to-one mapping from A x B onto B x A. It follows that
(2.3.4) #(A x B) = #(B x A).

If A is an infinite set, then there are well-known arguments using the axiom
of choice to get that
(2.3.5) #(A x A) = #A.

Of course, this can be shown more directly when A is countably infinite.

2.3.1 Exponentials

If A and B are any two sets again, then the space of all mappings from A into
B may be denoted BA. Let A and B be sets with one-to-one mappings ¢ and ¢
from A onto A and from B onto B, respectively, again. If f is a mapping from
A into B, then 1o f o ¢! is a mapping from A into B. It is easy to see that

(2.3.6) frotofoo
is a one-to-one mapping from B# onto E‘Z . Thus
(2.3.7) 4B = #BA

under these conditions.

If B = {0,1}, then B may be denoted 2. There is a simple one-to-one
correspondence between 24 and the power set P(A) of A, where a subset of A
corresponds to the function on A that is equal to 1 on the subset, and to 0 on
the complement of the subset in A. This means that

(2.3.8) #24 = #P(A).

2.3.2 Exponentials of disjoint unions

If A, B, and C are sets with AN B = @, then there is a natural one-to-one
correspondence between CAYE and C4 x C'B. This is because a mapping from
AU B into C corresponds exactly to a pair of mappings from A into C' and from
B into C. Tt follows that

(2.3.9) #CAYB — 1(C4 x CP).
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If A and B are countably infinite, then it is well known that AUB is countably
infinite. Of course, it is easy to find disjoint countably-infinite sets, to get that

(2.3.10) #C%+ = #(C%+ x C%+).
In particular, we can take C = {0, 1}, to get that
(2.3.11) #2%+ = H#(2%+ x 2%+).

This implies that #(]0, 1] x [0,1]) = #[0, 1], #(R x R) = #R.

2.4 Some more exponentials

Let A, By, and B> be sets, and suppose that 1 is a one-to-one mapping from
By into Bsy. If f is a mapping from A into Bj, then ¢ o f is a mapping from A
into By. Thus

(2.4.1) f—=vof

defines a mapping from B{f' into Bj'. It is easy to see that (2.4.1) is injective,
because 1 is injective, by hypothesis. This shows that

(2.4.2) #B{ < #B3

when #Bl S #BQ

Similarly, let A;, A2, and B be sets, and suppose that p is a mapping from
Ag onto A;. If f is a mapping from A; into B, then f o p is a mapping from A,
into B. This defines a mapping

(2.4.3) fr=fop

from B4t into BA2. Observe that (2.4.3) is injective, because p(As) = A, by
hypothesis. This implies that

(2.4.4) #BM < 4BA2

when #Al S #AQ

2.4.1 Exponentials of products

If A, B, and C are sets, then there is a simple one-to-one correspondence between
the set C4* 5 of mappings from A x B into C and the set (CB)4 of all mappings
from A into the set C'® of all mappings from B into C. More precisely, let f(a, b)
be a mapping from A x B into C, and put

(2.4.5) fa(b) = f(a,b)

for every a € A and b € B. Thus, for each a € A, this defines f, as a mapping
from B into C. It follows that
(2.4.6) a fa



32 CHAPTER 2. CARDINALITY AND SOME MORE TOPOLOGY

defines a mapping from A into CZ. This defines a mapping
(2.4.7) f—(2.4.6)

from C4*B into (CP)A. Conversely, every mapping from A into C? leads to a
mapping from A x B into C in this way. In particular, we get that

(2.4.8) #CA*B — (CBYA,

If A is an infinite set, then we can take B = A in (2.4.8) and use (2.3.5) to
obtain that
(2.4.9) #(CNA = 0PN = #C4.

Of course, this also uses (2.3.7) in the second step. Let E be a set such that
(2.4.10) #C < #E < #CA.

Using (2.4.2), we get that

(2.4.11) #CA < #EA < H#(CNHA = #C4,
so that
(2.4.12) #CA = #EA.

In particular, we can take C' = {0,1} and E = A, to obtain that

(2.4.13) #AN = #24,

2.5 Strong limit points and separability
Let (X, 7) be a topological space.

Definition 2.5.1 A point p € X is said to be a strong limit point of a subset
E of X if for every open subset U of X with p € U, there are infinitely many
elements of E in U. Similarly, p € X is said to be a condensation point if for
every open set U C X withp € U, ENU 1is uncountable.

Thus a strong limit point of E is automatically a limit point of E, and
a condensation point of F is a strong limit point of E. Of course, there are
analogous notions using other conditions on the cardinality of £ N U as in
Definition 2.5.1.

Proposition 2.5.2 Ifp € X is a limit point of E C X, and if X satisfies the
first separation condition, then p is a strong limit point of E in X.

If p is not a strong limit point of F, then there is an open set U C X such
that p € U and E N U has only finitely many elements. If X satisfies the first
separation condition, then one can find a smaller open set V' C X such that
p € V and V does not contain any elements of E, other than p, if p € E. This
implies that p is not a limit point of £ in X.
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2.5.1 Separable topological spaces

Definition 2.5.3 We say that (X, 7) is separable if there is a dense subset E
of X such that E has only finitely or countably many elements.

Suppose that (X, 7) is a Hausdorff topological space that satisfies the first
countability condition, and that F is a dense subset of X. An infinite sequence
of elements of E is the same as a function on the set Z; with values in E, which
is an element of E%+. Let C be the collection of all sequences of elements of F
that converge to an element of X, so that C may be considered as a subset of
EZ%+. Remember that the limit of a convergent sequence is unique in a Hausdorff
space. Thus

J—00

defines a function on C with values in X.

If E is dense in X, and (X, 7) satisfies the first countability condition, then
every element of X is the limit of a convergent sequence of elements of E. This
means that (2.5.4) maps C onto X under these conditions. It follows that

(2.5.5) #X < #C,
using the axiom of choice, as in Subsection 2.2.1. This implies that
(2.5.6) #X < #E?+,

because C C E%+. If E has only finitely or countably many elements, then we
obtain that .
(2.5.7) #X < HZTH = #2%+.

Note that the real line is separable with respect to the standard topology,
because Q is a countable dense subset of R. We have also seen that R is Haus-

dorff and satisfies the first countability condition with respect to the standard
topology, and that #R = #2%+.

2.6 Bases for topologies

Let (X, 7) be a topological space.

Definition 2.6.1 A collection B of open subsets of X is said to be a base for
the topology 7 on X if for every x € X and open subset V of X with x € V
there is an element U of B such that x € U and U C V.

If B is a base for 7 and W is an open subset of X, then
(2.6.2) w=|J{v:UveB UCW}

More precisely, the right side of (2.6.2) is automatically contained in W. If B
is a base for 7, then every element of W is contained in the union on the right
side of (2.6.2). Conversely, if B is a collection of open subsets of X, and if every
open subset of X can be expressed as a union of elements of B, then it is easy
to see that B is a base for 7.
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2.6.1 Bases and local bases
If B is a base for 7 and x € X, then
(2.6.3) Bz)y={UeB:zeU}

is a local base for the topology of X at x. Conversely, if B is a collection of open
subsets of X, and for each z € X, (2.6.3) is a local base for the topology of X
at x, then B is a base for 7.

2.6.2 The second countability condition

Definition 2.6.4 If there is a base B for T such that B has only finitely or
countably many elements, then we say that (X,T) satisfies the second count-
ability condition.

Suppose that (X, 7) satisfies the second countability condition, and let B be
a base for 7 with only finitely or countably many elements. If x € X, then it
follows that (2.6.3) has only finitely or countably many elements as well. This
means that (X, 7) satisfies the first countability condition.

2.6.3 Bases and semimetrics

Proposition 2.6.5 Let d(-,-) be a semimetric on X, and suppose that T is the
topology determined on X by d(-,-). Also let E be a dense subset of X, and let
Bg be the collection of open balls in X centered at elements of E with radius
1/j for some positive integer j. Under these conditions, Bg is a base for t. If
E has only finitely or countably many elements, then Bg has only finitely or
countably many elements too.

Let z € X and a positive real number r be given, and let j be a positive
integer such that 2/j < r. Because E is dense in X, there is a y € E such that

(2.6.6) d(z,y) <1/j.
This implies that « € B(y, 1/j), and one can check that
(2.6.7) B(y,1/j) € B(x,7),

using the triangle inequality. It follows that B is a base for 7, because B(y, 1/5)
is an element of Bg, by construction.

If j is a positive integer, then let B ; be the collection of open balls in X
centered at elements of E with radius 1/j, so that

(2.6.8) Bg = | Be,-

Jj=1

If E has only finitely or countably many elements, then it is easy to see that
Bg,; has only finitely or countably many elements for each j > 1. This implies
that (2.6.8) has only finitely or countably many elements, by standard results
about countable sets.
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2.6.4 Second countability implies separability

Proposition 2.6.9 If (X, 1) satisfies the second countability condition, then
(X, 7) is separable.

Let B be a base for 7. If U € B and U # (), then let us choose a point g in
U, and let E be the set of points chosen in this way. It is easy to see that F is
dense in X with respect to 7. If B has only finitely or countably many elements,
then one can check that E has only finitely or countably many elements as well.

A topological space that satisfies the second countability condition is some-
times said to be completely separable.

2.6.5 Bases and induced topologies
Proposition 2.6.10 Let Y be a subset of X. If B is a base for T, then

(2.6.11) By ={UNY :U € B}

s a base for the induced topology on Y .
In particular, if (X,T) satisfies the second countability condition, then Y
satisfies the second countability condition with respect to the induced topology.

The first part can be verified directly from the definitions. In the second
part, if B has only finitely or countably many elements, then one can verify that
By has only finitely or countably many elements.

2.6.6 Some remarks about bases for 7., 7_

Let 7 be the topology defined on the real line as in Subsection 1.3.2, and let
B be a base for ;.. If z € R, then there is an element U(x) of B, such that

(2.6.12) xeU(z) and U(x) C [z,+00),

because [z, +00) is an open set with respect to 7. If y € R and z # y, then it
is easy to see that

(2.6.13) Ulz) £ Uly).

If B, has only finitely or countably many elements, then one could use this
to get that the real line has only finitely or countably many elements, which is
a contradiction. Thus B, is uncountable, which means that (R, 7,) does not
satisfy the second countability condition.

Remember that Q is a countable set which is dense in R with respect to 74,
so that (R, 7.) is separable. It follows that there is no metric on R for which
T4 is the corresponding topology, by Proposition 2.6.5.

Of course, there are analogous statements for the topology 7 defined on R
in Subsection 1.3.2.
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2.6.7 Some more remarks about bases

Let (X, 7) be any topological space again, and let B be a base for 7. If V' is an
open subset of X, then put

(2.6.14) o(V)={UeB:UCV},

which is a subset of B. This defines ¢ as a mapping from 7 into the power set
P(B) of all subsets of B.
If € is any subset of B, then put

(2.6.15) w(E) =0,

Ueé&

which is interpreted as being the empty set when £ = ). Note that (2.6.15)
is an open subset of X, because the elements of B are open subsets of X, by
hypothesis. This defines ¢ as a mapping from P(B) into 7.

The composition ¥ o ¢ of ¢ and ¢ is the identity mapping on 7, as in (2.6.2).
Thus ¢ is an injection, and ) is a surjection. In particular,

(2.6.16) #7 < #P(B).

2.7 Continuous mappings
Let X and Y be topological spaces.

Definition 2.7.1 A mapping f from X into Y is said to be continuous at a
point x € X if for every open subset V. of Y with f(x) € V there is an open
subset U of X such that x € U and

(2.7.2) FU)y V.

It is easy to see that this reduces to the usual definition of continuity for
mappings between metric spaces when the topologies are determined by metrics.

2.7.1 Continuity and convergent nets

Proposition 2.7.3 Let (A, <) be a nonempty directed system, and let {x,}aca
be a net of elements of X indexed by A that converges to x in X. If a mapping
f from X into Y is continuous at x, then {f(x4)}aca converges to f(x), as a
net of elements of Y indexed by A.

Let V be an open subset of Y that contains f(z), and let U be an open
subset of X that contains = and satisfies (2.7.2). Because {z,}qca converges to
x in X, there is a b € A such that x, € U for every a € A with b < a. This
implies that
(2.7.4) faa) € FO)CV

for every a € A with b < a, as desired.
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2.7.2 The converse

Conversely, let f be a mapping from X into Y, and suppose that f is not
continuous at x € X. This means that there is an open set V C Y such that
f(x) € V, and for every open set U C X with « € U, we have that

(2.7.5) fu)zv.

Let B(z) be a local base for the topology of X at z. If U € B(z), then let
us choose a point zy € U such that

(2.7.6) flzu) ¢ V.

Remember that B(x) is a directed system with respect to the partial ordering
defined by putting U; =< Us when Uy, Us € B(x) satisfies Uy C Uy. In this
situation, we have seen that {xy }yecp(,) converges to x, as a net of elements of
X indexed by B(x). However, {f(2v)}ueg) does not converge to f(x) in Y.

2.7.3 Another version of the converse

Suppose for the moment that there is a local base for the topology of X at
x with only finitely or countably many elements. This implies that there is a
sequence Uy (z),Usz(x),Us(z), ... of open subsets of X such that z € Uj(x) for
every j > 1, the collection of U;(z)’s, j > 1, is a local base for the topology of
X at x, and U;11(x) C Uj(x) for every j > 1.

If V CY is as in the previous subsection, then, for each positive integer 7,
we can choose z; € U;(x) such that

(2.7.7) Fas) &V
It follows that {x;}52, converges to = in X, while {f(z;)}32; does not converge

to f(z) in Y.

2.7.4 Continuity on X

Definition 2.7.8 A mapping f from X into Y is said to be continuous on X
if f is continuous at every point in X.

Proposition 2.7.9 A mapping f from X into Y is continuous if and only if
for every open set V C Y,

(2.7.10) fFfV)y={zeX: flx) eV}

1s an open subset of X. This is also equivalent to the condition that for every
closed set ECY, f~Y(E) is a closed set in X.

Suppose that f is continuous, and let V' be an open subset of Y. If x is an
element of f~1(V), then one can use the continuity of f at x to get that x is



38 CHAPTER 2. CARDINALITY AND SOME MORE TOPOLOGY

an element of the interior of f~(V) in X. This implies that f~!(V) is an open
set in X, as desired.

Conversely, let x € X and an open set V' C Y that contains f(x) be given.
Observe that U = f~1(V) contains = and satisfies

(2.7.11) fO)=f(F7Hv)) cv.

If f~1(V) is an open set in X, then the conditions for continuity of f at x are
satisfied.

The second part of the proposition can be obtained from the first part, using
the fact that
(2.7.12) FUYNE) = X\ fYE)

for every E C Y.

2.7.5 Some basic classes of examples

Let us consider a few basic classes of examples of continuous mappings. If
X is equipped with the discrete topology, then any mapping f from X into
any topological space Y is continuous. Similarly, if Y is equipped with the
indiscrete topology, then any mapping f from any topological space X into Y
is continuous.

Let X be a set, and let 7, T be topologies on X. It is easy to see that the
identity mapping on X is continuous as a mapping from X equipped with 7
into X equipped with 7 if and only if 7 C 7.

Let Y be a topological space, and let X be a subset of Y, equipped with
the induced topology. One can check that the obvious inclusion mapping from
X into Y, which sends every element of X to itself, is continuous as a mapping
from X into Y.

Let X be any set equipped with the indiscrete topology, and let Y be a topo-
logical space that satisfies the zeroth separation condition. If f is a continuous
mapping from X into Y, then f is constant on X.

2.7.6 Locally constant mappings

A mapping f from a topological space X into a set Y is said to be locally constant
if for every x € X there is an open subset U(x) of X such that z € U(z) and
f is constant on U(z). It is easy to see that a locally constant mapping from a
topological space X into a topological space Y is continuous. If Y is equipped
with the discrete topology, then any continuous mapping from a topological
space X into Y is locally constant.

2.7.7 Locally constant mappings and connectedness

If f is a locally constant mapping from a connected topological space X into
a set Y, then one can check that f is constant on X. Conversely, if X is
not connected, then one can find a locally constant mapping on X that is not
constant.
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2.8 More on continuity
Let X, Y, and Z be topological spaces.

Proposition 2.8.1 Let f be a mapping from X into Y, and let g be a mapping
from'Y into Z. If f is continuous at x € X, and g is continuous at f(z), then
their composition g o f is continuous at x, as a mapping from X into Z. In
particular, if f is continuous on X, and g is continuous on Y, then go f is
continuous as a mapping from X into Z.

The first part can be verified directly from the definitions. The second part
follows from the first part, and can also be obtained from the characterization
of continuity in Proposition 2.7.9.

2.8.1 Homeomorphisms

Definition 2.8.2 A one-to-one mapping f from X onto Y is said to be a home-
omorphism if f is continuous as a mapping from X into Y, and the inverse
mapping 1 is continuous as a mapping from Y into X.

The identity mapping on X is a homeomorphism from X onto itself. If
f is a homeomorphism from X onto Y, then the inverse mapping f~! is a
homeomorphism from Y onto X. In this case, if g is a homeomorphism from Y
onto Z, then g o f is a homeomorphism from X onto Z.

Consider the mapping f from the real line onto itself defined by f(x) = —x
for every x € R. This is a homeomorphism as a mapping from the real line onto
itself with respect to the standard topology. This is also a homeomorphism from
the real line equipped with the topology 7} defined in Subsection 1.3.2 onto R
equipped with the analogous topology 7_.

2.8.2 Open mappings

Definition 2.8.3 A mapping f from X into Y is said to be an open mapping
if for every open subset U of X, f(U) is an open subset of Y.

If f is a one-to-one mapping from X onto Y, then f is an open mapping if
and only if f~! is continuous as a mapping from Y into X.

2.8.3 Restrictions of continuous mappings

Proposition 2.8.4 Let f be a continuous mapping from X into Y, and let Xg
be a subset of X. Under these conditions, the restriction of f to X is continuous
as a mapping from Xg into Y, with respect to the topology induced on Xy by the
topology on X.

This can be verified directly from the definitions. Alternatively, one can use
the fact that the restriction of f to Xy is the same as the composition of f with
the inclusion mapping from X into X.
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Proposition 2.8.5 Let Yy be a subset of Y, and let f be a mapping from X
into Yy. In this situation, f is continuous as a mapping from X into Yy, with
respect to the topology induced on Yy by the topology on Y, if and only if f is
continuous as a mapping from X into Y.

This can be verified directly from the definitions too.

2.8.4 Continuity and connectedness

Proposition 2.8.6 If f is a continuous mapping from X into Y, and FE is a
connected subset of X, then f(E) is connected as a subset of Y.

It is not difficult to show this directly, using the definition of connectedness in
terms of separated sets. Alternatively, one can use the previous two propositions
to reduce to the case where F = X and f(X) =Y. This also uses Proposition
1.12.7, concerning connectedness and induced topologies, in each of X and Y.
If Y is not connected, then Y can be expressed as the union of two nonempty
disjoint open sets Vi and Vo. The continuity of f implies that f~1(V;) and
f71(V3) are open subsets of X. It is easy to see that f=1(V;) and f~1(V3) are
disjoint subsets of X whose union is X, because of the corresponding properties
of Vi and V; in Y. We also have that f=1(V1), f~1(Va) # 0, because Vi, Vo # 0,
and f(X) =Y. This implies that X is not connected, as desired.

2.8.5 Path connectedness

Definition 2.8.7 A subset E of X is said to be path connected in X if for
every pair of points x,w € FE there is a continuous mapping p from the closed
unit interval [0,1] into X such that p(0) = z, p(1) =y, and

(2.8.8) p([0,1]) C E.

More precisely, this uses the topology induced on [0,1] by the standard topology
on R.

Proposition 2.8.9 If E is a path-connected subset of X, then E is connected
n X.

Let z,w € E be given, and let p be as in the definition of path connectedness.
Remember that [0, 1] is connected as a subset of the real line, with respect to the
standard topology on R. This implies that [0, 1] is connected as a subset of itself,
with respect to the induced topology. It follows that p(]0, 1]) is connected as a
subset of X. One can use this to get the connectedness of F, as in Proposition
1.15.6.

Proposition 2.8.10 If f is a continuous mapping from X into Y, and E is a
path-connected subset of X, then f(E) is path connected in Y.

This follows from the definition of path connectedness, and the fact that
compositions of continuous mappings are continuous.
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Proposition 2.8.11 Let X be a subset of X, and let E be a subset of Xj.
Under these conditions, E is path connected in X, with respect to the topology
induced by the topology on X, if and only if E is path connected in X.

This follows from the definition of path connectedness and Proposition 2.8.5.

2.9 The product topology

Let I be a nonempty set, and let X; be a set for each j € I. The Cartesian
product of the X;’s, j € I, is the set

(2.9.1) 1%
Jjel

consisting of all functions f defined on I with values in |J
f(j) € X, for every j € I.

If I ={1,...,n} for some positive integer n, then the Cartesian product of
the X;’s may be denoted

(2.9.2) 11
j=1

;er X such that

and its elements identified with n-tuples « = (x1,...,z,) such that z; € X, for
each j =1,...,n. Similarly, if I = Z, then the Cartesian product of the X;’s
may be denoted

(2.9.3) X;

3

1

<.
Il

and its elements identified with sequences x = {x;}72; with z; € X for every
j>1L

Suppose for the moment that U; and V; are subsets of X; for each j € I.
Observe that

(2.9.4) (HUj) N (HVJ) = [[w; nvy).

jeI

2.9.1 Defining the product topology

Suppose now that X; is a topological space for every j € I. A subset W of
Hjel X, is said to be an open set with respect to the product topology if for
every f € W and j € I there is an open subset U; of X; such that

(2.9.5) f(j) € U; for every j €1,
(2.9.6) [Tvicw,

jeI
and

(2.9.7) U; = X, for all but finitely many j € I.
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Note that (2.9.5) is the same as saying that

(2.9.8) fe]lvs

jel

Of course, (2.9.7) holds automatically when I has only finitely many elements.
One can verify that this defines a topology on Hjel X;.

2.9.2 The strong product topology

Similarly, let us say that a subset W of ] jer Xj is an open set with respect
to the strong product topology if for every f € W and j € I there is an open
set U; C X; that satisfies (2.9.5) and (2.9.6). One can check that this defines
a topology on Hjel X; as well. Of course, the strong product topology on
I1 jel X, is automatically at least as strong as the product topology. If I has
only finitely many elements, then the product topology and the strong product
topology on Hjel X are the same.

2.9.3 Some basic open sets

If U; is an open subset of X; for every j € I, then it is easy to see that

(2.9.9) U=][vu

jeI

is an open set in Hjel X; with respect to the strong product topology. The col-
lection of these open sets is a base for the strong product topology on Hjel X;,
by construction.

Similarly, if U; C Xj is an open set for every j € I, and if U; = X for all
but finitely many j € I, then (2.9.9) is an open set with respect to the product
topology on []..; X;. The collection of these open sets is a base for the product
topology on H]je ; X, by construction again.

2.9.4 Using the discrete topology on the factors

Suppose for the moment that X is equipped with the discrete topology for every
j € 1. In this case, the strong product topology on Hjel X is the same as the
discrete topology. Suppose in addition that X, # () for every j € I, and that X
has at least two elements for infinitely many j € I. Under these conditions, one
can check that the product topology on [] el X is not the discrete topology.

2.9.5 The standard topology on R"

If n is a positive integer, then the space R™ of n-tuples of real numbers is the
same as the nth Cartesian power of R. The product topology on R™ corre-
sponding to the standard topology on the real line may be considered as the
standard topology on R™.
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2.10 Coordinate mappings

Let I be a nonempty set again, let X; be a set for each j € I, and let

(2.10.1) x=][x;
Jjel
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be the corresponding Cartesian product. If I € I, then let p; be the lth coordinate

mapping from X into X, which is defined by

(2.10.2) pu(f) = ()

for every f € X.

2.10.1 Some properties of p,

Let W, be a subset of X, and for each j € I, let ijl be the subset of X; defined

by

(2.10.3) W;;, = W, whenj=1I
= X; whenj#L

Observe that

(2.10.4) pr (W) = [ Wis.

JeI

Similarly, let U; be a subset of X for every j € I, and put U =[]

U; # 0 for every j € I, then
(2.10.5) n(U)=U,

for every [ € I.

2.10.2 Continuity of the coordinate mappings

Suppose now that X; is a topological space for each j € I.

e Uj If

Proposition 2.10.6 If[ € I, then p; is a continuous mapping from X into X;
with respect to the product topology on X, and hence with respect to the strong
product topology on X. We also have that p; is an open mapping from X into
X with respect to the strong product topology on X, and hence with respect to

the product topology.

If W, is an open subset of X; for some [ € I, then (2.10.4) is an open set
in X with respect to the product topology. This implies the first part of the

proposition. The second part can be obtained from (2.10.5).
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2.10.3 Products of closed sets

Corollary 2.10.7 If E; is a closed set in X; for each j € I, then E = HjeI E;
s a closed set in X with respect to the product topology, and hence with respect
to the strong product topology.

If I € I, then pfl(El) is a closed set in X with respect to the product
topology, by the previous proposition. This implies that

(2.10.8) E=(\p "(E)

is a closed set in X with respect to the product topology as well. Alternatively,
one can verify that X \ F is an open set with respect to the product topology
on X.

2.10.4 Convergence of nets and the product topology

Proposition 2.10.9 Let (A, X) be a nonempty directed system, let {fo}aca be
a net of elements of X indexed by A, and let f be another element of X. Under
these conditions, {fataca converges to f with respect to the product topology on
X if and only if for each 1 € I, {fo(l)}aca converges to f(1) as a net of elements
Of Xl .

The “only if” part of the proposition follows from the fact that p; is contin-
uous with respect to the product topology on X for every [ € I. The “if” part
can be verified directly from the definitions.

Of course, if { f, }aca converges to f with respect to the strong product topol-
ogy on X, then {f,}aca converges to f with respect to the product topology
on X.

2.10.5 Closures of products of sets

Proposition 2.10.10 Let A; be a subset of X; for each j € I, and let A; be
the closure of A; in X; for every j € I, as usual. The closure of A = Hje[ A;
in X with respect to the product topology or the strong product topology is equal

to HjeIAj'

This can be verified directly from the definitions. More precisely, the closure
of A with respect to the strong product topology on X is contained in the closure
of A with respect to the product topology on X. One can check that the closure
of A with gpect to the product topology on X is contained in Hjel Aj, and
that Hjel A is contained in the closure of A with respect to the strong product
topology on X.
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2.10.6 Some basic separation conditions for the product

Proposition 2.10.11 Let k € {0, 1,2,2%} be given, and suppose that X; sat-
isfies the kth separation condition for every j € I. Under these conditions, X
satisfies the kth separation condition with respect to the product topology, and
hence with respect to the strong product topology.

If f and g are distinct elements of X, then there is an | € I such that
f(1) # g(1). In this situation, the kth separation condition for f and g in X can
be obtained from the analogous condition for f(I) and g(l) in Xj.

2.10.7 Regularity of the product

Proposition 2.10.12 If X; is reqular in the strict sense for every j € I, then
X is reqular in the strict sense with respect to the product topology and the strong
product topology.

Let f € X be given, and let W be an open subset of X with respect to the
product topology or strong product topology, with f € W. It follows that for
every j € I there is an open set V; C X; such that f(j) €V,

(2.10.13) v=][vicw
jel
and V; = X for all but finitely many j € I in the case of the product topology.
If j € I, there is an open set U; C X such that
(2.10.14) f(j) € U; and U; C V},
because X is regular in the strict sense. We may as well take
(21015) Uj = Xj when V} = Xj,

so that U; = Xj for all but finitely many j € I in the case of the product
topology. Thus U =[] jer U; is an open set in X with respect to the product
topology or strong product topology, as appropriate. Of course, f € U, by
construction. The closure of U with respect to the product topology or strong
product topology is equal to Hje ;1 Uj, as before. This is contained in V, by

construction, and hence in W, as desired.

Corollary 2.10.16 If X; is reqular in the strong sense for every j € I, then X
18 reqular in the strong sense with respect to the product topology and the strong
product topology.

2.11 Bases and finite products

Let X1,...,X, be finitely many topological spaces, and let X = H;—;l X; be
their Cartesian product, equipped with the product topology. Also let

(2.11.1) = (T1,...,2n) € X
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be given. Suppose that for each j = 1,...,n, Bj(z;) is a local base for the
topology of X; at ;. Put

(2.11.2) B(z) = { H U;:U; € Bj(z;) foreach j =1,... ,n}.

j=1

It is easy to see that this is a local base for the product topology on X at x.

2.11.1 Countability of B(z)

Suppose that for each j =1,...,n, Bj(z;) has only finitely or countably many
elements. We would like to verify that (2.11.2) has only finitely or countably
many elements as well. In this case,

(2.11.3) ﬁ Bj(x;)

has only finitely or countably many elements, by standard results. There is
an obvious mapping from (2.11.3) onto (2.11.2), which sends (Uq,...,U,) in
(2.11.3) to []j_, U; in (2.11.2). One can use this to show that (2.11.2) has
only finitely or countably many elements, because of the analogous property for
(2.11.3).

2.11.2 Another local base for the product topology at «

Alternatively, suppose again that for each j = 1,...,n, there is a local base
for the topology of X; at x; with only finitely or countably many elements.
This means that for each j =1,...,n there is a sequence {U;;(x;)}72, of open
subsets of X, such that z; € U, (z;) for every { > 1, and the collection of
Uji(z;)’s, 1 > 1, is a local base for the topology of X; at z;.

We may also ask that

(2.11.4) Ujis1(z5) € Uja(z;)
for each j = 1,...,n and | > 1, since otherwise we can replace U;;(z;) with
ﬂﬁczl U, i(z;) for every j =1,...,n and [ > 1, as before.
Put
(2.11.5) Ui(z) = [[ Usa(z))
j=1

for each [ € Z, so that U;(x) is an open subset of X with respect to the product
topology, and x € Uj(z). One can check that the collection of Uj(z)’s, | € Z,
is a local base for the product topology on X at x.
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2.11.3 Some bases for the product topology on X

Similarly, let B; be a base for the topology of X; for each 7 = 1,...,n. It is
easy to see that

(2.11.6) B:{HUj:Ujij foreachj:l,...,n}
j=1

is a base for the product topology on X.
If B; has only finitely or countably many elements for each j = 1,...,n, then
(2.11.6) has only finitely or countably many elements as well. More precisely,

(2.11.7) 113
j=1

has only finitely or countably many elements in this situation, as before. We
can map (2.11.7) onto (2.11.6), by sending (Uy,...,U,) in (2.11.7) to H?:l U;
in (2.11.6). Ome can use this and the fact that (2.11.7) has only finitely or
countably many elements to get that (2.11.6) has only finitely or countably
many elements, as before.

2.12 Bases and countable products
Let X1, X5, X3,... be an infinite sequence of topological spaces, and let X =
H;il X be their Cartesian product, equipped with the product topology. Also

let © = {7;}52,; € X be given, and let B;(z;) be a local base for the topology
of X; at z; for each j € Z .

2.12.1 A local base for the product topology at =

If n is a positive integer, then put

(2.12.1)  B*(z) = { H U; : Uj € Bj(z;) foreach j=1,...,n,

Jj=1

and U; = X; when j > n}

Note that every element of B™(z) is an open subset of X with respect to the
product topology. One can check that

(2.12.2) B(z) = | B"(x)

is a local base for the product topology on X at z.
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2.12.2 Countability of B"(z)

Suppose that for every j € Z, Bj(z;) has only finitely or countably many

elements. This implies that
n

(2.12.3) 118

j=1
has only finitely or countably many elements for each n € Z,, by standard
arguments, as before.

Let (Un,...,U,) be an element of (2.12.3), and put U; = X; when j is larger
than n. Under these conditions, Hj‘;l U, is an element of (2.12.1). This defines
a mapping from (2.12.3) onto (2.12.1). One can use this and the fact that
(2.12.3) has only finitely or countably many elements to obtain that (2.12.1)
has only finitely or countably many elements for each n € Z. It follows that
(2.12.2) has only finitely or countably many elements as well.

2.12.3 Another countable local base for X at z

Alternatively, suppose again that for each positive integer j, there is a local base
for the topology of X; at x; with only finitely or countably many elements. This
means that for each j € Z there is a sequence {U;;(x;)};2, of open subsets
of X; such that z; € U;;(x;) for every I > 1, and the collection of U;;(x;)’s,
I > 1, is a local base for the topology of X; at x;. We may also ask that
Uji41(x;) CUji(xj) for every j,1 > 1, as before.

If n € Z, then put

(2.12.4) Vin(zj) = Ujn(z;) forj=1,...,n
= X; when j > n.
Using this, we put
(2.12.5) V(@) = [ Vi ()
j=1

This is an open subset of X with respect to the product topology, and = € V,,(x).
One can check that the collection of V,(z)’s, n € Z,, is a local base for the
product topology on X at =x.

2.12.4 Some bases for X

Now let B; be a base for the topology of X; for every positive integer j. If
n € Zy, then put

(2.12.6) B" = {HUj:UjEijoreachj—l,...,n

Jj=1

and U; = X; when j > n}
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Every element of B™ is an open subset of X with respect to the product topology,
by construction. It is not difficult to verify that

(2.12.7) B=|]JB"
n=1
is a base for the product topology on X.

2.12.5 Countable bases for X

Suppose that B; has only finitely or countably many elements for each j € Z .
This implies that H?zl B; has only finitely or countably many elements for each
positive integer n, as usual. One can use this to check that (2.12.6) has only
finitely or countably many elements for every n € Z, as before. This implies
that (2.12.7) has only finitely or countably many elements too.

2.12.6 Some local bases for the strong product topology

Let I be a nonempty set, let X; be a topological space for each j € I, and let
X = HJEI X; be the Cartesian product of the X;’s. Also let f € X be given,
and let B;(f(j)) be a local base for the topology of X; at f(j) for each j € I.
Under these conditions, one can check that

(2.12.8) B(f) = {H U, : Uj € B;(f(4)) for each j eI}
jer
is a local base for the strong product topology on X at f.
If B;(f(j)) has only finitely many elements for some j € I, then one can re-
duce to the case where B;(f(j)) has only one element, because the interesection
of finitely many open subsets of X; is an open set too. Note that

(2.12.9) L1556

is uncountable when B;(f(j)) has at least two elements for infinitely many j € I.

2.12.7 Some bases for the strong product topology

Similarly, if B; is a base for the topology of X; for each j € I, then one can
verify that

(2.12.10) B= {H U, : Uj € B; for each j e]}
JjeI
is a base for the strong product topology on X. Suppose that X; # () for each

J € I, so that B; # () for each j € I. If B, has at least two elements for infinitely
many j € I, then

(2.12.11) 115
jel
is uncountable.



50 CHAPTER 2. CARDINALITY AND SOME MORE TOPOLOGY

2.13 Finite products and semimetrics

Let n be a positive integer, and let X, be a set with a semimetric d;(-,-) for
each j=1,...,n. Put X =[[}_, X;. f o = (21,...,2,),y = (yl,...,yn) eX

then one can check that

(2.13.1) d(w,y) = max d;(;,y;)
defines a semimetric on X. If d;(-,-) is a metric on X; for every j =1,...,n,

then (2.13.1) is a metric on X.

2.13.1 Open balls in X with respect to d

Let
(2132) Bj(ﬂfj,T) = {wj S Xj : dj(mj,wj) < ’I“}

be the open ball in X; centered at x; € X; with radius r > 0 with respect to
d;(-,-) for each j =1,...,n, and let

(2.13.3) B(z,r) ={w € X : d(z,w) < r}

be the open ball in X centered at x € X with radius r > 0 with respect to
d(,-). Tt is easy to see that

(2.13.4) ﬁ (2,7

for every € X and r > 0, directly from the definitions. More precisely, w € X
satisfies d(z,w) < r if and only if d;(x;, w;) < r for each j =1,...,n.

2.13.2 Relation with the product topology on X

Let us use the term “product topology” to refer to the product topology on X
corresponding to the topologies determined on Xi,...,X,, by the semimetrics
dyi,...,dy, respectively. It is well known and not difficult to show that this is
the same as the topology determined on X by the semimetric (2.13.1).

Remember that an open ball is an open set with respect to the topology
determined by the corresponding semimetric. This implies that (2.13.4) is an
open set in X with respect to the product topology for every x € X and r > 0.
One can use this to check that every open set in X with respect to the topology
determined by the semimetric (2.13.1) is also an open set with respect to the
product topology.

If W C X is an open set with respect to the product topology, then one can
verify that W is an open set with respect to the topology determined by the
semimetric (2.13.1). More precisely, if # € W, then one can find an r > 0 such
that (2.13.4) is contained in W.
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2.13.3 Another semimetric on X

It is easy to see that

(2.13.5) d(z,y) = dj(;,y;)

n
i1

J

defines a semimetric on X as well. If d;(-,-) is a metric on X; for each j =
1,...,n, then (2.13.5) is a metric on X, as before. Observe that

(2.13.6) d(z,y) <d(z,y) <nd(z,y)

for every x,y € X. Using this, one can check that the topologies determined on
X by (2.13.1) and (2.13.5) are the same.

2.13.4 An additional semimetric on X

Similarly, put

(2.13.7) d(w,y) = (Zdj(xjvyj)2>1/2

for each x,y € X, using the nonnegative square root on the right side. One
can check that this satisfies the triangle inequality on X, using the triangle
inequality for the standard Euclidean norm on R"™. Using this, it is easy to see
that (2.13.7) is a semimetric on X, which is a metric on X when d,(-,-) is a
metric on X; for each j =1,...,n.

One can also verify that

(2.13.8) d(z,y) < d(z,y) <n'/?d(z,y)

for every x,y € X. This implies that the topologies determined on X by (2.13.1)
and (2.13.7) are the same, as before.

2.14 Truncating semimetrics

Let X be a set, let d(z,y) be a semimetric on X, and let ¢ be a positive real
number. If z,y € X, then put

(2.14.1) di(z,y) = min(d(z,y), t).

One can check that this defines a semimetric on X. If d(x, y) is a metric on X,
then (2.14.1) is a metric on X too.

2.14.1 Open balls in X with respect to d,

If z € X and r is a positive real number, then let

(2.14.2) Byi(z,r) ={w e X : d(z,w) <r}
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be the open ball in X centered at x with radius r with respect to d(-, -). Similarly,
let
(2.14.3) By, (z,7) ={w e X : dy(z,w) <7}

be the open ball in X centered at a with radius r with respect to (2.14.1).
Observe that

(2.14.4) By, (z,7) = Bg(z,r) whenr <t
= X when r > ¢.

Using this, one can check that the topologies determined on X by d(-,-) and
(2.14.1) are the same.

2.15 Countable products and semimetrics

Let X1, X5, X3,... be a sequence of sets, let d;(-,-) be a semimetric on X; for
each j > 1, and put X = H]Oil X;. Put
(2.15.1) d;(xj,yj) =min(d;(xj,v;),1/J)

for each j € Z; and z;,y; € X;. As in the previous section, for every j € Z,
(2.15.1) defines a semimetric on X; that determines the same topology on X;
as d;(-,-). If d;(-,-) is a metric on X}, then (2.15.1) is a metric on X; too, as
before.

2.15.1 A semimetric on X
If Tr = {Ij};?ihy = {yj}joil € X7 then put
j— 4 . .
(2.15.2) d(z,y) = jnel%}i di(z5,y;)-
Of course, this is equal to 0 when d}(z;,y;) = 0 for every j > 1, and in particular

when z = y. Otherwise, suppose that there is a positive integer jo such that

d5 (244,Y4,) > 0. In this case,

(2.15.3) di (@5, y5) < 1/5 < djo (5 o)

for all but finitely many j € Z. This means that the right side of (2.15.2) re-
duces to the maximum of finitely many terms, so that the maximum is attained.

One can check that (2.15.2) defines a semimetric on X. If d; (-, -) is a metric
on X; for each j > 1, then (2.15.2) is a metric on X as well.

2.15.2 The corresponding open balls

If jeZ,, xv; € Xj, and r is a positive real number, then let

(2.15.4) Bj(l‘j,’l“) = {wj S Xj : dj(xj,wj) < ’I“}
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and

(2.15.5) Bj(xj,r) ={w; € X; : dj(zj,wy) <r}

be the open balls in X; centered at x; with radius r with respect to d;(-,-) and
(2.15.1), respectively. Thus

(2.15.6) Bi(xj,r) = Bj(xj,r) whenr <1/j
= X; when r > 1/j,

as in (2.14.4). Also let
(2.15.7) B(z,r)={w e X : d(z,w) < r}

be the open ball in X centered at x € X with radius » > 0 with respect to
(2.15.2).
One can verify that

(2.15.8) B(x,r) = H Bl(x;,7)

for every x € X and r > 0. This is the same as saying that w € X satisfies
d(z,w) < r if and only if d}(z;,w;) < r for every j € Z,. This uses the fact
that the maximum is attained on the right side of (2.15.2).

2.15.3 Relation between d and the product topology on X

Let us use the term “product topology” to refer to the product topology on X
corresponding to the topology determined on X; by d,;(-,-) for each j € Z,.
Observe that (2.15.8) is an open set in X with respect to the product topology
for every x € X and r > 0, because of (2.15.6). One can use this to check that
every open set in X with respect to (2.15.2) is an open set with respect to the
product topology.

If W is an open subset of X with respect to the product topology and =z € W,
then it is not too difficult to find an r > 0 such that (2.15.8) is contained in W,
so that W is an open set with respect to the topology determined by (2.15.2).
Thus the product topology on X is the same as the topology determined on X
by (2.15.2).



Chapter 3

Compactness and related
topics

3.1 Compact sets

Let X be a topological space, and let K be a subset of X.

Definition 3.1.1 If A is a nonempty set, U, is an open subset of X for each
a€ A, and
(3.1.2) KC | U,

acA

then {Uqy}aca is said to be an open covering of K in X. We say that K is
compact in X if every open covering of K can be reduced to a finite subcovering.
This means that for every open covering {Uy}taca of K in X there are finitely
many indices oy, . .., o, € A such that

(3.1.3) K c | U,
j=1

3.1.1 Some examples of compact sets

If K has only finitely many elements, then it is easy to see that K is compact.

If X is equipped with the discrete topology and K C X is compact, then K
has only finitely many elements. This follows by covering K with subsets of X
with only one element, which are open sets in this case.

If a, b are real numbers with a < b, then it is well known that the closed
interval [a, b] in the real line is compact, with respect to the standard topology
on R.

If X is any set equipped with the indiscrete topology, then every subset of
X is compact.

54
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3.1.2 Another class of examples

Similarly, let X be any set equipped with the cofinite topology. This means that
U C X is an open set when U = () or X \ U has only finitely many elements.
We also have that every subset K of X is compact in this situation.

More precisely, let {Uy}aca be any open covering of K in X. We may as
well suppose that K # (), which implies that there is an ag € A such that
Ua # 0. Tt follows that Uy, contains all but finitely many elements of X, and
in particular that U,, contains all but finitely many elements of K. The finitely
many elements of K \ U,, can easily be covered by finitely many U,’s, so that
K can be covered by finitely many U,’s, as desired.

3.1.3 Compactness and induced topologies

Let X be any topological space again.

Proposition 3.1.4 Let Y be a subset of X, and let K be a subset of Y. Under
these conditions, K is compact as a subset of X if and only if K is compact as
a subset of Y, with respect to the induced topology.

This can be verified directly from the definitions.

3.1.4 Intersections of compact sets and closed sets

Proposition 3.1.5 If K is a compact subset of X, and E is a closed set in X,
then K N E is compact in X as well.

To see this, let {U, }aca be an arbitrary open covering of KN E in X. Note
that X \ E is an open set in X, because E is a closed set. We also have that

(3.1.6) K=(KNE)U(K\E)C (UU) (X \ E).
acA

Thus the collection of U,’s, a € A, together with X \ E, forms an open cov-
ering of K in X. Because K is compact in X, there are finitely many indices
at,...,0, € A such that

n

(3.1.7) Kc(Jua,)ux\e).
j=1

This implies that

(3.1.8) KNEC | JUa,,

Jj=1

as desired.
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3.1.5 An additional class of examples

Proposition 3.1.9 If {z; };”;1 18 a sequence of elements of X that converges to
an element x of X, then

(3.1.10) K={z;:jeZ;}U{x}
s a compact set in X.

This can be verified directly from the definitions.

3.2 Compactness in Hausdorff spaces

Let X be a topological space.

Proposition 3.2.1 If X is Hausdorff, K is a compact subset of X, and x is
an element of X not in K, then there are disjoint open subsets U and V of X
such that x € U and K C V.

If y € K, then x # y, and hence there are disjoint open sets U(y), V(y) C X
such that 2 € U(y) and y € V(y). The collection of open sets V (y) of this type,
with y € K, forms an open covering of K in X. Because K is compact, there

are finitely many elements y1,...,y, of K such that
(3.2.2) K< |JVi).
j=1
Put
(3.2.3) U=(Ul), V=V,
j=1 j=1

which are open subsets of X. By construction, z € U and K C V. It is easy to
see that

(3.2.4) unv =90,

because U(y;) NV (y;) = 0 for each j = 1,...,n. In particular,
(3.2.5) UCX\K,
because K C V.

Corollary 3.2.6 If X is Hausdorff, and K is a compact subset of X, then K
is a closed set in X.

Indeed, the previous argument shows that every element of X \ K is in the
interior of X \ K.
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3.2.1 Disjoint compact sets

Proposition 3.2.7 If X is Hausdorff, and H, K are disjoint compact subsets
of X, then there are disjoint open subsets Uy, V1 of X such that H C Uy and
K CV.

If x € H, then z € X \ K, and so there are disjoint open subsets U;(x),
Vi(z) of X such that z € Ui(z) and K C Vi(z), as before. The collection of
open sets Uy (z) of this type, with « € H, forms an open covering of H in X.

Thus there are finitely many elements z1,...,x,, of H such that
(3.2.8) HC | JUi(a),
=1

because H is compact. Put

(3.2.9) U =JUi@), Vi=[Vila),
=1 =1

which are open subsets of X. Observe that H C U; and K C Vi, by construc-
tion. One can check that
(3.2.10) Uy Ny =0,

because Uy (x;) N Vi(z;) =0 for every I =1,...,m.

Corollary 3.2.11 If X is Hausdorff and compact as a subset of itself, then X
18 normal in the strong sense.

This follows from the previous proposition and the fact that closed subsets
of X are compact, by Proposition 3.1.5.

3.2.2 Disjoint compact and closed sets

Proposition 3.2.12 If X is regqular in the strict sense, K is a compact subset
of X, E is a closed set in X, and

(3.2.13) KnE =1,
then there are disjoint open subsets Uy, Vo of X such that K C Uy and E C Vj.
This can be shown using the same type of argument as for Proposition 3.2.7.

Corollary 3.2.14 If X is regular in the strict sense, and X is compact as a
subset of itself, then X is normal in the strict sense.

This uses the fact that closed subsets of X are compact when X is compact,
as before.
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3.3 Continuity and compactness
Let X and Y be topological spaces.

Theorem 3.3.1 If f is a continuous mapping from X into Y, and K is a
compact subset of X, then f(K) is a compact subset of Y.

Let {V,}aca be an arbitrary open covering of f(K) in Y. Note that f~(V,,)
is an open set in X for each a € A, because f is continuous. It is easy to see
that

(3.3.2) Kc | i),

acA
because f(K) C Uyea Va, by hypothesis. Thus {f~!(Vi)}aea is an open
covering of K in X. If K is compact, then there are finitely many indices
ai, ..., € A such that

(3.3.3) K (Vay)
j=1
This implies that
(3.3.4) FK) € Ve,
j=1
as desired.

3.3.1 The extreme value theorem

Corollary 3.3.5 (Extreme value theorem) Suppose that [ is a continuous
real-valued function on X, with respect to the standard topology on R. If K is a
nonempty compact subset of X, then f attains its maximum and minimum on
K.

In this case, f(K) is a closed set in R, as in the previous section, because
the real line is Hausdorff with respect to the standard topology. It is well known
and not difficult to show that compact subsets of the real line are bounded too.
If K # 0, then f(K) # 0, and one can use the previous statements to show that
f(K) contains its supremum and infimum in R, as desired.

3.3.2 Compactness and homeomorphisms

Proposition 3.3.6 If X is compact, Y is Hausdorff, and f is a one-to-one
continuous mapping from X onto Y, then f is a homeomorphism.

Let g = f~! be the inverse of f, as a mapping from Y onto X. We have
seen previously that ¢ is continuous if and only if for every closed set E C X,
g }(E) is a closed set in Y. In this situation, this means that for every closed
set F C X, f(F) is a closed set in Y.
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If X is compact, and E C X is a closed set, then it follows that F is
compact, as in Proposition 3.1.5. In this case, we get that f(F) is compact
in Y, as before. If Y is Hausdorff, then f(FE) is a closed set in Y, as in the
previous section. This implies that g = f~! is continuous in this situation, as
in the preceding paragraph.

3.4 The limit point property
Let X be a topological space.

Definition 3.4.1 A subset K of X is said to have the limit point property if
for every subset L of K such that L has infinitely many elements, there is an
element x of K that is a limit point of L in X. Similarly, let us say that K has
the strong limit point property if for every infinite subset L of K there is an
x € K such that x is a strong limit point of L in X.

If K has the strong limit point property, then K automatically has the limit
point property. If K has the limit point property, and if X satisfies the first
separation condition, then K has the strong limit point property.

3.4.1 Compactness implies the strong limit point property

Proposition 3.4.2 If K is a compact subset of X, then K has the strong limit
point property.

To see this, let an infinite subset L of K be given. Suppose for the sake of
a contradiction that L does not have a strong limit point in K. This means
that for each € K there is an open set U(z) C X such that z € U(x) and
U(z) N L has only finitely many elements. Thus K can be covered by open sets
of this type. If K is compact, then K can be covered by finitely many open
sets of this type. This implies that L has only finitely many elements, because
L C K. This contradicts the hypothesis that L have infinitely many elements,
as desired.

3.4.2 A partial converse

Proposition 3.4.3 Suppose that K C X has the strong limit point property. If
V1, Vo, Vs, ... is an infinite sequence of open subsets of X such that

(3.4.4) K<V

<

(@

1

<.
Il

then there is a positive integer n such that

C-=

(3.4.5) Kcl|]v.

1

<.
Il
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Suppose for the sake of a contradiction that for each positive integer n,

n

(3.4.6) Kz v

Thus, for every n € Z,, we can choose a point

(3.4.7) an € K\ ( U Vj).
j=1

Let L be the set of points z,, n € Z, that have been chosen in this way. Let
us check that L has infinitely many elements. Otherwise, there is an element y
of K such that y = x,, for infinitely many n € Z,. Note that y € Vj, for some
Jjo € Z4, because y € K. This implies that x,, # y when n > j, by the way
that z,, was chosen. This contradicts the hypothesis that y = x,, for infinitely
many n, as desired.

Thus L has infinitely many elements. If K has the strong limit point prop-
erty, then it follows that there is an x € K such that x is a strong limit point
of L in X. In particular, x € Vj}, for some j; € Zy, because x € K. This
implies that Vj, contains infinitely many elements of L, because z is a strong
limit point of L in X, and Vj, is an open set in X. This means that x,, € V},
for infinitely many n € Z,, by the way that L was chosen. However, if n > jj,
then x,, & Vj},, by construction. This is a contradiction, so that (3.4.5) holds for
somen € Z,.

3.4.3 Some related results

Proposition 3.4.8 Let K be a subset of a subset Y of X. Under these con-
ditions, K has the limit point property as a subset of X if and only if K has
the limit point property as a subset of Y, with respect to the induced topology.
Similarly, K has the strong limit point property as a subset of X if and only if
K has the strong limit point property in 'Y, with respect to the induced topology.

This is easy to see, directly from the definitions.

Proposition 3.4.9 Let E be a closed set in X. If K C X has the limit point
property, then K N E has the limit point property too. If K has the strong limit
point property, then K N E has the strong limit point property as well.

This follows from the fact that F contains all of its limit points in X.

Proposition 3.4.10 Let f be a continuous mapping from X into another topo-
logical space Y. If K C X has the strong limit point property, then f(K) has
the strong limit point property in 'Y .

Let L be an infinite subset of f(K). If y € L, then choose an element w of
K such that y = f(w), and let Ly be the set of points in K chosen in this way.
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Thus Lg is an infinite subset of K, which has a strong limit point z in K, by
hypothesis. One can check that f(x) is a strong limit point of L in Y, using
the continuity of f at x. This also uses the fact that f is injective on Lg, by
construction.

3.5 Sequential compactness

Let {z;}52; be a sequence of elements of some set X. Also let {ji}72, be
a strictly increasing sequence of positive integers, so that j; < jjy1 for every
l € Z,. Under these conditions, {z;,}{2; is called a subsequence of {x;}72,.
Now let X be a topological space. If {z;}32; converges to an element z of X,
then it is easy to see that every subsequence {z;, };2, of {z;}32; converges to =
in X too.

Definition 3.5.1 A subset K of X is said to be sequentially compact if for
every sequence {xj};?i1 of elements of K there is a subsequence {x; }7°, of
{132, that converges to an element x of K.

3.5.1 A consequence of sequential compactness

Proposition 3.5.2 If K C X is sequentially compact, then K has the strong
limit point property.

Let L be an infinite subset of K. Because L has infinitely many elements,
we can find a sequence {z;}22, of distinct elements of L. If K is sequentially
compact, then there is a subsequence {z;, }i2, of {;}32, that converges to an
element x of K. If U is an open set in X that contains x, then it follows that
x;, € U for all but finitely many [ > 1. This implies that z is a strong limit
point of L in X, because the terms of the sequence are distinct elements of L.

3.5.2 A criterion for sequential compactness

Proposition 3.5.3 If K C X has the strong limit point property, and if X
satisfies the first countability condition, then K is sequentially compact.

Let {x;}52; be a sequence of elements of K, and let
(3.5.4) L={z;:j€Z,}

be the subset of K consisting of the terms in the sequence. If L has only finitely
many elements, then there is an # € K such that z; = x for infinitely many
j € Z. This means that there is a subsequence {z;, }72, of {z;}72; such that
zj, =z for every [ > 1. Of course, {z; }{2, converges to  in X in this case.
Suppose now that L has infinitely many elements. If K has the strong limit
point property, then there is an element x of K that is a strong limit point of

1
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L in X. Thus, if V is an open subset of X that contains z, then V contains
infinitely many elements of L. This implies that

(3.5.5) z, €V

for infinitely many positive integers j.

If X satisfies the first countability condition, then there is a local base B(x)
for the topology of X at the point x mentioned in the preceding paragraph such
that B(z) has only finitely or countably many elements. Equivalently, there is a
sequence Uy (z), Uz(z), Us(x), ... of open subsets of X that contain z and form
a local base for the topology of X at . We may also suppose that

(3.5.6) Up+1(z) C Uy(x)

for every n > 1, by replacing U, (x) with Uy(z) N--- N U,(x) for every n, as
usual.

Using (3.5.5) with V' = U;(z), we can get a positive integer j; such that
zj, € Ur(z). Suppose that j; € Z, has been chosen for some positive integer
l. Using (3.5.5) with V' = Ujp1(x), we get that z; € Uipqi(x) for infinitely
many j € Z,. In particular, we can choose j;41 € Z4 such that j;41 > 7; and
Zjq € Ul+1(x)'

This leads to a subsequence {z;, };2; of {x;}72, such that

(3.5.7) zj, € Uj(x)

for every € Z. It follows that {x}, }7°, converges to  in X, as desired.

3.5.3 Sequential compactness and induced topologies

Proposition 3.5.8 Suppose that K CY C X. Under these conditions, K is
sequentially compact as a subset of X if and only if K is sequentially compact
as a subset of Y, with respect to the induced topology.

This is easy to verify, using the analogous statement for convergence of
sequences in Y.

3.5.4 Sequentially closed sets

Definition 3.5.9 A subset E of X is said to be sequentially closed if for every
sequence {x; };";1 of elements of E that converges to an element x of X, we have
that x € F.

It is easy to see that closed subsets of X are sequentially closed. If X satisfies
the first countability condition, then sequentially closed subsets of X are closed
sets.

Proposition 3.5.10 If K C X is sequentially compact and E C X is sequen-
tially closed, then K N E is sequentially compact in X.
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This can be verified directly from the definitions.

Proposition 3.5.11 If E C X is sequentially compact, and X is Hausdorff,
then E is sequentially closed in X.

Indeed, let {:vj};?‘;l be a sequence of elements of E that converges to an
element x of X. Because F is sequentially compact in X, there is a subsequence
{12, of {z;}32, that converges to an element 2’ of E. Note that {z;, }12;
converges to x too, as before. If X is Hausdorff, then x = 2/, so that z € F, as
desired.

3.5.5 Sequential continuity
Let Y be another topological space.

Definition 3.5.12 A mapping f from X into Y is said to be sequentially con-
tinuous at a point x € X if for every sequence {xj};-‘;l of elements of X that
converges to x, {f(x;)}32; converges to f(z) in Y. If f is sequentially con-
tinuous at every point in X, then f is said to be sequentially continuous on
X.

If f is continuous at x in the usual sense, then f is sequentially continuous
at x. The converse holds when there is a local base for the topology of X at =
with only finitely or countably many elements.

Proposition 3.5.13 If f is a sequentially continuous mapping from X into Y,
and K C X is sequentially compact, then f(K) is sequentially compact in'Y .

Let {y;}32; be a sequence of elements of f(K). If j is a positive integer, then
let us choose an element z; of K such that y; = f(z;). Because K is sequentially
compact, there is a subsequence {x;, }72, of {z;}52, that converges to an element
x of K. This implies that {f(xj)};2, converges to f(x) in Y, because f is
sequentially continuous at z, by hypothesis. Thus {y; }7°, = {f(z;,)}°; is a
subsequence of {y;}32, that converges to y = f(x) € f(K) in Y, as desired.

3.6 Countable compactness

Let X be a topological space, and let K be a subset of X.
Definition 3.6.1 We say that K is countably compact in X if for every se-
quence Uy,Us, Us, ... of open subsets of X such that
(3.6.2) KclJu;,
j=1

there is a positive integer n such that

n
(3.6.3) Kc|Ju;
j=1
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If K has the strong limit point property, then K is countably compact, as
in Section 3.4.

3.6.1 The Lindelof property

Definition 3.6.4 We say that K has the Lindelof property in X if for every
open covering {Uqy}aca of K in X there is a subset Ay of A such that Ay has
only finitely or countably many elements and

(3.6.5) Kc | U
a€Aq

It is easy to see that K is compact if and only if K is countably compact
and K has the Lindel6f property.

3.6.2 Lindelof’s theorem

Theorem 3.6.6 (Lindel6f) Let A be a nonempty set, and let U, be an open
subset of X for each a € A. If X satisfies the second countability condition,
then there is a subset Ay of A such that Ay has only finitely or countably many
elements and

(3.6.7) U ve= U V.

a€A, acA

By hypothesis, there is a base B for the topology of X such that B has only
finitely or countably many elements. If o € A, then put

(3.6.8) By ={VeB:VCU.}

Observe that
(3.6.9) Us = J{V:V € B}

for every a € A. More precisely, the union on the right is automatically con-
tained in Uy, by the definition of B,. In order to get that the union is equal to
U,, one uses the hypothesis that B be a base for the topology of X.

Put _
(3.6.10) B= ] Ba.

acA

Of course, BC B, by construction. It follows that B has only finitely or count-
ably many elements, because B has only finitely or countably many elements,
by hypothesis. If V' € B, then let us choose an element «(V) of A such that
Ve Ba(v). Thus

(3.6.11) V CUyv)

for every V € g, by definition of B,,. _
Let A; be the set of elements of A of the form «(V) for some V € B
that have been chosen in this way. It is easy to see that A; has only finitely
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or countably many elements, because B has only finitely or countably many
elements. Observe that

(3.6.12) U Ue=U U2 UMW
€Ay veB veB

using (3.6.11) in the second step. We also have that

(3.6.13) Uv=U U v=U U

Veg acAVeEB, acA

This uses the definition (3.6.10) of B in the first step, and (3.6.9) in the second
step. Combining (3.6.12) and (3.6.13), we obtain that

(3.6.14) Utac U Va

acA a€A;

This implies (3.6.7), because A; C A, by construction.

Corollary 3.6.15 If X satisfies the second countability condition, then every
subset of X has the Lindelof property.

3.6.3 Some additional results

Proposition 3.6.16 Suppose that K CY C X. Under these conditions, K is
countably compact as a subset of X if and only if K is countably compact as a
subset of Y, with respect to the induced topology. Similarly, K has the Lindeldf
property as a subset of X if and only if K has the Lindelof property as a subset
of Y, with respect to the induced topology.

This can be verified directly from the definitions, as in the case of ordinary
compactness.

Proposition 3.6.17 Let E be a closed set in X. If K C X is countably com-
pact, then K N E is countably compact too. If K has the Lindeldf property, then
K N FE has the Lindelof property as well.

This can be shown in essentially the same way as for ordinary compactness.

Proposition 3.6.18 Let f be a continuous mapping from X into another topo-
logical space Y. If K C X is countably compact, then f(K) is countably compact
in Y. If K has the Lindelof property, then f(K) has the Lindeldf property in
Y.

This is similar to the analogous statement for ordinary compactness.
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3.7 The finite intersection property

Let X be a set, and let K be a subset of X.

Definition 3.7.1 Let I be a nonempty set, and let E; be a subset of X for each
j €1. We say that {E;}jer has the finite intersection property with respect to
K if for every finite collection ji,...,Jn of elements of I, we have that

(3.7.2) ( (n] Ejl) NK #0.
=1

If {E;}jer has the finite intersection property with respect to X, then we may
simply say that {E;};er has the finite intersection property.

Of course, (3.7.2) holds when
(3.7.3) ( N Ej) NK £ 0.

jel
3.7.1 A characterization of compactness

Suppose now that X is a topological space.

Proposition 3.7.4 A subset K of X is compact if and only if for all nonempty
families {E;}jer of closed subsets of X with the finite intersection property with
respect to K, we have that (3.7.3) holds.

To see this, let a nonempty set I be given again. If F; C X is a closed set
for some j € I, then

(3.7.5) Uj=X\E;
is an open set in X. Similarly, if U; C X is an open set for some j € I, then
(3.7.6) E;,=X\U;,

is a closed set in X. This defines a simple correspondence between families
{E;}jer of closed subsets of X indexed by I and families {U;};c; of open
subsets of X indexed by I.

Using this correspondence, we have that (3.7.2) holds for some finite collec-
tion of indices ji,...,j, € I if and only if

(3.7.7) KgX\(ﬁEj) :OUJ-Z.
j=1 1=1

Thus {E;};cr has the finite intersection property with respect to K exactly
when K cannot be covered by finitely many U;’s, j € I. Similarly, (3.7.3) holds
if and only if

(3.7.8) KZX\(ﬂE]) -Ju,.

JeI jel

This is the same as saying that K is not covered by the U;’s, j € I. Using this,
it is easy to see that the condition mentioned in the proposition is equivalent to
compactness.
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3.7.2 A characterization of countable compactness

Let us now consider the case where I = 7.

Proposition 3.7.9 A subset K of X is countably compact if and only if for
every sequence E1, Eo, Fs3, ... of closed subsets of X that satisfies

n

(3.7.10) ( N Ej) NK #0
j=1
for each positive integer n, we have that

o0

(3.7.11) ( N Ej) NK #0.

J=1

Let E; be a subset of X for each positive integer j. Observe that {E;};jez,
has the finite intersection property with respect to K C X if and only if (3.7.10)
holds for every positive integer n. In this situation, (3.7.11) is the same as (3.7.3)
with I = Z,. Thus the proposition follows from the same type of argument as
before.

3.8 The strong limit point property
Let X be a topological space.

Proposition 3.8.1 If K C X is countably compact, then K has the strong limit
point property.

To show this, let an infinite subset L of K be given. As before, we can find
an infinite sequence {z;}32, of distinct elements of L, because L has infinitely
many elements. Put
(382) Al = {Jij ] > l}

for each positive integer [. Note that for each I, A; # @ and

(3.8.3) A1 C A
Let o
(3.8.4) E, = A

be the closure of 4; in X for each [ > 1. Thus

(3.8.5) A CE

for every [ > 1, which implies in particular that E; # . It is easy to see that
(3.8.6) Ei41 CE

for every | > 1, because of (3.8.3).
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Of course, Ej is a closed set in X for each [ > 1, by construction. Observe
that

(3.8.7)

)=

E =FE,

© 1

for every positive integer n, by (3.8.6). It follows that

(3.8.8) ( ﬁ El> NK=E,NK
=1

for each n > 1. We also have that
(3.8.9) A, CE,NK

for each n > 1, because of (3.8.5) and the fact that 4, C L C K for every n,
by construction. This implies that (3.8.8) is nonempty for every n.

Thus F4, Es, E3, ... is a sequence of closed sets in X with the finite inter-
section property with respect to K. Because K is countably compact, we get
that

o0

(3.8.10) ( N El) NK #£0,
1=1
as in the previous section. Let x be an element of the left side of (3.8.10). In
particular, z € K, and we would like to check that = is a strong limit point of
Lin X.
Note that x is adherent to A; in X for each [ > 1, because x € E;. Let
U C X be an open set that contains z. It follows that

(3.8.11) ANU#0D

for each [ > 1, because z is adherent to A;. This means that for each [ > 1
there is a j > [ such that
(3.8.12) xz; €U,

by the definition (3.8.2) of A4;. Thus (3.8.12) holds for infinitely many positive
integers j. In particular, U contains infinitely many elements of L, because the
x;’s are distinct elements of L. This implies that x is a strong limit point of L
in X, as desired.

3.9 Compactness and bases
Let X be a topological space, and let B be a collection of open subsets of X.

Definition 3.9.1 We say that K C X 4s compact with respect to B if every
open covering of K by elements of B can be reduced to a finite subcovering. More
precisely, this means that if {Us}aca is an open covering of K with U, € B
for every a € A, then there are finitely many indices oy, ..., a, € A such that
K C U}L Uy, -
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Of course, if K is a compact subset of X, then K is automatically compact
with respect to B. Countable compactness and the Lindel6f property with
respect to B can be defined analogously.

3.9.1 A criterion for compactness

Proposition 3.9.2 Suppose that B is a base for the topology of X. If K C X
18 compact with respect to B, then K is compact in X in the usual sense.

The analogous statement for the Lindel6f property can be shown similarly.
Note that Lindel6f’s theorem follows from the version of Proposition 3.9.2 for
the Lindeldf property. However, the proofs of Proposition 3.9.2 and its version
for the Lindelof property are also very similar to the proof of Lindel6f’s theorem.

3.9.2 The proof of the proposition
To prove the proposition, let {U,}oca be any open covering of K in X. Put

(3.9.3) B,={VeB:VCU,}
for each @ € A. Because B is a base for the topology of X,
(3.9.4) Us = J{V:V € B}
for every o € A, as before. Put
(3.9.5) B= ] B..
acA

Observe that

(3.9.6) Uv=U U Vv=U Va

Veg acAVeEB, acA

using the definition of B in the first step, and (3.9.4) in the second step. It
follows that

(3.9.7) KclJu.= W
acA Veg

If K is compact with respect to B, then there are finitely many elements
Vi,...,V, of B such that

(3.9.8) Kc|Jv.
j=1
By definition of E, for each j =1,...,n there is an a; € A such that V; € B,,,
which means that
(3.9.9) Vi CUy,-
Combining this with (3.9.8), we get that
(3.9.10) K C|JUa,,
j=1

as desired.
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3.9.3 Subbases

Let B be any collection of open subsets of X. Consider the collection B; of all
subsets of X that can be expressed as the intersection of finitely many elements
of B. Note that the elements of B; are all open subsets of X. If By is a base for
the topology of X, then B is said to be a subbase for the topology of X.

As an example, let B be the collection of subsets of the real line that are open
half-lines, which is to say sets of the form (a,+00) and (—o0,b) for a,b € R. In
this case, B; consists of all open half-lines in R, as well as all open intervals in
R. It is easy to see that B; is a base for the standard topology on R, so that B
is a subbase for this topology.

3.9.4 Alexander’s subbase theorem

If K C X is compact with respect to a subbase B for the topology of X, then
Alexander’s subbase theorem says that K is compact in X in the usual sense.
The proof of this theorem uses the axiom of choice in a significant way. More
precisely, this involves Zorn’s lemma or the Hausdorff maximality principle,
which will be discussed in the next chapter.

3.10 Products of two compact sets

Let X and Y be topological spaces, and consider their Cartesian product X xY,
equipped with the corresponding product topology.

Theorem 3.10.1 (Tychonoff) If H C X and K CY are compact, then their
product H x K is compact in X x Y.

To show this, let B be the collection of subsets of X x Y of the form U x V,
where U C X and V C Y are open sets. This is a base for the product topology
on X x Y. Thus it suffices to verify that H x K is compact with respect to B,
as in the previous section.

Let {Un X Vi }aeca be a covering of H x K by elements of B, so that U, C X
and V,, CY are open sets for every o € A, and

(3.10.2) Hx K C | (UaxVa)
acA

Let © € H be given, so that

(3.10.3) {2} x K € | (U x Va).
acA

because {z} x K C H x K.
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3.10.1 Some open coverings of K in Y

Put

(3.10.4) Alx) ={a € A:z € Uy}.

Observe that

(3.10.5) K< |J Va
a€A(x)

by (3.10.3). More precisely, if y € K, then (z,y) € {z} x K, and hence there is
an a € A such that (z,y) € U, x V4, by (3.10.3). This means that z € U,, so
that o € A(z), and y € V,, as desired. It follows that there is a finite subset
Aq(z) of A(z) such that

(3.10.6) K< |J Va
a€Aq(x)

because K is compact in Y.

3.10.2 An open covering of H in X

Put
(3.10.7) Ui(z)= () Ua-

acAi(x)

This is an open set in X, because U, is an open set in X for every a € A;(z) C A,
and A;(z) has only finitely many elements. Of course, © € Uj(z), because
x € U, for every a € Ay(z) C A(z). We can do this for every x € H, to get
an open covering of H in X. This implies that there are finitely many elements
r1,...,T, of H such that

(3.10.8) HC | U(x)),
j=1
because H is compact in X.

3.10.3 Using these finite subcoverings
Using (3.10.8), we get that

=

(3.10.9) HxKC ( CJ Ul(a:j)) x K = | |(Ui(z;) x K).

j=1 j=1

We also have that

Ur(z;) x K C Ui (z;) x ( U va) U @ia;) x Va)

a€Ai(zy) a€Ar(z;)

U WaxVa)

a€Ar(xy)

(3.10.10)

N
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for each j = 1,...,n. This uses (3.10.6) in the first step, and the fact that
Ui(zj) C U, when a € Ai(x;), by the definition (3.10.7) of Uy (z;), in the third
step. Combining (3.10.9) and (3.10.10), we get that

(3.10.11) HxKC O U (UaxVa).

Of course, U?:l Aq(z;) is a finite subset of A, because A;(z;) is a finite subset
of A for each j =1,...,n, as desired.

3.11 Products of more compact sets

Let X1,..., X, be finitely many topological spaces for some positive integer n,
and consider their Cartesian product

(3.11.1) x =[x
j=1

equipped with the product topology. Also let K; be a compact subset of X; for
each j=1,...,n, and put

(3.11.2) K =]]&;.
j=1

Under these conditions, K is a compact subset of X. This is trivial when n =1,
and the n = 2 case was discussed in the previous section. Otherwise, one can
use induction, as follows.

3.11.1 An induction argument

Suppose that n > 2, and that the analogous statement holds for n — 1. Thus
H;le K is a compact subset of H;-L;ll X, with respect to the product topology.

There is a natural identification of X with
n—1

(3.11.3) ( I1 Xj) % X,
j=1

where x = (21,...,2,) € X is identified with ((z1,...,%n—1),Zn), as an element
of (3.11.3). Let us take H;l;ll X to be equipped with the product topology, and
use the corresponding product topology on (3.11.3). One can check that this
corresponds to the product topology on X, using the identification of (3.11.3)
with X just mentioned.

As in the previous section,

(3.11.4) ( I1 Kj) < K,
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is a compact subset of (3.11.3), with respect to the product topology. Of course,
K corresponds to (3.11.4), with respect to the identification of X with (3.11.3).
It follows that K is a compact subset of X, because the identification of X
with (3.11.3) is a homeomorphism with respect to the corresponding product
topologies, as before.

3.11.2 Some compact subsets of R"”

Let n be a positive integer again, and R™ be the usual space of n-tuples of
real numbers. This is the same as the Cartesian product of n copies of the real
line. The standard topology on R™ may be defined as the product topology
corresponding to the standard topology on R, as before. This is the same as
the topology determined by the standard Euclidean metric on R™.

Let a; and b; be real numbers with a; < b; for each j = 1,...,n. Remember
that the closed interval [a;, b;] is a compact subset of the real line for each j =
1,...,n, with respect to the standard topology. It follows that their Cartesian
product

(3.11.5) ﬁ[aj,bj}
j=1

is compact with respect to the standard topology on R™.

3.11.3 Compactness of arbitrary products of compact sets

Now let I be a nonempty set, let X; be a topological space for each j € I,
and consider the Cartesian product X = [] el X, equipped with the product
topology. If K; C X; is compact for each j € I, then another famous theorem
of Tychonoff states that K = Hjel K is compact in X. Of course, this reduces
to the previous statement for (3.11.2) when I has only finitely many elements.

Let B be the collection of subsets of X of the form U = [[,c; U;, where
U; = X for all but one j € I, and U; is an open set in X; for that j. It is easy
to see that B is a subbase for the product topology on X. To show Tychonoff’s
theorem, it suffices to get that K is compact with respect to B, by Alexander’s
subbase theorem.

3.12 Sequential compactness and finite products

Let X1,..., X, be finitely many topological spaces again, and let
(3.12.1) X =[x,
j=1

be their Cartesian product, equipped with the product topology.
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Proposition 3.12.2 If K; is a sequentially compact subset of X; for each j =
1,...,n, then

(3.12.3) K =]]K;
j=1

s sequentially compact in X.

3.12.1 An initial subsequence

To see this, let {z(I)}7°; be a sequence of elements of K. Thus

(3.12.4) 2(l) = (z1(1), ..., 2 (1)

for each positive integer [, where z;(I) € K, for j = 1,...,n. In particular,
{z1(1)};2, is a sequence of elements of K;. Because K; is sequentially com-
pact, there is a subsequence {x1(l;m)}oe_; of {x1(1)};°, that converges to an
element z; of K7 in X;. Using the same sequence of indices {l,,}5°_;, we get a
subsequence {x(l,,)}o0_; of {x(I)}2,.

3.12.2 A subsequence of the first subsequence when n > 2

Of course, the statement is trivial when n = 1, and so we may as well suppose
that n > 2. As before, {z2 (1)} is a sequence of elements of K5, and so there
is a subsequence {xa(ly,, )}, of {z2(ly)}9_, that converges to an element x5
of K5, because K» is sequentially compact. Using the same sequence {m.,.}32
of indices, we get a subsequence {z(l,,,)}22; of {x(l)}>_,. In particular,
{z1(ln, ) }52, is a subsequence of {x1(l,)}2o_;. This implies that {x1 (L, )}52,
converges to x; in X, because {x1(l,)}3°_; converges to x1 in X.

Note that {x(l,,,)}52,; may be considered as a subsequence of the initial
sequence {z(1)}7°, as well. If n = 2, then we get that {z(l,,)}72, converges to

(3125) xTr = (Il,l’g) € K1 X K2 =K

in X, as desired. Otherwise, we can repeat the process.

3.12.3 Repeating the process

More precisely, suppose that the jth subsequence of {x({)}{°, has been chosen
in this way for some positive integer j < n. We would like to choose the
(7 + 1)th subsequence of {z(1)}$2; to be a subsequence of the jth subsequence,
using the sequential compactness of K41, as before. The (j+ 1)th subsequence
is chosen so that the sequence of (j + 1)th coordinates in K11 of the terms
of the (j + 1)th subsequence converges to an element z;41 of K41 in X,;i1.
Observe that the (j + 1)th subsequence is a subsequence of the ith subsequence
for each ¢ = 1,...,j. This implies that the sequence of ith coordinates of the
terms of the (j 4+ 1)th subsequence converge to z; in X;, because the sequence
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of ith coordinates of the terms of the ith subsequence converge to x; in X;, by
construction.

We can continue in this way until the nth subsequence of {«(I)}7°, is chosen.
As before, for each i = 1,...,n, the sequence of ith coodinates of the nth
subsequence converges to x; € K; in X;. This implies that the nth subsequence
converges to
(3.12.6) x=(x1,...,2n) € K

in X. We also have that the nth subsequence is a subsequence of the initial
sequence {z(1)}72,, as desired.

3.13 Sequential compactness in countable prod-
ucts

If {l,,}2°_; is a strictly increasing sequence of positive integers, then it is easy
to see that

for every positive integer m.
Let X1, X5, X3, ... be an infinite sequence of topological spaces, and consider
their Cartesian product
oo
(3.13.2) x =[x,
j=1

<

equipped with the product topology.

Proposition 3.13.3 If K; is a sequentially compact subset of X; for each pos-
itive integer j, then

(3.13.4) K=1]k;

—

j=1

18 sequentially compact in X.

3.13.1 A sequence of subsequences

To show this, let a sequence {z(1)};°, of elements of K be given. Note that

(3.13.5) 2(l) = {a; (D)3

is a sequence for each I, where z;(l) € K, for every j > 1. In particular,
{z1(1)}2, is a sequence of elements of K, as before. Hence there is a subse-
quence {z1(ly) }oo_; of {z1(1)};°, that converges to an element z7 of K7 in X7,
because K is sequentially compact. We can use the same sequence {l,,}>_; of
indices to get a subsequence {x(l,,)}50_; of {z(1)}2;.

We can repeat the process, as in the previous section, to get an infinite
sequence of subsequences of {z(1)};°,. More precisely, for each positive integer
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J, we can get a sequence {x(r, )}, of elements of K with the following two
poperties. First,

(3.13.6) {z(r,1)}22, is a subsequence of {z(l)};2,,
and

(3.13.7) {z(r,j)}72 is a subsequence of {z(m,j — 1)}
when j > 2. This implies that

(3.13.8) {z(r,7)}22, is a subsequence of {x(1)};2,

for every j > 1, and that

(3.13.9) {z(r,§)}32 is a subsequence of {x(m,i)}ro_;

when 1 < i < j. The second property is that for every positive integer j there
is an element z; of K; such that

(3.13.10) {z;(r, j)};2; converges to x; in Xj.

It follows that
(3.13.11) {xi(r, 7)}22, converges to x; in X;

when 1 <i < j, because of (3.13.9). Put
(3.13.12) = {z;}72,

which defines an element of K.

3.13.2 Another subsequence

We would like to find a subsequence of {x(l)};°, that converges to z in X. Put
(3.13.13) y(r) = x(r,r)

for each positive integer r, which is the rth term of the rth subsequence described
in the previous paragraph. One can check that

(3.13.14) {y(r)}22, is a subsequence of {x(1)};2;.

Indeed, for each r > 1, y(r) is one of the terms of {x(I)};°,, by construction.
One can verify that y(r + 1) is chosen among the terms of {x(I)}2, that occurs
after the one corresponding to y(r), using (3.13.1). More precisely, y(r + 1) is
the (r + 1)th term of the (r + 1)th subsequence, and the (r + 1)th subsequence
is a subsequence of the rth subsequence, by construction. This implies that
y(r + 1) occurs in the rth subsequence after y(r), as in (3.13.1). It follows that
y(r + 1) occurs after y(r) in the previous subsequences, including the initial
sequence {x(1)}2,.
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3.13.3 More on this subsequence

Similarly, one can check that for each positive integer j,
(3.13.15) {y(r)}72; is a subsequence of {x(m, j)}5_;.

In particular, if r > j, then y(r) is one of the terms of {z(m,j)}3°_;, because
the rth subsequence is a subsequence of the jth subsequence, as in (3.13.9). We
also have that y(r+ 1) is chosen among the terms of {x(m,j)}2°_; after the one
corresponding to y(r) when r > j, as in the preceding paragraph.

It follows that
(3.13.16) {y;(r)}72; converges to x; in X

for each positive integer j, because of (3.13.10) and (3.13.15). This implies that

(3.13.17) {y;(r)}>2, converges to z; in X;

for every j > 1. This means that {y(r)}>2, converges to x with respect to the

product topology on X, as desired.

3.14 Compactness and sequential compactness

If a topological space X satisfies the first countability condition and K C X is
compact, then
(3.14.1) K is sequentially compact.

More precisely, compactness implies the strong limit point property, which im-
plies sequential compactness when X satisfies the first countability condition.

Suppose for the moment that X is any set equipped with the cofinite topol-
ogy, as in Subsection 3.1.2. Remember that every subset of X is compact in this
case. One can check that every subset of X is also sequentially compact in this
case. However, one can verify that X satisfies the first countability condition
only when X has only finitely or countably many elements.

One can get examples of compact Hausdorff topological spaces that do not
satisfy the first countability condition using uncountable products of compact
Hausdorff spaces and Tychonoff’s theorem. One can use uncountable products
of finite sets, each of which has at least two elements, and is equipped with
the discrete topology, for instance. One could also use uncountable products
of closed intervals in the real line, equipped with the topology induced by the
standard topology on R.

Let I be a nonempty set, let X; be a topological space for each j € I,
and let X = Hjel X be the Cartesian product of the X;’s, equipped with the
product topology. Suppose that K; C X; is compact for each j € I, so that
K = HjeI K; is a compact subset of X, by Tychonoff’s theorem. If I has
only finitely or countably many elements, and X; satisfies the first countability
condition for each j € I, then we have seen that X satisfies the first countability
condition with respect to the product topology. In this case, the compactness
of K implies that K is sequentially compact, as before. Alternatively, K; is
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sequentially compact in X; for each j € I under these conditions, which implies
that K is sequentially compact, as in the previous two sections.

If K is a sequentially compact subset of a topological space X, then we have
seen that K has the strong limit point property, which implies that

(3.14.2) K is countably compact.

If K also satisfies the Lindelof property, then it follows that K is compact.
If X satisfies the second countability condition, then K automatically satisfies
the Lindeldf property, by Lindel6f’s theorem. If X is the Cartesian product
of finitely or countably many topological spaces, each of which satisfies the
second countability condition, then we have seen that X satisfies the second
countability condition as well, with respect to the product topology.

It is well known that

(3.14.3) sequentially compact subsets of metric spaces are compact.

More precisely, one can reduce to showing that a sequentially compact metric
space X is compact. Part of the proof is to show that X is “totally bounded”.
This implies that X is separable, and thus satisfies the second countability
condition.

Suppose that X is the product of finitely or countably many topological
spaces, each of which has a metric that determines the topology. We have seen
that X has a metric that determines the corresponding product topology in this
case. This implies that sequentially compact subsets of X are compact, as in
the preceding paragraph.

3.15 Another result of Tychonoff

Let X be a topological space. If X has the Lindelof property, and X is regular
in the strict sense, then a well-known result of Tychonoff states that X is normal
in the strict sense.

To see this, let A and B be disjoint closed subsets of X. Note that A and B
each have the Lindel6f property in X, because A and B are closed subsets of X
and X has the Lindel6f property, as in Proposition 3.6.17. If x € A, then there
is an open set U(z) C X such that

(3.15.1) x€U(xr) and U(x) C X\ B,

because X is regular in the strict sense, and X \ B is an open set that contains
x. Similarly, if y € B, then there is an open set V(y) C X such that

(3.15.2) yeV(y) and V(y) C X\ A

Using the Lindeldf property for A and B in X, we can get sequences {U;}72;
and {V;}32; of open subsets of X such that

o0 oo
(3.15.3) Aclu, BV
j=1 j=1



3.15. ANOTHER RESULT OF TYCHONOFF 79

and o B
(3.15.4) Ui CX\B, V;CX\A
for every j > 1. Put
~ i i
(3.15.5) Uj:Uj\UVh Vj:Vj\UUz
=1 =1

for each 7 > 1. It is easy to see that ﬁj and ‘7] are open subsets of X for every
j = 1. One can check that

v,

T

Il
_

1 J

T

(3.15.6) AcC

J

using (3.15.3) and (3.15.4).
Thus

(3.15.7) U=

V=

1 J

3
S
3
S

J 1

are open subsets of X that contain A and B, respectively. We would like to
verify that U NV = ). To do this, it suffices to check that

(3.15.8) U;nV,=0

for every j,1 > 1. If I < j, then this follows from the definition of ﬁj, and the
fact that V; C V. The case where 7 <[ can be handled analogously.



Chapter 4

Some more set theory

4.1 Zorn’s lemma

Let (A, =) be a partially-ordered set. An element b of A is said to be an upper
bound of a subset E of A if for every a € F, we have that

(4.1.1) a=b.

A subset C of A is said to be a chain if C is linearly ordered by the restriction
of < to C. This means that for every z,y € C,

(4.1.2) either x < y or y <X z (or both, i.e., x = y).
An element x of A is said to be mazimal in A with respect to < if
(4.1.3) for every y € A with z < y, we have that x = y.

Let us say that b € A is a top element of A if b is an upper bound for A, so
that (4.1.1) holds for every a € A. A top element of A is unique when it exists,
and is maximal in A. However, a maximal element of a partially-order set is not
necessarily a top element, or unique. A maximal element of a linearly-ordered
set is a top element. It is easy to see that a nonempty linearly-ordered set with
only finitely many elements has a top element.

If A is a nonempty partially-ordered set with only finitely many elements,
then A has a maximal element. To see this, let a; be any element of A. If a; is
maximal in A, then we can stop. Otherwise, there is an element as of A such
that

(4.1.4) a1 = ag and a; # as.

We can repeat the process a finite number of times to get a maximal element
of A, because A has only finitely many elements.

80
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4.1.1 The statement of Zorn’s lemma

Let A be any partially-ordered set again. If

(4.1.5) every chain in A has an upper bound in A,
then Zorn’s lemma states that

(4.1.6) A has a maximal element.

Note that the empty set may be considered as a chain in A, so that the hypoth-
esis of Zorn’s lemma implies that A # (). There are well-known arguments for
obtaining Zorn’s lemma from the axiom of choice, as in [236], for instance. The
converse is much simpler, and we shall return to that later.

4.1.2 Countably-infinite sets A

Suppose that A is countably infinite, and let {z; }j‘;l be a sequence of elements
of A in which every element of A occurs exactly once. We can try to find a
maximal element of A using a more precise version of the argument for finite
sets, as follows. Put j; = 1, and suppose that j; € Z has been chosen for some
positive integer [. If there is an integer k > j; such that

then we take j;11 to be the smallest such integer k, and otherwise we stop. If
this process stops after finitely many steps, then we get a maximal element of
A. Otherwise, we get an infinite subsequence {z;, }72, of {x;}72, such that

(418) .Z‘jl j ll?jl+1
for every [ > 1. In particular,
(4.1.9) C={z;,:l€Zy}

is a chain in A. If C has an upper bound in A, then this upper bound is of
the form x,, for some positive integer n. In this case, there would have to be
a positive integer [y such that j;, = n, because of the way that the j;’s were
chosen. This would contradict (4.1.8), because the z;’s are supposed to be
distinct elements of A.

4.2 Hausdorff’s maximality principle

Let (A, <) be a partially-ordered set again. Hausdorff’s mazimality principle
states that

(4.2.1) there is a chain in A that is maximal with respect to inclusion.
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More precisely, this means that there is a chain Cy in A such that
(4.2.2) if C' is any chain in A with Cy C C, then Cy = C.

If A has only finitely many elements, then A has only finitely many subsets,
and in particular there are only finitely many chains in A. In this case, one can
find a maximal chain in A as in the previous section. Alternatively, one can
keep adding points to a chain in A until it is no longer possible to have a chain
in A.

4.2.1 Maximal chains in countable sets

Similarly, suppose that A is countably infinite, and let {z; };";1 be a sequence
of elements of A in which every element of A occurs exactly once. Of course,
Cy = {1} is a chain in A. If 1 =< 25 or 3 < 1, then put Cy = {x1, 22},
which is a chain in A, and otherwise put Cy = Cy. If C,, C {x1,...,2,} has
been chosen in this way for some positive integer n, then we can define C,, 41 as
follows. If C,, U{xp4+1} is a chain in A, then we take it to be Cj,41. Otherwise,
put Cp41 = C,. One can check that C), is a maximal chain in {x;,...,2,} for
each positive integer n, as in the preceding paragraph. One can also verify that

(4.2.3) C= D Ch

n=1

is a maximal chain in A.
There are well-known arguments for obtaining Hausdorff’s maximality prin-
ciple from the axiom of choice, as in [236] again.

4.2.2 Zorn’s lemma from maximal chains

Let us see how Zorn’s lemma can be obtained from Hausdorff’s maximality
principle. Let (4, <) be a partially-ordered set, and let Cy be a maximal chain
in A, as in Hausdorff’s maximality principle. The hypothesis of Zorn’s lemma
implies that there is a b € A such that

(4.2.4) b is an upper bound for Cj.
We would like to check that
(4.2.5) b is a maximal element of A

under these conditions. To do this, suppose that y € A satisfies b < y. It is
easy to see that

(4.2.6) CoU{b,y} is a chainin A
too in this situation. This implies that
(4.2.7) Co = Co U{b,y},

because Cj is a maximal chain in A. This means that b,y € Cy. It follows that
y = b, because y € Cy and b is an upper bound for Cy. Thus b = y, because
b <y, by hypothesis, as desired.
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4.3 Maximal chains from Zorn’s lemma

We can also obtain Hausdorff’s maximality principle from Zorn’s lemma. Let
(A, <) be a partially-ordered set again, and let C be the collection of all chains
in A. We may consider C as a partially-ordered set with respect to inclusion,
i.e., using C; C Cy for C7,Cy € C as the partial ordering on C. Hausdorff’s
maximality principle is exactly the statement that

(4.3.1) C has a maximal element.

Let us check that C satisfies the hypothesis of Zorn’s lemma.

Let € be a chain in C. This means that £ is a collection of chains in A such
that for every C1,C5 € &, either C7; C Cs or Co C C;. We would like to show
that £ has an upper bound in C.

4.3.1 An upper bound for £ in C

Put
(4.3.2) ceE=Jc
cee

More precisely, each element C' of £ is a subset of A, so that their union is a
subset of A as well. If £ = 0, then C(£) is interpreted as being the empty set
too.

We would like to verify that C(€) is a chain in A. Let z,y € C(€) be given.
By definition of C(€), there are C, C, € £ such that

(4.3.3) z € Cyand y € Cy,.

Because £ is a chain in C, we have that C; € Cy or C, C C,. It follows that
x and y are both contained in C,, or that x and y are both contained in C),.
In either case, we get that z <y or y < x, because C, and Cy are chains in A.
This shows that C'(£) is a chain in A.

Equivalently, this means that C'(£) € C. Of course, if C € &€, then

(4.3.4) ccaoe),

by construction. Thus C(€) is an upper bound for £ in C. This implies that
C satisfies the hypothesis of Zorn’s lemma. In this situation, the conclusion of
Zorn’s lemma is that C has a maximal element, as desired.

4.4 The axiom of choice

Let us show how the axiom of choice can be obtained from Zorn’s lemma or
Hausdorff’s maximality principle. Let I be a nonempty set, and let X; be a
nonempty set for each j € I. We would like to show that there is a mapping f
from I into |J;c; X; such that

(4.4.1) 1) € X;
for every j € I.
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4.4.1 A partially-ordered set A

Let A be the set of ordered pairs (I, fo), where Iy is a subset of I, and fy is
a mapping from Iy into {J;c7, X; such that fo(j) € X; for every j € Io. If
(I1, f1), (I2, f2) € A, then put

(4.4.2) (I1, f1) = (12, f2)

when Iy C I, and f; = fo on I;. It is easy to see that this defines a partial
ordering on A.

4.4.2 Upper bounds for arbitrary chains in A
Let C be a chain in A, and let us check that C has an upper bound in A. Put

(4.4.3) I = U Io,
(Io,fo)eC

which is a subset of I. We would like to define a mapping fe from I¢ into
Ujelc X; as follows. If j € I¢, then there is an element (I3, f1) of C such that
j € I, by definition of Ic. In this case, we would like to put

(4.4.4) fe() = f0)

We need to check that this does not depend on the particular choice of (I3, f1).
Suppose that (I3, f2) is another element of C such that j € Io. Note that

(4.4.5) (11, f1) 2 (L2, f2) or (I2, f2) = (L1, f1),

because C is a chain in A. In both cases, we have that f1(j) = f2(j), so that
fe(j) is well defined. Of course, fc(j) = f1(j) € Xj, so that (I¢, fc) € A. If
(o, fo) is an element of C, then Iy C Ic and fo = fe on Iy, by construction.
This means that

(4.4.6) (Lo, fo) = (Ie, fe),

so that (I¢, fc) is an upper bound for C in A.

This shows that A satisfies the hypothesis of Zorn’s lemma, so that Zorn’s
lemma implies that A has a maximal element. Alternatively, Hausdorff’s max-
imality principle says that A has a maximal chain. The previous argument
implies that such a maximal chain has an upper bound in A, which is a maxi-
mal element of A, as before.

If (1o, fo) is a maximal element of A, then we would like to show that

(4.4.7) I=1.

Otherwise, there is an element j; of I not in Iy, and we put Iy = Iy U {j1}.
Let zj, be an element of X, . Consider the mapping f1 from I1 into U,¢;, X;
defined by putting fi(j) = fo(j) when j € Iy and f1(j1) = z;,. Thus f1(y) € X;
for every j € Iy, so that (I, f1) € A. We also have that (I, fo) < (11, f1) and
(Io, fo) # (I1, f1), by construction. This contradicts the maximality of (Io, fo)
in A. It follows that Iy = I, as desired.
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4.5 Injective mappings

Let A and B be sets. We would like to show how Zorn’s lemma or Hausdorff’s
maximality principle implies that there is either a one-to-one mapping from A
into B, or a one-to-one mapping from B into A.

4.5.1 A partially-ordered set A

Let A be the collection of ordered triples (Ag, By, fo), where Ag C A, By C B,
and fj is a one-to-one mapping from Ay onto By. If (A1, By, f1), (A2, Be, f2) €
A, then put

(4.5.1) (A1, Bi, f1) = (Ag, Ba, f2)

when A; C Ay, By C By, and f; = fo on A;. One can check that this defines a
partial ordering on A.

4.5.2 Upper bounds for arbitrary chains in A
Let C be a chain in A, and let us verify that C has an upper bound in A. Put

(4.5.2) Ac = U A
(Ao,Bo,fo)eC

and
(4.5.3) Be = U By,

(Ao,Bo, fo)eC
which are subsets of A and B, respectively. We would like to define a mapping
fe from A¢ into Be as follows. If x € Ae, then there is an element (Aq, By, f1)
of C such that x € Ay, and we would like to put

(4.5.4) fe(z) = fi(x).

One can check that this does not depend on the particular choice of (A1, By, f1),
as in the previous section. Note that (4.5.4) is an element of B; C B, so that
fc is a well-defined mapping from A¢ into Be. We would like to verify that fe
is a one-to-one mapping from A¢ onto Be, so that (A¢, Be, fe) € A.

Let 1 and x5 be distinct elements of Ac. It follows that there are elements
(A1, By, f1) and (Asg, Ba, fa) of C such that 1 € A; and zo2 € As, by the
definition (4.5.2) of A¢. Because C is a chain in A, we have that

(4.5.5) either (A1, By, f1) = (A2, B, f2) or (Az, Ba, f2) = (A1, By, f1).

In the first case, we get that Ay C Ag, 1,29 € As, and hence fe(x1) = fo(z1),
fe(za2) = fa(xa). Of course, fo is injective on Ag, by hypothesis, so that

(4.5.6) fa(z1) # fa(22)

This means that

(4.5.7) fe(@1) # fe(x2)
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in this case, and and the other case can be handled in the same way. This shows
that fe is injective on Ac.

Now let y € Be be given. By the definition (4.5.3) of Be, there is an element
(Ao, Bo, fo) of C such that y € By. This implies that there is an = € Aj such
that

(4.5.8) fo(z) =y,
because fy maps Ay onto By, by hypothesis. It follows that x € A¢, and that
(4.5.9) fe(z) =y,

by the definitions of A¢ and fe. Thus fe maps A¢ onto Be.

This shows that (Ac, Be, fc) € A. Tt is easy to see that (Ac, Be, fc) is
an upper bound for C in A, by construction. This means that A satisfies the
hypothesis of Zorn’s lemma, so that Zorn’s lemma implies that 4 has a maximal
element. Alternatively, Hausdorfl’s maximality principle says that A has a
maximal chain, and the upper bound in A for such a maximal chain obtained
as before is a maximal element of A.

If (Ao, Bo, fo) is a maximal element of A, then we would like to show that

(4510) AO =Aor B(] = B.

Otherwise, there is an element a; of A not in Ay, and an element b; of B not
in By. Put Ay = AgU {a1} and By = By U {b1}, so that A; C A and B; C B.
Let f1 be the mapping from A; into B; defined by putting fi(x) = fo(x) when
x € Ap and fi(a;) = by. Thus f; is a one-to-one mapping from A; onto
By, so that (A, By, f1) € A. By construction, (Ag, By, fo) = (41, B1, f1) and
(Ao, Bo, fo) # (A1, B, f1), contradicting the maximality of (Ao, Bo, fo) in A.
This shows that Ag = A or By = B.

If Ag = A, then fj is a one-to-one mapping from A into B. If By = B, then

the inverse of fj is a one-to-one mapping from B into A.

4.6 Well-ordered sets

Let (A, <) be a linearly-ordered set. Thus, for each z,y € A, we have that x <y
or y X x. We say that A is well ordered by =< if

(4.6.1) every nonempty subset of A has a smallest element.
More precisely, this means that if F is a nonempty subset of A, then
(4.6.2) there is an x € F such that z <y for every y € F.

Note that the smallest element in E is automatically unique.

It is easy to see that a linearly-ordered set with only finitely many elements
is well ordered. The set Z, of positive integers is well ordered by its standard
ordering.
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4.6.1 The well-ordering principle

Zermelo’s well-ordering principle states that every set can be well ordered. This
can be obtained from the axiom of choice, as discussed in [236], for instance.

It is easy to see how the axiom of choice can be obtained from the well-
ordering principle. Let I be a nonempty set, and suppose that X; is a nonempty
set for each j € I. The well-ordering principle implies that | J el X can be well
ordered. If j € I, then let f(j) be the smallest element of X; with respect to this
ordering. This defines a mapping f from I into {J;c; X; such that f(j) € X
for each j € I.

4.6.2 Ideals and segments in partially-ordered sets

Let (A, <) be a partially-ordered set, and let B be a subset of A. It is easy to
see that the restriction of < to B is a partial ordering on B. If A is linearly
ordered by =, then B is linearly ordered by the restriction of < to B. If A is
well ordered by =, then B is well ordered by =< too.

Let (A, <) be a partially-ordered set again. A subset B of A is said to be an
ideal in A if

(4.6.3) for every x € A and y € B with < y we have that « € B.
If a € A, then the segment in A associated to a is defined by
(4.6.4) S(a) =Sa(a)={zr€A:x=<a,z#a}.

It is easy to see that segments in A are ideals in A. Of course, A is an ideal in
itself.

Suppose that (A, <) is a linearly-ordered set. If a € A, then it is easy to see
that
(4.6.5) A\ S(a)={zx € A:a =<z}

4.6.3 Ideals in well-ordered sets

Suppose now that (A, <) is a well-ordered set, and that B C A is an ideal in A.
If B # A, then there is a smallest element ag of A\ B. One can check that

(4.6.6) B = S(ap)

under these conditions. More precisely,

(4.6.7) S(ap) € B

automatically, because ag is the smallest element of A\ B. To show that
(4.6.8) B C S(ap),

suppose for the sake of a contradiction that € B and = & S(ap). This implies
that ag = x, because A is linearly ordered by =, as in (4.6.5). It follows that
ap € B, because B is an ideal in A. This contradicts the fact that ap € A\ B,
as desired.
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4.6.4 Checking that a linear ordering is a well ordering

Let (A, =) be a linearly-ordered set. If
(4.6.9) every segment in A is well ordered by =,

then A is well ordered by <. To see this, let E be a nonempty subset of A, and
let us show that F has a smallest element. Let a be an element of E. If a is
already the smallest element of E, then we can stop. Otherwise,

(4.6.10) EnNS(a) #0.

In this case, £ N S(a) has a smallest element, because S(a) is well ordered, by
hypothesis. It is easy to see that the smallest element of E N S(a) is also the
smallest element of E, using (4.6.5), as desired.

4.7 The well-ordering principle

The well-ordering principle can be obtained from Zorn’s lemma or Hausdorff’s
maximality principle as follows. Let A be a set, on which we would like to find
a well ordering.

4.7.1 The collection of well-ordered subsets of A

Let A be the collection of ordered pairs (Ag, <o), where A is a subset of A well
ordered by =o. If (A1, =1), (A2, =2) € A, then put

(4.7.1) (A1, =1) 24 (A2, 29)

when Ay C As, the restriction of <5 to Ay is the same as <1, and A; is an ideal
in A with respect to <5. One can check that this defines a partial ordering on

A.

4.7.2 Upper bounded for chains of well-ordered subsets

Let C be a chain in A. We would like to show that C has an upper bound in A,
as usual. Put

(4.7.2) Ac = U Ao,

(Ao,=0)€C

which is a subset of A. We first need to define an ordering <¢ on Ac.
Let x,y € Ac be given, so that there are (A1, <1), (A2, %2) € C such that
x € Ay and y € A,. Because C is a chain in A, we have that

(4.7.3) (A1, =1) 24 (A2, =2) or (A2, =2) =4 (A1, =1).

In particular, this means that A; C As or Ay C A;. It follows that x,y € Ay or
x,y € As.
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Let (Ag, =<0) be any element of C such that z,y € Ay, the existence of which
follows from the remarks in the preceding paragraph. We would like to put

(4.7.4) z=cy

when z < y. One can check that this does not depend on the particular element
(Ao, Xo) of C with z,y € A, because C is a chain in A.

It is not difficult to show that A¢ is linearly ordered by =, using the fact
that the elements of C are linearly-ordered sets. More precisely, to check that
=<c is transitive on Ag¢, let z,y,z € A¢ be given. One can verify that there is
an element (Ag, <¢) of C such that z,y, z € Ay, using the fact that C is a chain
in A, as before. If x <¢ y and y =<¢ z, then one can get that x <¢ z using
transitivity of <o on Ag.

4.7.3 Elements of C correspond to ideals in A¢

Let (A1, =1) be any element of C. By construction, A; C A¢, and = agrees
with <7 on A;. Let us check that A; is an ideal in A with respect to =c.
Let x € A¢c and y € Ay be given, with x <¢ y. By definition of A¢, there is
an element (As,=s) of C such that z € As. We also have that (4.7.3) holds,
because C is a chain in A. In the first case, x,y € As and <5 y, which implies
that x € Ay, because y € A; and A; is an ideal in As. In the second case,
x € Ay C Ay. Thus z € Ay in both cases, as desired.

4.7.4 Checking that A; is well ordered by =,

Let us check that Ac is well ordered by <¢. Let a € A¢ be given, and let us
verify that the corresponding segment Sy, (a) in A¢ is well ordered by <¢. By
construction, there is an (Ag, <o) € C such that a € Ag. We also have that

(4.7.5) Sa,(a) C Ao,

because Ag is an ideal in A¢, as in the preceding paragraph. It follows that
Sa.(a) is well ordered by =¢, because <y and =¢ are the same on Ay, and Ag
is well ordered by <.

This shows that (Ac, =<c) is an element of A. If (Ag, <o) € C, then it is easy
to see that (Ap, <o) =<4 (Ac, =c), by the previous remarks. This means that
(A¢, =<c) is an upper bound for C in A. Tt follows that A has a maximal element,
by Zorn’s lemma. Alternatively, Hausdorff’s maximality principle implies that
A has a maximal chain, and an upper bound for such a chain is a maximal
element of A, as usual.

Let (A1, <1) be a maximal element of A. We would like to show that 4; = A.
Otherwise, there is an as € A such that as € A;. Put As = A; U {az}, and let
us define <5 on A, as follows. We take <5 to be the same as <; on A7, and we
put z <5 as for every x € As. It is easy to see that As is well ordered by =,
because A; is well ordered by =;. Clearly A; is an ideal in A5, by construction.
Thus (As, <3) € A and (A1, =<1) <4 (A2, X2). This contradicts the maximality
of (A1,=1) in A, because A1 # As.
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4.8 Order isomorphisms

Let (A1, =1) and (As, =<2) be partially-ordered sets. A one-to-one mapping f
from A; onto A, is said to be an order isomorphism if for every x,y € Ay,

(4.8.1) x =1y ifandonlyif f(z) =<2 f(y).

In this case, the inverse mapping f~' is an order isomorphism from A, onto
A;. Let (As, <3) be another partially-ordered set, and suppose that g is an
order isomorphism from As onto As. Under these conditions, g o f is an order
isomorphism from A; onto As.

An order isomorphism from a partially-ordered set onto itself may be called
an order automorphism. Of course, the identity mapping on any partially-
ordered set is an order automorphism.

Now let (A1, =1) and (As, <2) be well-ordered sets, and let f be an order
isomorphism from A; onto As. If F; is a nonempty subset of Ay, then f maps
the smallest element of Ey to the smallest element of f(F;). In particular, if
A1 # 0, then f maps the smallest element of A; to the smallest element of As.

4.8.1 Automorphisms of well-ordered sets

Let (A, <) be a well-ordered set, and let f be an order automorphism on A. We
would like to check that

(4.8.2) f is the identity mapping on A.

Otherwise, let a be the smallest element of A such that f(a) # a. Thus f
is the identity mapping on the segment S(a), and in particular f maps S(a)
onto itself. This implies that f maps the complement of S(a) in A onto itself.
However, a is the smallest element of the complement of S(a) in A. It follows
that f(a) = a, which is a contradiction.

4.8.2 Uniqueness of isomorphisms between well-ordered
sets

Let (A1, =1) and (Ag, %2) be well-ordered sets, and suppose that f and g are
order isomorphisms from A; onto A,. This implies that g=! o f is an order
automorphism on A;. It follows that g~ ' o f is the identity mapping on A;, as
in the preceding paragraph. Of course, this means that

(4.8.3) 9g=1,

so that an order isomorphism between well-ordered sets is unique when it exists.

4.8.3 Isomorphisms onto ideals in well-ordered sets

Let (A, <) be a well-ordered set again, and let B be an ideal in A. As before,
B is well ordered by the restriction of < to B. Suppose that f is an order
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isomorphism from A onto B. Under these conditions, f is the identity mapping
on A, so that
(4.8.4) B=f(A) = A

This is an extension of the earlier statement for order automorphisms on A,
which can be shown in essentially the same way. More precisely, if f is not
the identity mapping on A, then there is a smallest element a of A such that
f(a) # a. This means that f is equal to the identity mapping on S(a), so
that f(S(a)) = S(a). It follows that f(a) ¢ S(a), because a ¢ S(a) and f
is injective, which is to say that a < f(a). This implies that a € B, because
f(a) € f(A) = B and B is an ideal in A. Note that

(4.8.5) FANS(a)) = F(A)\ f(S(a)) = F(A)\ S(a).

Of course, a is the smallest element of A\ S(a), and a is the smallest element
of (4.8.5) too. Thus f(a) = a, which is a contradiction.

Alternatively, one can show more directly that a well-ordered set cannot be
order-isomorphic to any of its segments, as in Theorem 20 on p51 of [236].

4.8.4 Uniqueness of isomorphic segments in well-ordered
sets

Let (A1, =1) and (A, <2) be partially-ordered sets again, and let f be an order
isomorphism from A; onto As. If By is an ideal in Ay, then f(B;) is an ideal
in Ay. If a; € Ay, then f maps the corresponding segment Sa, (a1) in A; onto
the segment Sa,(f(a1)) associated to f(ay1) in As.

Suppose that A; and As are well ordered by <; and =,, respectively. If
ay € Ay, then there is at most one as € Ay such that Sy, (a1) is order isomorphic
to S, (az), with respect to the restrictions of <; and <s to Sy, (a1) and Sa, (az),
respectively. Otherwise, there are elements af, and af of A such that a) # af
and Sy, (ah) is order isomorphic to Sa, (a5). We may as well suppose that aj <
ay, because Aj is linearly ordered by <», and otherwise we could interchange
the roles of a and af. This means that af € Sy4,(ay), because a # af. Thus
Sa,(ab) may be considered as a segment in Sy, (a5). This contradicts the fact
that a well-ordered set cannot be order isomorphic to any of its segments, as
before.

This can also be used to prove the uniqueness of order isomorphisms be-
tween well-ordered sets, by considering the images of segments under the order
isomorphisms.

4.9 Order isomorphisms, continued

Let (A, =4) and (B, <p) be well-ordered sets. Under these conditions, Theorem
21 on pb1 of [236] states that

(4.9.1) A is order-isomorphic to an ideal in B,

or B is order-isomorphic to an ideal in A.
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More precisely, this means that

(4.9.2) either A is order-isomorphic to B,
A is order-isomorphic to a segment in B,

or B is order-isomorphic to a segment in A.

It is easy to see that only one of these three possibilities can occur, because a
well-ordered set cannot be order-isomorphic to any of its segments, as in the
previous section.

4.9.1 A subset I4 of A

Let T4 be the set of a € A for which there is a b € B such that the segment S4(a)
corresponding to a in A is order-isomorphic to the segment Sp(b) corresponding
to b in B. One can check that b is uniquely determined by this property,
because a well-ordered set cannot be order-isomorphic to any of its segments. If
a € 14, then let f(a) be the element of B such that S4(a) is order-isomorphic
to Sp(f(a)). This defines a mapping from I4 into B.

4.9.2 More on Iy

Let a € T4 be given, so that there is an order isomorphism ¢, from S4(a) onto
Sp(f(a)). More precisely, this uses the restrictions of <4 and <p to S4(a) and
Sp(f(a)), respectively.

If ap € Sa(a), then Sy(ap) is the same as the segment corresponding to
ag in S4(a). Similarly, ¢q(ag) € Sp(f(a)), and Sp(p.(ap)) is the same as the
segment corresponding to ¢, (ag) in Sp(f(a)). It follows that

(4.9.3) ba(Salao)) = Sp(¢alao)),

as in the previous section.

Note that the restriction of ¢, to Sa(ag) is an order isomorphism onto
Sp(¢a(ap)). This means that ag € I4, with

(4.9.4) f(ao) = ¢alao).
Thus
(4.9.5) SA(CL) C Iy,
and
(4.9.6) f(Sala)) = ¢a(Sa(a)) = Sp(f(a)).

In particular, I is an ideal in A.
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4.9.3 A subset Iz of B

Similarly, let Ip be the set of b € B such that Sg(b) is order-isomorphic to
Sa(a) for some a € A. This means that a € I4 and f(a) = b, and in fact

(4.9.7) FIa) = Ip.

It is easy to see that Ip is an ideal in B, using (4.9.6). One can check that f is
an order isomorphism from I4 onto Ig, with respect to the restrictions of <4
and <p to I4 and Ip, respectively.

4.9.4 Either I, =Aor Iz=1B

Suppose for the sake of a contradiction that I4 # A and Ig # B. This implies
that there are + € A and y € B such that 14 = Sa(z) and Ip = Sp(y), as
in Subsection 4.6.3. It follows that x € I4 and y € Ip, because f is an order
isomorphism from I4 onto Ig. This is a contradiction, and so we get that
I4 = Aor Ig = B, as desired.



Chapter 5

Some additional notions in
topology

5.1 Continuous real-valued functions

Let X be a nonempty topological space, and let C'(X) be the space of continuous
real-valued functions on X. This uses the standard topology on the real line,
as the range of the functions on X. Of course, constant functions on X are
continuous.

5.1.1 Sums and products

If f,g € C(X), then
(5.1.1) f+9.fgeC(X)

too. This can be shown using the same type of arguments as for continuous
real-valued functions on the real line, or on a metric space.
Alternatively, it is easy to see that

(5.1.2) z = (f(x),9(x))

is continuous as a mapping from X into R2, using the product topology on R?
corresponding to the standard topology on R. One can also show that

(5.1.3) addition and multiplication on R are continuous

as mappings from R? into R,

using standard arguments. To get the continuity of f + g and f g, one can
consider these functions as the compositions of (5.1.2) with the mappings from
R? into R that correspond to addition and multiplication of real numbers,
respectively.

94
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5.1.2 Reciprocals of continuous functions

Similarly, if f € C(X) and f(z) # 0 for each x € X, then

(5.1.4) 1/f € C(X).

This can be obtained using the same type of arguments as for functions on the
real line or a metric space, or by considering 1/f as the composition of f with
the mapping ¢ — 1/t from R\ {0} into itself.

5.1.3 Urysohn spaces

Let us say that C(X) separates points in X if for every xz,y € X with x # y
there is an f € C(X) such that

(5.1.5) f(x) # f(y).
In this case, X is said to be a Urysohn space. One can check that
(5.1.6) Urysohn spaces are completely Hausdorff.

This uses the fact that the real line is completely Hausdorff with respect to the
standard topology.

Let X be a set, and suppose that 7 and T are topologies on X, with 7 C 7.
If a real-valued function f on X is continuous with respect to 7, then

(5.1.7) f is continuous with respect to 7
too. If (X, 7) is a Urysohn space, then it follows that
(5.1.8) (X,7) is a Urysohn space

as well.

5.1.4 Continuous functions from semimetrics

Now let X be a set with a semimetric d(z,y). If p € X, then one can verify that

(5.1.9) folx) = d(p, )

is continuous on X, with respect to the topology determined by d(-,-). If d(-,-)
is a metric on X, then it follows that X is a Urysohn space with respect to this
topology.

5.1.5 Maxima and minima of continuous real-valued func-
tions

If f and g are continuous real-valued functions on a topological space X again,
then it is not difficult to show that

(5.1.10) max(f(z),g9(x)) and min(f(z),g(z))
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are continuous on X as well, directly from the definitions.
Alternatively, one can check that

(5.1.11) the maximum and minimum of two real numbers

define continuous mappings from R? into R.

The continuity of the maximum and minimum of f and g can be obtained from
this and the continuity of (5.1.2) as a mapping from X into R?, as before.
In particular, if @ and b are real numbers, then

(5.1.12) max(f(x),a) and min(f(z),b)
are continuous on X. This can also be seen using the continuity of
(5.1.13) max(t,a) and min(t,b)

as functions of t € R, by composing f with these functions.

5.2 Urysohn functions

Let X be a topological space, and let A and B be disjoint subsets of X. A
continuous real-valued function f on X is said to be a Urysohn function for A
and B if

(5.2.1) f() = 0 foreveryze€ A,
(5.2.2) fly) = 1 forevery y € B,
and

(5.2.3) 0< f(w)<1 foreverywe X.

The third condition can always be arranged by replacing f with
(5.2.4) min(max(f,0),1),

as in the previous section.
If f is a Urysohn function on X for A and B, then

(5.2.5) 1 — f is a Urysohn function on X for B and A.

It is easy to see that X is a Urysohn space if and only if every pair A, B of
disjoint subsets of X with only one element each has a Urysohn function.
5.2.1 Urysohn’s lemma

If X is normal in the strict sense, and A, B are disjoint closed subsets of X,
then Urysohn’s lemma states that

(5.2.6) there is a Urysohn function on X for A and B.

One can check that this property implies that X is normal in the strict sense.
If X is normal in the strong sense, then it follows that X is a Urysohn space.
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5.2.2 Urysohn’s metrization theorem

Urysohn’s metrization theorem states that if X is second countable and normal
in the strong sense, then there is a metric on X that determines the same
topology. Tychonoff extended this to second countable spaces that are regular
in the strong sense.

5.2.3 Some properties of Urysohn spaces

Suppose that X is a Urysohn space, and let z, y be distinct elements of X.
Thus there is a Urysohn function f on X for {z} and {y}, as before. Under
these conditions,

(5.2.7) 2 min(f,1/2)

is a Urysohn function on X for {z} and

(5.2.8) {ze X : f(z) >1/2}.
Note that
(5.2.9) {zeX: f(z) >1/2}

is an open subset of X that contains y and is contained in (5.2.8).
Let B be a compact subset of X, and suppose that z € X \ B. One can get

(5.2.10) a Urysohn function on X for {z} and B,

as follows. If y € B, then there is a Urysohn function on X for {z} and a
neighborhood of y in X, as in the preceding paragraph. Because B is compact,
B can be covered by finitely many such neighborhoods of its elements. The
maximum of the corresponding Urysohn functions for {z} and these finitely
many neighborhoods of elements of B is a Urysohn function for {z} and B.

If A and B are disjoint compact subsets of X, then one can get

(5.2.11) a Urysohn function on X for A and B

using analogous arguments. More precisely, for each x € A, one can get a
Urysohn function for {z} and B, as before. One can use this to get a Urysohn
function on X for a neighborhood of x and B. Because A is compact, A can be
covered by finitely many such neighborhoods of its elements. The minimum of
the corresponding Urysohn functions is a Urysohn function on X for A and B.

5.3 Complete regularity

Let us say that a topological space X is completely reqular in the strict sense if
for every x € X and closed set E C X with « ¢ E there is an f € C(X) such
that f(x) # 0 and

(5.3.1) f(y)=0 foreveryye€E.
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In this case, it is easy to modify f a bit, if necessary, to get that
(5.3.2) f is a Urysohn function for F and {z}.

If X also satisfies the zeroth separation condition, then we say that X is com-
pletely regular in the strong sense. In this case, X is said to be a Tychonoff
space as well.

As usual, completely regular spaces in the strict sense are sometimes said to
be completely regular, and completely regular spaces in the strong sense may be
said to satisfy separation condition number three and a half, or equivalently be
T 1 spaces, but these terms may be used the other way. Alternatively, complete
regularity, separation condition number three and a half, and 7% 1 spaces may be
used for complete regularity in the strong sense, and one may refer to complete
regularity in the strict sense in other ways.

5.3.1 Relation with other separation conditions
If X is completely regular in the strict sense, then it is easy to see that
(5.3.3) X is regular in the strict sense,

because the real line is Hausdorff with respect to the standard topology.
If X is completely regular in the strong sense, then it follows that

(5.3.4) X is regular in the strong sense.

We also have that
(5.3.5) X is a Urysohn space

in this situation. If X is normal in the strong sense, then
(5.3.6) X is completely regular in the strong sense,

by Urysohn’s lemma.
If X is regular in the strict sense, and X is normal in the strict sense, then

(5.3.7) X is completely regular in the strict sense.

To see this, let z € X and a closed set E C X be given, with z ¢ E. One can
use regularity in the strict sense to get an open set U C X such that x € U and
U C X\ E. In particular, E and U are disjoint closed subsets of X, and z € U.
Thus one can use Urysohn’s lemma to get a suitable element of C'(X).

5.3.2 Relation with induced topologies

Let X be a topological space again, and let Y be a subset of X, equipped with
the induced topology. If f is a continuous real-valued function on X, then

(5.3.8) the restriction of f to Y is continuous.



5.4. LOCAL COMPACTNESS AND MANIFOLDS 99

If X is a Urysohn space, then it is easy to see that
(5.3.9) Y is a Urysohn space.

Similarly, if X is completely regular in the strict sense, then one can check
that
(5.3.10) Y is completely regular in the strict sense

too, with respect to the induced topology. In particular, if X is normal in the
strong sense, then X is completely regular in the strong sense, by Urysohn’s
lemma, and hence

(5.3.11) Y is completely regular in the strong sense.

5.3.3 More on completely regular spaces

Suppose that X is completely regular in the strict sense, and let x € X and a
closed set E C X be given, with x ¢ E. Thus there is a Urysohn function on
X for E and {x}, as before. One can use this to get

(5.3.12) a Urysohn function on X for E and a neighborhood of z in X,

as in the previous section.

Suppose now that £ C X is a closed set, K C X is compact, and ENK = ().
If z € K, then there is a Urysohn function on X for F and a neighborhood of =
in X, as in the preceding paragraph. Because K is compact, K can be covered
by finitely many such neighborhoods of its elements. The maximum of the
corresponding Urysohn functions for £ and these finitely many neighborhoods
of elements of K
(5.3.13) is a Urysohn function for F and K.

5.4 Local compactness and manifolds

A topological space X is said to be locally compact if for every x € X there is
an open set U C X and a compact set K C X such that

(5.4.1) zeUand U C K.

I X is Hausdorff, then K is a closed set in X, and it follows that the closure
U of U in X is contained in K. This implies that

(5.4.2) U is compact in X,

because U is a closed set contained in a compact set. Sometimes local compact-
ness is defined by asking that U be compact.

Note that R"™ is locally compact with respect to the standard topology for
each positive integer n.
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5.4.1 Locally compact Hausdorff spaces

Suppose that X is a locally compact Hausdorff space. It is not too difficult to
show that
(5.4.3) X is regular as a topological space.

More precisely, one can show that
(5.4.4) X is completely regular.

This can be reduced to Urysohn’s lemma, or obtained using similar arguments.

5.4.2 Locally Euclidean of dimension n

Let X be a topological space, and let n be a positive integer. We say that X is
locally Fuclidean of dimension n if for every x € X there is an open set U C X
such that x € U and

(5.4.5) U is homeomorphic to an open subset W of R".

More precisely, this uses the standard topology on R”, and the appropriate
induced topologies on U and W.
Suppose that X is locally Euclidean of dimension n, and let us check that

(5.4.6) X satisfies the first separation condition.

Let x and y be distinct elements of X, so that we would like to find an open
subset of X that contains z and not y. By hypothesis, there is an open set
U C X such that x € U and U is homeomorphic to an open subset of R". If
y & U, then we can take U to be the open set that we want. Otherwise, if y € U,
we can use the fact that R™ satisfies the first separation condition to find an
open set that contains x and not y.
Note that
(5.4.7) X satisfies the first countability condition,

because of the analogous property of R™.

Let z € X be given again, and let U C X be an open set such that x € U
and U is homeomorphic to an open subset W of R”. If K C R"™ is compact
and K C W, then
(5.4.8) K is compact as a subset of W,

with respect to the induced topology. This means that

(5.4.9) K corresponds to a compact subset of U,

with respect to the induced topology. It follows that

(5.4.10) the subset of U corresponding to K is compact as a subset of X

as well. In particular, one can use this to check that X is locally compact.
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However, X may not be Hausdorff, and this is often included as an additional
condition. In this case, one can use the regularity of R™ to get that X is
regular, a bit more directly than for arbitrary locally compact Hausdorff spaces.
Similarly, complete regularity of X can be obtained more directly from the
complete regularity of R™.

5.4.3 Topological manifolds

An n-dimensional topological manifold is often defined as

(5.4.11)  a Hausdorff topological space X that is locally Euclidean

of dimension n and satisfies the second countability condition.

There is also a notion of an n-dimensional topological manifold with bound-
ary, although we shall not get into the details of this here. A basic example is
a closed ball of positive radius in R™, with respect to the standard Euclidean
metric, equipped with the induced topology. Another example is the set of
x € R™ with first coordinate xz; > 0, equipped with the topology induced by
the standard topology on R™.

5.4.4 Baire’s theorem

Let X be any topological space again. If Uj,...,U, are finitely many dense
open subsets of X, then one can check that their intersection ﬂ?zl Uj is a dense
open set in X too. If Uy, Us, Us, ... is an infinite sequence of dense open sets in
X, then a famous theorem of Baire gives conditions under which

(5.4.12) () U; is dense in X.

Jj=1

One condition for this to hold is that there be a metric d(-,-) on X such that
X is equipped with the topology determined by d(-,-), and that

(5.4.13) X is complete with respect to d(-,-),
which is to say that every Cauchy sequence in X with respect to d(-,-) converges

to an element of X. Another condition for this to hold is that X be a locally
compact Hausdorff space.

5.5 o-Compactness
Let X be a topological space. It is easy to see that

(5.5.1) the union of finitely many compact subsets of X is compact as well.
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Similarly,

(5.5.2) the union of finitely or countably many subsets of X
with the Lindel6f property has the Lindel6f property too.

A subset E of X is said to be o-compact if there is a sequence K1, Ko, K3, ...
of compact subsets of X such that

oo
(5.5.3) E=J K,
j=1
This implies that F has the Lindel6f property, as before.

5.5.1 Some criteria for c-compactness

Suppose that X is locally compact, so that X can be covered by open sets that
are contained in compact sets. If X also has the Lindeléf property, then it
follows that X can be covered by finitely or countably many open sets, each of
which is contained in a compact set. In particular, this means that

(5.5.4) X is o-compact.

Remember that X has the Lindeltf property when X satisfies the second
countability condition, by Lindel6f’s theorem. It follows that

(5.5.5) topological manifolds are o-compact,

for instance.

5.5.2 Some bases from open coverings

Let {U,}aca be an open covering of X, and suppose that for each a € A, B,
is a base for the topology induced on U, by the topology on X. Note that the
elements of B, are open subsets of X for each a € A, because the U,’s are open
subsets of X. Thus

(5.5.6) B=|J B

a€A

is a collection of open subsets of X. Under these conditions, one can check that
(5.5.7) B is a base for the topology of X.

Of course, if A has only finitely or countably many elements, and if B, has
only finitely or countably many elements for each o € A, then

(5.5.8) B has only finitely or countably many elements.

If X has the Lindelof property, then one can automatically reduce to the case
where A has only finitely or countably many elements.
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Suppose that X is locally Euclidean of dimension n for some positive integer
n. Thus X can be covered by open sets that are homeomorphic to open subsets
of R™. If X has the Lindelof property, then it follows that X can be covered by
finitely or countably many open sets that are homeomorphic to open subsets of
R”™. Each of these open sets has a countable base for its topology, because of
the analogous property for open subsets of R™. This leads to

(5.5.9) a countable base for the topology of X,

as in the preceding paragraph.

5.5.3 An example in R

One can show that the set R\ Q of irrational numbers is not o-compact with
respect to the standard topology on R, using the Baire category theorem. Note
that every subset of the real line has the Lindel6f property, by Lindelof’s theo-
rem.

5.6 Quotient spaces
Let X be a set. A binary relation ~ on X is said to be an equivalence relation

on X if it is reflexive, symmetric, and transitive on X, as usual. In this case, if
r € X, then

(5.6.1) zl={ye X :z~y}
is called an equivalence class in X. This is a subset of X that contains x, by
reflexivity. If z,w € X, then [z] = [w] if and only if  ~ w, and otherwise [z]

and [w] are disjoint.

Conversely, let P be a partition of X, which is to say a collection of pairwise-
disjoint nonempty subsets of X whose union is equal to X. If z,y € X, then
put
(5.6.2) x ~p y when x and y lie in the same element of P.

This defines an equivalence relation on X, for which the corresponding equiva-
lence classes are the elements of P.
If ~ is any equivalence relation on X, then let

(5.6.3) X/ ~

be the corresponding quotient set, which is the set of equivalence classes in X.
In this situation, there is a natural quotient mapping from X onto X/ ~, which
sends x € X to [z] € X/ ~.

Let Y be another set, and let f be a mapping from X onto Y. If z,w € X,
then put
(5.6.4) x ~y w when f(z) = f(w).

This defines an equivalence relation on X, for which the corresponding equiva-
lence classes are the sets of the form f~'({y}), y € Y.
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5.6.1 The quotient or identification topology
Suppose now that X is a topological space. Let us say that

(5.6.5) V CY is an open set

exactly when

(5.6.6) f~H(V) is an open set in X.

One can check that this defines a topology on Y, which is called the quotient
topology or identification topology associated to f. Equivalently, this means that
(5.6.7) E CY is a closed set if and only if f~'(E) is a closed set in X.

Note that f is automatically continuous with respect to the quotient topology
onY.

Remember that Y satisfies the first separation condition if and only if for
each y € Y, {y} is a closed set in Y. Thus Y satisfies the first separation
condition with respect to the quotient topology associated to f if and only if

(5.6.8) for each y € Y, f~'({y}) is a closed set in X.

Let Z be another topological space, and let g be a mapping from Y into Z.
One can check that g is continuous with respect to the quotient topology on Y
associated to f if and only if g o f is continuous as a mapping from X into Z.

5.7 Local connectedness

Let X be a topological space, and let « be an element of X. Let us say that X
is locally connected at x if for every open subset W of X that contains x, there
is an open subset Uy of X such that x € Uy, Uy C W, and

(5.7.1) every element of Uy can be connected to = in W.
More precisely, this means that

(5.7.2) for every y € Up there is a connected set E(x,y) C X
such that z,y € E(z,y) and E(x,y) C W.

If there is a connected open subset U of X such that x € U and U C W, then
we can take Uy = U.
Alternatively, let W be an open subset of X that contains x, and let U; be

(5.7.3)  the union of all the connected subsets of W that contain x.

Thus = € Uy, because {x} is a connected set that contains z, Uy C W by
construction, and U; is connected, by Proposition 1.15.3. In this situation,
local connectedness of X at = says exactly that

(5.7.4) x is an element of the interior of Uj.
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If X is locally connected at every point in X, then X is said to be locally
connected as a topological space. Let W be an open subset of X that contains
x again, and let U; be as in the preceding paragraph. If X is locally connected,
then one can check that

(5.7.5) U is an open set in X.

5.7.1 Local path connectedness

Similarly, X is said to be locally path connected at x if for every open subset W
of X that contains x, there is an open subset Vj of X such that z € Vg, Vj C W,
and

(5.7.6) every element of Vj can be connected to z

by a continuous path in W.

If there is a path-connected open subset V' of X such that z € V and V C W,
then we can take Vj = V. Note that local path connectedness at x implies local
connectedness at x.

Let W be an open subset of X that contains z, and let V; be the set of
points in W that can be connected to x by a continuous path in W. Note that
V1 contains the images of these paths, so that V7 is a path-connected subset of
W. Local path connectedness of X at x says exactly that

(5.7.7) x is in the interior of Vi,

as before.

If X is locally path connected at every point, then X is said to be locally
path connected as a topological space. Thus local path connectedness implies
local connectedness. Let W be an open subset of X that contains z, and let V;
be as in the previous paragraph. If X is locally path connected, then one can
verify that
(5.7.8) V1 is an open set in X.

5.7.2 Some examples and basic properties

It is easy to see that
(5.7.9) R" is locally path connected

for every positive integer n, with respect to the standard topology. Similarly,
locally Euclidean spaces of dimension n are locally path connected.

If X is an open subset of X, and if X is locally connected or path connected,
then X has the same property, with respect to the induced topology.

If X is connected and locally path connected, then one can show that X is
path connected. In particular, connected open subsets of R’ are path connected.
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5.8 Connected and path-connected components

Let X be a topological space, and consider the binary relation ~. defined on X
by putting z ~. y when z,y € X and there is a connected subset E(z,y) of X
such that

(5.8.1) z,y € E(z,y).

One can check that this defines an equivalence relation on X, using Proposition
1.15.3 to get that ~. is transitive.
One can also verify that

(5.8.2) the equivalence classes in X corresponding to ~,

are connected subsets of X,

using Proposition 1.15.3 or 1.15.6. These equivalence classes are called the
connected components of X. It is easy to see that the connected components of
X are the maximal connected subsets of X, with respect to inclusion.

Observe that

(5.8.3) the connected components of X are closed sets in X,
by Proposition 1.15.1. If X is locally connected, then

(5.8.4) the connected components of X are open sets in X.

5.8.1 Another equivalence relation on X

Similarly, consider the binary relation ~,, defined on X by putting x ~, y when
z,y € X are connected by a continuous path in X. This means that there are
real numbers a, b with ¢ < b and a continuous mapping p from [a,b] into X
such that

(5.8.5) pla) =, p(b) = y.

This uses the topology induced on [a, b] by the standard topology on R. Note
that one can always reduce to the case where a = 0 and b = 1, by reparameter-
izing the path.

It is not too difficult to show that ~,, defines an equivalence relation on X.
The equivalence classes in X corresponding to ~, are path-connected subsets
of X, by construction. These equivalence classes are called the path-connected
components of X. As before, these are the maximal path-connected subsets of
X, with respect to inclusion.

If x,y € X, then
(5.8.6) x ~p y implies x ~ y.

Indeed, if a,b € R and a < b, then [a,b] is connected as a subset of R with
respect to the standard topology. This implies that [a, b] is connected as a subset
of itself, with respect to the induced topology. If p is a continuous mapping from
[a,b] into X, then it follows that p([a,b]) is a connected set in X.
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If X is locally path connected, then
(5.8.7)  the path-connected components of X are open subsets of X.

If X is also connected, then one can check that X is path connected.

5.9 One-point compactifications

Let X be a Hausdorff topological space that is not compact. The one-point
compactification of X can be defined initially as a set by

(5.9.1) X" =X U{p.},

where p, € X. One often refers to p, as the point at infinity in X*. Let us say
that U C X™ is an open set if either

(5.9.2) U is an open subset of X
or if
(5.9.3) ps« € U and X™\ U is a compact subset of X.

Remember that compact subsets of X are closed sets in X, because X is
Hausdorff, by hypothesis. If U C X* is an open set and p, € U, then it follows
that X*\ U is a closed set in X. Note that

(5.9.4) X\(UNX)=X\U=X"\U,
because p, € U. Thus
(5.9.5) U N X is an open set in X

in this case.

5.9.1 Checking that this defines a topology on X*

Of course, the empty set is an open subset of X, because it is an open subset
of X. We also have that X* is an open set in itself, because it contains p, and
its complement in itself is the empty set, which is a compact subset of X.

If Uy,...,U, are finitely many open sets in X*, then we would like to check
that their intersection is an open set in X* as well. If U; C X for some [, then

(5.9.6) U; X,
j=1

and it suffices to verify that m?:1 U; is an open set in X. This follows from the
fact that U; N X is an open set in X for each j =1,...,n, so that

n

(5.9.7) U; = (n] (U; N X)

Jj=
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is an open set in X. Otherwise, if p. € Uj for each j = 1,...,n, then we should
verify that

n n
(5.9.8) X\ () = U o)
j=1 j=1
is a compact subset of X. In fact, it is easy to see that the union of finitely many
compact subsets of any topological space is compact, as mentioned in Section
5.5.

Let {Uq}aca be a family of open subsets of X*, and let us check that their
union is an open set in X*. If U, C X for every a € A, then U, is an open set in
X for each a € A. This implies that [ J ., Ua is an open set in X, and hence in
X*. Otherwise, suppose that p. € Uy, for some ag € A, so that p, € J,c 4 Ua-
In this case, we would like to verify that

(5.9.9) X*\ ( U Ua) is a compact subset of X.
acA

Observe that

(5.9.10) X\ ( U Ua) =X\ ( U Ua) = (X \Ua).

acA a€cA a€cA

This is a closed set in X, because X \ U, is a closed set in X for every o € A.
We also have that X \ U,, = X* \ U,, is compact in X, because p, € U,,.
It follows that (5.9.9) holds, because it is a closed set that is contained in the
compact set X \ Uy, .

This shows that the collection of open subsets of X* defined earlier is a
topology on X*. By construction, X is an open subset of X*, and the topology
induced on X by this topology on X* is the same as the given topology on X.
Note that
(5.9.11) Py is a limit point of X in X*,

because X is not compact, by hypothesis.

5.9.2 Compactness of X~*

Let us check that
(5.9.12) X* is compact

with respect to this topology. Let {U,}aca be an arbitrary open covering of
X* in itself. In particular, there is an ap € A such that p. € U,,. Thus

(5.9.13) X\ Uy, = X"\ U,, is a compact subset of X.

We may consider {U, N X },ca as an open covering of X \ U,, in X, because
U,NX is an open set in X for each o € A, and the union of these open sets is X.
Because X \ Uy, is compact in X, there are finitely many indices o, ..., o, € A
such that

n
(5.9.14) X\ Uay = X\ U, € | J(Ua, N X).
j=1
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This implies that
(5.9.15) X*C | JUa,.
j=0

as desired.

5.9.3 When X* is Hausdorff

Observe that X* is Hausdorff if and only if for every x € X there are disjoint
open subsets U and V of X* such that x € U and p. € V, because X is
Hausdorff by hypothesis. One can verify that this happens exactly when

(5.9.16) X is locally compact.

The one-point compactification of a topological space X can also be defined
a bit more carefully when X is not necessarily Hausdorff.

5.10 Homotopic mappings

Let X and Y be topological spaces, and let f, g be continuous mappings from
X into Y. A homotopy between f and g is a mapping H from X x [0,1] into Y
that satisfies the following two conditions. First, H should be continuous with
respect to the product topology on X x [0,1]. Of course, this uses the topology
induced on [0, 1] by the standard topology on R. Second,

(5.10.1) H(z,0) = f(2),
(5.10.2) H(z,1) = g(z)

for every x € X. In this case, one may say that f is homotopic to g. It is well
known and not too difficult to show that this defines an equivalence relation on
the space C(X,Y) of continuous mappings from X into Y.

5.10.1 Additional conditions on f, g

In many cases, one may wish to include additional conditions on f and g, and
the same conditions on H(x,t) for each ¢t € [0,1]. Suppose for instance that
X =1[0,1], and let p,q € Y be given. Let f, g be continuous mappings from
[0,1] into Y such that

(5.10.3) f(0)=9(0) =p, f(1)=9g(1) =q.
If a homotopy H (z,t) between f and g also satisfies
(5104) H(Oat) =D H(]-at) =q

for every ¢t € [0,1], then one says that f and g are homotopic with endpoints
fized. One can show that this defines an equivalence relation on the space of
continuous paths in Y from p to q.
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5.10.2 Convex sets Y in R"

Suppose now that Y is a convex subset of R™ for some positive integer n. This
means that for every y,z € Y, the line segment in R™ connecting y and z is
contained in Y too. We consider Y as a topological space, using the topology
induced by the standard topology on R"™. Let X be any topological space again,
and let f, g be continuous mappings from X into Y. One can check that

(5.10.5) H(z,t) = (1 —t) f(z) + tg(x)

defines a homotopy between f and g, as continuous mappings from X into Y.

Let p,q € Y be given again, and suppose that f, g are continuous mappings
from [0,1] into Y that satisfy (5.10.3). Note that (5.10.5) satisfies (5.10.4) in
this case.

Let Z be another topological space, and let ¢ be a continuous mapping from
Y into Z. If f, g are homotopic continuous mappings from X into Y, with
homotopy H, then ¢ o H is a homotopy between ¢ o f and ¢ o g, as continuous
mappings from X into Z. There is an analogous statement for homotopic paths
with endpoints fixed, as usual.

5.11 Countable unions and intersections
A subset E of a topological space X is said to be an F,, set if

(5.11.1) E can be expressed as the union of

a sequence of closed subsets of X.
Similarly, a subset A of X is said to be a G set if

(5.11.2) A can be expressed as the intersection of

a sequence of open subsets of X.
It is easy to see that
(5.11.3) E C X is an F, set if and only if X \ E is a G set.

Of course, closed sets are F, sets, and open sets are G4 sets.

Suppose for the moment that X satisfies the first separation condition. Let
x be an element of X, and let B(z) be a local base for the topology of X at x.
Under these conditions, the intersection of the elements of B(x) is equal to {z}.
If B(z) has only finitely many elements, then {z} is an open set in X. If B(x)
is countable, then {z} is a G5 set in X.

5.11.1 Some subsets of semimetric spaces

Suppose now that d(z,y) is a semimetric on X, and that X is equipped with
the topology determined by d(-,-). If A is any subset of X and r is a positive
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real number, then put
(5.11.4) A, = | B(z,n).
z€A

This is an open subset of X that contains A. One can check that
(oo}

(5.11.5) A=) Ay
j=1

This implies that every closed set in X is a Gy set, and hence that every open
set in X is an F; set.

5.11.2 Some remarks about inverse images

Let X and Y be arbitrary topological spaces, and let f be a continuous mapping
from X into Y. If E CY is an F, set, then

(5.11.6) f7YE) is an F, set in X.
Similarly, if A CY is a G set, then
(5.11.7) f7Y(A) is a Gy set in X.

In particular, suppose that f is a continuous real-valued function on X, with
respect to the standard topology on R. If t € R, then {t} is a G set in R, so
that

(5.11.8) FH({t}) is a G5 set in X.

5.11.3 Perfectly normal spaces

Let us say that X is perfectly normal in the strict sense if X is normal in the
strict sense, and every closed set in X is a Gs set. If X also satisfies the first
separation condition, then we say that X is perfectly normal in the strong sense.
One may say that X is perfectly normal when X is perfectly normal in the strict
sense, and perfectly T, when X is perfectly normal in the strong sense, but the
opposite convention is used sometimes too.

5.11.4 Nowhere dense sets and category

A subset E of X is said to be nowhere dense if the interior of the closure E of
E in X is empty. Equivalently, this means that X \ F is dense in X. This is
the same as saying that the interior of X \ F is dense in X. Remember that
the intersection of finitely many dense open subsets of X is a dense open set in
X, as in Subsection 5.4.4. One can use this to check that the union of finitely
many nowhere dense subsets of X is nowhere dense in X.

A subset A of X is said to be of the first category or meager in X if A can
be expressed as the union of a sequence of nowhere dense sets. Otherwise, A is
said to be of the second category or non-meager in X. The theorem of Baire
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mentioned in Subsection 5.4.4 is equivalent to saying that if A is of the first
category in X, then

(5.11.9) X \ A is dense in X,

under the same conditions as before. This is the same as saying that the interior
of A in X is empty. In particular, it follows that X is of second category in this
case.

5.12 Distance functions

Let X be a set with a semimetric d(z,y), and let A be a nonempty subset of
X. If z € X, then the distance from x to A with respect to d(-,-) is defined by

(5.12.1) dist(z, A) = inf{d(z,a) : a € A},
which is a nonnegative real number. One can check that dist(z, A) = 0 if and

only if z is an element of the closure A of A with respect to the topology
determined on X by d(-,-).

5.12.1 Continuity of distance functions

Observe that
(5.12.2) dist(z, A) < d(z,a) < d(z,y) +d(y,a)

for every z,y € X and a € A. Using this, one can check that
(5.12.3) dist(z, A) < d(z,y) + dist(y, A)

for every x,y € X. One can use this to verify that dist(x, A) is continuous as a
real-valued function on X, with respect to the standard topology on R.

5.12.2 Separated sets and open sets

Suppose that A and B are nonempty separated subsets of X. Put

(5.12.4) U={zeX:dist(z,A) < dist(z, B)}
and
(5.12.5) V ={z € X : dist(z, B) < dist(z, A)}.

It is easy to see that these are open subsets of X. We also have that A C U,
B CV,and UNV = (. This is another way to look at the complete normality
of X in the strict sense, with respect to the topology determined by d(-, ).
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5.12.3 Urysohn’s lemma for semimetric spaces

Suppose now that A and B are disjoint nonempty closed subsets of X. Note
that
(5.12.6) dist(x, A) + dist(z, B) >0

for every x € X. Thus

(5.12.7) dist(z, 4)

dist(z, A) + dist(z, B)

defines a nonnegative real-valued function on X, which is less than or equal to
1 for every € X. This function is continuous on X, equal to 0 on A, and equal
to 1 on B. Of course, this corresponds to Urysohn’s lemma in this case.

5.13 Local finiteness

Let X be a topological space, let A be a nonempty set, and let E, be a subset
of X for every a € A. Let us say that {E, }aeca is locally finite at a point x € X
if there is an open subset U of X such that z € U and

(5.13.1) E,NU =0

for all but finitely many « € A. If {E,}aca is locally finite at every x € X,
then {E,}aca is said to be locally finite in X.

5.13.1 Local finiteness and adherent points

Of course, if z € X is adherent to Eg for some 8 € A, then x is adherent to
UaeA EO"

Let x € X be given, and suppose that for each a € A, x is not adherent to
E,. Suppose also that {F,}aca is locally finite at x, so that there is an open
set U C X such that € U and (5.13.1) holds for all but finitely many o € A.
Let ai,...,a, be a list of the finitely many o € A such that F, intersects U,
if there are any. By hypothesis, for each j = 1,...,n, z is not adherent to E,,
and so there is an open subset V; of X such that x € V; and E,, NV, = 0.

It follows that

n

(5.13.2) W=Un ( N Vj)
j=1
is an open subset of X such that x € W and

(5.13.3) W ( U Ea> =0

acA

This means that z is not adherent to |J,c 4 Fo- Equivalently, if z € X is
adherent to |J,c 4 Fa, and if {E,}aca is locally finite at z, then = is adherent
to F, for some o € A.
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5.13.2 Local finiteness and closures

If {E4}aca is locally finite in X, then it follows that

(5.13.4) ( U Ea) - |J Ea

acA acA

Of course, the right side is automatically contained in the left side, as before.
If o € A satisfies (5.13.1) for some open set U C X, then

(5.13.5) E,NU=0.

If {E.}aca is locally finite at x, then we get that {E,}aca is locally finite at
x too. If {E4}aca is locally finite in X, then {E, }aca is locally finite in X as
well.

5.13.3 Local finiteness and induced topologies

Let Xy be a subset of X, equipped with the induced topology. If {E,}aca is
locally finite at « € X, then {E, N Xo}aca is locally finite at x, as a family of
subsets of Xy. Similarly, if {E, }aca is locally finite in X, then {E, N Xo}aca
is locally finite in Xj.

Suppose for the moment that {F,}aca is a family of subsets of Xy. If
{Es}aca is locally finite at = € X, as a family of subsets of Xy, then it is easy
to see that {E}aea is locally finite at , as a family of subsets of X.

5.13.4 Local finiteness and compactness

Let {E4s}aca be a family of subsets of X again, and let K be a subset of X.
Suppose that {E,}oca is locally finite at every @ € K. Thus, for each z € K,
there is an open subset U(z) of X such that z € U(z) and E,NU(z) = 0 for all
but finitely many a € A. If K is compact, then there are finitely many elements
T1,...,%, of K such that

(5.13.6) K C LnJ U(x;).

We also have that
(5.13.7) Ean ( U U(xj)) =0
j=1

for all but finitely many « € A in this situation.

In particular, suppose that {Eg,}aca is locally finite in X, and that X is
compact. Under these conditions, we get that E, = @ for all but finitely many
a € A



5.14. SUMS OF REAL-VALUED FUNCTIONS 115

5.14 Sums of real-valued functions

Let X be a set, let I be a nonempty set, and let ¢; be a real-valued function on
X for each j € I. If x € X, then put

(5.14.1) I(z)={jel:¢;(x)+#0}
If I(x) has only finitely many elements, then the sum
(5.14.2) O(x) = Zd)j(x)

JeI

can be defined as a real number, by reducing to a finite sum. More precisely,
(5.14.2) is the same as the sum over any nonempty finite subset of I that contains
I(x).

Put
(5.14.3) Ej = {ac e X: gbj(.’L‘) =+ 0}

for each j € I. If x € X, then I(x) is the same as the set of j € I such that
x € E;. If Uy is a subset of X, then put

(5.14.4) I(Uy) = U I(z) ={j € I:¢;(x)+#0 for some z € Up}.
zeUy

This is the same as the set of j € I such that E; N Uy # 0.

5.14.1 Local finiteness and continuity

Suppose now that X is a topological space. Observe that {E;},c; is locally
finite at a point xg € X if and only if there is an open set Uy C X such that
xo € Uy and I(Up) has only finitely many elements. In particular, this implies
that for each = € Uy, I(x) has only finitely many elements.

Suppose that ¢; is continuous on X for each j € I, with respect to the
standard topology on R. If {E;}cr is locally finite in X, then (5.14.2) defines
a real-valued function on X. It is easy to see that this function is continuous at
every point in X, under these conditions.

5.14.2 Some partitions of unity

Of course, if ¢j(x) > 0 for every j € I and = € X, then ®(z) > 0 for every
z € X. If we also have that for each « € X there is a j € I such that ¢;(z) > 0,
then we get that ®(z) > 0 for every z € X. Note that 1/®(z) is continuous on
X in this case. Put

(5.14.5) bilz) = d(x)/B(x)

for every [ € I and x € X, which defines a continuous real-valued function on
X. By construction, i;(z) > 0 for every | € I and z € X, and

(5.14.6) {.2? e X: wl(l‘) > 0} =F.
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Thus, for each x € X, ¢;(z) > 0 for only finitely many [ € I, and

GT) ) = (X a)/e@) = @)/ /e =1

lel lel

The family of functions vy, [ € I, is said to be a partition of unity on X.

5.15 Local compactness and o-compactness

Let X be a locally compact topological space. If K is a compact subset of X,
then there is an open set U C X such that K C U and U is contained in a
compact subset of X. Indeed, every element of K is contained in an open set
that is contained in a compact subset of X, because X is locally compact. It
follows that K is contained in the union of finitely many of these open sets,
because K is compact. By construction, the union of these finitely many open
sets is contained in the union of finitely many compact subsets of X, which is
compact as well.

If X is Hausdorff, then every element of X is contained in an open set whose
closure in X is compact, as in Section 5.4. Similarly, if K C X is compact, then
there is an open set U C X such that K C U and U is compact.

5.15.1 Some sequences of compact and open sets

Suppose now that X is o-compact, so that there is a sequence K1, Ko, K3, ...
of compact subsets of X with

(5.15.1) X =JK;.
j=1

If X is locally compact too, then there is an open set U; C X and a compact
set 1 C X such that K7 C U; and U; C Eq, as before.

Similarly, for each j > 1, we can choose an open set U; C X and a compact
set I; C X such that

J

(5.15.2) UK cu; cEj,
=1

and so that

(5.15.3) E; 1 CU;

when j > 2. More precisely, suppose that U; and E; have been chosen in this
way for some j, and let us see how we can choose U;11 and E;1,

Note that F; U K; 4 is compact in X, because E; and K are compact.
Thus there is an open set U;11 € X such that F; U K;4; C Ujyq and Ujy is
contained in a compact set £j;1 C X, as before. It follows that U{:ll K CUjiq,
because of (5.15.2). If X is Hausdorff, then we can take E; = U, for each j.
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5.15.2 A locally finite sequence of compact sets

Of course,
(5.15.4) X = U U; = U Ej,
j=1 j=1
by (5.15.1) and (5.15.2). Put
(5155) Al = E]_ and Aj = EJ \Ujfl Whel’lj Z 2.

It is easy to see that A; is compact in X for every j, because A; = E;N(X\U;-1)
is the intersection of a compact set and a closed set when j > 2. One can check
that

(5.15.6) X =4
j=1
using (5.15.4).
More precisely, if x € X and jg is the smallest positive integer such that
x € Ejy, then x € Aj,. In this case, z € A; when j < jo, and when j > jo + 1.

By construction,
(5.15.7) AnU =10

when j > [, which implies that the family of A;’s is locally finite in X.

5.15.3 A locally finite sequence of open sets

Suppose now that X is Hausdorff, so that we can take E; = U; for each j, as
before. Clearly A; C U, for every j, by (5.15.3), and in fact

(5.15.8) Aj CUj \Uj2
when j > 3. Put
(5.15.9) Vo=Us and V;=Uj41\Uj_2 when j >3,
so that Vj; is an open subset of X for every j > 2. It is easy to see that
(5.15.10) x=Uw
j=2

using (5.15.3) and (5.15.4).
Observe that
(5.15.11) V,Nnvi=0

when j > [ + 3, and in particular that the family of V;’s is locally finite in X.



Chapter 6

Some spaces of mappings

6.1 Bounded sets and mappings

Let Y be a set with a semimetric dy (-,-). A subset A of Y is said to be bounded
with respect to dy (-, -) if A is contained in a ball in Y with respect to dy (-, ).
It is convenient to consider A = ) as a bounded subset of Y even when Y = §).

6.1.1 Countable compactness implies boundedness

If A CY is countably compact with respect to the topology determined on Y
by dy(+,+), then it is easy to see that A is bounded in Y. More precisely, this
can be obtained by covering A by open balls in Y centered at a fixed point in
Y and with positive integer radii.

6.1.2 Bounded mappings

A mapping f from a set X into Y is said to be bounded if f(X) is a bounded
set in Y.

Suppose that X is a topological space, and that f is a continuous mapping
from X into Y, with respect to the topology determined on Y by dy (-,-). If
K C X is countably compact, then f(K) is countably compact in Y, and hence
f(K) is bounded in Y. In particular, if X is countably compact, then f is
bounded.

6.1.3 Some related real-valued functions

Let p be an element of Y, let f be a mapping from X into Y, and let E be a
subset of X. One can check that f(F) is bounded in Y if and only if

(6.1.1) dy (p, f(z))

is bounded as a real-valued function on E.

118
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If X is a topological space and f is continuous with respect to the topology
determined on Y by dy (-, -), then (6.1.1) is continuous as a real-valued function
on X, with respect to the standard topology on R. Indeed, (6.1.1) is the same
as the composition of f with the real-valued function on Y defined by dy (p, -),
which is continuous with respect to the topology determined on Y by dy (-, ).

6.1.4 Supremum semimetrics

Let X be a set, and let £ be a nonempty subset of X. Consider the space
Be(X,Y) of mappings f from X into Y such that f(F) is a bounded set in Y.

If f,g € Bg(X,Y), then one can check that dy (f(z), g(z)) is bounded as a
real-valued function on E. In this case, we put

(6.1.2) 05 (f,9) = sup{dy (f(z),9(x)) : x € E}.

One can verify that this defines a semimetric on Bg(X,Y), which is called the
supremum semimetric on Bg(X,Y) associated to dy (-, ).

If E = X, then we may use B(X,Y) instead of Bx (X,Y), which is the space
of all bounded mappings from X into Y. Similarly, we may use 6(f, g) instead
of Ox(f,g). Note that this is a metric on B(X,Y) when dy (-, -) is a metric on
Y.

6.1.5 Some supremum semimetrics on C(X,Y)

Let X be a topological space, and let C'(X,Y") be the space of continuous map-
pings from X into Y, as before. Also let K be a nonempty countably compact
subset of X, so that

(6.1.3) C(X,Y) CBg(X,Y),

as before. Thus the restriction of 6 (f, g) to f,g € C(X,Y’) defines a semimetric
on C(X,Y).

6.1.6 Existence of the maximum

If f,g € C(X,Y), then one can check that

(6.1.4) dy (f(z),9(z))

is continuous as a real-valued function on X, with respect to the standard
topology on R. If K is a nonempty compact subset of X, then the maximum
of (6.1.4) on K is attained, by the extreme value theorem.

This also works when K is countably compact, by analogous arguments.
More precisely, one can use the fact that countably compact subsets of the real
line are compact, because there is a countable base for the standard topology
on R. One can also show more directly that countably compact subsets of R
are closed and bounded.
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6.1.7 Bounded continuous mappings

Let
(6.1.5) Co(X,Y)=C(X,Y)NB(X,Y)

be the space of mappings from X into Y that are both bounded and continuous.
If X is countably compact, then this is the same as C(X,Y’), as before.

If X is any topological space, then Cy,(X,Y) is a closed set in B(X,Y") with
respect to the supremum semimetric 6(-, ), as in Subsection 6.2.8.

6.2 Uniform convergence

Let X be a nonempty set, and let Y be a topological space. Also let (A, <)
be a nonempty directed system, let {f,}aca be a net of mappings from X into
Y indexed by A, and let f be another mapping from X into Y. We say that
{fa}aca converges to f pointwise on X if for every x € X, {f,(x)}aca converges
to f(z) as a net of elements of Y.

6.2.1 Relation with the product topology

The space Y¥ of mappings from X into Y may be considered as the Cartesian
product of copies of Y indexed by X. Thus the product and strong product
topologies can be defined on Y X in the usual way, using the topology determined
onY by dy(:,-).

Note that pointwise convergence of a net of mappings from X into Y is
the same as convergence with respect to the product topology. The product
topology on Y is sometimes also called the topology of pointwise convergence.

6.2.2 Using a semimetric on Y

Now let dy (-, ) be a semimetric on Y, and suppose that Y is equipped with the
topology determined by dy (-,-). A net {f,}aca of mappings from X into Y is
said to converge uniformly on X to a mapping f from X into Y with respect
to dy (+,-) on Y if for every € > 0 there is a b € A such that

(6.2.1) dy (fa(z), f(z)) <€

for every x € X and a € A with b < a. Clearly uniform convergence implies
pointwise convergence, and the converse holds when X has only finitely many
elements.

6.2.3 Some sets N.(f) and Ne(f)

Let f be a mapping from X into Y, and let € be a positive real number. Consider
the set N.(f) of all mappings ¢g from X into Y such that

(6.2.2) dy (f(z),g(z)) <e for every x € X.
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Similarly, let ]\76( f) be the set of all mappings g from X into Y such that
dy (f(x),g(x)) is bounded as a real-valued function on X, with

(6.2.3) sup{dy (f(z),g9(x)):z € X} <e.
Clearly N
(6.2.4) Ne(f) € Ne(f),

because (6.2.3) implies (6.2.2). If 7 is any positive real number greater than e,
then

(6.2.5) N(f) € Ny(f).
This is because (6.2.2) implies that

(6.2.6) sup{dy (f(z),g(x)) 1z € X} <e.

Of course, if the supremum on the left is attained, then (6.2.2) implies (6.2.3).

6.2.4 The topology of uniform convergence

Let us say that W C Y X is an open set with respect to the topology of uniform
convergence if for every f € W there is an € > 0 such that

(6.2.7) N.(f) CW.
This is equivalent to saying that for every f € W there is an n > 0 such that
(6.:2.8) Ny (f) S W,

by the remarks in the previous paragraph. One can check that this defines a
topology on Y X,

It is easy to see that this topology is at least as strong as the product
topology on YX. The strong product topology on Y is at least as strong as
the topology of uniform convergence on Y.

6.2.5 More on N,(f)

Let f, g, and h be mappings from X into Y, and suppose that dy (f(z), g(x))
and dy (g(x), h(z)) are bounded as real-valued functions on X. Observe that

(6.2.9) dy(f(x),h(z))

for every x € X, using the triangle inequality in the first step. This implies that
dy (f(x),h(x)) is bounded as a real-valued function on X, with

(62.10) sup dy (f(x), h(z)) < sup dy (f(x), g(x)) + sup dy(g(x), h(z)).
reX reX zeX
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Suppose that g € K/},(f) for some 1 > 0, so that

(6.2.11) d=n— sgg dy (f(x),g(z)) > 0.

Under these conditions, one can check that

(6.2.12) Ns(g) € N, (f),

using (6.2.10). This implies that Kr,](f) is an open set in YX, with respect to
the topology of uniform convergence.

6.2.6 Uniformly convergent nets

Let {fo}aca be a net of mappings from X into Y indexed by A again, and let
f be another mapping from X into Y. One can check that {f,},ca converges
to f uniformly on X with respect to dy (-, ) if and only if {f, }sca converges to
f with respect to the topology of uniform convergence on YX.

6.2.7 Relation with the supremum semimetric on B(X,Y)

Let 6(f, g) be the supremum semimetric on the space B(X,Y") of bounded map-
pings from X into Y with respect to dy (-, ), as in the previous section. One
can verify that the topology determined on B(X,Y") by (-, ) is the same as the
topology induced on B(X,Y) by the topology of uniform convergence on YX.

One can also check that B(X,Y) is a closed set in Y with respect to the
topology of uniform convergence. Equivalently, if a net of elements of B(X,Y)
converges uniformly to a mapping f from X into Y, then f is bounded on X
too.

6.2.8 Uniform convergence and continuity

Suppose that X is a topological space, and let 2o € X be given. Alsolet {f,}aca
be a net of mappings from X into Y indexed by A that converges uniformly
to a mapping f from X into Y. If, for each a € A, f, is continuous at x,
then it is well known and not too difficult to show that f is continuous at xg.
Similarly, C'(X,Y) is a closed set in Y with respect to the topology of uniform
convergernce.

6.3 Infinite series of functions
Let X be a set, and let a;1(x),az(x),as(x),... be an infinite sequence of real-
valued functions on X. Also let Ay, A3, As,... be an infinite sequence of non-

negative real numbers such that

(6.3.1) laj(z)] < A;
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for every j > 1 and = € X. Suppose that Z;’il A; converges as an infinite
series of nonnegative real numbers, so that Z;’;l a;(x) converges absolutely for
every x € X, by the comparison test.

Under these conditions, it is not too difficult to show that the sequence of
partial sums Y 7 a;(x) converges to > 7, a;(z) uniformly on X. This is a
well-known criterion of Weierstrass.

Suppose now that X is a topological space. If a;(x) is continuous on X for
each j > 1, with respect to the standard topology on R, in addition to the con-
ditions mentioned in the preceding paragraph, then it follows that Z;’il aj(z)
is continuous on X as well.

6.3.1 Some continuous functions defined using infinite se-
ries

Suppose that X is normal in the strict sense, and let £ C X be a closed Gy
set. Thus there is an infinite sequence Uy, Us, Us, . .. of open subsets of X such
that £ = ﬂjoil Uj;. Urysohn’s lemma implies that for each j > 1 there is a
continuous real-valued function f; on X such that 0 < f;(z) <1 for every j > 1
and z € X, f;(x) =0 for every j > 1 and x € E, and f;(x) =1 for every j > 1

and z € X \ U,.
Put -
(63.2) fla) =277 f;(=)
j=1

for every x € X, where the series on the right converges by comparison with
the convergent geometric series Z;’il 277 = 1. Note that f(x) = 0 for every
x € E, and that 0 < f(z) < 1 for every x € X, by construction. If z € X \ E,
then x € X \ U; for some j > 1, which means that f;(z) = 1. This implies
that f(x) > 0 for every x € X \ E. We also have that f is continuous on X, as
before.

6.3.2 Perfect normality implies complete normality

Suppose that X is perfectly normal in the strict sense, and let A and B be

separated subsets of X. The closures A, B of A, B in X are closed sets in

X, and G5 sets in X too, by hypothesis. It follows that there are nonnegative

continuous real-valued functions fa4, fp on X such that f4(z) = 0 if and only

if v € A, and fp(x) =0 if and only if € B, as in the preceding paragraph.
Put

(6.3.3) U={reX: falz)< fp(z)}
and
(6.3.4) V={rxeX: fplx)< falx)}

These are open subsets of X, because f4 and fp are continuous on X. It is
easy to see that A C U, BC V, and UNV = (), by construction. This shows
that X is completely normal in the strict sense.
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6.4 Tietze’s extension theorem

Let X be a topological space that is normal in the strict sense, and let £ be
a closed set in X. Also let f be a continuous real-valued function on E, with
respect to the induced topology on E and the standard topology on R, that
satisfies | f(z)| < 1 for every « € E. Under these conditions, Tietze’s extension
theorem implies that f can be extended to a continuous real-valued function on
X that takes values in the interval [—1,1] as well.

6.4.1 An initial approximation

To see this, observe that

(6.4.1) Ag={z € E: f(z) < -1/3}
and
(6.4.2) By={x€E: f(x) >1/3}

are disjoint closed subsets of X. More precisely, Ag and By are closed subsets
of E, with respect to the induced topology, because f is continuous on E. This
implies that Ag and By are closed subsets of X, because FE is a closed set in X.

Using Urysohn’s lemma, one can find a continuous real-valued function g
on X such that go = —1/3 on Ao, go = 1/3 on By, and |go] < 1/3 on X. If
x € E, then one can check that

(6.4.3) |f(x) — go(x)| < 2/3.

6.4.2 Some more precise approximations

Of course, f—go defines a continuous real-valued function on E. One can repeat
the process, to get a sequence {g; }‘;‘;0 of continuous real-valued functions on X
such that |g;] < (1/3) (2/3)7 on X for each j > 0, and

(6.4.4) ’f Zgj (2/3)n+1

on F for every n > 0. In particular, Z;io g;(x) converges as an infinite series of
nonnegative real numbers for every « € X, by comparison with the convergent
series )7 (1/3) (2/3)7.

More precisely, the sequence of partial sums Z"_O g; converges uniformly
on X, by Weierstrass’ criterion. This implies that Z _o9; is continuous on X,
as before. Note that

(6.4.5) ) < i lg; (x i (1/3)(2/3)7 =1
=0 =0

for every x € X. If x € E, then 3772 g;(z) = f(x), by (6.4.4).
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6.4.3 A refinement of this argument

If | f(z)| < 1 for every x € E, then one might wish to have an extension of f to a
continuous mapping from X into (—1,1). This can obtained by multiplying the
previous extension by a suitable continuous real-valued function on X. More
precisely, note that the set where the previous extension is +1 is a closed set
in X. This set is disjoint from E, because |f| < 1 on E. Thus one can use
Urysohn’s lemma to find a continuous mapping from X into [0, 1] that is equal
to 1 on E and to 0 on the set where the previous extension is equal to +1.

6.4.4 Another version of Tietze’s theorem

Now let f be any continuous real-valued function on E, with respect to the
induced topology on E, and the standard topology on R. Also let ¢ be a
homeomorphism from the real line onto (—1,1), with respect to the standard
topology on R, and the induced topology on (—1,1). It follows that ¢ o f is a
continuous mapping from E into (—1, 1), which can be extended to a continuous
mapping from X into (—1,1), as in the preceding paragraph. The composition
of this extension with the inverse of ¢ is a continuous extension of f on X. This
corresponds to Exercise 6 on p78 of [156].

6.5 Uniform convergence on compact sets

Let X and Y be sets, and let dy(-,-) be a semimetric on Y. Also let E be
a nonempty subset of X, let f be a mapping from X into Y, and let € be a
positive real number. Consider the set Ng (f) of all mappings g from X into
Y such that

(6.5.1) dy (f(z),g(x)) <e forevery z € E.

As before, let NEe(f) be the set of all mappings ¢g from X into Y such that
dy (f(z),g(x)) is bounded on E, with

(6.5.2) sup dy (f(z),g(z)) < e.
zelk

Thus B

(6.5.3) Ng.(f) € Ne.(f),

and

(6.5.4) Neo(f) € Naf)

for every 1 > €, as in Subsection 6.2.2.

6.5.1 More on Ng.(f) and ﬁEe(f)

If f, g, and h are mappings from X into Y such that dy(f(x),g(z)) and
dy (g(z), h(z)) are bounded on E, then dy (f(x),h(x)) is bounded on E, and

(6.5.5) sup dy (f(x), h(x)) < sup dy(f(z),g(z)) + sup dy (g(z), h(z)),
reE zeE zeE
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as in Subsection 6.2.5. If g € NE,](f) for some 1 > 0, then

(6.5.6) o=n- sup dy (f(z),g(x)) >0,
and B B

(6.5.7) Ngs(9) € Ney(f),

as before.

Let Ey be a nonempty subset of X such that
(6.5.8) Ey CE.

If f is a mapping from X into Y, then

(6.5.9) Nio(f) € Nig,.o(f)
and
(6.5.10) Np.o(f) C Ngy.o(f)

for every € > 0.

6.5.2 The topology of uniform convergence on compact
sets

Suppose now that X is a nonempty topological space. A subset W of the space
Y X of all mappings from X into Y is said to be an open set with respect to the
topology of uniform convergence on compact subsets of X if for every f € W
there are a nonempty compact subset K of X and an € > 0 such that

(6.5.11) Nico(f) S W.

This is equivalent to saying that for every f € W there are a nonempty compact
set K C X and an i > 0 such that

(6.5.12) Ni.(f) S W.

One can check that this defines a topology on Y. More precisely, this uses
the fact that the union of finitely many compact subsets of X is compact, to get
that the intersection of finitely many open subsets of YX is an open set with
respect to this topology.

6.5.3 Some properties of this topology

Of course, finite subsets of X are automatically compact. This implies that the
topology of uniform convergence on compact subsets of X is at least as strong
as the topology of pointwise convergence. If X is equipped with the discrete
topology, then every compact subset of X is a finite set, and these two topologies
on YX are the same.

The topology of uniform convergence on YX is at least as strong as the
topology of uniform convergence on compact subsets of X. If X is compact,
then these two topologies on YX are the same.
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6.5.4 Convergent nets with respect to this topology

If K is a nonempty compact subset of X, f is a mapping from X into Y, and
7 is a positive real number, then Ng , (f) is an open set in Y X with respect
to the topology of uniform convergence on compact subsets of X. This follows
from (6.5.7).

Let (A, <) be a nonempty directed system, let { f,}oca be a net of mappings
from X into Y indexed by A, and let f be another mapping from X into Y. One
can check that {f,}eca converges to f with respect to the topology of uniform
convergence on compact subsets of X if and only if for every compact subset K
of X, the restriction of f, to K converges uniformly to the restriction of f to
K, as a net of mappings from K into Y indexed by A.

6.6 The compact-open topology

Let X and Y be nonempty topological spaces. If K is a subset of X and V is a
subset of Y, then let N(K, V') be the collection of mappings f from X into Y
such that

(6.6.1) f(K)CV.

A subset W of the space YX of all mappings from X into Y is said to be
an open set with respect to the compact-open topology if there are finitely many
compact subsets K1,..., K, of X and open sets Vi,...,V, of Y such that

(6.6.2) fK5) €V

for each j =1,...,n, and

(6.6.3) () N(K;,V;) CW.
j=1

One can verify that this defines a topology on YX.

If K is a compact subset of X, and V' is an open subset of Y, then N (K, V) is
an open subset of YX with respect to the compact-open topology. The collection
of these open sets forms a subbase for the compact-open topology on Y X.

6.6.1 Some properties of the compact-open topology

Remember that YX is the same as the Cartesian product of copies of Y indexed
by X. It is easy to see that the compact-open topology on YX is at least as
strong as the product topology, because finite subsets of X are compact. If X is
equipped with the discrete topology, then one can check that the compact-open
topology on Y ¥ is the same as the product topology, because compact subsets
of X are finite. The strong product topology on YX is at least as strong as the
compact-open topology.
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6.6.2 The compact-open topology on C(X,Y)

Sometimes one may be particularly concerned with the topology induced on the
space C(X,Y) of continuous mappings from X into Y by the compact-open
topology on Y. This may be called the compact-open topology on C(X,Y). If
K is a compact subset of X and V' is an open subset of Y, then

(6.6.4) NYK,V)=N(K,V)NnC(X,Y)

is relatively open in C(X,Y), and the collection of these relatively open subsets
of C(X,Y) is a subbase for the compact-open topology on C(X,Y).

6.6.3 Using a semimetric on Y again

Let dy (-, -) be a semimetric on Y, and suppose from now on in this section that
Y is equipped with the topology determined by dy (-, -). Under these conditions,
it is well known that the compact-open topology on C(X,Y) is the same as the
topology induced by the topology of uniform convergence on compact subsets
of X. Before showing this, let us mention a property of compact subsets of Y.

6.6.4 A property of compact subsets of Y

Let A be a compact subset of Y, and let V' be an open subset of Y that contains
K. Tt is well known that there is a positive real number r such that

(6.6.5) U Bv(ar) CV,
a€A

where By (a,r) is the open ball in Y centered at a with radius r with respect
to dy (-, ).

Indeed, if a € A, then a € V, and there is a positive real number r(a) such
that By (a,r(a)) C V. The collection of open balls of the form By (a,r(a)/2),
a € A, is an open covering of A in Y, and so there are finitely many elements
ai,...,a, of A such that

(666) A - U BY(aj’T(aj)/2)a

because A is compact. One can check that (6.6.5) holds with

(6.6.7) r= min r(a;)/2.

1<j<n
6.6.5 Some remarks about continuous mappings and com-

pact sets

Let f be a continuous mapping from X into Y, let K be a nonempty compact
subset of X, and let V be an open subset of Y such that f(K) C V. Because
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f(K) is a compact subset of Y, there is a positive real number r such that

(6.6.8) U Brw,m <V,
yef(K)

as in the previous subsection. If g is a continuous mapping from X into Y such
that
(6.6.9) dy (f(z),g(z)) <r forevery z € K,

then it follows that g(K) C V too.

This shows that N (K, V) is a open subset of C(X,Y’) with respect to the
topology induced by the topology of uniform convergence on compact subsets
of X. Using this, it is easy to see that the topology induced on C(X,Y") by the
topology of uniform convergence on compact subsets of X is at least as strong
as the compact-open topology.

6.6.6 More on continuous mappings and compact sets

Let f be a continous mapping from X into Y again, let K be a nonempty
compact subset of X, and let € > 0 be given. If x € K, then there is an open
subset U(x) of X such that x € U(z) and

(6.6.10) fU(z)) € By (f(x),¢/3),

because f is continuous at x. The collection of open sets of this type, with
x € K, forms an open covering of K in X, and so there are finitely many
elements z1,...,z, of K such that

(6.6.11) K < |JU(zy),
j=1
because K is compact.

6.6.7 Finitely many smaller compact sets

Put

(6.6.12) Ej = {w e X : dy (f(w), f(z;)) < ¢/3}

for each j = 1,...,n. One can check that this is a closed set in X for every
j =1,...,n, because f is continuous. This implies that K N E; is a compact

subset of X for each j =1,...,n. Note that U(z;) C E; for every j =1,...,n,
by (6.6.10). It follows that

(6.6.13) K=|J(KnE;),

1

n

J

because of (6.6.11).
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6.6.8 Using the compact-open topology

By construction,

(6.6.14) (KN E;) < [(E;) C By (f(z)),€/2)

for every j = 1,...,n. Let g be any mapping from X into Y such that
(6.6.15) 9(K N Ej) € By (f(x;),¢/2)

for each j = 1,...,n. Let w € K be given, so that w € U(z;,) for some
jo € {1,...,n}, by (6.6.11). It follows that

(6.6.16) dy (f(w), g(w)) < dy (f(w), f(z5,)) + dy (f(x},), g(w)) < €/3+€/2,

using (6.6.10) and (6.6.15) in the second step. This implies that the compact-
open topology on C(X,Y) is at least as strong as the topology induced by the
topology of uniform convergence on compact subsets of X.

6.7 Continuity on compact sets

Let X and Y be topological spaces, and let f be a mapping from X into Y.
If f is continuous on X, then the restriction of f to any subset Xy of X is
continuous as a mapping from X into Y, with respect to the topology induced
on Xg by the topology on X. Similarly, if f is continuous at a point zg € X, as
a mapping on X, then the restriction of f to any subset X of X that contains
x( is continuous at x(y too, with respect to the induced topology on Xj.

In some situations, one may be concerned with mappings on X whose restric-
tions to some subsets of X have some continuity properties, such as restrictions
to compact subsets of X. One may also wish to obtain continuity properties on
X from continuity properties of these restrictions to some subsets of X, under
suitable conditions.

6.7.1 Local compactness and continuity on compact sets

Let g be an element of X, let Uy be an open subset of X that contains zg, and
let Ky be a compact subset of X that contains xg. If f is a mapping from X
into Y, and the restriction of f to Ky is continuous at xy with respect to the
induced topology on Ky, then it is easy to see that f is continuous at zg. In
particular, if X is locally compact, and if the restriction of f to any compact
subset K of X is continuous with respect to the induced topology on K, then
f is continuous on X.

6.7.2 Some remarks about sequential continuity

Let {z;}32, be a sequence of elements of X that converges to an element x of
X. Remember that K = {z; : j € Z.} U {z} is a compact subset of X in this
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case. Note that {z; }?‘;1 converges to x with respect to the induced topology on
K.

If the restriction of f to K is sequentially continuous at xz, with respect
to the induced topology on K, then {f(z;)}?2, converges to f(z) in Y. If
the restriction of f to any compact subset of X that contains x is sequentially
continuous at x, with respect to the induced topology, then it follows that f is
sequentially continuous at x.

6.7.3 Using the first countability condition

If there is a local base for the topology of X at x with only finitely or countably
many elements, then sequential continuity at x implies continuity at z. In
this situation, we get that f is continuous at x when the restriction of f to
any compact subset of X that contains z is continuous at z, with respect to
the induced topology. If X satisfies the first countability condition, and if the
restriction of f to any compact subset of X is continuous, with respect to the
induced topology, then f is continuous on X.

6.7.4 TUniform convergence and continuity conditions

Let dy (-,-) be a semimetric on Y, and suppose that Y is equipped with the
topology determined by dy (-, -). Also let (A, <) be a nonempty directed system,
and let { f, }aca be a net of mappings from X into Y indexed by A that converges
to a mapping f from X into Y uniformly on compact subsets of X. Suppose
that for each a € A, f, is continuous at a point xg in X. If Ky is a compact
subset of X that contains x(, then the restriction of f, to Ky is continuous at
xq for every a € A, with respect to the induced topology on K. This implies
that the restriction of f to Ky is continuous at xy as well, with respect to the
induced topology on Kj.

6.8 Supports of real-valued functions

Let X be a topological space, and let f be a real-valued function on X. The
support of f in X is defined by

(6.8.1) supp f ={z € X : f(z) # 0},

which is the closure in X of the set where f is not 0.
If g is another real-valued function on X, then it is easy to see that

(6.8.2) supp(f + g) € (supp f) U (supp g)

and
(6.8.3) supp(f g) € (supp f) N (supp g).
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6.8.1 Compactly-supported functions

In some situations, one may be concerned with continuous real-valued functions
on X whose support is a compact subset of X. If f is a continuous real-valued
function on X, then

(6.8.4) {z€X: f(z)#0}

is an open set in X. If, for every x € X, there is a continuous real-valued
function f on X such that f has compact support in X and f(x) # 0, then X
has to be locally compact.

6.8.2 Another version of Urysohn’s lemma

Suppose that X is a locally compact Hausdorff space. If K C X is compact,
U C X is an open set, and K C U, then a version of Urysohn’s lemma implies
that there is a continuous real-valued function f on X with compact support
contained in U such that

(6.8.5) f=lon Kand0< f<1on X.

6.9 Functions with finite support

Let X be a nonempty set, and let ¢(X) be the space of all real-valued functions
on X. Let us say that f € ¢(X) has finite support in X if f(x) = 0 for all but
finitely many x € X. If we take X to be equipped with the discrete topology,
then the support of f € ¢(X) in X as defined in the previous section is the same
as the set of x € X such that f(z) # 0.

Let coo(X) be the subset of ¢(X) consisting of functions on X with finite
support. Note that coo(X) = ¢(X) exactly when X has finitely many elements.

6.9.1 Relation with Cartesian products

Equivalently, ¢(X) is the same as the Cartesian product of copies of R indexed
by X. Using the standard topology on the real line, we get the corresponding
product topology and strong product topology on ¢(X).

It is easy to see that coo(X) is dense in ¢(X) with respect to the product
topology. It is not too difficult to show that coo(X) is a closed set in ¢(X) with
respect to the strong product topology.

6.9.2 Using positive weights on X
Let a be a positive real-valued function on X. If f, g € cgo(X), then put
(6.9.1) do(f,9) = max{a(z) |f(z) — g(x)] : x € X}.

Note that the maximum is automatically attained, because it reduces to the
maximum of finitely many nonnegative real numbers. One can check that this
defines a metric on cgo(X).
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It is easy to see that the topology determined on coo(X) by (6.9.1) is at least
as strong as the topology induced on ¢go(X) by the product topology on ¢(X).
One can also verify that the topology induced on cgo(X) by the strong product
topology on ¢(X) is at least as strong as the topology determined on ¢op(X) by

(6.9.1).
If b is another positive real-valued function on X such that
(6.9.2) a(x) < b(x) for every z € X,
then
(6.9.3) da(f,9) < dy(f,9)

for every f,g € coo(X).

6.9.3 Another metric associated to a

Similarly, if f, g € co(X), then put
(6.9.4) da(f,9) =Y a(@)|f(z) - g(x)],
zeX

where the sum on the right reduces to a finite sum of nonnegative real numbers.
It is easy to see that this defines a metric on cpo(X) as well.
Observe that

(6.9.5) do(f.9) < du(f.9)

for every f,g € coo(X). If b is another positive real-valued function on X that
satisfies (6.9.2), then

(6.9.6) da(f,9) < dv(f.9)
for every f, g € coo(X).

6.9.4 The case where X =7

If X =Z, and }72, a(j)/b(j) converges as an infinite series of positive real
numbers, then

(6.9.7) du(£.9) < (3 ali)/b(3)) do(f.9)

for every f,g € coo(Z4).

6.10 Some subspaces of ¢(X)

Let X be a nonempty set again, and let E be a subset of X. Put
(6.10.1) F(X)={fecc(X): f(x) =0 for every x € X \ E}

and

(6.10.2) el (X) = coo(X) NP (X).

Of course, if E has only finitely many elements, then ¢®(X) C cgo(X), and
cB(X) = e (X).
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6.10.1 Relation with ¢(E) and cy(F)

Suppose that E # ), so that ¢(E) and ¢oo(F) can be defined as in the previous
section. Of course, if f € ¢(X), then the restriction of f to E defines an element
of ¢(F). Similarly, if f € cgo(X), then the restriction of f to E defines an
element of coo(E). Any real-valued function on E can be extended to a real-
valued function on X, by setting it equal to 0 on X'\ E. This defines a one-to-one
mapping from ¢(E) onto ¢¥(X), which maps coo(E) onto ¢ff)(X).

6.10.2 Relation with Cartesian products again

Remember that ¢(F) and ¢(X) are the same as Cartesian products of copies of
R indexed by E and X, respectively. This leads to the corresponding product
topologies and strong product topologies on ¢(E) and ¢(X), using the standard
topology on R.

Note that c¥(X) is a closed set in ¢(X) with respect to the product topology.
One can check that the product topology on ¢(E) corresponds exactly to the
topology induced on ¢¥(X) by the product topology on ¢(X), with respect
to the one-to-one mapping from c¢(E) onto ¢(X) mentioned in the preceding
paragraph.

Similarly, the strong product topology on ¢(E) corresponds exactly to the
topology induced on ¢¥(X) by the strong product topology on ¢(X), with re-
spect to this mapping.

In particular, if E has only finitely many elements, then the product and
strong product topologies on ¢(E) are the same. In this case, the topologies
induced on ¢¥(X) by the product and strong product topologies on c¢(X) are
the same.

6.10.3 Using positive weights again

Let a be a positive real-valued function on X, and let d,(f,¢g) and giva(f, g) be
the metrics defined on cgo(X) in (6.9.1) and (6.9.4), respectively. Suppose that
FE has only finitely many elements, and put

(6.10.3) C(a,BE) =Y a(x).

rel
If f,g € cP(X), then it is easy to see that

(6.10.4) da(f,9) < C(a, E) da(f.9).

In this situation, the topologies determined on ¢¥(X) by the restrictions of

do(f,g) and d(f,g) to f,g € ¢®(X) are the same as the topology induced on
c®(X) by the product topology on ¢(X).
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6.11 Some mappings into products

Let A be a nonempty set, let Y, be a set for each a € A, and put Y = [[,c 4 Ya-
If B € A, then let pg be the corresponding coordinate mapping from Y into Yj,
so that pg(f) = f(B) for every f €Y.

Let X be another set, and let ¢ be a mapping from X into Y. Thus, for
each B € A, pgo ¢ is a mapping from X into Y. Conversely, given a mapping
from X into Y3 for each 8 € A, there is a unique mapping from X into Y whose
composition with pg is the given mapping from X into Y3 for every 8 € A.

6.11.1 Continuous mappings into Y

Suppose now that Y, is a topological space for every a € A, and that X is a
topological space as well. If ¢ is a continuous mapping from X into Y, with
respect to the corresponding product topology on Y, then pg o ¢ is continuous
as a mapping from X into Yp for every 8 € A. Conversely, if pgo ¢ is continuous
as a mapping from X into Y3 for every 8 € A, then one can check that ¢ is
continuous as a mapping from X into Y, with respect to the product topology
onY.

6.11.2 Mappings into cqy(A)

Let us take Y, to be the real line for every o € A, so that Y is the same as
the space ¢(A) of all real-valued functions on A. Remember that coo(A) is the
subset of ¢(A) consisting of functions on A with finite support, as in Section 6.9.
A mapping ¢ from X into ¢(A) takes values in coo(A) if and only if for every
ze X,

(6.11.1) pa(é(x)) =0 for all but finitely many § € A.

6.11.3 A local finiteness condition

Suppose that for every x € X there is an open set U(x) C X and a finite subset
A(x) of A such that x € U(x) and

(6.11.2) pa(é(y)) =0 for every y € U(z) and 5 € A\ A(x).

This is the same as saying that the family of subsets of X where pg o ¢ # 0 is
locally finite in X, as in Section 5.13. In particular, this condition implies that
¢ maps X into coo(A).

Suppose also that pgo¢ is continuous as a real-valued function on X for every
B € A, with respect to the standard topology on R. Under these conditions, one
can verify that ¢ is continuous as a mapping from X into cgo(A), with respect to
the topology induced on c¢po(A) by the corresponding strong product topology
on ¢(A), as in the previous sections.
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6.11.4 Continuity of ¢

More precisely, if B is a subset of A, then let ¢®(A) be the space of f € ¢(A)

such that f(a) = 0 for every @ € A\ B, as in the previous section. If B has only

finitely many elements, then the topologies induced on ¢®(A) by the product

and strong product topologies on c¢(A) are the same, as before. Using this

notation, (6.11.2) says that ¢(y) is an element of ¢A(®)(A) for every y € U(z).
Let a be a positive real-valued function on A, and remember that

(6.11.3) do(f,9) = Y ala) |f(a) - g(a)|

acA

defines a metric on cgp(A), as in Subsection 6.9.3. If B C A has only finitely
many elements, then the topology determined on ¢Z(A) by the restriction of
(6.11.3) to f,g € cP(A) is the same as the topology induced on cZ(A) by the
product topology on ¢(A), as in the previous section.

Suppose as before that for every z € X there is an open set U(z) C X and
a finite set A(z) C A such that (6.11.2) holds, and that pg o ¢ is continuous
as a real-valued function on X for every § € A. Under these conditions, ¢
is continuous as a mapping from X into cgo(A), with respect to the topology
determined on ¢gp(A4) by (6.11.3).



Chapter 7

Filters and ultrafilters

7.1 Filters

Let X be a nonempty set. A nonempty collection F of nonempty subsets of X
is said to be a filter on X if it satisfies the following two conditions. First,

(7.1.1) if AABeF, then ANB € F.
Second,
(7.1.2) itAe F,ECX, and ACE, then F € F.

7.1.1 Some basic examples of filters

If Xy is a nonempty subset of X, then the collection of all subsets of X that
contain X is a filter on X.

If X has infinitely many elements, then one can check that the collection of
all subsets A of X such that X \ A has only finitely many elements is a filter on
X.

If X is a topological space and z € X, then

(7.1.3) {A C X : there is an open set U C X such that x € U and U C A}

is a filter on X. In this situation, a filter F on X is said to converge to x if for
every open subset U of X with x € U, we have that

(7.1.4) UeF.

7.1.2 Pre-filters or filter bases

Let B be a nonempty collection of nonempty subsets of a nonempty set X. We
say that B is a pre-filter or a filter base on X if

(7.1.5)  for every A, B € B there is a C' € B such that C C AN B.

137
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In this case, one can check that
(7.1.6) F ={F C X : there is an A € B such that A C E}

is a filter on X.

Conversely, if there is a filter 7 on X such that (7.1.6) holds, then it is easy
to see that B is a filter base on X, and B is said to be a base for F.

If X is a topological space and = € X, then a local base for the topology of
X at z is the same as a base for the filter (7.1.3).

7.1.3 Filter bases from nets

Let (A, <) be a nonempty directed system, and let {x,}.c4 be a net of elements
of X indexed by A. If a € A, then put

(7.1.7) E,={zp:b€ A, a=<b}

It is easy to see that the collection of these subsets F,, a € A, of X form a filter
base on X, and we let F be the corresponding filter on X.

Suppose that X is a topological space, and let « be an element of X. One
can check that {z,}.,ca converges to = as a net of elements of X if and only if
the corresponding filter F converges to = in X.

7.1.4 Some nets related to filters

Let F be a filter on a nonempty set X, and let I be a base for F. If A, B € B,
then put A < B when B C A. This defines a partial ordering on B, which
makes B a directed system, because of (7.1.5).

Suppose that X is a topological space again, and that z € X. If F converges
to z on X, and if {4} aep is a net of elements of X indexed by B such that

(7.1.8) rp €A

for every A € B, then {za}acp converges to = in X.

Conversely, if F does not converge to x in X, then there is an open set
U C X such that x € U and U ¢ F. This implies that for each A € B, AZ U.
If x4y € A\ U for every A € BB, then {z4}acp does not converge to x, as a net
of elements of X.

7.1.5 Uniqueness of the limit in Hausdorff spaces again

If X is a Hausdorff topological space, then a filter F on X can converge to at
most one element of X. Indeed, suppose for the sake of a contradiction that F
converges to distinct elements x and y of X. Because X is Hausdorff, there are
disjoint open subsets U and V of X such that z € U and y € V. It follows that
U,v € F,sothat ) =U NV € F, which is a contradiction.

Conversely, if X is not Hausdorff, then there are distinct elements x, y of X
such that for all open subsets U and V of X with x € U and y € V, we have
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that U NV # (. Observe that the collection of subsets of X of the form UNV,
where U,V C X are open sets with x € U and y € V, is a filter base on X. It
is easy to see that the corresponding filter on X converges to both x and y.

7.1.6 Adherent points and filters

Let X be a topological space, let F be a filter on X that converges to z, and
let E be an element of F. If U is an open subset of X that contains x, then
U € F, and hence

(7.1.9) ENUeF.
This implies that £ N U # 0, so that

(7.1.10) z€E.

Conversely, suppose that z € X is adherent to F C X, and let B(x) be a
local base for the topology of X at x. One can check that

(7.1.11) {ENU:U € B(x)}

is a filter base on X, for which the corresponding filter on X converges to x and
contains F as an element.

7.1.7 Filters and induced topologies

Let F be a filter on a nonempty set X. If Y € F, then
(7.1.12) Fy={AeF:ACY}

may be considered as a filter on Y. Note that any filter on a nonempty subset
of X may be considered as a filter base on X.

Suppose now that X is a topological space, Y € F, and = € Y. Under these
conditions, one can check that F converges to z if and only if (7.1.12) converges
to x with respect to the induced topology on Y.

7.2 Continuity and refinements

Let X and Y be nonempty sets, and let f be a mapping from X into Y. If F
is a filter on X, then one can check that

(7.2.1) {f(A): AeF}

is a filter base on Y. More precisely, this uses the fact that if A, B € F, then
ANBeF, and

(7.2.2) F(ANB) C f(A) N f(B).
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7.2.1 Pushing filters forward

Let f.(F) be the filter on Y obtained from (7.2.1) as in the previous section.
Equivalently, one can verify that

(7.2.3) HF)={ECY:fYE)ecF}

Suppose now that X and Y are topological spaces. If F converges to x € X,
and if f is continuous at x, then one can check that f.(F) converges to f(x) in
Y.

Conversely, if F is the filter (7.1.3) obtained from the open sets in X that
contain z, and if f.(F) converges to f(x) in Y, then it is easy to see that f is
continuous at z.

7.2.2 Refinements of filters

Let X be a nonempty set again, and let F be a filter on X. A filter 7' on X is
said to be a refinement of F if
(7.2.4) FCF,

as collections of subsets of X.

If X is a topological space, x € X, and F is a filter on X that converges
to z, then every filter on X that is a refinement of F converges to x too. Note
that a filter F on X converges to x exactly when F is a refinement of the filter
(7.1.3) obtained from the open subsets of X that contain z.

7.2.3 Convergent refinements

Suppose that a filter F on X has a refinement F’ that converges to z € X. If
E € F', then x € E, as in the previous section. In particular, this holds for
E € F, so that

(7.2.5) ze () E

Conversely, suppose that (7.2.5) holds, and let B(z) be a local base for the
topology of X at x. One can verify that

(7.2.6) {ENU:EeF, UcB(x)}
is a filter base on X, for which the corresponding filter is a refinement of F that

converges to .

7.2.4 Filters and compact sets

Let K be a compact subset of X, and let F be a filter on X such that K € F.
If E1,..., E, are finitely many elements of F, then

(7.2.7) (ﬁEOﬁKeR
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so that (ﬂ?zl Ej> N K # 0. In particular,

(7.2.8) ( (n] E) NK 0,

which means that the collection of closed sets E, E € F, has the finite intersec-
tion property with respect to K. It follows that

(7.2.9) ( N E) NK #£0,

EeF

because K is compact. This implies that F has a refinement that converges to
an element of K in X, as in the preceding paragraph.

7.2.5 Filter bases and the finite intersection property

Let X be a set, let K be a subset of X, and let {E} };cr be a nonempty family of
subsets of X with the finite intersection property with respect to K. Consider
the collection of subsets of X of the form

(7.2.10) ( (n] Ejl) nK,
=1

where ji,...,J, are finitely many elements of I. It is easy to see that this
collection is a filter base on X.

Suppose that X is a topological space, and that K C X has the property that
every filter on X that contains K as an element has a refinement that converges
to an element of K. In order to show that K is compact, let {E;},c; be any
nonempty family of closed subsets of X with the finite intersection property
with respect to K. Consider the filter F on X for which the collection of sets of
the form (7.2.10) is a base. By construction, K € F, so that F has a refinement
that converges to an element = of K. This implies that

(7.2.11) = (ﬂ Ej) nK,

jerI

by (7.2.5), so that K is compact, as desired.

7.3 Ultrafilters

A filter F on a nonempty set X is said to be an ultrafilter if F is maximal with
respect to refinement. This means that if 7' is a filter on X that is a refinement
of F, then F = F.
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7.3.1 Some ultrafilters

If p is any element of X, then it is easy to see that the collection of all subsets
of X that contain p as an element is an ultrafilter on X.

If F is any filter on X, then one can use Zorn’s lemma or Hausdorff’s max-
imality principle to show that F has a refinement which is an ultrafilter.

7.3.2 Compactness and ultrafilters

Let X be a topological space. If K C X is compact and F is a filter on X that
contains K as an element, then there is a refinement of F that converges to an
element of K, as in the previous section. If F is an ultrafilter, then it follows
that F converges to an element of K.

Conversely, suppose that K C X has the property that every ultrafilter on
X that contains K as an element converges to an element of K. If F is any
filter on X that contains K, then F has a refinement that is an ultrafilter, as
before. This refinement contains K, and thus converges to an element of K, by
hypothesis. This implies that K is compact, as in the previous section.

7.3.3 Some refinements of filters

Let F be a filter on a nonempty set X, and suppose that £ C X has the
property that AN E # () for every A € F. It is easy to see that

(7.3.1) {ANE:AecF}

is a filter base on X.
The filter on X for which (7.3.1) is a base is a refinement of F that contains
FE as an element. If F is an ultrafilter on X, then it follows that E € F.

7.3.4 A characterization of ultrafilters

If F is an ultrafilter on X and F C X, then either E or X \ F is an element
of F. More precisely, if X \ E is not an element of F, then no element A of F
is contained in X \ E. This means that every element A of F intersects E, so
that F is an element of F, as in the preceding paragraph.

Conversely, if F is a filter on X, and for every F C X, either F or X \ E is
an element of F, then one can verify that F is an ultrafilter on X.

7.3.5 Pushing ultrafilters forward

Let f be a mapping from X into a nonempty set Y. If F is an ultrafilter on X,
then the corresponding filter f.(F) on Y defined in the previous section is an
ultrafilter. To see this, let £ CY be given, and let us check that E or Y \ F is
an element of f,(F). This is the same as saying that f~1(FE) or f~}(Y \ E) is
an element of F, by (7.2.3). This holds because f~}(Y \ E) = X \ f~}(E), as
in the previous subsection.
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7.3.6 Filters and the product topology

Let I be a nonempty set, and let X; be a nonempty topological space for every
j € I. Also let F be a filter on the Cartesian product Hjel X, and let = be
an element of [] jer Xj- One can check that F converges to x with respect to
the product topology on HjeI X, if and only if (p;)«(F) converges to p;(z) on
X, for every | € I, where p; is the usual coordinate mapping from [] jel X into
X;. Of course, the ”only if” part follows from the continuity of p;.

7.3.7 Tychonoff’s theorem using ultrafilters

If K; C X; is compact for every j € I, then Tychonoff’s theorem says that
Hjel K; is compact in ng X with respect to the product topology. To show
this, let 7 be an ultrafilter on J[,.; X; that contains J[;.; K; as an element.
If | € I, then K is an element of (p;).(F). This implies that (p;).(F) converges
to an element of K, because (p;).(F) is an ultrafilter on X;. One can use this
to get that F converges to an element of Hjel K;.

7.4 Filters and relations

Let I be a nonempty set, and let X; be a set for each j € I. Also let F be a

filter on I. If f,g € [[;c; X, then put

(7.4.1) f~Fyg

when

(7.4.2) {Jel:f(i)=90()}eF.

7.4.1 An equivalence relation associated to the filter F

Note that f ~x f automatically, because I € F. Clearly (7.4.1) is symmetric
in f and g. If h € [[;; X; too, then

(743) {Gel:fG)=9(G)}n{jel:g()=h(G)}C{iel: f)="n0)}

If (7.4.1) holds and g ~x h, then it follows that f ~z h.

7.4.2 The corresponding quotient space
Thus (7.4.1) defines an equivalence relation on []; ., X;. Let
(7.4.4) 11X/~

jer

be the corresponding quotient space of equivalence classes in Hje 1 X; with
respect to (7.4.1), as in Section 5.6. If f € [, X, then the equivalence class
containing f may be denoted [f]r.
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7.4.3 The case where F is an ultrafilter
If f,9 € [[;er X;, then

(7.4.5) {Gel:fU)=9(G)}u{sel: f() #90)} =1
If F is an ultrafilter on I, then either (7.4.1) holds, or
(7.46) Gel fG) 490 eF

7.4.4 Some related partial orderings

Let <; be a partial ordering on X; for every j € I. If f, g € Hjel X, then put
(7.4.7) f=3ryg
when
(7.4.8) {Jel:f(4) =590)}eF.
Of course,
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because <; is a partial ordering on X for each j € I. This implies that (7.4.1)
holds exactly when (7.4.7) and g <z f hold. In particular, f <z f holds
automatically.

If h € [[;er X, as well, then

(7.4.10) {Gel: 1) =59 n{iel:g() =25 h()}
< {iel:f0) =m0}

because =; is transitive on X; for each j € I. If (7.4.7) holds and g < h, then
we get that f <z h. This means that <z is transitive as a binary relation on
[1;c7 X, so that it defines a pre-order on [, Xj.

Suppose that f,g € [1;er X; satisty

(7.4.11) frrf g~rd

Under these conditions, it is easy to see that (7.4.7) holds if and only if f=x3.
If (7.4.7) holds, then put

(7.4.12) [flF 27 9]

This does not depend on the particular choices f and g of the equivalence classes,
by the previous remark. This defines <r as a binary relation on the quotient
space (7.4.4). We use the same notation as for the binary relation (7.4.7) on
[1;e; X, for simplicity.

Observe that (7.4.12) is reflexive and transitive on the quotient space (7.4.4),
because of the analogous properties of (7.4.7) on [[,<; X
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If (7.4.12) and [g]r =7 [f]F hold, then (7.4.7) and g <z f hold. This
implies that (7.4.1) holds, as before, so that [f] = [g]#. Thus (7.4.12) defines
a partial ordering on the quotient space (7.4.4).

Suppose that X; is linearly ordered by <; for each j € I. If f,g € ]_[jel X,
then it follows that

(7.4.13) {gel: 1) =90 u{iel:g() = fU)} =1

If F is an ultrafilter on I, then either (7.4.7) holds, or ¢ <z f. This means
that either (7.4.12) holds, or [g]x <# [f]#. This implies that the quotient space
(7.4.4) is linearly ordered by (7.4.12) in this case.



Chapter 8

Families and coverings

8.1 Coverings and refinements

Let X be a set, and let E be a subset of X. Also let A be a nonempty set, and
let U, be a subset of X for every @ € A. As usual, {U,}aca is said to be a
covering of E in X if £ C UaeA U,. If Ag is a subset of A and

(8.1.1) EC | Ua,
a€Ap

then {U, }aca, is said to be a subcovering of E from {Ug }aca.

8.1.1 Refinements of families of sets

Let B be another nonempty set, and let {Vg}gep be a family of subsets of X
indexed by B. We say that {Vz}gep is a refinement of {Uy}aca if for every
B € B there is an « € A such that

(8.1.2) Vs C U,.

Of course, this implies that

(8.1.3) Uwsc Ve
BeB acA

If {Uy}aca covers E, then we may be particularly interested in refinements that
cover E too.
If Ag C A, then {U,}aeca, may be considered as a refinement of {U, }aca.

8.1.2 Refinements of refinements

Let C be another nonempty set, and let {W,},cc be a family of subsets of
X indexed by C. If {Vz}gep is a refinement of {Us}taca, and {W,},cc is a
refinement of {V3}3cp, then it is easy to see that {W,},cc is a refinement of

{Ua}aeA-

146
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8.1.3 Some subfamilies associated to refinements

Suppose that {V3}sep is a refinement of {Uy }oeca again. Thus, for each § € B,
we can choose an a(f3) € A such that Vs C Uy(g). Let

(8.1.4) A1 ={a(B): B € B}
be the set of indices in A that have been chosen in this way. By construction,

A C A, and
(8.1.5) UwclUUVap= U Ua

BeB BeB Q€A

If {Vs}gep covers E, then {Uy}aca covers E, and {U,}aca, is a subcovering
of E from {Us}aca-

We also have that
(8.1.6) #A, < #B.

In particular, if B has only finitely many elements, or only finitely or countably
many elements, then A; has the same property.
8.1.4 Some common refinements

Let {Ua}aca and {Vg}gep be arbitrary families of subsets of X, not necessarily
related by refinement. It is easy to see that

(8.1.7) {Ua N Vs}a.preaxn

is a refinement of both {U,}aeca and {Va}gep.
Observe that

(8.1.8) (Uva)n(UWw)=U Uwanva),

a€cA ac€A pBeB

If {Usp}taca and {Va}pep cover E, then it follows that (8.1.7) covers E too.

8.2 Open coverings

Let X be a topological space, and let B be a base for the topology of X. Also
let {Us}aca be a family of open subsets of X. If a € A, then put

(8.2.1) By={VeB:VCU,}.
Thus
(8.2.2) U= |J V.
VeBa
because B is a base for the topology of X.
Put _
(8.2.3) B= ] B,

a€cA
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so that

(8.2.4) Uv=U U v=U U

Veg a€AVeEB, a€cA

Note that B is a refinement of {Ua}aca, by construction. If {Us}aeca is an
open covering of a subset F of X, then B is an open covering of F in X too.

8.2.1 Another look at Lindelof’s theorem

This type of refinement was already used in the proof of Lindel6f’s theorem,
Theorem 3.6.6. More precisely, if {Uy}aca is any nonempty family of open
subsets of X, then {U,}nca may be considered as a covering of its union F =
UaEA UO"

As in the previous section, there is a subset A; of A that satisfies (8.1.5)
and (8.1.6). In this situation, (8.1.5) implies that

(8.2.5) U va=U U..

acAy acA

because the left side is automatically contained in the right side. If B has
only finitely or countably many elements, then (8.1.6) implies that A; has only
finitely or countably many elements, as before.

8.2.2 Another look at compactness with respect to a base

This type of refinement was used in the proof of Proposition 3.9.2 as well. In
that case, compactness of E C X with respect to B implies that there is a finite
subcover of E from B. This finite subcovering from B may be considered as a
refinement of {U, }oeca, which leads to a finite subcovering of E from {U, }aca,
as before.

8.2.3 A theorem of Lebesgue

Let d(x,y) be a semimetric on X, and suppose now that X is equipped with
the topology determined by d(-,-). Suppose that E C X is compact, and let
{Ua}aca be an open covering of E in X.

A well-known result going back to Lebesgue implies that there is a positive
real number r such that for each x € E there is an a € A with

(8.2.6) B(z,r) CU,.

This means that the covering of E by the open balls B(z,r) in X centered at
elements of E with radius r is a refinement of {Uy }aeca.
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8.2.4 The proof of Lebesgue’s theorem

To see this, let € E be given, so that there is an index ag(x) € A such that
2 € Upyy(e)- This implies that there is a positive real number ro(z) such that

(8.2.7) B(x,ro(2)) € Uag(a),

because U (y) is an open set in X.

Consider the covering of E by open balls of the form B(x,r¢(z)/2), where
x € E and ro(z) > 0 is as before. If F is compact, then there are finitely many
elements x1,...,z, of F such that

(8.2.8) E C | B(zj,ro(x;)/2).
j=1
Put
(8.2.9) r= 1I<nji£1n ro(z;)/2.

If x € E, then x € B(xj,ro(z;)/2) for some j = 1,...,n, by (8.2.8). This
implies that

(8.210)  B(x,r) C B(zj,ro(x;)/2+ 1) C B(xj,r0(25)) € Ung(ay)

using the triangle inequality in the first step.

8.3 Paracompactness

Let X be a topological space.

8.3.1 Paracompactness in the strict sense

Let us say that X is paracompact in the strict sense if for every open covering
{Uqs}aca of X there is a refinement {Vg}gep of {Us}aca such that {Vs}gep is
a locally finite open covering of X.

If X is compact, then X is paracompact in the strict sense.

8.3.2 Paracompactness in the strong sense

Let us say that X is paracompact in the strong sense if X is paracompact in
the strict sense and X is Hausdorff. One may simply say that X is paracompact
in this case, but this term is sometimes used for paracompactness in the strict
sense. If X is equipped with the discrete topology, then it is easy to see that X
is paracompact in the strong sense.
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8.3.3 Another version of paracompactness

Paracompactness of X is defined on p156 of [240] to mean that X is both para-
compact in the strict sense and regular in the strict sense. If X is paracompact
in the strong sense, then it is well known that X is regular, as we shall see in a
moment.

8.3.4 A paracompactness property of closed sets in X

Let FE be a closed set in X, and let {U,}aca be an open covering of E in
X. Thus X \ F is an open set in X, and the collection of open subsets of X
consisting of the U,’s, a € A, together with X \ E, is an open covering of X.

If X is paracompact in the strict sense, then there is an open covering
{Vs}sep of X that is a refinement of the collection of U,’s, « € A, and X \ E.
Put

(8.3.1) Bo={B€B:VsnE#0},

and observe that {Vs}sep, is an open covering of E in X. It is easy to see that
{Vs}sen, is locally finite in X, because {Vz}gep if locally finite in X.

If 8 € B, then either Vg C X \ E, or there is an o € A such that V3 C U,,
because {Vg}gep is a refinement of the collection of U,’s, a € A, and X \ E.
If 8 € By, then it follows that there is an a € A such that V3 C U,, because
Vs N E # (. This means that {Vz}gen, is a refinement of {Uy}aca.

8.3.5 Paracompactness and induced topologies

In particular, one can use this to check that E is paracompact, with respect
to the induced topology. More precisely, any open covering of E by relatively
open subsets of E can be obtained from an open covering of E in X, by taking
intersections of open subsets of X with E to get relatively open subsets of E.

The remarks in the preceding subsection imply that an open covering of E
in X has a locally finite refinement which is an open covering of E in X too.
One can take the intersections of the open subsets of X in this refinement with
E, to get a refinement of the initial covering of E by relatively open subsets of
FE that is locally finite in F and a covering of F by relatively open subsets of
itself.

8.3.6 Paracompactness in the strong sense implies regu-
larity

Suppose that X is paracompact in the strong sense, and let us verify that X is
regular. Let FE be a closed set in X, and let x be an element of X not in F.

If y € E, then there is an open subset U, of X such that y € U, and z ¢ U,,
because X is Hausdorff. Thus the collection of open subsets of X that do not
contain z in their closures is an open covering of E in X.
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It follows that there is a locally finite open covering {W., },cc of E in X that
is a refinement of the previous open covering of E, because X is paracompact
in the strict sense, as before.

If v € C, then x ¢ W, because W, is contained in a subset of X whose
closure does not contain x. This implies that

(8.3.2) ¢ ( U W'y)a

yel

as in Subsection 5.13.2. This is equivalent to what we want for regularity,
because U'yGC W, is an open subset of X that contains F.

8.3.7 Paracompactness and normality

Similarly, if X is paracompact in the strict sense and regular in the strict sense,
then it is well known that X is normal in the strict sense. To see this, let E be
a closed set in X, and let W be an open subset of X that contains F.

Every element of E is contained in an open subset of X whose closure is
contained in W, because X is regular in the strict sense. This means that the
collection of open subsets of X whose closures are contained in W is an open
covering of E in X.

If X is paracompact in the strict sense, then there is locally finite refinement
{Vs}sep of the open covering of E just mentioned that is an open covering of
FE too, as before.

If B € B, then Vg C W, because Vj is contained in a subset of X whose
closure is contained in W. This implies that

(8.3.3) ( U V5> - Uvew,

BEB BEB

where the first step is as in Subsection 5.13.2. Thus UﬁGB Vs is an open subset
of X that contains F and whose closure is contained in W, as desired.

8.3.8 Some criteria for paracompactness

It is well known and not too difficult to show that if a locally compact Hausdorff
space X is o-compact, then X is paracompact. However, more precise results
are known, and in particular X is paracompact in the strict sense when X is
regular in the strict sense and X has the Lindelof property. It is also well known
that X is paracompact in the strict sense when the topology on X is determined
by a semimetric.

8.4 Closed refinements

Let X be a topological space again.
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8.4.1 A variant of paracompactness

Consider the following condition:

(8.4.1)  if {Uy}aca is an open covering of X, then there is a locally
finite covering {Eg}gep of X that is a refinement of {U, }aca.

Paracompactness in the strict sense is the same as saying that (8.4.1) holds,
with Fg an open subset of X for every $ € B. In particular, paracompactness
in the strict sense implies (8.4.1) automatically.

If X is regular in the strict sense, then it is well known that (8.4.1) implies
that X is paracompact in the strict sense.

8.4.2 Another variant of paracompactness

A family {Eg}gep of subsets of X is said to be closed if Eg is a closed set in
X for every 8 € B. Consider the following variant of (8.4.1):

(8.4.2) if {Uqs}aeca is an open covering of X, then there is a locally finite
closed covering {Eg}gep of X that is a refinement of {U, }aca.

This condition obviously implies (8.4.1).

8.4.3 Using the first variant

Suppose that X is regular in the strict sense and satisfies (8.4.1), and let us
check that (8.4.2) holds. Let {U,}aca be an open covering of X. Let € X
be given, so that x € U, for some o € A. Because X is regular in the strict
sense, there is an open subset W of X such that z € W and W C U,. Thus
the collection of open subsets W of X such that W C U, for some o € A is an
open covering of X.

By hypothesis, there is a locally finite covering {Eg}gep of X that is a
refinement of the covering of X just mentioned. This implies that for each
B € B there is an open subset W of X and an a € A such that Eg C W
and W C U,. Of course, this means that Eg C W C U,, so that {Es}sep
is a refinement of {U,}aca. We also have that {Ez}gep is locally finite in X,
because {Eg}gep is locally finite in X, as in Subsection 5.13.2.

8.4.4 Using the second variant

Let {Us}aca be an open covering of X again, and suppose that {Eg}gecp is a
locally finite closed covering of X that is a refinement of {U,}aca. Thus, for
each 8 € B, we can choose a(f3) € A such that

(8.4.3) Ep C Up(p)-
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Let z € X be given, so that there is an open subset W(z) of X such that
z € W(z) and W (z)NEg = 0 for all but finitely many § € B, because {E3}gen
is locally finite at x, by hyothesis. Put

(8.4.4) B(z)={f € B:x <€ Eg}
and
(8.4.5) Bi(z)={peB:W(x)NEg#0},
so that By (z) is a finite subset of B that contains B(x).
Consider
(8.4.6) Wi(z) = W(z)N ( UQ(B)) N ( N &\ Eﬂ)),
BeB(z) BEB1(2)\B(z)

where the intersection over 8 € By (z)\B(z) can be omitted when B(x) = By (x).
Of course, B(z) # 0, because {Eg}gep covers X.

Note that x € Wi (z), by construction. Clearly Wi(x) is an open set in X,
because it is the intersection of finitely many open sets. If 5 € B\ B(x), then

(8.4.7) Wi(z) N Es =0,
because 3 is an element of B\ Bi(x) or By(x) \ B(x).

8.5 Star refinements

Let X be a set, let C' be a nonempty set, and let W, be a subset of X for each
v € C. Let z € X be given, and put

(8.5.1) Clx)={yeC:xecW,}

8.5.1 The star of x with respect to {IW,}.cc
The star of x with respect to {W,},c¢ is defined to be

(8.5.2) U ws.

v€C ()

This union is interpreted as being the empty set when C(z) = 0. If {W,} e
covers X, then C(z) # () for every z € X.

8.5.2 Star refinements of a family of subsets of X

Let {Uq}aca be another nonempty family of subsets of X.

We say that {W,},ec is a star refinement of {Uqy}aca if for each x € X
there is an o € A such that the star of x with respect to {W, },c¢ is contained
in U,. Equivalently, this means that the collection of subsets of X that are
stars of elements of X with respect to {W, },cc is a refinement of {Uq, }aca. It
is easy to see that {W,},cc is a refinement of {Us}aca in this case, because
W, is contained in the star of each of its elements.
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8.5.3 Fully normal spaces in the strict sense

A topological space X is said to be fully normal in the strict sense if for every
open covering {Uq }aca of X there is an open covering {W,, },ec that is a star
refinement of {Uy, }aca-

8.5.4 A criterion for full normality in the strict sense

If X satisfies (8.4.2), then it is well known that X is fully normal in the strict
sense. More precisely, let {U,}aca be an open covering of X, and let {Es}gen
be a locally finite closed covering of X that is a refinement of {U,}aca. If
x € X, then let B(z) and Wy(z) be as in the previous section. The family of
sets W1 (z), z € X, is an open covering of X, and we would like to check that it
is a star refinement of {Uy }aca.

8.5.5 Checking that W,(z), = € X, is a star refinement of
{Ua}aeA

Let By € B be given. If x € X and Wy (z) N Eg, # 0, then Sy € B(z), as before.
This implies that
(8.5.3) Wl(:z:) g Ua(ﬁo),
by the definition of Wi (x).

Let y € X be given, and let 5y be an element of B such that y € Eg,. If
z € X and y € Wy(z), then Wi(x) N Eg, # 0, so that (8.5.3) holds. It follows
that the star of y with respect to the family of sets Wi (z), z € X, is contained
in Uy(g,), as desired.

8.5.6 Normality from full normality

Suppose that X is fully normal in the strict sense, and let us check that X is
normal in the strict sense. Let A and B be disjoint closed subsets of X, so that
their complements X \ A, X \ B form an open covering of X.

By hypothesis, there is an open covering {W,},cc of X that is a star re-
finement of {X \ 4, X \ B}. Put

(8.5.4) U=J{w,:vec, w,nA#0}
and
(8.5.5) V= J{w,:vec, w,nB#0}.

These are open subsets of X, with A CU and BC V.

Suppose for the sake of a contradiction that there is a point z in U N V.
This means that there are v1,72 € C such that x € W,, N W,,, W,, N A # 0,
and W,, N B # (. Thus W,, and W,,, are both contained in the star of 2 with
respect to {W, } ec.

It follows that the star of & with respect to {W,},cc is not contained in
either X\ A or X \ B. This contradicts the hypothesis that {W, },cc be a star
refinement of {X \ A, X \ B}.
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8.5.7 Fully normal spaces in the strong sense

Let us say that X is fully normal in the strong sense if X is fully normal in the
strict sense and X satisfies the first separation condition. One may say that
that X is fully normal when X is fully normal in the strict sense, and that
X is fully Ty when X is if fully normal in the strong sense, but the opposite
convention may be used as well.

8.6 Using another refinement

Let X be a set, and let {W,},cc be a nonempty family of subsets of X. If E
is a subset of X, then put

(8.6.1) C(E)={yeC:W,NE+0}.

8.6.1 The star of E with respect to {W,},inc
The star of E with respect to {W,},c¢ is defined to be

(8.6.2) U w,

v€C(E)

which is interpreted as being the empty set when C(E) = (. Of course, if
{W,} ec covers X, then C(E) # () when E # (). In this case, E is contained in
its star with respect to {W,},ec-

If x € X, then C({x}) is the same as C(z) in the previous section, and the
star of {«} with respect to {W,},cc is the same as the star of 2. Observe that
C(E) is the same as the union of C(x) over x € E, so that the star of E with
respect to {W, }ec is the same as the union of the stars of the elements of E.

8.6.2 The star of the star of v € X with respect to {W, },cc

The star of x € X with respect to {W, },cc is the set of y € X for which there
is a v € C such that x,y € W,,. This condition is symmetric in x and ¥, so that
y is in the star of = if and only if x is in the star of y.

The star of the star of € X with respect to {W,},cc is the union of the
stars of the elements y of the star of x. This is the same as the union of the
stars of y € X such that z is in the star of y, as in the preceding paragraph.

8.6.3 Star refinements of star refinements

Let {Ua}aca, {Vs}sen, and {W,},cc be nonempty families of subsets of X.
Suppose that {Vg}gep is a star refinement of {Ua }aca, and that {W,},cc is a
star refinement of {Vz}gen.

Let z € X be given, and suppose that y € X is an element of the star of x
with respect to {W, },cc. Equivalently, this means that « is an element of the
star of y with respect to {W,},ec, as before.
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Because {W,, },cc is a star refinement of {V3}gcp, for each such y there is
a B(y) € B such that

8.6.3 V3(,) contains the star of y with respect to {W, },cc.
B(y) Yy

It follows that x € Vg, for these points y, so that

(8.6.4)  Vj(y) is contained in the star of 2 with respect to {V3}sep.

Because {Vg}gcp is a star refinement of {Uqs}aca, there is an a € A such
that U, contains the star of  with respect to {Vz}gep. This means that

(8.6.5) U, contains the star of the star of « with respect to {W, }ycc

in this situation.

8.6.4 Using full normality in the strict sense

Now let X be a topological space, and let {Eg}gecp be a locally finite family of
subsets of X. Thus, for each x € X, there is an open subset V(x) of X such
that € V(z) and V(z) N Eg = 0 for all but finitely many 8 € B. Of course,
the family of such open sets V(x) is an open covering of X.

Suppose that X is fully normal in the strict sense, so that this open covering
has a star refinement that is an open covering of X. Using full normality again,
we can get an open covering {W,},cc of X that is a star refinement of the
previous open covering of X that is a star refinement of the family of V(z)’s,
e X.

8.6.5 The star of £z with resect to {W,},cc
If 3 € B, then let Zg be the star of Eg with respect to {WW,},cc. Note that

(8.6.6) Es C Zg,

and that Z3 is an open set in X.

Let o € X be given, and let 7y be an element of C such that W, contains
Tg. Suppose that
(8.6.7) Wy, NZg # 0,
and let y be an element of W, ; N Zg. By definition of Zg, there is a v € C such
that W, N Eg # 0 and y € W,.

Thus y is in the star of x¢ with respect to {W,},cc, and Ej3 intersects the
star of the star of zo with respect to {W,},ec.

8.6.6 Local finiteness of {Zs}scp

Because {W,},cc is a star refinement of a star refinement of the family of
V(z)’s, x € X, there is an 1 € X such that the star of the star of zy with
respect to {W, },ec is contained in V'(x1), as before.
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Remember that V(z1) N Ez # () for all but finitely many 8 € B, so that the
star of the star of o with respect to {W,},cc intersects Eg for only finitely
many S € B. This implies that (8.6.7) holds for only finitely many § € B. This
means that {Z3}scp is locally finite in X as well.

8.6.7 Staring with an open covering of X

Let {Uq}aca be an open covering of X, and suppose that {Eg}gcp is also a
refinement of {Uy}aca. Thus, for each 8 € B, we can choose «(8) € A such
that Eg C Uy - If Zp is as before, then

(8.6.8) Zs NUqy )

is an open subset of X that contains Fg and is contained in Uy g-

Of course, the family of sets (8.6.8), with 8 € B, is locally finite in X,
because {Zg}gep is locally finite in X. If {Eg}gep covers X, then the family
of sets (8.6.8), with 8 € B, covers X as well.

8.6.8 Using this to get paracompactness in the strict sense

Suppose that every open covering {U,}aeca of X has a locally finite refinement
{Es}secp that covers X, as in (8.4.1). If X is fully normal in the strict sense,
then we get a locally finite open covering of X that is a refinement of {U, }aca,
as in the previous subsection. This means that X is paracompact in the strict
sense.

If every open covering of X has a locally finite closed refinement that covers
X, as in (8.4.2), then X satisfies (8.4.1) and is fully normal in the strict sense,
as in the previous sections.

If X is regular in the strict sense and satisfies (8.4.1), then we have seen that
X satisfies (8.4.2), so that X is fully normal in the strict sense, and paracompact
in the strict sense.

8.7 o-Local finiteness

A family {Eg}gep of subsets of a topological space X is said to be o-locally
finite in X if there is a sequence Bj, By, Bs, ... of subsets of B such that

(8.7.1) B=|)B,

Tt

1

J

and {Eg}gep, is locally finite in X for every j > 1. Of course, if {Eg}gep is
locally finite in X, then {Eg}gep is o-locally finite in X.
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8.7.1 o-Locally finite refinements
Consider the following condition:

(8.7.2) if {Us}aca is an open covering of X, then there is a o-locally
finite open covering {Vz}gep of X that is a refinement of {U, }aca.

If X is paracompact in the strict sense, then X satisfies (8.7.2), because local
finiteness implies o-local finiteness. If X satisfies (8.7.2), then it is well known
that X satisfies (8.4.1), which is to say that every open covering of X has a
locally finite refinement that covers X.

8.7.2 Using o-locally finite refinements

To see this, let {U,}aca be an open covering of X, so that there is a o-
locally finite open covering {Vg}gep of X that is a refinement of {Usy}aca.
Let By, Bo, Bs,... be a sequence of subsets of B whose union is B such that
{Vs} e, is locally finite in X for each j > 1. We may as well suppose that the

Bj’s are pairwise-disjoint, by replacing B; with B; \ ( {;11 Bl> when j > 2.

8.7.3 A subset Ej of Vj
If 8 € B, then put Eg = Vg when 8 € B;, and

(8.7.3) Bs=Vs\ (U U VW)

1=1~v€B,
when 8 € B; for some j > 2. Thus
(8.7.4) Es C Vs
for every 8 € B. This implies that {Eg}gecp is a refinement of {U, } ac 4, because
{Vs}senp is a refinement of {U, }aca, by hypothesis.

8.7.4 The Ep’s, f € B, cover X

Let € X be given, so that @ € Uzep Vs = Uj2, Usen, Va- Let jo(x) be the
smallest positive integer j such that 2 € |J eB, Vg, and let Bp(z) be an element
of Bj,(s) such that z € Vp,(,). Observe that

(875) S Eﬁo(ac)a

because jo(z) is as small as possible. Thus {Eg}gep covers X. If § € B; for
some | > jo(x) + 1, then
(8.7.6) EsNVay@) = 0,

by the definition of Ej.
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8.7.5 Local finiteness of {F3}sep

If 1 <1 < jo(x), then there is an open subset W; of X such that x € W; and
W; N Vs =0 for all but finitely many 3 € By, because {V3}aep, is locally finite

in X. Put
Jo(x)

(8.7.7) w= () W) N Vi
=1

so that W is an open subset of X that contains z. It is easy to see that
W N Eg = 0 for all but finitely many § € B. This means that {Eg}gep is
locally finite in X, as desired.

If X satisfies (8.7.2) and X is regular in the strict sense, then it follows that
X is paracompact in the strict sense, as in the previous section.

8.8 Semimetrics and full normality

Let X be a set with a semimetric d(z,y), and let us show that X is fully normal
in the strict sense with respect to the topology determined by d(-,-).

8.8.1 Some collections of open balls in X

Let {Ua}aca be an arbitrary open covering of X. Consider the collection of
open balls in X of the form B(w,r), where w € X, 0 <r <1, and

(8.8.1) B(w,51) C U,

for some o € A. It is easy to see that the collection of these open balls is an
open covering of X, and we would like to verify that it is a star refinement of
{Ua}aca.

Let z € X be given, so that we would like to check that the star of z with
respect to this collection of open balls is contained in U, for some o € A. In
this situation, the star of x is the union of the open balls of the form B(w,r),
where w € X, 0 < r <1, (8.8.1) holds for some o € A, and z € B(w,r). In
particular, there are wg € X and ro € (0, 1] with these properties, and so that
1o is strictly larger that one-half the supremum of the set of r € (0, 1] that occur
in this way.

Suppose that w € X and r € (0,1] have the properties mentioned in the
preceding paragraph. Thus
(8.8.2) r < 2ro,

by construction. Observe that
(8.8.3) d(wg, w) < d(wo, z) + d(x,w) < ro+1r < 370,
because x is an element of B(wp,ro) and B(w,r). This implies that

(8.8.4) B(w,r) C B(wg, 3719+ r) C B(wy,579).
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It follows that the star of x with respect to this collection of open balls is
contained in B(wg,579). By construction, B(wg,57) is contained in U,, for
some ag € A. This means that this collection of open balls is a star refinement
of {Us}aca, as desired.

8.9 Discrete families of sets

Let {E3}gep be a family of subsets of a topological space X. Let us say that
{Es}gep is discrete at a point x € X if there is an open subset V' of X such
that x € V and

(8.9.1) EsnV =0

for all but at most one 8 € B. Of course, this implies that {E3}gep is locally
finite at x.

If {Eg}gep is discrete at every € X, then {E3}gep is said to be discrete
in X. This implies that {Eg}gcp is locally finite in X, and that the Eg’s are
pairwise disjoint.

Note that (8.9.1) implies that

(8.9.2) EznV =10,

because V is an open set. If {Es}gep is discrete at x € X, then {Es}gep is
discrete at x as well. If {Eg}gep is discrete in X, then {Eg}gcp is discrete in
X too.

8.9.1 Discrete families and induced topologies

Let Xy be a subset of X. If {Eg}secp is discrete at a point € Xy, then
{Es N Xo}sep is discrete at « as a family of subsets of X, with respect to the
induced topology. If {Eg}sep is discrete in X, then {Eg N X} gep is discrete
in Xy. If a family of subsets of X is discrete at = € X, with respect to the
induced topology on Xy, then this family is discrete at x as a family of subsets
of X.

8.9.2 Discrete families and full normality

Suppose that {Eg}gep is discrete in X, and that X is fully normal in the
strict sense. Under these conditions, one can find an open subset Zg of X for
each 8 € B such that Eg C Zg, and {Zg}gep is discrete in X too. This uses
essentially the same argument as in Section 8.6.

Suppose that {Eg}gep is also a refinement of an open covering {Uy }aca of
X. If 3 € B, then we can choose «(3) € A such that Eg C U,(). This implies
that Zg N U,y is an open subset of X that contains Eg and is contained in
Ua(p)- Clearly {Zs N Uyp)}pep is discrete in X, because {Zg}sep is discrete
in X.
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8.9.3 o-Discrete families of sets

A family {Es}sep of subsets of a topological space X is said to be o-discrete in
X if there is a sequence Bi, Bs, B3, ... of subsets of B such that B = Ujoil B;
and {Eg}gep; is discrete in X for every j > 1. In this case, { Eg}gep is o-locally
finite in X.

Suppose that {Eg}gep is a o-discrete family of subsets of X that is a re-
finement of an open convering {U, oca of X. If X is fully normal in the strict
sense, then for each 8 € B we can find an open subset of X that contains Eg,
so that the resulting family of open sets is a o-discrete refinement of {Uy}aca-
This follows from the previous argument for discrete families.

8.10 Sequences of star refinements

Let X be a topological space, and suppose that X is fully normal in the strict
sense. If By is an open covering of X, then there is an open covering B; of X
that is a star refinement of an open covering of X that is a star refinement of
Bo.

Continuing in this way, we get a sequence of open coverings B; of X such
that B;41 is a star refinement of an open covering of X that is a star refinement
of B; for each j > 0. If x € X and j € Z, then
(8.10.1) the star of the star of x with respect to B; is contained in

an element of B;_1,

as in Section 8.6.

8.10.1 The star of £/ € B; with respect to B;

If € B; for some j > 1, and x € E, then F is contained in the star of x with
respect to B;. This implies that the star of £ with respect to B; is contained
in the star of the star of x with respect to B;. It follows that

(8.10.2) the star of E with respect to B; is contained in

an element of B;_1,

by (8.10.1).

8.10.2 The star of the star of £ with respect to B;;

Let E be a subset of X, and let j be a positive integer. Remember that the star
of E with respect to B; is the same as the union of the stars of the elements of
E. The star of the star of F with respect to B; is the same as the union of the
stars of the stars of the elements of E with respect to ;. Using (8.10.1), we
get that

8.10.3 the star of the star of F with respect to 1,41 is contained in
( p -+
the star of F with respect to B;.
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8.10.3 Some more collections of subsets of X

Put C; = By. If C; has been defined for some j € Z,, then let C;11 be the
collection of subsets of X obtained by taking the star with respect to Bj;q of

an element of C;. Similarly, let 5j+1 be the collection of subsets of X obtained
by taking the star with respect to B4 of an element of Cj;;.

Equivalently, the elements of 5j+1 can be obtained by taking the star of the
star of an element of C;, with respect to Bj;,. Thus

(8.10.4) every element of 5j+1 is contained in the star with respect to B;

of an element of Cj,

by (8.10.3).
If 7 > 2, then the elements of C; can be obtained as the star with respect to

B; of an element of C;j_;. This implies that every element of C~j+1 is contained
in the star of the star of an element of C;_;, with respect to B;. This means

that every element of Cjy; is contained in an element of C;, so that

(8.10.5) C~j+1 is a refinement of C~j
If I > 2, then we get that

(8.10.6) C, is a refinement of Cy.

Every element of C, is contained in the star with respect to By of an element
of By = Cy, as in (8.10.4). The star with respect to B; of an element of B;
is contained in an element of By, as in (8.10.3). Thus every element of Cy is
contained in an element of By, which is to say that

(8.10.7) Cy is a refinement of By.
It follows that
(8.10.8) C is a refinement of By
for every | > 2.
Note that
(8.10.9) the star of E C X with respect to B; contains £

for every j > 0, because B; covers X, by hypothesis. This implies that C; is a
refinement of C; for every [ > 2. Thus

(8.10.10) C is a refinement of By

for every [ > 2. Of course, this also holds when | = 1, because B; = C; is a
refinement of By, by construction.
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Similarly, C; is a refinement of C; 1 for every j > 1, by (8.10.9). This implies
that By = C; is a refinement of C; for each j > 1. Thus C; covers X for every
j > 1, because By covers X. If E C X and j > 0, then it is easy to see that

(8.10.11) the star of E with respect to B; is an open set,

because the elements of B; are open subsets of X. This means that C; is an
open covering of X for each [ > 1.

8.11 o-Discreteness and full normality

Let X be a topological space that is fully normal in the strict sense again. If
{Ua}aca is an open covering of X, then it is well known that there is a o-
discrete open covering of X that is a refinement of {U, }4ca. It suffices to show
that there is a o-discrete covering of X that is a refinement of {U,}aca, as in
Section 8.9.

Let By be an open covering of X that is a star refinement of {U,}aca. As
in the previous section, we can find an open covering B; of X for each positive
integer j, so that B; is a star refinement of an open covering of X that is a star
refinement of B;_;. Let C; be as in the previous section for each j € Z,, which
is an open covering of X. Remember that C; is a refinement of By for every
j > 1. This implies that C; is a star refinement of {Uq }aca-

If x € X and | € Z,, then let W;(x) be the star of z with respect to C;.
This is the union of the elements of C; that contain x. The star of each of these
elements of C; with respect to 1,11 is an element of C;1; that contains x. This
implies that

(8.11.1) the star of W;(x) with respect to Byy; is contained in Wy (z).

8.11.1 Using a well-ordering on X to get some more sets
in X

Let < be a well-ordering on X. Put

(8.11.2) Wi(z) = Wi@) \ | Wisa(y) 1y € X, y 2z, y # 2}

We would like to check that the collection of sets W (), x € X, is discrete in
X foreachl € Z,.

Let [ > 1 be given, and let z, y be distinct elements of X. We would like to
verify that

(8.11.3) the star of W;(y) with respect to By is disjoint from W;(z).
This is the same as saying that

(8.11.4) no element of B4 intersects both W;(z) and W;(y).
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Of course, (8.11.4) is symmetric in = and y, so that (8.11.3) is equivalent to the
star of W, (x) with respect to Bj41 being disjoint from W, (y).

Note that the star of I/IN/Z(y) with respect to ;41 is contained in the star of
Wi (y) with respect to By11, because Wl(y) C W, (y). This implies that the star
of Wi(y) with respect to By is contained in Wi 1(y), by (8.11.1). If y < =,
then Wi (y) is disjoint from W;(z), by construction. It follows that (8.11.3)
holds when y < x.

Similarly, if x < y, then the star of Wl(x) with respect to Bj1 is disjoint
from Wl(y) This implies (8.11.3), as before. Thus (8.11.3) holds, which means
that (8.11.4) holds. This implies that the collection of sets Wi(z), = € X, is
discrete in X, because ;1 is an open covering of X.

Let y € X be given, and note that y € W(y) for every | > 1. Let z be the
smallest element of X, with respect to <, such that y € W,(z) for some [ > 1.
It is easy to see that y € f/Iv/l(z) in this case. This shows that the collection of
sets Wl(x), with z € X and [ € Z, covers X.

If x € X and | € Z,, then there is an oy € A such that Wi(x) C U,,,
because C; is a star refinement of {Ua}aea. This implies that Wi(z) C U,,.
Thus the collection of sets Wl(x), with x € X and | € Z,, is a refinement
of {Us}aca. This collection is o-discrete in X, because the collection of sets
Wi(z), z € X, is discrete in X for each [ > 1, as before.

8.12 Point finiteness

A family {F,}aca of subsets of a set X is said to be point finite in X if for
every x € X there are only finitely many a € A such that z € E,. Suppose now
that X is a topological space. If {F,}qca is locally finite in X, then {F,}aca
is point finite in X.

8.12.1 Metacompactness

If every open covering of X has a refinement that is a point finite open covering
of X, then X is said to be metacompact. If X is paracompact in the strict sense,
then X is metacompact.

8.12.2 Using point finiteness

Suppose that X is normal in the strict sense, and that {V, }aea is a point finite
open covering of X. Under these conditions, one can choose an open subset U,
of X for each a € A such that U, C V,, and {U,}aeca is an open covering of
X, as in Problem V (a) on pl71 of [240]. More precisely, this can be obtained
using Zorn’s lemma or Hausdorff’s maximality principle, as follows.

Let Ag be a subset of A, and let ¢¢ be a mapping from Ay into the set of all
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open subsets of X. Let us say that (Ao, ¢o) is admissible if

(8.12.1) po(a) C Vi,

for every a € Ay, and

(8.12.2) X:( U ¢>O(a))u( U Va).

a€Ay a€A\Ag

Let A be the collection of admissible pairs (Ao, ¢o). If (A1, ¢1), (A2, ¢2) € A,
then put
(8.12.3) (A1, 91) = (A2, ¢2)

when A; C As and ¢1 = ¢ on A;. This defines a partial ordering on A.
Let C be a chain in A, and put

(8.12.4) Ae= |J Ao
(Ao,¢0)€C

which is a subset of A. If o € A¢, then there is an element (Ag, ¢p) in C such
that a € Ag, and we would like to put

(8.12.5) pc(a) = do(a).

One can check that this does not depend on the particular element (Ag, ¢g) of
C with a € Ag. Thus ¢¢ is a well-defined mapping from A¢ into the set of all
open subsets of X. Note that

(8.12.6) pe(a) C Vo

for every ao € Ac, because of the analogous property (8.12.1) of every (Ao, ¢o)
in C.
We would like to verify that

(8.12.7) X :( U ¢c(a)) u( U Va).

aEAc aEA\Ac

Let z € X be given, and let us check that = is an element of the right side of
(8.12.7). Of course, z € V,, for some a € A, because {Vy}aeca covers X, by
hypothesis. If z € V,, for some aw € A\ A¢, then z is an element of the right
side of (8.12.7). Suppose now that for each o € A\ Ac, we have that « & V,.

Remember that there are only finitely many « € A such that x € V,,, because
{Va}aeca is point finite in X, by hypothesis. In this situation, A¢ contains all
of the a € A with = € V,,, by construction. This means that each of these a’s
is an element of Ay for some (Ag, ¢g) € C, by definition of A¢. More precisely,
there is an (Ag, ¢o) € C such that Ay contains every o € A with « € A,. This
uses the facts that there are only finitely many of these a’s, and that C is a
chain in A.
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Of course, (Ao, ¢o) satisfies (8.12.2), because (Ao, ¢o) € A. If @ € A\ Ay,
then = ¢ V,, as in the preceding paragraph. Using (8.12.2), we get that there
is an a € Ay such that x € ¢o(a). This « is contained in A¢ and satisfies
x € ¢c(a), by definition of (Ac, ¢c). It follows that x is an element of the right
side of (8.12.7).

Thus (8.12.7) holds, so that (Ac, ¢¢) is an element of A. Using Zorn’s lemma
or Hausdorff’s maximality principle, one can get a maximal element (Aj, ¢1) of
A. We would like to verify that A; = A. Suppose for the sake of a contradiction
that A; # A, and let ap be an element of A\ A;.

Put A2 = A1 U {012} and

(8.12.8) Ea, = X\ (( U ¢1(a)) U ( U Va)).
acA, aeA\As

Note that E,, is a closed set in X, because ¢1(a) is an open set for every
a € Ay, and V, is an open set for every o € A. We also have that

(8.12.9) Eay € Vas,

because of the analogue of (8.12.2) for (A, ¢1). Thus there is an open subset
W, of X such that

(8.12.10) E,, CW,, and W,, CV,,,

because X is normal in the strict sense, by hypothesis.

Put ¢2(a) = ¢1(e) for every a € Ay, and ¢a(az) = W,,. This defines
¢2 as a mapping from As into the set of all open subsets of X. Observe that
d2(a) C V, for every a € Ag, because of the analogous property of ¢ on Aj,
and the second part of (8.12.10). Using the first part of (8.12.10), we get that

(8.12.11) X:( U gbg(a))U( U Va).

a€Ay acA\ A,

This means that (Asg, ¢2) is admissible, and hence an element of A. By construc-
tion, (8.12.3) holds, and (A1, ¢1) # (A2, ¢2). This contradicts the maximality
of (A1, ¢1), so that A1 = A, as desired.

8.13 Partitions of unity

Let X be a topological space, and suppose that X is normal in the strict sense.
Also let {V,}aca be a locally finite open covering of X, so that {V,}aca is
point finite in X in particular. Thus, for each o € A, we can choose an open
subset U, of X such that U, C V,, and {U, }ae4 is an open covering of X, as
in the previous section.

If « € A, then we can use Urysohn’s lemma to get a continuous real-valued
function ¢, on X such that ¢,(z) = 1 for every z € Uy, ¢o(z) = 0 for every
x € X\ V,, and 0 < ¢o(x) <1 for every z € X. In this case,

(8.13.1) {z € X : ¢o(x) #0}
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is contained in V,, for every a € A, so that the family of these subsets of X is
locally finite too.
It follows that
(8.13.2) O(x) =) dal)
a€cA
defines a continuous real-valued function on X, as in Subsection 5.14.1. If
x € U,, for some ag € A, then

(8.13.3) O(z) > Pay () > 1,

because ¢, () > 0 for every o € A, by construction. This means that ®(x) > 1
for every x € X, because X is covered by {Us}aca.
If we put

(8.13.4) Vp(x) = dp(x)/®(2)

for every § € A and z € X, then we get a partition of unity on X, as in
Subsection 5.14.2. This corresponds to Problem W on p171 of [240].

8.14 Minimal coverings

Let X be a set, and let {E,}qca be a point finite covering of X. Under these
conditions, there is a minimal subcovering of X from {E,}aca, as in Problem
V (b) on pl171 of [240]. This is also mentioned on p23 of [408], for topological
spaces, although the topology does not play a role for this part.

More precisely, let A be the collection of subsets B of A such that {E,}aen
covers X. We would like to show that .4 has a minimal element, with respect
to inclusion. Let =< be the partial ordering on A defined by putting A; < A,
when Ap, As € A satisfy Ay C A;. We would like to show that A has a maxi-
mal element with respect to =<, using Zorn’s lemma or Hausdorfl’s maximality
principle.

Let C be a chain in A with respect to <, which is the same as saying that C
is a chain in A with respect to inclusion. Put

(8.14.1) Ac= (] Ao,

ApeC

which is a subset of A. We would like to check that

(8.14.2) U E«=x,
a€Ac

so that A¢ € A.

Let x € X be given, and remember that z € E,, for only finitely many « € A,
by hypothesis. If z is not an element of the union on the left side of (8.14.2),
then Ac does not contain any o € A such that x € F,. This means that for
each a« € A with x € F,, there is an element of C that does not contain «.
Because C is a chain, and there are only finitely many of these a’s, there is an
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Ap € C such that Ay does not contain any a € A such that z € E,. This implies
that = is not an element of Uaer E,, contradicting the fact that Ay € A.

Thus (8.14.2) holds, so that A¢ € A. One can use this and Zorn’s lemma or
Hausdorff’s maximality principle to get a maximal element of .4 with respect
to <. This is the same as a minimal element of A with respect to inclusion, as
desired.

8.14.1 Using metacompactness

Now let X be a topological space, and suppose that X is metacompact, as in
Section 8.12. If X is also countably compact, then X is compact, as on p23f of
[408]. This corresponds to Problem V (c) on p171 of [240], where X is asked to
satisfy the first separation condition too. However, this additional hypothesis
appears to be included because of the way that some other results were stated,
and is not really needed. In fact, the argument indicated in [240] is the same as
the one in [408].

Let {Us}aca be an arbitrary open covering of X. Because X is metacom-
pact, there is a point finite refinement {Vg}gep of {Us}aca that is an open
covering of X. As before, there is a minimal subset By of B such that {V3}scp,
covers X. If By has only finitely many elements, then we can get a finite sub-
covering of X from {U,}aca-

If 8 € By, then there is a point x5 € Vj that is not in V,, for any other v € By,
because By is minimal. Let us choose such a point zg for every 8 € By, and
let L be the set of points x3, 8 € By, that have been chosen in this way. Note
that these points are distinct, by construction. Suppose that By has infinitely
many elements, so that L has infinitely many elements too. Remember that
countable compactness is equivalent to the strong limit point property, which
implies that there is a point x € X that is a strong limit point of L. Because
{Vs}sen, covers X, there is a §y € By such that z € Vp,. It follows that Vj,
contains infinitely many elements of L, because x is a strong limit point of L,
and Vg, is an open set. This contradicts the fact that zg, is the only element
of L in Vg, .
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