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Abstract

Some basic topics related to Banach algebras over fields with abso-
lute value functions are discussed, in connection with Fourier series in
particular.
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Part 1
Some basic notions

1 Some inequalities

Let X be a nonempty finite set, and let f be a nonnegative real-valued function
on X. Put

(1) 17 = (3 r@r)”

zeX
for each positive real number r, and
1.2 = .
(12) 17l = max £ (2)
Note that
(1.3) 1t fllr = tILf[l

for every nonnegative real number ¢t and 0 < r < 0o, by construction. We also
have that

(1.4) I fllos < Iflle < EX)Y [ flloo

for every 0 < r < oo, where #X denotes the number of elements of X. In
particular,
(1'5) Tlggc ”er = ”fHoo,

1/r

because of the well-known fact that a'/" — 1 as r — oo for any positive real

number a. If 0 < r; < ry < oo, then

(1.6)  Iflz =D f@)= < YOI f@)m = 1A I

zeX reX



This implies that

(L.7) £ 1l < WAl T2 A < Al

using the first inequality in (1.4) in the second step.
If @, b are nonnegative real numbers, then

(1.8) max(a,b) < (a" + b")Y/" < 2" max(a, b)

for every positive real number r. This corresponds to (1.4), where X is a set
with two elements. Using (1.5) or (1.8), we get that

(1.9) lim (a” 4 b")'/" = max(a, b).

300
Similarly, if 0 < r; < ry < oo, then

(1.10) (@ 4 2)7 < (a4 ),
as in (1.7). If 0 < r < 1, then it follows that

(1.11) (a+b)" <a" +1b,

by taking r; = r and ro = 1 in (1.10), and taking the rth power of both sides
of the inequality.
If f, g are nonnegative real-valued functions on X and 1 < r < oo, then

(1-12) ||f +g||r < Hf”r + ||g||r

This is Minkowski’s inequality for finite sums. Of course, equality holds trivially
in (1.12) when r = 1, and the r = oo case can be verified directly. If 0 < r <1,
then

(L) If +glly = D (F(@) +g(@)™ < D @)+ Y gl@)” = £Il; +llgll7,

reX rzeX zeX

using (1.11) in the second step.
If f is a nonnegative real-valued function on X and 1 <r < oo, then

(114 (3x 1) < 5 Z st

reX

This follows from the convexity of the function ¢" on the set [0, 00) of nonnegative
real numbers. If 0 < r; < ry < 0o, then we get that

1 r2/T1 1
. - T1 < - T2
(1.15) (g @) " < g X f@r,
zeX zeX
by applying (1.14) with » = ro/r; and f(x)™ in place of f(z). Equivalently,
this means that
(1.16) 11l < (FX)H =) .



2 ¢-Metrics and ¢-semimetrics

Let X be a set, and let ¢ be a positive real number. A nonnegative real-valued
function d(x,y) defined for z,y € X is said to be a g-semimetric on X if it
satisfies the following three conditions. First,

(2.1) d(z,x) =0 for every z € X.

Second,

(2.2) d(z,y) =d(y,z) for every z,y € X.

Third,

(2.3) d(z,2)? <d(z,y)? +d(y,2)? for every z,y,z € X.

If we also have that
(2.4) d(z,y) >0 when z #y,

then d(-,-) is said to be a ¢g-metric on X. A g-metric or ¢g-semimetric with ¢ =1
is also simply known as a metric or semimetric, respectively. Note that d(z,y)
is a g-metric or g-semimetric on X if and only if

(2.5) d(z,y)*

is a metric or semimetric on X, respectively.
Equivalently, (2.3) says that

(2.6) d(z, z) < (d(z,y)? + d(y, 2)7) /9

for every z,y,z € X. A nonnegative real-valued function d(z,y) defined for
z,y € X is said to be a semi-ultrametric on X if it satisfies (2.1), (2.2), and

(2.7) d(x, z) < max(d(z,y),d(y, 2))

for every z,y,z € X. If d(-,-) satisfies (2.4) as well, then d(-,-) is said to be an
ultrametric on X. An ultrametric or semi-ultrametric on X may be considered
as a g-metric or g-semimetric on X, respectively, with ¢ = oo, because of (1.9).
If0 < ¢ < gz <ooandd(,) is a ge-metric or go-semimetric on X, then
d(-,-) is a ¢1-metric or g;-semimetric on X, as appropriate, because of the first
inequality in (1.8) and (1.10).

The discrete metric on X is defined as usual by putting d(z,y) equal to
1 when x # y, and to 0 when z = y. It is easy to see that this defines an
ultrametric on X. Now let ¢ > 0 be given, and let d(z,y) be any g-metric or
g-semimetric on X. If a is a positive real number, then one can check that

(2.8) d(z, y)*

defines a (¢/a)-metric or (¢/a)-semimetric on X, as appropriate. If ¢ = oo, then
g/a is interpreted as being oo too, as usual.



Let d(-,-) be a g-semimetric on X for some g > 0. If x € X and r is a positive
real number, then the open ball centered at « with radius r with respect to d(-, -)
in X is defined as usual by

(2.9) B(z,7) = Ba(z,r) ={y € X : d(z,y) <r}.

Similarly, the closed ball in X centered at x € X with radius » > 0 with respect
to d(-,-) is defined by

(2.10) B(z,7) = Ba(z,7) = {y € X : d(z,y) <r}.

If @ is a positive real number, then (2.8) is a (g/a)-semimetric on X, as in the
preceding paragraph. It is easy to see that

(2.11) Bga(z,r%) = By(x,r)
for every x € X and r > 0, and that

(2.12) By (,7) = Ba(x,7)

for every x € X and r > 0.

3 g¢-Absolute value functions

Let k be a field, and let ¢ be a positive real number. A nonnegative real-valued
function | - | defined on k is said to be a g-absolute value function on k if it
satisfies the following three conditions. First, for each = € k,

(3.1) || =0 if and only if x = 0.

Second,

(3.2) lxy| = |x| |y| for every x,y € k.

Third,

(3.3) |z +yl|? <|z|?+ |y|? for every z,y € k.

A g-absolute value function with ¢ = 1 is also known as an absolute value

function. Observe that |x| is a g-absolute value function on k if and only if |x|?
is an absolute value function on k. It is well known that the standard absolute
value functions on the real numbers R and complex numbers C are absolute
value functions in this sense.

Let |z| be a nonnegative real-valued function on k that satisfies (3.1) and
(3.2). One can check that
(3.4) =1,

where the first 1 is the multiplicative identity element in k, and the second 1
is the usual real number. If x € k satisfies 2™ = 1 for some positive integer n,
then

(3.5) |lz| =1,



because |z|" = |2"| = 1. If —y is the additive inverse of y € k, then —y = (—1) y,
and in particular (—1)? = 1. Hence | — 1| = 1, by (3.5).
As before, (3.3) is the same as saying that

(3.6) 4yl < (|| + [y|)H

for every z,y € k. A nonnegative real-valued function | - | on k is said to be an
ultrametric absolute value function on k if it satisfies (3.1), (3.2), and

3.7) |z + y| < max(|z], [y])

for every x,y € k. An ultrametric absolute value function may be considered as
a g-absolute value function with ¢ = oo, because of (1.9). If 0 < ¢; < g2 < ©
and | - | is a go-absolute value function on k, then |- | is a gj-absolute value
function on k, because of the first inequality in (1.8) and (1.10). If |- | is a
g-absolute value function on k for some ¢ > 0 and a is a positive real number,
then it is easy to see that

(3.8) ||

defines a (g/a)-absolute value function on k, where g/a is interpreted as being
oo when ¢ = oo, as before.
If | - | is a g-absolute value function on k for some ¢ > 0, then

(3.9) d(z,y) = |z -yl

defines a g-metric on k. This uses the fact that | — 1] = 1 to get that (3.9)
satisfies the symmetry condition (2.2). The trivial absolute value function is
defined on k be putting |z| equal to 1 when = # 0, and to 0 when z = 0.
This defines an ultrametric absolute value function on k. The ultrametric on k
corresponding to the trivial absolute value function as in (3.9) is the same as
the discrete metric on k.

If p is a prime number, then the p-adic absolute value |x|, of a rational
number z is defined as follows. Of course, |0/, = 0. If z # 0, then = can be
expressed as p’ (a/b) for some integers a, b, and j, where a,b # 0 and neither a
nor b is a multiple of p. In this case, we put

(3.10) 2l = p.

Note that j is uniquely determined by x here, so that |z|, is well defined. One
can check that this defines an ultrametric absolute value function on the field
Q of rational numbers. The corresponding ultrametric

(3.11) dp(z,y) = |z = ylp

is known as the p-adic metric on Q.



4 Associated topologies

Let X be a set, and let d(,-) be a ¢g-semimetric on X for some ¢ > 0. As usual,
a subset U of X is said to be an open set with respect to d(-, -) if for every x € U
there is an r > 0 such that

(4.1) B(z,r) CU,

where B(z,r) is the open ball in X centered at z with radius r with respect
to d(-,-), as in (2.9). Tt is easy to see that this defines a topology on X. If a
is a positive real number, then d(-,-)* defines a (¢/a)-semimetric on X, as in
Section 2. The topology determined on X by d(-,)® is the same as the topology
determined by d(-, ), because of (2.11). In particular, this permits one to reduce
to the case of ordinary semimetrics, by replacing d(-, ) with d(-,-)? when ¢ < 1.
One can use this to get that open balls in X with respect to d(-,-) are open sets,
for instance, by reducing to standard results for ordinary semimetrics, although
analogous arguments could be used for any ¢ > 0. Similarly, closed balls in X
with respect to d(-,-) are closed sets. If ¢ = oo, then one can check that open
balls in X with respect to d(-, -) are closed sets, and that closed balls in X with
respect to d(-,-) with positive radius are open sets. If d(-,-) is a g-metric on X,
then X is Hausdorff with respect to the topology determined by d(-,-).

Let Y be a subset of X, and observe that the restriction of d(x,y) to x,y € Y
defines a g-semimetric on Y. The topology determined on Y by the restriction
of d(z,y) to xz,y € Y is the same as the topology induced on Y by the topology
determined on X by d(-,-). More precisely, if U C X is an open set, then it
is easy to see that U N'Y is an open set in Y with respect to the topology
determined by the restriction of d(z,y) to z,y € Y. In the other direction, an
open ball in Y with respect to the restriction of d(x,y) to z,y € Y is the same as
the intersection of Y with the open ball in X with the same center and radius,
which implies that open balls in Y are open sets with respect to the induced
topology. Any open set in Y with respect to the topology determined by the
restriction of d(z,y) to x,y € Y is a union of open balls, and hence is an open
set with respect to the induced topology.

Let k be a field, and let |-| be a g-absolute value function on k for some ¢ > 0.
The associated g-metric (3.9) determines a topology on k, as before. One can
check that addition and multiplication on k define continuous mappings from
k X k into k, by standard arguments. This uses the product topology on k x k
corresponding to the topology just mentioned on k. Similarly, z — 1/x is
continuous as a mapping from & \ {0} into itself, with respect to the topology
induced on k \ {0} by the topology on k just mentioned.

Now let |- |1, | |2 be g1, go-absolute value functions on k for some ¢1, g2 > 0.
If there is a positive real number a such that

(4.2) |2 = ||t

for every x € k, then |- |; and | - |3 are said to be equivalent on k. Of course,
this implies that
(4.3) [z —yl2 = |z —ylt



for every x,y € k. This means that the ¢, go-metrics on k associated to | - |1,
| - ]2 as in (3.9) correspond to each other in the same way. It follows that the
q1, ge-metrics on k associated to | - |1, | - |2 determine the same topology on k,
as before. Conversely, if the topologies determined on k by the q1, g2-metrics
associated to |- |1, | - |2 are the same, then it is well known that |- |; and |- |2
are equivalent on k in this sense. Let us sketch some steps in the proof of this
statement. Observe that x € k satisfies |z|; < 1 if and only if 2™ — 0 as n — o0
with respect to the topology determined on k by the g;-metric associated to ||,
and similarly for | - |o. If the topologies determined on k by the g1, go-metrics
associated to | - |1, | - |2 are the same, then it follows that the corresponding
open unit balls in k are the same. We also have that « € k satisfies |z]; > 1 if
and only |z|]3 > 1 when the topologies are the same, by applying the previous
statement to 1/z. Combining these two statements, we get that « € k satisfies
|z]1 = 1 if and only if |x|o = 1 when the topologies are the same. If y, z € k,
z# 0, and m,n € Z,, then

(4.4) [yli"/1217 = ly™/z"[1 <1 ifand only if |y|3"/|z]5 = [y™/2"|2 <1

when the topologies are the same. Using this, one can show that |-|; and |- |2
are equivalent on k.
Let |-| be a g-absolute value function on Q for some ¢ > 0. A famous theorem

of Ostrowski implies that either | - | is the trivial absolute value function on Q,
or |- | is equivalent to the standard (Euclidean) absolute value function on Q,
or |- | is equivalent to the p-adic absolute value function on Q for some prime

p. Some aspects of the proof of this theorem will be mentioned later.

5 Bounded sets and product g-semimetrics

Let X be a set, and let d(-, -) be a g-semimetric on X for some ¢ > 0. A subset E
of X is said to be bounded with respect to d(-, ) if there is a finite upper bound
for d(z,y) with z,y € E. If z( is any element of X, then £ C X is bounded
with respect to d(-,-) if and only if F is contained in a ball in X centered at
with finite radius with respect to d(-,-). If E C X is bounded with respect to
d(-,-), and if a is any positive real number, then E is also bounded with respect
to d(+,-)* as a (¢/a)-semimetric on X. If K C X is compact with respect to
the topology determined by d(-, ), then K is bounded with respect to d(-,-), by
standard arguments.

Let n be a positive integer, and suppose that for each j =1,...,n, d;(-,-) is
a gj-semimetric on X for some g; > 0. Put

(5.1) g =min(q,...,qn),

so that d; is a g-semimetric on X for each j, as in Section 2. One can check
that

(5.2) d(z,y) = max. dj(z,y)

10



defines a g-semimetric on X as well. If x € X, then

(5.3) By(z,r) = ﬂ By, (z,7)

for every r > 0, and

(5.4) By(z,r) = ﬂ By, (z,7)

for every r > 0, where these open and closed balls are defined as in (2.9) and
(2.10). Note that E C X is bounded with respect to d(-,-) if and only if F is
bounded with respect to d;(-,-) for each j =1,...,n

Let n be a positive integer again, let Xi,..., X, be sets, and let X =
H?:lXj be their Cartesian product. Thus X is the set of n-tuples =z =
(1,...,2y,) such that ; € X, for each j = 1,...,n. Suppose that for each

j=1,...,n, d;j(z;,y;) is a g;-semimetric on X, for some ¢; > 0. It is easy to
see that _

(5.5) dj(z,y) = d;(z;,y;)

defines a gj-semimetric on X for each j =1,...,n. Hence

(5.6) d(z,y) = 1I£lja<Xnd (z,y) = max d; di(z;,v;)

defines a g-semimetric on X, where ¢ is as in (5.1), as in the preceding paragraph.
If z € X, then

(57) BXd Z, 7“ HBX],d Zj, T

for every r > 0, where the additional subscrlpts of X and X indicate the spaces
in which the corresponding balls are defined. Similarly,

n
(5.8) Bx.q(z,r) H (@,

for every z € X and r > 0. It follows from (5.7) that the topology determined on
X by d(-,-) is the same as the product topology corresponding to the topology
determined on X; by d;(-,-) for each j =1,...,n. If E; C X; is a bounded set
with respect to d;(-,-) for j =1,...,n, then E = H;Zl E; is a bounded subset
of X with respect to d(-,-). If d;(-,-) is a gj-metric on X; for each j =1,...,n,
then d(-,-) is a g-metric on X.

Of course, one can also combine semimetrics using sums, or sums of powers.

6 Uniform continuity

Let X, Y be sets, and let dx, dy be gx, gy-semimetrics on X, Y, respectively,
for some gx,qy > 0. As usual, a mapping f from X into Y is said to be

11



uniformly continuous if for every e > 0 there is a § > 0 such that

(6.1) dy (f(z), f(z')) <€

for every z, 2’ € X with dx(z,2’) < 4. Of course, this implies that f is continu-
ous with respect to the topologies determined on X, Y by dx, dy, respectively,
as in Section 4. Let Z be another set with a ¢z-semimetric dz for some gz > 0.
If f is a uniformly continuous mapping from X into Y, and g is a uniformly
continuous mapping from Y into Z, then their composition g o f is uniformly
continuous as a mapping from X into Z.

Let a, b be positive real numbers, so that d%, d5 define (gx/a), (gv/b)-
semimetrics on X, Y, respectively, as in Section 2. It is easy to see that a
mapping f from X into Y is uniformly continuous with respect to dx, dy if
and only if f is uniformly continuous with respect to d%, d%. As usual, this can
be used to reduce to the case of ordinary semimetrics, by taking a = ¢x when
qx <1, and b = gy when gy < 1.

If f is any continuous mapping from X into Y with respect to the topologies
determined by dx, dy, and if X is compact with respect to the topology deter-
mined by dx, then one can show that f is uniformly continuous, using standard
arguments. In particular, one can reduce to the case of ordinary semimetrics,
as in the preceding paragraph.

Let ¢ be a positive real number such that ¢ < ¢x, so that dx may be
considered as a ¢g-semimetric on X, as in Section 2. Also let w € X be given,
and put

(6.2) fuw.q(x) = dx(w,x)?
for every x € X. Observe that

(6.3) fuwq(x) < fw,q(xl) +dx (z, C17/)(1
and
(6.4) fug(@") < fuq(2) + dx(z,27)7

for every z,x’ € X, by the g-semimetric version of the triangle inequality. This
implies that
(6.5) | fuw,q(z) — fw,q(x,” <dx(z,2")

for every z,2’ € X, where | - | is the standard absolute value function on R. It
follows that (6.2) is uniformly continuous as a real-valued function of z on X,
with respect to dx on X, and the standard Euclidean metric on R.

Let k be a field with a gg-absolute value function | - | for some g > 0. Also
let ¢ be a positive real number with ¢ < g, so that |- | may be considered as a
g-absolute value function on k, as in Section 3. Put

(6.6) fol@) = |27

for each x € k, which defines a nonnegative real-valued function on k. This is
the same as (6.2), with X = k, dx equal to the gx-metric (3.9) associated to |- |

12



on k, and w = 0. Thus (6.6) is uniformly continuous as a mapping from k into
R, with respect to (3.9) on k, and the standard Euclidean metric on R.

As in Section 4, x — 1/ defines a continuous mapping from k \ {0} into
itself, with respect to the topology induced on k\{0} by the topology determined
on k by (3.9). If r is a positive real number, then one can check that © — 1/x
is uniformly continuous as a mapping from

(6.7) {zek:|z|>r}

into k, using (3.9) on k and its restriction to (6.7).

Similarly, addition on k defines a continuous mapping from k X k into k,
using the corresponding product topology on k x k. Using the gi-metric (3.9)
on k associated to |- |, we can get a gx-metric on k X k, as in (5.6). One can
verify that addition on & is uniformly continuous as a mapping from k X k into
k, with respect to this gz-metric on k x k.

Multiplication defines a continuous mapping from k£ x k into k as well. The
restriction of this mapping to bounded subsets of k x k is uniformly continuous
with respect to the gp-metric on k£ x k mentioned in the preceding paragraph,
by standard arguments.

7 Completeness

Let X be a set, and let d(-,-) be a g-metric on X for some ¢ > 0. As usual, a
sequence {z;}22, of elements of X is said to be a Cauchy sequence in X with
respect to d(-, ) if

(7.1) d(zj,z) — 0 asjl— oo.

If @ is a positive real number, then d(-,-)* is a (¢/a)-metric on X, as in Section

2. It is easy to see that {z;}52, is a Cauchy sequence with respect to d(-,-)* if
and only if {;}32, is a Cauchy sequence with respect to d(-,-). One can check
that convergent sequences in X are Cauchy sequences, as in the case of ordinary
metric spaces, and one can reduce to that case using d(-,-)? when ¢ < 1. If every
Cauchy sequence of elements of X converges to an element of X, then X is said
to be complete with respect to d(-,-). If 0 < a < oo, then X is complete with
respect to d(-,-) if and only if X is complete with respect to d(-,-)*.

Let Y be a subset of X, so that the restriction of d(x,y) to z,y € Y defines
a g-metric on Y. Note that a sequence of elements {y;}?2, of Y is a Cauchy
sequence in Y with respect to the restriction of d(-, -) to Y if and only if {y;}32;
is a Cauchy sequence in X with respect to d(-,-). If X is complete with respect
to d(-,-), and Y is a closed set in X with respect to the topology determined by
d(-,-), then it is easy to see that Y is complete with respect to the restriction
of d(-,-) to Y. In the other direction, if Y is complete with respect to the
restriction of d(-, ), then one can check that Y is a closed set in X with respect
to the topology determined by d(-,-).

Let X, Y be sets, and let dx, dy be ¢x, gy-metrics on X, Y, respectively,
for some ¢gx,qy > 0. Let E be a dense subset of X, and let f be a uniformly

13



continuous mapping from F into Y, with respect to the restriction of dx to F.
If Y is complete with respect to dy, then there is a unique extension of f to a
uniformly continuous mapping from X into Y. This is well known for ordinary
metric spaces, and it can be shown in this situation in essentially the same way,
or by reducing to the case of ordinary metric spaces. Of course, the uniqueness
of the extension only requires ordinary continuity.

Let X be a set with a g-metric d(-,-) for some ¢ > 0 again. If X is not com-
plete with respect to d(,-), then one can pass to a completion. More precisely,
this means that there is an isometric embedding of X onto a dense subset of a
complete g-metric space. This is well known when ¢ = 1, and one can reduce
to that case when g < oo, using a completion of X with respect to the metric
d(-,-)?. Alternatively, if 1 < ¢ < oo, then d(-,-) is a metric on X, and one can
use a completion of X as a metric space with respect to d(-,-). In this case, one
can check that the metric on the completion is a g-metric too. One can also
verify that the completion of X is unique up to isometric equivalence, using the
extension theorem mentioned in the previous paragraph.

Let k be a field, and let | - | be a g-absolute value function on k for some
g > 0. If k is not already complete with respect to the associated g-metric (3.9),
then one can pass to a completion of k. One can start with a completion of k
as a g-metric space, as before. One can check that the field operations on k can
be extended continuously to the completion, so that the completion is a field
as well. The extension of | - | to the completion corresponds to the distance to
0 in the completion, and defines a g-absolute value function on the completion.
One can also obtain the completion more directly in this situation, as a field
with a g-absolute value function. As before, the completion of k& with respect
to | -] is unique up to isometric isomorphic equivalence. If p is a prime number,
then the field Q, of p-adic numbers is obtained by completing Q with respect
to the p-adic absolute value function | - |,. One also uses | - |, to denote the
corresponding extension of the p-adic absolute value function to Q,.

8 Separation conditions

A topological space X is said to be reqular in the strict sense if for every x € X
and closed set £ C X with x ¢ E there are disjoint open sets U,V C X such
that x € U and E C V. This is equivalent to asking that for every € X and
open set W C X with x € W there be an open set U C X such that x € U and
the closure U of U in X is contained in W. If X is regular in the strict sense
and X satisfies the first or even Oth separation condition, then we may simply
say that X is regular, or that X satisfies the third separation condition. In this
case, it is easy to see that X is Hausdorff. If the topology on X is determined
by a ¢g-semimetric d(-,-) for some ¢ > 0, then X is regular in the strict sense.
Similarly, a topological space X is completely reqular in the strict sense if for
every € X and closed set £ C X with z ¢ FE there is a continuous real-valued
function f on X such that f(y) = 0 forevery y € E and f(z) # 0. Of course, this
uses the standard topology on R as the range of f. If X is completely regular
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in the strict sense, then X is regular in the strict sense, because the real line is
Hausdorff with respect to the standard topology. If X is completely regular in
the strict sense and X satisfies the first or even Oth separation condition, then
we may simply say that X is completely regular, or that X satisfies separation
condition number three and a half. If the topology on X is determined by a
g-semimetric d(-,-) for some g > 0, then X is completely regular in the strict
sense, because of the continuity of the functions defined in (6.2).

A topological space X is said to be normal in the strict sense if for every
pair A, B of disjoint closed subsets of X there are disjoint open sets U,V C X
such that A C U and B C V. If X is normal in the strict sense and X satisfies
the first separation condition, then we may simply say that X is normal in this
case, or that X satisfies the fourth separation condition. It is easy to see that
normal topological spaces are regular. If the topology on X is determined by a
g-semimetric d(-,-) for some ¢ > 0, then it is well known that X is normal in
the strict sense. It is also well known that compact Hausdorff topological spaces
are normal.

If a topological space X is normal in the strict sense, and if A, B are disjoint
closed subsets of X, then there is a continuous real-valued function f on X such
that f(x) = 0 for every z € A and f(y) = 1 for every y € B, by Urysohn’s
lemma. In particular, normal topological spaces are completely regular. It is
well known that a locally compact Hausdorff topological space X is completely
regular. This can be derived from the normality of the one-point compactifica-
tion of X, or using a suitable version of the proof of Urysohn’s lemma.

A topological space X is said to be completely Hausdorff if for every pair =z,
y of distinct elements of X there are opensets U,V C X suchthatx € U,y € V,
and the closures of U and V in X are disjoint. In this case, we also say that
X satisfies separation condition number two and a half. Of course, completely
Hausdorff spaces are Hausdorff. It is easy to see that regular topological spaces
are completely Hausdorff. A topological space X is said to be a Urysohn space
if continuous real-valued functions on X separate points in X. Thus completely
regular topological spaces are Urysohn spaces. Urysohn spaces are completely
Hausdorff, because the real line is completely Hausdorff with respect to the
standard topology.

Let X be a set, and let 7, 70 be topologies on X, with

(81) T1 QTQ.

If (X, 1) satisfies the Oth, first, or second separation condition, then it is easy to
see that (X, 72) has the same property. This also works for the completely Haus-
dorff and Urysohn conditions mentioned in the previous paragraph. However,
this type of simple argument does not work for regularity, complete regularity,
or normality.

Let X be a topological space again, and let Y be a subset of X, equipped
with the induced topology. It is well known and not difficult to show that if
X satisfies the Oth, first, or second separation conditions, then Y has the same
property. There are analogous statements for regularity, complete regularity,
completely Hausdorff spaces, and Urysohn spaces, but not normality.
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9 Topological dimension 0

A topological space X has topological dimension 0 in the strict sense if for every
xz € X and open set W C X with € W there is an open set U C X such
that x € U, U C W, and U is a closed set in X too. Sometimes one also asks
that X # (), in connection with inductive notions of topological dimension. If
X has topological dimension 0 in the strict sense and X satisfies the first or
even Oth separation condition, then we may simply say that X has topological
dimension 0. If the topology on X is determined by a semi-ultrametric d(-,-),
then X has topological dimension 0 in the strict sense. It is easy to see that
the set Q of rational numbers has topological dimension 0 with respect to the
topology induced by the standard topology on R.

A topological space X is said to be totally separated if for every pair x, y of
distinct elements of X there are disjoint open sets U, V such that x € U, y € V,
and UUV = X. If X has topological dimension 0, then X is totally separated.
Of course, totally separated spaces are completely Hausdorff. If 7 and 7 are
topologies on a set X such that 73 C 72 and (X, 71) is totally separated, then it
is easy to see that (X, 72) is totally separated. However, this type of argument
does not work for topological dimension 0.

Let X be a totally separated topological space. If z € X, K C X is compact,
and x € K, then one can check that there is an open set U C X such that x € U,
UNK =0, and U is a closed set in X. If X is also locally compact, then one
can use this to show that X has topological dimension 0.

Let X be a topological space, and let Y be a subset of X, equipped with
the induced topology. If X is totally separated or has topological dimension 0,
then one can verify that Y has the same property. Note that a totally separated
topological space with at least two elements is not connected. It follows that
a totally separated topological space is totally disconnected, in the sense that
every subset of the space with at least two elements is not connected.

Let X, Y be topological spaces, and let C(X,Y") be the space of continuous
mappings from X into Y. If U C X is both open and closed, and if y1,y2 € Y,
then

(9.1) f(z) = y1 whenzeU
= ys whenze X\U

defines a continuous mapping from X into Y. If X is totally separated and Y
has at least two elements, then it follows that C'(X,Y’) separates points in X.
In particular, totally separated topological spaces are Urysohn spaces. In the
other direction, if Y is totally separated and C'(X,Y’) separates points in X,
then it is easy to see that X is totally separated.

Suppose that X has topological dimension 0 in the strict sense. If z € X,
E C X is a closed set, and z ¢ F, then there is an open set U C X such that
xeU, UNE =0, and U is a closed set in X. This is equivalent to the earlier
definition, with W = X \ E. If y1,y2 € Y, then (9.1) defines a continuous
mapping from X into Y that is constant on F. In particular, this implies that
X is completely regular in the strict sense.
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Let X, Y be topological spaces again. Suppose that for every x € X and
closed set £ C X with x ¢ E there is a continuous mapping f from X into Y
such that f is constant on E and this constant value is different from f(z). If
Y is totally separated, then X has topological dimension 0 in the strict sense.

10 The archimedean property

Let k be a field, and let Z be the set of positive integers. If x € k and n € Z,
then let n - x be the sum of n z’s in k. Observe that

(10.1) m-(n-x)=(mn)- x
for every m,n € Z, and x € k, and that

(10.2) n-(ry)=(n-z)y
for every n-Z, and x,y € k. In particular,

(10.3) n-y=(Mn-1)y

for every n € Z, and y € k, where 1 is the multiplicative identity element in k.
Using this, one can check that

(10.4) (n-1)7 =ni -1

for every j,n € Z,.

Let | - | be a g-absolute value function on k for some ¢ > 0. If there are
positive integers n such that |n - 1| is arbitrarily large, then | - | is said to be
archimedean on k. Otherwise, | - | is non-archimedean on k, which means that
there is a nonnegative real number C such that

(10.5) In-1| <C
for every n € Zy. If n € Z; and |n- 1] > 1, then
(10.6) (n? - D) =|(n-1)|=|n-1Y - 00 asj— oo,

so that | - | is archimedean on k. If | - | is non-archimedean on k, then it follows
that (10.5) holds with C' = 1.

If | - | is an ultrametric absolute value function on k, then it is easy to see
that (10.5) holds with C' = 1. Conversely, if | - | is non-archimedean on k, then
it is well known that | - | is an ultrametric absolute value function on k. To see
this, suppose that ¢ < oo, and that (10.5) holds for some C' > 1. If z,y € k and
n € Z,, then

(10.7) (@ +y)" = zn: (;‘) gy,

J=0
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n

j) € Z are the usual binomial coefficients. It follows that

()4
J

where (

q

)

(10.8) oyt =@+ <Y
=0

using (3.3) in the second step. Thus

n q
n . .
(10.9) ety < ()1‘ 2] [y e
< C%(n+ 1) max(fe], [y,

using (10.5) in the second step. This implies that
(10.10) |z 4+ y| < CY™ (n4+ )Y "D max(|z|, y|).

To get the ultrametric version (3.7) of the triangle inequality, one can take the
limit as n — oo of the right side of (10.10).

Let | - | be a g-absolute value function on Q for some ¢ > 0, and suppose
that
(10.11) In] <1

for every n € Z. This implies that | - | is non-archimedean on Q, so that | - | is
an ultrametric absolute value function on Q. If |n| = 1 for every n € Z, then
it is easy to see that | - | is the trivial absolute value function on Q. Otherwise,
suppose that |n| < 1 for some n € Z,. Let p be the smallest positive integer
with [p| < 1. Of course, p > 1, because |1| = 1, as in (3.4). On can check that
p has to be a prime number, using (3.2). Under these conditions, one can show
that | - | is equivalent to the p-adic absolute function on Q. This is part of the
theorem of Ostrowski mentioned in Section 4.

11 Some related conditions

Let k be a field, and let | -| be a g-absolute value function on k for some positive
real number g. One can check that

(11.1) In-117<n

for every n € Z,, using (3.3). Suppose that ¢ < 1, and

(11.2) [n-1 < Cn

for some real number C' > 1 and every n € Z. If j,n € Z,, then we get that
(11.3) In-17 =|(n-1)7| = |n/ - 1| < Cn,

using (10.4) in the second step. This implies that

(11.4) n-1] <CYin
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for every j,n € Z. It follows that
(11.5) In -1 <n

for every n € Z, , because C*/7 — 1 as j — oco. Let us show that (11.2) implies
that | - | is an ordinary absolute value function on k.
Ifz,y € kand n € Z,, then
(o
J

()4
J

q
<(n+1) max

n q
(11.6) [z +y["* <>

= 0<j<n
using (10.8) in the first step. This implies that
(11.7) oyl < e+ DY max () 1] lal? o)
- 0<i<n \[\ j ’

by taking the gth root of both sides of (11.6). It follows that

ey < ey (") A e
— J
7=0
s < Chtrney (j) 2 [y = € (n+ 1)V (] + lyl)",
=0

using (11.2) in the second step, and the binomial theorem in the third step.
Thus
(11.9) o +y| < CY™ (n+ )Y (Jz] + |y))

by taking the nth roots of both sides of (11.8). This implies that |- | satisfies the
ordinary version of the triangle inequality on k, by taking the limit as n — oo
on the right side of (11.9).

Let k be any field again, and let | - | be a g-absolute value function on k
for some ¢ > 0. If k has positive characteristic, then there are only finitely
many elements of k of the form n -1 with n € Z, so that | - | is automatically
non-archimedean on k. Suppose now that & has characteristic 0, so that there
is a natural embedding of Q into k. Thus |- | leads to a g-absolute value
function on Q. It is easy to see that |- | is archimedean on k exactly when
the induced g¢-absolute value function on Q is archimedean. In this case, the
theorem of Ostrowski mentioned in Section 4 implies that the induced absolute
value function on Q is equivalent to the standard Euclidean absolute value
function on Q. Let us suppose that the induced absolute value function on Q is
equal to the standard absolute value function on Q, which can be arranged by
replacing | - | on k with a suitable positive power of itself. In this situation, the
earlier discussion implies that | - | is an ordinary absolute value function on k.

Let |-| be an archimedean g-absolute value function on a field k for some ¢ > 0
again, and suppose that k is complete with respect to the associated g-metric.
Under these conditions, another famous theorem of Ostrowski implies that k
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is isomorphic to R or C, where | - | corresponds to a g-absolute value function
on R or C, as appropriate, that is equivalent to the standard absolute value
function. As in the preceding paragraph, we can replace |-| on k with a positive
power of itself, if necessary, to get that induced absolute value function on Q is
equal to the standard absolute value function on Q. With this normalization,
| - | corresponds exactly to the standard absolute value function on R or C, as
appropriate, under the isomorphism just mentioned.

12 ¢-Norms and ¢-seminorms

Let k be a field, and let |-| be a gg-absolute value function on k for some g > 0.
Also let V' be a vector space over k, and let g be a positive real number. A
nonnegative real-valued function N on V is said to be a g-seminorm on V with
respect to | - | on k if it satisfies the following two conditions. First,

(12.1) N(tv) = [t| N(v)

for every v € V and ¢t € k. Note that this implies that N(0) = 0, by taking
t = 0. Second,
(12.2) N(v+w)? < Nw)?+ N(w)?

for every v,w € V. If we also have that
(12.3) N(v) >0 when v #0,

then N is said to be a g-norm on V with respect to | - | on k. A g-norm or
g-seminorm with ¢ = 1 is also known as a norm or seminorm, respectively.
As usual, (12.2) is the same as saying that

(12.4) N(v+w) < (N()? + N(w)9)"/4

for every v,w € V. A nonnegative real-valued function NV on V is said to be a
semi-ultranorm on V with respect to | - | on k if it satisfies (12.1) and

(12.5) N(v+ w) <max(N(v), N(w))

for every v,w € V. If N satisfies (12.3) too, then N is said to be an ultranorm on
V with respect to |- | on k. An ultranorm or semi-ultranorm may be considered

as a g-norm or g-seminorm with ¢ = oo, respectively, because of (1.9). If
0<q <¢2 <ooand N is a go-norm or ge-seminorm on V with respect to | - |
on k, then N is a g;-norm or ¢;-seminorm on V' with respect to | - | on k, as
appropriate, because of the first inequality in (1.8) and (1.10).

If N is a g-seminorm on V with respect to |- | on k for some g > 0, then
(12.6) d(v,w) =dy(v,w) = N(v—w)
defines a g-semimetric on V. This uses the fact that | — 1| = 1, as in Section 3,

to get that (12.6) satisfies the symmetry condition (2.2). If N is a ¢g-norm on
V', then (12.6) defines a g-metric on V.
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The trivial ultranorm is defined on V' by putting N (v) equal to 1 when v # 0
and to 0 when v = 0. This is an ultranorm on V with respect to the trivial
absolute value function on k. The ultrametric on V' corresponding to the trivial
ultranorm as in (12.6) is the same as the discrete metric on V.

Let N be a g-seminorm on V with respect to | - | on k for some ¢ > 0, and
suppose that N(v) > 0 for some v € V. Under these conditions, one can check
that | - | is a g-absolute value function on k.

Let N be a g-seminorm on V with respect to | - | on k for some ¢ > 0 again,
and let a be a positive real number. Remember that |- |* is a (¢gx/a)-absolute
value function on k, as in Section 3. Similarly,

(12.7) N(v)®

is a (¢/a)-seminorm on V with respect to |-|* on k. If N is a g-norm on V with
respect to |- | on k, then (12.7) is a (¢/a)-norm on V with respect to |- |* on k.
Of course, the (g/a)-metric or semimetric on V associated to (12.7) is the ath
power of the g-metric or g-semimetric associated to N on V.

Let N be a g-seminorm on V with respect to | - | on k for some ¢ > 0 again.
Thus the corresponding g-semimetric (12.6) determines a topology on V, as in
Section 4. It is easy to see that addition of vectors in V' defines a continuous
mapping from V' x V into V, using the product topology on V x V associated
to the topology on V just mentioned. Similarly, scalar multiplication on V'
determines a continuous mapping from k£ x V into V. This uses the product
topology on k X V associated to the topology determined on k& by the gi-metric
corresponding to | - | and the topology on V just mentioned.

Using (12.6), we can get a g-semimetric on V x V, as in (5.6). One can
check that addition of vectors in V' defines a uniformly continuous mapping
from V x V into V with respect to this g-semimetric. Similarly, we can get a
min(gqg, ¢)-semimetric on k x V using the gp-metric on k associated to |- | and
(12.6). One can verify that the mapping from k& x V into V corresponding to
scalar multiplication is uniformly continuous on bounded subsets of k x V| with
respect to this min(gg, ¢)-semimetric on k x V.

If qo is a positive real number with ¢y < ¢, then N may be considered as a
go-seminorm on V with respect to | - | on k, as before. Put

(12.8) fao(v) = N(v)®

for each v € V', which defines a nonnegative real-valued function on V. This is
the same as (6.2), with X =V, dx equal to (12.6), w = 0, and ¢ replaced with
qo. Hence (12.8) is uniformly continuous as a mapping from V into R, with
respect to (12.6) on V, and the standard Euclidean metric on R.

Let N be a g-norm on V with respect to |- | on k for some ¢ > 0. If V is not
already complete as a g-metric space with respect to (12.6), then one can pass
to a completion of V. One can start by completing V' as a g-metric space, as in
Section 2. The vector space operations on V can be extended continuously to
the completion of V', so that the completion of V' becomes a vector space over
k too. The extension of N to the completion corresponds to the distance to 0
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in the completion, and defines a g-norm on the completion with respect to | - |
on k. The completion of V' as a vector space over k with a ¢g-norm with respect
to |- | on k can be obtained more directly as well. If V' is complete as a g-metric
space with respect to (12.6), and k is not complete as a gi-metric space with
respect to (3.9), then scalar multiplication on V' can be extended continuously
to the completion of k. This makes V into a vector space over the completion
of k, and N becomes a ¢g-norm on V as a vector space over the completion of k.

If V is complete with respect to the g-metric associated to IV, then V is said
to be a g-Banach space with respect to N. In this case, if ¢ = 1, then we may
simply say that V is a Banach space with respect to N. One may prefer to
include the completeness of k in the definition of a g-Banach space.

13 Supremum g-semimetrics and g-seminorms

Let X, Y be nonempty sets, and let dy be a gy-semimetric on Y for some gy > 0.
A mapping f from X into Y is said to be bounded if f(X) is bounded as a subset
of Y, with respect to dy. Let B(X,Y) be the collection of bounded mappings
from X into Y. If f,¢g € B(X,Y), then it is easy to see that dy (f(x),g(x)) is
bounded as a nonnegative real-valued function on X. Thus means that

(13.1) 0(f,9) = sup dy (f(x),g(x))

zeX

is defined as a nonnegative real number. One can check that (13.1) defines a
gy-semimetric on B(X,Y), which is the supremum gq-semimetric associated to
dy. If dy is a gy-metric on Y, then (13.1) defines a g¢y-metric on B(X,Y). In
this case, if Y is also complete with respect to dy, then B(X,Y) is complete
with respect to (13.1), by standard arguments.

If X is a topological space, then we let C'(X,Y’) denote the space of contin-
uous mappings from X into Y, as in Section 9, using the topology determined
on Y by dy. Let Cp(X,Y) be the space of bounded continuous mappings from
X into Y, so that
(13.2) Cy(X,)Y)=B(X,Y)NnC(X,Y).

One can verify that Cp(X,Y) is a closed set in B(X,Y") with respect to (13.1),
using standard arguments. If X is equipped with the discrete topology, then
Cp(X,Y) is the same as B(X,Y). If X is a compact topological space, and f is a
continuous mapping from X into Y, then f(X) is a compact subset of Y, which
implies that f(X) is bounded in Y. Thus Cp(X,Y) is the same as C(X,Y)
when X is compact. If dy is a gy-metric on Y, and Y is complete with respect
to dy, then Cy(X,Y") is complete with respect to (13.1). This follows from the
completeness of B(X,Y) with respect to (13.1), and the fact that C,(X,Y") is
a closed set in B(X,Y') with respect to the topology determined by (13.1).

Let X be a nonempty set again, let k be a field, and let V' be a vector space
over k. Observe that the space ¢(X,V) of all V-valued functions on X is a
vector space over k with respect to pointwise addition and scalar multiplication
of functions.
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Let | - | be a gx-absolute value function on k for some g > 0, and let N be
a g-seminorm on V with respect to | - | on k for some ¢ > 0. Let {*°(X,V) =
IR (X, V) be the space of V-valued functions on X that are bounded with respect
to N, in the sense that N(f(z)) is bounded as a nonnegative real-valued function
on X. This is the same as saying that f is bounded with respect to the ¢-
semimetric on V' associated to N, so that ¢>°(X, V) is the same as B(X,V) in
this situation. It is easy to see that ¢°°(X,V) is a linear subspace of ¢(X, V).
Put

(13.3) Il flloo = ||f||é°°(x,v) = ||fHe§(X7v) = Sg}% N(f(x))

for every f € £>°(X,V). One can check that this defines a g-seminorm on
£>(X, V) with respect to |-| on k. This is known as the supremum g-seminorm
on (X, V) associated to N. Note that the g-semimetric on £*°(X, V) associ-
ated to (13.3) is the same as the supremum g-semimetric corresponding to the
g-semimetric on V associated to N as in (13.1). If N is a g-norm on V, then
(13.3) is a g-norm on £*°(X, V).

Now let X be a nonempty topological space, and let C'(X, V') be the space of
all continuous V-valued functions on X, as in Section 9. This uses the topology
determined on V' by the g-semimetric associated to N. It is easy to see that
C(X,V) is a linear subspace of the space ¢(X, V) of all V-valued functions on
X. Let E be a nonempty compact subset of X. If f € C(X,V), then f is
bounded on E with respect to N, by standard results. Thus

(13.4) [flsup, & = [ fllsup, .8 = SIEIIEZN(f(x))

is defined as a nonnegative real number, and in fact the supremum is attained.
One can check that (13.4) defines a g-seminorm on C(X, V) with respect to | - |
on k. This is the supremum g-seminorm on C(X,V) associated to E.

Let Cy(X,V) be the space of V-valued functions on X that are bounded
and continuous with respect to IV, as before. This is a linear subspace of both
C(X,V) and £°°(X, V). The supremum g-seminorm (13.3) may also be denoted
|| f1| sup, which corresponds to (13.4) with £ = X.

If X is a nonempty topological space and F C X is nonempty and compact,
then the g-semimetric on C(X,V) corresponding to (13.4) is the supremum g-
semimetric associated to E. This g-semimetric determines a topology 7 on
C(X,V), as in Section 4. Let 7 be the topology on C(X,V) which is gener-
ated by the collection of topologies 75, where E is a nonempty compact subset
of X. Of course, finite subsets of X are compact, so that this collection is
nonempty. More precisely, the union of 75 over all nonempty compact subsets
E of X is a sub-base for 7. In this situation, one can check that the union
of 7 over all nonempty compact subsets E of X is a base for 7. This uses
the fact that if F4,... FE, are finitely many nonempty compact subsets of X,
then their union U;L:1 Ej; is compact as well. The supremum g¢-seminorm on
C(X,V) associated to U?Zl E; is the same as the maximum of the supremum
g-seminorms associated to E1,...,E,. If E is any nonempty compact subset
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of X, then the collection of open balls in C(X, V) corresponding to the supre-
mum g¢-semimetric associated to (13.4) is a base for 7. Thus the collection of
all open balls in C(X, V) corresponding to supremum g-semimetrics associated
to nonempty compact subsets E of X is a base for 7. If X is compact, then
C(X,V)=Cp(X,V), and 7 is the same as the topology 7x determined by the
supremum g¢-semimetric associated to £ = X.

14 Bounded linear mappings

Let k be a field with a gg-absolute value function | - | for some ¢ > 0, and let
V', W be vector spaces over k. Also let Ny, Ny be gy, gw-seminorms on V,
W, respectively, for some gy, gw > 0, and with respect to |- | on k. A linear
mapping 7' from V into W is said to be bounded with respect to Ny, Ny, if
there is a nonnegative real number C such that

(14.1) Nw (T(v)) < C Ny (v)
for every v € V. This implies that
(14.2) Nw (T(u) —=T(v)) = Nw(T(u—v)) < C Ny(u—v)

for every u,v € V', and hence that T is uniformly continuous as a mapping from
V into W, with respect to the gy, gw-semimetrics associated to Ny, Ny on
V', W, respectively. In the other direction, let T" be a linear mapping from V'
into W, and suppose that | - | is nontrivial on k. If Ny (T'(v)) is bounded on
a ball in V centered at 0 with positive radius with respect to Ny, then one
can check that T is bounded as a linear mapping with respect to Ny, Ny,. In
particular, this condition holds when T is continuous at 0 with respect to the
topologies determined on V', W by the qy, gw-semimetrics associated to Ny,
Ny, respectively.

If T is a bounded linear mapping from V into W with respect to Ny, Ny,
then put
(14.3) ITNlop = 1T |op,vw = inf{C > 0: (14.1) holds},

where more precisely the infimum is taken over all nonnegative real numbers
C such that (14.1) holds. It is easy to see that the infimum is automatically
attained, so that (14.1) holds with C = ||T'||op. Let BL(V, W) be the space of
all bounded linear mappings from V into W with respect to Ny, Ny,. One
can verify that BL(V,W) is a vector space over k with respect to pointwise
addition and scalar multiplication. Moreover, (14.3) defines a gy -seminorm
on BL(V,W). If Ny is a gw-norm on W, then (14.3) defines a gy -norm
on BL(V,W). In this case, if W is complete with respect to the gy -metric
associated to Ny, then BL(V,W) is complete with respect to the gy -metric
associated to (14.3), by standard arguments.

Let Z be another vector space over k, and let Nz be a gz-seminorm on Z
with respect to | - | on k, for some gz > 0. If Ty is a bounded linear mapping
from V into W with respect to Ny, Ny, and T» is a bounded linear mapping
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from W into Z with respect to Ny, Nz, then their composition 75 o T} is a
bounded linear mapping from V into Z with respect to Ny, Nz, with

(14.4) T2 0 Thllop,vz < 1 T1llop.vw [ T2llopwz-

Let BL(V) be the space of bounded linear mappings from V' into itself, using
Ny on V as both the domain and range of the mapping. Note that the identity
mapping I = Iy on V is a bounded linear mapping from V into itself. If
Ny (v) > 0 for some v € V, then |||, = 1.

Suppose now that Ny, Ny are qy, gw-norms on V', W, respectively, and let
Vo be a linear subspace of V that is dense in V with respect to the gy-metric
associated to Ny . Let T be a bounded linear mapping from Vj into W, using
the restriction of Ny to Vjy as a gy-norm on V;. In particular, Ty is uniformly
continuous with respect to the qy, quw-metrics associated to Ny, Ny, respec-
tively, as before. If W is complete with respect to the gy -metric associated to
Ny, then there is a unique extension of Ty to a uniformly continuous mapping
from V into W, as in Section 7. In this situation, one can check that this ex-
tension is a bounded linear mapping from V into W, with the same operator
qw-norm as on Vj.

15 Bilinear mappings

Let k be a field, and let V, W, and Z be vector spaces over k. Also let b(v, w)
be a Z-valued function of v € V and w € W. As usual, b is said to be bilinear
if b(v,w) is linear in each variable. More precisely, this means that b(v,w) is
linear in v for each w € W, and that b(v,w) is linear in w for each v € V. Thus

(15.1) b1 »(w) = b(v, w)
may be considered as a linear mapping from W into Z for each v € V| and
(15.2) b2, (v) = b(v,w)

may be considered as a linear mapping from V into Z for each w € W. Let
L(V,Z) be the space of linear mappings from V into Z, and similarly for
L(W,Z). These are vector spaces over k with respect to pointwise addition
and scalar multiplication. The bilinearity of b implies that

(15.3) V= blﬂ,
defines a linear mapping from V into £(W, Z), and that
(15.4) W by

defines a linear mapping from W into £(V,Z). Conversely, a linear mapping
from V into L(W, Z) or from W into L(V, Z) corresponds to a bilinear mapping
from V x W into Z in this way.
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Let | - | be a gi-absolute value function on k for some g5 > 0, and let Ny,
Nw, and Nz be qv, qw, and gz-seminorms on V., W, and Z, respectively, for
some gy, qw,qz > 0, and with respect to | - | on k. A bilinear mapping b from
V x W into Z is said to be bounded with respect to Ny, Ny, and Ny if there
is a nonnegative real number C' such that

(15.5) Nz(b(v,w)) < C Ny (v) Ny (w)

for every v € V and w € W. In this case, one can check that b is continuous
as a mapping from V x W into Z, with respect to the topologies determined
on V, W, and Z by the g-semimetrics associated to Ny, Ny, and Nz, and
the corresponding product topology on V' x W. More precisely, remember that
one can get a min(qy, gw )-semimetric on V' x W from the gy, gy -semimetrics
on V, W associated to Ny, Ny, respectively, as in (5.6). One can verify that
b is uniformly continuous on bounded subsets of V' x W with respect to this
min(qy, gw )-semimetric, using standard arguments.

Suppose for the moment that |-| is nontrivial on k. If Nz (b(v,w)) is bounded
for v, w in balls in V', W centered at 0 with positive radius with respect to Ny,
Ny, respectively, then it is easy to see that b is bounded as a bilinear mapping
from V x W into Z with respect to Ny, Nw, and Nz. In particular, this
condition holds when b is continuous as a mapping from V' x W into Z at (0,0).

Suppose that b is a bounded bilinear mapping from V x W into Z with
respect to Ny, Ny, and Nz, so that (15.5) holds for some C' > 0. If v € V and
b1, is as in (15.1), then it follows that by , is a bounded linear mapping from
W into Z, with
(15.6) 161,0llop,wz < C Ny (v).

This implies that (15.3) is a bounded linear mapping from V into BL(W, Z),
with respect to the corresponding operator gz-seminorm ||-||op wz on BL(W, Z).
Similarly, if w € W and ba ,, is as in (15.2), then bs 4, is a bounded linear mapping
from V into Z, with

(15.7) 1b2,wllop.vz < C Nw (w).
This means that (15.4) is a bounded linear mapping from W into BL(V, Z),
with respect to the corresponding operator gz-seminorm || - ||op,vz.

Suppose now that Ny, Ny, and Nz are gy, qw, and gz-norms on V', W, and
Z, respectively. Let Vy, W be dense linear subspaces of V', W, respectively, with
respect to the topologies determined by the qy, gy -metrics associated to Ny,
Nyy. Also let by be a bilinear mapping from V x Wy into Z that is bounded with
respect to the restrictions of Ny, Ny to Vi, Wy, respectively. If Z is complete
with respect to the ¢gz-metric associated to Nz, then there is a unique extension
of by to a bounded bilinear mapping from V' x W into Z. To get the existence
of this extension, one can use the uniform continuity of by on bounded subsets
of Vy x Wy, as before. Alternatively, the extension can be obtained one variable
at a time, using the analogous statement for bounded linear mappings in the
previous section. Note that the constant for the boundedness of the extension
of by to V x W is the same as for by on V x Wy.

26



16 Associative algebras

Let k be a field, and let A be a vector space over k. Suppose that for each
x,y € A, the product zy is defined as an element of A. More precisely, this
corresponds to a mapping from A x A into A. As usual, this operation is said
to be associative on A if

(16.1) (zy)z=2(y2)

for every x,y,z € A. If multiplication on A is both associative and bilinear,
then A is said to be an (associative) algebra over k. If

(16.2) TYy=yx

for every z,y € A, then multiplication on A is said to be commutative. If A is
an algebra over k and multiplication on A4 is commutative, then A is said to be
a commutative algebra over k.

Let A be an algebra over k. An element e of A is said to be the multiplicative
identity element in A if
(16.3) er=zxe=c

for every x € A. If there is a multiplicative identity element in A, then it is
easy to see that it is unique.

If V is a vector space over k, then the space £(V') of linear mappings from
V into itself is a vector space with respect to pointwise addition and scalar
multiplication. In fact, £(V) is an algebra over k with respect to composition
of linear mappings. The identity mapping I = [y on V is the multiplicative
identity element in L£(V).

If X is a nonempty set, then the space ¢(X, k) of all k-valued functions on
X is a commutative algebra over k£ with respect to pointwise multiplication of
functions. Let 1x be the k-valued function on X whose value at every point
in X is the multiplicative identity element 1 in k. This is the multiplicative
identity element in ¢(X, k).

Let A, B be algebras over k. A linear mapping ¢ from A into B is said to
be an (algebra) homomorphism if

(16.4) P(ry) = ¢(x) p(y)

for every z,y € A. Of course, this uses multiplication on A on the left side, and
multiplication on B on the right side.
Let A be an algebra over k again, and let a be an element of A. Put

(16.5) M, (z)=ax

for each x € A, so that M, defines a linear mapping from A into itself. This is
the (left) multiplication operator on A associated to a. If b is another element
of A, then

(16.6) M, (My(z)) = My(bz) =a(bx) = (ab)x = Myp(2)
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for every x € A. Thus
(167) Ma ] Mb = Mab

as linear mappings from A into itself.
It is easy to see that
(16.8) a— M,

defines a linear mapping from A into the space £(.A) of linear mappings from .4
into itself. More precisely, this is an algebra homomorphism from A into £(.A),
because of (16.7). If A has a multiplicative identity element e, then M, is the
identity mapping on A. In this case, we also have that

(16.9) My(e) =ae=a

for every a € A, which implies that (16.8) is injective.

17 Submultiplicative g-seminorms

Let k be a field with a gg-absolute value function |- | for some ¢ > 0, and let .4
be an algebra over k. Also let NV be a g-seminorm on A as a vector space over
k for some ¢ > 0, with respect to | -| on k. If

(17.1) N(zy) < N(z)N(y)

for every z,y € A, then N is said to be submultiplicative on A. If A has a
multiplicative identity element e, then we get that

(17.2) N(z) = N(ex) < N(e) N(z)

for every z € A. This implies that N(e) > 1 when N(z) > 0 for some z € A.

Let X be a nonempty topological space, and let C'(X,k) be the space of
continuous k-valued functions on X, as in Section 9. This uses the topology
determined on k by the gi-metric associated to |-|. As in Section 13, C(X, k) is
a vector space over k with respect to pointwise addition and scalar multipliction
of functions, and in fact C'(X,k) is a commutative algebra with respect to
pointwise multiplication of functions. More precisely, C'(X, k) is a subalgebra of
the algebra ¢(X, k) of all k-valued functions on X. If E is a nonempty compact
subset of X, then

(17.3) [fllsup,m = sup | f ()]
zelE
defines a gg-seminorm on C'(X, k) with respect to |- | on k, as in Section 13. Tt
is easy to see that
(174) Hfg”sup,E < Hf”sup,E ||g||sup,E

for every f,g € C(X,k), so that (17.3) is submultiplicative on C(X,k). Of
course, constant functions on X are continuous, including the function 1 x whose
value at every point in X is the multiplicative identity element 1 in k. Note
that

(17.5) 1xllsupr = 11 = 1
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for every nonempty compact set E C X, using (3.4) in the second step.

Let X be a nonempty set, and let £°°(X, k) be the space of bounded k-valued
functions on X, as in Section 13. This is a vector space over k with respect to
pointwise addition and scalar multiplication of functions, and in fact ¢>°(X, k)
is a subalgebra of ¢(X, k). Remember that

(17.6) 1flloe = 1 flle=e x5y = sup [ f(2)]
reX

defines a gi-norm on (*°(X k), as in (13.3). If f,g € £*°(X, k), then

(17.7) 1 9lloe < [[flloo llglloo,

so that (17.6) is submultiplicative on £*° (X, k). Constant k-valued functions on
X are bounded, and
(17.8) 1xlloo = [1] =1,

using (3.4) again.

Let X be a nonempty topological space again, and let C,(X, k) be the space
of bounded continuous k-valued functions on X, as in Section 13. This is the
same as the intersection of C(X, k) and ¢>°(X, k), and in particular Cy(X, k) is
a subalgebra of both C(X, k) and £°(X, k). As in Section 13, (17.6) may also
be denoted || f||sup, which corresponds to (17.3) with £ = X. Remember that
Cy(X, k) is the same as C(X, k) when X is compact, and that Cy(X, k) is the
same as ¢>°(X, k) when X is equipped with the discrete topology.

Let V be a vector space over k, and let Ny be a qy-seminorm on V with
respect to | - | on k for some gy > 0. As in Section 14, the space BL(V)
of bounded linear mappings on V' with respect to Ny is a vector space with
respect to pointwise addition and scalar multiplication. More precisely, BL(V)
is a subalgebra of the algebra £(V) of all linear mappings from V into itself, with
composition of linear mappings as multiplication. Let ||-||op be the corresponding
operator gy-seminorm on BL(V), as in (14.3). We have seen that || - ||op is
submultiplicative on BL(V), as in (14.4).

18 Continuity of multiplication

Let k be a field with a gi-absolute value function | - | for some g > 0, let A be
an algebra over k, and let IV be a g-seminorm on A as a vector space over k for

some ¢ > 0, with respect to | - | on k. Suppose that there is a nonnegative real
number C' such that
(18.1) N(zy) < CN(z)N(y)

for every z,y € A. This is the same as saying that multiplication is bounded
as a bilinear mapping from A x A into A, as in Section 15. In particular, this
implies that multiplication on A is continuous as a mapping from A x A into A,
with respect to the topology determined on A by the g-metric associated to IV,
and the corresponding product topology on A. Using this ¢-semimetric on A,
we can get a g-semimetric on A X A, as in (5.6). The restriction of the mapping
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from A x A into A corresponding to multiplication on A to bounded subsets of
A x A is uniformly continuous with respect to the g-semimetrics just mentioned,
as in Section 15. Of course, (18.1) is the same as (17.1) when C = 1.

Let a € A be given, and let M, be the corresponding left multiplication
operator on A, as in (16.5). Using (18.1), we get that M, is a bounded linear
mapping from A into itself with respect to IV, with

(18.2) [Mallop < C N(a).

Here || - ||op is the operator g-seminorm on BL(A) corresponding to N, as in
(14.3). Thus a — M, defines a bounded linear mapping from A into BL(A),
with respect to || - [lop on BL(A).

Suppose that A has a multiplicative identity element e. Using (18.1), we get
that
(18.3) N(z)=N(ex) < CN(e) N(z)

for every x € A, which implies that C' N(e) > 1 when N(x) > 0 for some z € A.
If a € A, and M, is the corresponding left multiplication operator on A again,
then

(18.4) N(a) = N(ae) = N(Ma(e)) < [[Mallop N(e)-

In particular, if C = 1 and N(e) = 1, then it follows that || Mg]|,p = N(a) for
every a € A.

Let X be a nonempty topological space, and remember that the space
C(X, k) of continuous k-valued functions on X is a commutative algebra over
k. If E is a nonempty compact subset of X, then the corresponding supremum
gr-seminorm || f||sup,z on C(X, k) is defined as in (17.3), and || f||sup,5 is sub-
multiplicative on C'(X, k), as in (17.4). Let g be the topology determined on
C(X, k) by the gi-semimetric on C(X, k) associated to || f| sup,z, as in Section
13. As before, multiplication on C(X, k) defines a continuous mapping from
C(X,k) x C(X,k) into C(X, k) with respect to 75 on C(X, k) and the corre-
sponding product topology on C(X,k) x C(X,k). Let 7 be the topology on
C(X, k) generated by the collection of topologies g, where E is a nonempty
compact subset of X, as in Section 13 again. Omne can check that multipli-
cation on C(X, k) defines a continuous mapping from C(X, k) x C(X, k) into
C(X, k) with respect to 7 on C(X, k) and the corresponding product topology
on C(X, k) x C(X, k). Of course, there are analogous statements for continuity
of addition and scalar multiplication on C(X, k) with respect to 7.

19 Multiplicativity conditions

Let k be a field with a gg-absolute value function | - | for some ¢ > 0 again, let
A be an algebra over k, and let NV be a g-seminorm on A as a vector space over
k for some g > 0, with respect to |- | on k. If

(19.1) N(zy) = N(z) N(y)
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for every z,y € A, then N is said to be multiplicative on A.
Now let N be a submultiplicative g-seminorm on A for some ¢ > 0, with
respect to |- | on k. If x € A, then

(19.2) N(z™) < N(z)"
for every n € Z,. If N is multiplicative on A, then
(19.3) N(z™) = N(z)"

for every x € Aand n € Z,.
Suppose for the moment that A has a multiplicative identity element e. If
we take = e in (19.3), then we get that

(19.4) N(e) = N(e") = N(e)™.

This implies that N(e) =1 when N(e) > 0 and n > 2.

If X is a nonempty set, then it is easy to see that the supremum gg-norm
IIfllco satisfies (19.3) on the algebra ¢*°(X, k) of bounded k-valued functions
on X. Similarly, if X is a nonempty topological space, and E is a nonempty
compact subset of X, then the corresponding supremum gy-seminorm || f| sup, &
satisfies (19.3) on C(X, k).

Let A be an algebra over k again, and let N be a submultiplicative g-
seminorm on A for some ¢ > 0. Suppose that (19.3) holds for some = € A
andn € Zy. If j € Z; and j < n, then

(19.5) N(2)" = N(z") = N(27 2"9) < N(27) N(z"77) < N(27) N(z)" 7.

It follows that ‘ ‘
(19.6) N(z?) = N(x)’

when N(z) > 0, and this can be verified more directly when N(x) = 0. If (19.3)
holds for some arbitrarily large positive integers n, then this implies that (19.3)
holds for every n € Z,..

Suppose that for each x € A there is an n € Z, such that n > 2 and (19.3)
holds. If x € A, then one can apply the hypothesis repeatedly to powers of z, to
get that (19.3) holds for some arbitrarily large positive integers n. This implies
that (19.3) holds for every n € Z, as in the preceding paragraph.

If a is a positive real number, then |- |* defines a (gx/a)-absolute value
function on k, as in Section 3. If N is a ¢-seminorm on A with respect to | - |

on k, then
(19.7) N(x)*

defines a (g/a)-seminorm on A with respect to | - |* on k, as in (12.7). If N
is submultiplicative on A, then (19.7) is clearly submultiplicative on A too.
Similarly, if N is multiplicative on A, then (19.7) is multiplicative on A as well.
If N satisfies (19.3) for every z € A and n € Z,, then (19.7) satisfies the
analogous condition on A for each n € Z.
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20 Consequences for g

Let k be a field, and let A be an algebra over k. If n € Z, and t € k, then we
let n -t be the sum of n t’s in k, as in Section 10. Similarly, if x € A, then let
n -z be the sum of n x’s in A. As before, we have that

(20.1) m-(n-x)=(mn)- -x

for every m,n € Z and = € A, and

(20.2) n-(zy)=(n-z)y

foreveryn € Zy and x,y € A. f n€ Z,,t €k, and x € A, then
(20.3) n-(tr)=Mn-t)z

using scalar multiplication on A.
Let us suppose from now on in this section that A is a commutative algebra
over k. If x,y € Aand n € Z,, then

(20.4) (z+y)" = En: (;‘) cad g

Jj=0

where (?) are the usual binomial coefficients. Here x/ y»~7 is interpreted as
being =" when j = n, and as being y™ when j = 0. Equivalently,

(20.5) (z + )" i(( ) ) Ty,

where (?) -1 is the sum of (?) 1’s in k, as before.

Let |- | be a gx-absolute value function on & for some ¢ > 0, and let N be a
submultiplicative g-seminorm on A for some ¢ > 0 with respect to | - | on k. If
q < 00, then we get that

n

(20.6) N((x+y)")q:N(Z<?> zl Y J) szn: (() a Yy ’),

=0

using the g-seminorm version (12.2) of the triangle inequality in the second step.

We also have that
() ) = () )
) e

IN

TN/
S 3 = 3

) o
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for each 7 = 0,1,...,n, using the submultiplicativity of N in the third step.

I ]1[18
< ) '
.7

(20.8) N(@+y™)1<)
j=0
Suppose that for the moment that gx = oo, so that |- | is an ultrametric
absolute value function on k. In this case, (20.8) implies that

q
N(z)’4 N(y)(nfj)q_

(20.9) N((z+y)™)? < ZN(x)qu(y)(”‘j)q
=0

IN

(n+ 1) max(N(z), N(y))" 9.
Suppose that N satisfies (19.3) on A for all n € Z, so that

(20.10) N((z+y)")=N(z+y)"

for every n € Z;. Combining this with (20.9), we get that

(20.11) N(z +y) = N((z +)")"" < (n+ 1)V max(N(z), N(y))
for every n € Z,. It follows that

(20.12) N(z +y) < max(N(z), N(y))

for every x,y € A, by taking the limit as n — oo on the right side of (20.11).
Thus N is a semi-ultranorm on A under these conditions. Of course, this is
very similar to the argument for non-archimedean absolute value functions in
Section 10.

Suppose now that £k = R, C, or simply Q with the standard absolute value
function. Using (20.8), we get that

(20.13) N((z+y)")? < Z (Tll>qN(x)qu(y)(n—j)q

im0 M

IN

0<j<n

(n+1) max ((7;)(, N(z) N(y)wﬂ‘)q).

Hence

n

o () ) )

(20.14)  N((z+y") < (n+1Y7 max ((]

n

s Y (1) Ny N

Jj=0

IN

< (n+DYI(N(z) + N(y)",

by taking the gth root of both sides of (20.13) in the first step, and using the
binomial theorem in the third step. Suppose again that N satisfies (19.3) on A
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for each n € Z, so that (20.10) holds for every n € Z,. Using this and (20.14),
we get that

(20.15)  N(z+y)=N(@z+y)")"" < (n+ 1)) (N(2) + N(y))
for each n € Z. This implies that
(20.16) N(z+y) < N(z) + N(y)

for every x,y € A, by taking the limit as n — oo on the right side of (20.15).
This shows that NV is an ordinary seminorm on A under these conditions, so
that we can take ¢ = 1. This is analogous to some of the remarks in Section 11.

Part 11
Some more basic notions

21 Nonnegative sums

Let X be a nonempty set, and let f be a nonnegative real-valued function on
X. The sum
(21.1) 3 f@)
zeX
is defined as a nonnegative extended real number to be the supremum of the
sums
(21.2) S f@)
z€A

over all nonempty finite subsets A of X. Thus (21.1) is finite if and only if there
is a finite upper bound for the finite subsums (21.2), in which case f is said to
be summable on X. Of course, if X has only finitely many elements, then (21.1)
can be defined as a finite sum directly. It is sometimes convenient to allow f
to take values in the set of nonnegative extended real numbers, where (21.1) is
automatically interpreted as being +o0o when f(z) = 400 for any = € X.

If f is a nonnegative extended real-valued function on X and t is a positive
real number, then
(21.3) Dot =ty f(),

reX rzeX

where ¢t times 400 is interpreted as being +o0o. Similarly, if g is another non-
negative extended real-valued function on X, then

(21.4) Y (f@) +g(@) = fl@)+ Y g(x),
zeX zeX z€X

where the sum of any nonnegative extended real number and 4oc is interpreted
as being +o0o. Both statements can be verified directly from the definitions, by
approximating the various sums by the corresponding finite subsums.

34



Let f be a nonnegative real-valued function on X, and let r be a positive
real number. If f(x)" is summable on X, then f is said to be r-summable on
X. In this case,

(215) 17l = (3 s@r)”
zeX

is defined as a nonnegative real number, and otherwise (21.5) may be interpreted
as being +o0o. Similarly,

(21.6) [ flloc = sup f(z)
zeX

is defined as a nonnegative extended real number, which is finite exactly when
f has a finite upper bound on X. Observe that

(21.7) 1 fllr =t £l
for every positive real number ¢ and 0 < r < oco. If 0 < r; < ry < o0, then
(21.8) 1fllre < A1 f1lrs

as in (1.4) and (1.7). More precisely, this can be verified in the same way as in
Section 1, or by reducing to that situation.
Let g be another nonnegative real-valued function on X. If 1 < r < oo, then

(21.9) 1 +gllr < 1 £l + liglle-

This is Minkowski’s inequality for arbitrary sums. This can be shown in essen-
tially the same way as for finite sums, or by reducing to that case. If 0 < r <1,
then

(21.10) 1+ gl < LFIE- + Nlglly,
as in (1.13).

Let r¢ be a positive real number, and let f be a nonnegative real-valued
ro-summable function on X. If ro < r < oo, then

(2L.11) 1Flloe < IF e < NS AN,

where the first step is the same as the first inequality in (1.4), and the second
step is the same as the first inequality in (1.7). As usual, these inequalities can
be obtained in the same way as for finite sums, or by reducing to that case. In
particular, f is r-summable on X when ro < r < oo. Using (21.11), one can
check that

(21.12) S [ flle = [l Flloo

as in (1.5).
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22 r-Summable functions

Let k be a field with a gi-absolute value function | - | for some g > 0, let V be
a vector space over k, and let N be a g-seminorm on V with respect to | - | on
k for some g > 0. Also let X be a nonempty set, and let r be a positive real
number. A V-valued function f on X is said to be r-summable with respect
to N if N(f(z)) is r-summable as a nonnegative real-valued function on X,
which means that N(f(z))" is summable on X, as in the previous section.
Let ¢"(X,V) = {(X,V) be the space of V-valued functions on X that are
r-summable with respect to N. If f € (X, V), then we put

X V) = ( > N(f(x))r)l/r,

zeX

(22.1) 1fllr = [[fllerx,vy) = I

where the sum is defined as in the previous section. If f is not r-summable on
X, then one may consider (22.1) as being equal to +oo. If f is r-summable on
X and t € k, then it is easy to see that ¢ f(x) is r-summable on X with respect
to N, with

(22.2) £l = [eL1Lf [l
Let f, g be V-valued functions on X. If r < g, then one can check that
(22.3) 1f + gl < LFI- + Nlgllz-

More precisely, if 7 < ¢, then N may be considered as an r-seminorm on V', as
in Section 12. Using this, (22.3) can be verified directly from the definitions, as
in (1.13) and (21.10). If ¢ < r, then

(22.4) 1F + gllF < AUF + llgll-

This can be obtained from Minkowski’s inequality for sums, with exponent
r/q > 1. In particular, if f and g are r-summable on X for any positive real
number 7, then f + ¢ is r-summable on X too. It follows that ¢"(X,V) is a
vector space with respect to pointwise addition and scalar multiplication for
every positive real number r. If r < ¢, then || f|| defines an r-seminorm on
("(X,V), by (22.2) and (22.3). Similarly, if ¢ < 7, then ||f||, is a g-seminorm
on ¢"(X,V), by (22.2) and (22.4).

As in Section 13, £>°(X,V) is the space of V-valued functions f on X such
that N(f(z)) is bounded on X. In this case, ||f|/c is defined as in (13.3), and
determines a g-seminorm on ¢>°(X, V). If N(f(x)) does not have a finite upper
bound on X, then one can take || f|loo to be +00, as usual. If f is any V-valued
function on X and 0 < r; < ry < oo, then

(22.5) [fllry < [1F 117

as in (21.8). In particular, ™ (X, V) C £"2(X,V) when r; <rq.

If N is a ¢-norm on V, then || f||, is an r-norm on ¢"(X, V') when r < ¢, and
I/l is a g-norm on ¢"(X,V) when ¢ < r. If V is also complete with respect to
the g-metric associated to N, then ¢"(X,V) is complete with respect to the ¢
or r-metric associated to || f||., as appropriate, by standard arguments.
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23 Vanishing at infinity

Let k be a field, let V be a vector space over k, and let X be a nonempty set.
The support of a V-valued function f on X is defined to be the set

(23.1) supp f = {z € X : f(z) # 0}.

Let coo(X, V) be the space of V-valued functions f on X such that the support
of f has only finitely many elements. This is a linear subspace of the space
¢(X,V) of all V-valued functions on X. Of course, if X has only finitely many
elements, then coo(X, V) is the same as ¢(X, V).

Let | - | be a gi-absolute value function on k for some ¢ > 0, and let N
be a ¢g-seminorm on V with respect to |- | on k for some ¢ > 0. If f is a V-
valued function on X, then the support of N(f(z)), as a real-valued function
on X, is contained in the support of f. Let coo,n(X, V) be the space of V-
valued functions f on X such that N(f(z)) has finite support in X. This is a
linear subspace of ¢(X, V) that contains coo(X, V). If N is a g-norm on V' and
f € ¢(X,V), then the supports of f and N(f(z)) in X are the same, so that
coo(X, V) is equal to coo,n (X, V).

A V-valued function f on X is said to vanish at infinity on X with respect
to N if for every € > 0 we have that

(23.2) N(f(z)) < e

for all but finitely many « € X. Let ¢o(X,V) = ¢co,n(X,V) be the space of
V-valued functions on X that vanish at infinity with respect to N. If f vanishes
at infinity on X with respect to N, then it is easy to see that f is bounded on
X with respect to N, so that

(23.3) co(X, V) C1=(X,V).

More precisely, ¢o(X, V) is a linear subspace of £*°(X, V). One can check that
co(X,V) is also a closed set in ¢>°(X,V), with respect to the supremum g-
semimetric associated to N.

If N(f(x)) has finite support in X as a real-valued function on X, then f
vanishes at infinity on X with respect to N. Thus

(234) COO,N(Xa V) Q C()()(7 V)

In particular, coo(X, V') is contained in ¢ (X, V). One can verify that ¢o(X, V) is
the same as the closure of coo(X, V) in £>°(X, V'), with respect to the supremum
g-semimetric associated to N.

If r is a positive real number, then

(23.5) (X, V) C (X, V).

Equivalently, if f is a V-valued function on X that does not vanish at infinity
with respect to IV, then f is not r-summable with respect to N.

37



Clearly
(23.6) COO)N(X, V) g ET(X, V)

for every r > 0, so that cpo(X,V) is contained in ¢"(X,V) in particular. If

r < 00, then coo(X, V) is dense in £7(X, V') with respect to the ¢ or r-semimetric

associated to || f||. This can be seen by approximating || f|| by finite subsums.
Let f be a V-valued function on X that vanishes at infinity. Thus

(23.7) {z€X:N(f(x)) > e}

has only finitely many elements for each ¢ > 0. It follows that the support of
N(f(x)) has only finitely or countably many elements, by applying the previous
statement to e = 1/, with j € Z,..

24 Infinite series

Let k be a field with a gg-absolute value function | - | for some g > 0, let V' be
a vector space over k, and let N be a ¢g-norm on V with respect to | - | on k for
some ¢q > 0. As usual, an infinite series

(24.1) ivj

with terms in V is said to converge in V if the corresponding sequence

(24.2) ivj

of partial sums converges to an element of V' with respect to the g-metric as-
sociated to N. In this case, the value of the sum (24.1) is defined to be the
limit of the sequence of partial sums (24.2). It is easy to see that the sequence
of partial sums (24.2) is a Cauchy sequence in V with respect to the g-metric
associated to N if and only if for every € > 0 there is a positive integer L such
that

n
(24.3) N( 3 vj) <e

j=l
when n > [ > L. In particular, this implies that
(24.4) lim N(v;) =0,

j-)OO
by taking [ = n.
Let Z;’;l a; be an infinite series of nonnegative real numbers, so that the

corresponding sequence Z?Zl a; of partial sums is monotonically increasing.

It is well known that the series converges in R with respect to the standard
absolute value function on R if and only if the sequence of partial sums has a
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finite upper bound, in which case the sequence of partial sums converges to its
supremum in R. One can also define

(24.5) > a

JE€Zy

as a nonnegative extended real number as in Section 21. If Z;il aj converges
in R, then one can check that (24.5) is finite, and that the two sums are the
same. Otherwise, if the partial sums 2?21 a; do not have a finite upper bound
in R, then (24.5) is equal to +o0.
Suppose for the moment that g < oo, so that

n q n
(24.6) N(Zvj) <3 N(w)*

j=l j=l
for every n > 1 > 1. Let us say that (24.1) converges g-absolutely if

oo

(24.7) Z N(v;)1

converges as an infinite series of nonnegative real numbers. This implies that
the sequence (24.2) of partial sums is a Cauchy sequence in V' with respect to
the g-metric on V associated to N, because of (24.6). If V is complete with
respect to the g-metric associated to N, then it follows that (24.1) converges in
V. Under these conditions, one can also use (24.6) to get that

o0 q o0
(24.8) N(Zvj) <3 N(wy)e.
j=1 j=1
Suppose now that ¢ = oo, so that
(24.9) N( Z; vj) < max N(vj)
j:

for every n > 1 > 1. In this situation, (24.4) implies that the sequence (24.2) of
partial sums is a Cauchy sequence in V' with respect to the ultrametric associated
to N. If V is complete with respect to the ultrametric associated to IV, then
it follows that (24.1) converges in V. As before, one can also use (24.9) to get
that

o0

24.10 V(D v) < max N(w;
(24.10) 3 ) < mexN(w)
under these conditions. More precisely, the maximum on the right side of (24.10)

is attained, because of (24.4).
If {w;}32, is any sequence of vectors in V, then

(24.11) Z(ij - wj) = Wp4+1 — Wy

n
=1
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for every n > [ > 1. This implies that {wj}z?';l converges as a sequence of
vectors in V' if and only if Z;—il(wj+1 — wj) converges as an infinite series in
V', in which case

o
24.12 i1 —w;) = li P —wy.
( ) ;(wj“ w;) jggow] wy
J:

Of course, if {w;}32; is a Cauchy sequence in V, then we have that

(24.13) ‘lim N(wj+1 — wj) =0

in particular. If V" has the property that an infinite series (24.1) converges in V
when (24.4) holds, then it follows that V' is complete with respect to the g-metric
associated to N. Similarly, suppose that ¢ < co, and that V has the property
that every g-absolutely convergent series in V' converges in V. If {w; }3)0:1 is a
Cauchy sequence in V, thenit is easy to see that there is a subsequence {wj;, }72;
of {w;}32, such that Y, (wj,,, — wj,) converges g-absolutely. This implies
that this series converges in V, by hypothesis, so that {w,, }°2; converges as a
sequence in V, as before. Because {w; };”:1 is a Cauchy sequence in V', we get
that {w;}32, converges to the same limit in V, by standard arguments. This
shows that V' is complete with respect to the ¢g-metric associated to N under
these conditions.

25 Sums of vectors

Let k be a field, let V' be a vector space over k, and let X be a nonempty set.
If f is a V-valued function on X with finite support, then

(25.1) > )

zeX

can be defined as an element of V', by reducing to a finite sum. Moreover,

(25.2) fe> )

rzeX

defines a linear mapping from coo(X, V) into V.

Let | - | be a gi-absolute value function on k for some g > 0, and let N be
a g-seminorm on V with respect to |- | on k for some ¢ > 0. If f € coo(X, V),
then it is easy to see that

(25.3) N( Y 1) <1l
reX

using the g-seminorm version of the triangle inequality. Here || f||4 is as in (13.3)
when ¢ = 00, and as in (22.1) when g < co. This implies that (25.2) is a bounded
linear mapping from coo(X, V) into V, with respect to ||f|; on coo(X, V) and
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N on V. The corresponding operator g-seminorm of (25.2) is equal to 1 when
N(v) > 0 for some v € V.

Suppose now that N is a g-norm on V, and that V is complete with respect
to the corresponding g-metric. If ¢ < oo, then there is a unique extension of
(25.2) to a bounded linear mapping from ¢9(X, V') into V, as in Section 14. This
uses the fact that coo(X, V) is dense in ¢9(X, V) with respect to the g-metric
associated to | f||, when ¢ < oo, as in Section 23. Similarly, if ¢ = oo, then
there is a unique extension of (25.2) to a bounded linear mapping from cy(X, V)
into V, using the restriction of the supremum ultranorm || f||» associated to N
to ¢o(X, V). This uses the fact that coo(X, V) is dense in ¢o(X, V') with respect
to the supremum ultrametric, as before. These extensions can be used to define
(25.1) as an element of V' when ¢ < oo and f € ¢9(X,V), and when ¢ = oo and
f € co(X, V). More precisely, these extensions also satisfy (25.3), as in Section
14.

Let {z; };‘;1 be a sequence of distinct elements of X, and let f be a V-valued
function on X whose support is contained in the set of z;’s. In this situation,
the sum (25.1) basically corresponds to the infinite series

(25.4) > f(a).

Jj=1

In particular, if f has finite support in X, then all but finitely many terms
in (25.4) are equal to 0. If ¢ < co and f € ¢9(X,V), then it is easy to see
that (25.4) converges g-absolutely with respect to N. Similarly, if ¢ = co and
f € co(X,V), then one can check that N(f(x;)) — 0 as j — oco. In both cases,
if V' is complete with respect to the g-metric associated to N, then it follows
that (25.4) converges in V, as in the previous section. One can verify that
this approach to the sum is equivalent to the one mentioned in the preceding
paragraph.

Suppose for the moment that £ = R or C, with the standard absolute value
function. If f is a nonnegative real-valued function on X, then the sum (25.1)
can be defined as in Section 21. One can also use this to define (25.1) as a real or
complex number when f is a summable real or complex-valued function on X,
by expressing f as a linear combination of summable nonnegative real-valued
functions on X. One can check that this approach to the sum is equivalent to
the previous ones in this situation.

26 Sums of sums

Let I, X be nonempty sets, and let {E;};ecr be a family of pairwise-disjoint
nonempty subsets of X indexed by I. If f is a nonnegative extended real-valued
function on X, then

(26.1) > f(=)

rck;
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can be defined as a nonnegative extended real number for every j € I, as in
Section 21. This defines a nonnegative extended real-valued function of j on I,
so that

(26.2) 3 ( 3 f(a:))

je€EI  z€E;

can be defined as a nonnegative extended real number as well. Put

(26.3) E=|]JE;,
jel
so that
(26.4) > fla)
el

can be defined as a nonnegative extended real number too. One can check
that (26.2) is equal to (26.4), directly from the definitions, by comparing the
corresponding finite subsums.

Let k be a field, and let V' be a vector space over k. If f is a V-valued
function on X with finite support, then the restriction of f to any nonempty
subset of X has finite support in that subset. Thus the sum of f(z) over any
nonempty subset of X is defined as an element of V. In particular, (26.1) can
be defined as an element of V for each j € I, which defines a V-valued function
of j on I. It is easy to see that this function has finite support in I, because the
E;’s are pairwise disjoint. This implies that (26.2) is defined as an element of
V, and (26.4) is defined as an element of V' as well. As before, (26.2) is equal
to (26.4) in this situation.

Let | - | be a gg-absolute value function on k for some ¢ > 0, let N be a
g-norm on V with respect to |- | on k for some ¢ > 0, and suppose that V is
complete with respect to the g-metric associated to N. Suppose for the moment
that ¢ < oo, and let f € £9(X, V) be given. Observe that the restriction of f to
any nonempty subset of X is ¢g-summable on that set. Hence the sum of f(x)
over any nonempty subset of X can be defined as an element of V', as in the
previous section. Let us apply this to £; for each j € I, and observe that

(26.5) V(Y @) < Y M)

TEE; LA

for every j € I, as in (25.3). Tt follows that

266) S N( Y s@) <3 (X NG@)) = 3 NG@)",

jel z€E; jeEI  x€EE; rel

using the earlier remarks for nonnegative real-valued functions in the second
step. Thus (26.1) is g-summable as a V-valued function of j on I, so that (26.2)
can be defined as an element of V', as in the previous section. As usual, one can
check that (26.2) is equal to (26.4) under these conditions.

Suppose now that ¢ = oo, and let f € ¢o(X,V) be given. It is easy to see
that the restriction of f to any nonempty subset of X vanishes at infinity on
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that set. This implies that the sum of f(x) over any nonempty subset of X can
be defined as an element of V/, as in the previous section. If we apply this to £}
for each j € I, then we get that

(26.7) N( 3 f(a:)) < max N(f(z))

rek;
rel;

for every j € I, as in (25.3). Note that the maximum on the right side of (26.7)
is attained, because N(f(z)) vanishes at infinity as a nonnegative real-valued
function on E;. Using (26.7), one can verify that (26.1) vanishes at infinity as
a V-valued function on I, because the E;’s are pairwise disjoint. This implies
that (26.2) can be defined as an element of V, as in the previous section. One
can check that (26.2) is equal to (26.4) in this situation too, as before.

Let Y, Z be nonempty sets, and let X =Y X Z be their Cartesian product.
Thus X is partitioned by the family of subsets of the form {y} x Z with y € Y,
and by the family of subsets of the form Y x {z} with z € Z. In this situation,
one can use the previous remarks to show that sums over X are the same as
iterated sums over Y and Z under suitable conditions. More precisely, one can
sum over Y and then Z, or over Z and then Y. In particular, the equality of
these iterated sums with the corresponding sum over X implies that these two
iterated sums are the same.

27 Some linear mappings

Let k be a field, and let X be a nonempty set. If z € X, then let §, be the
k-valued function defined on X by

(27.1) 0z(y) = 1 whenzx=y
= 0 when z #y.

Remember that cyo(X, k) denotes the space of k-valued functions on X with
finite support, as in Section 23. Observe that 6, € coo(X, k) for each z € X,
and that the collection of d,, € X, is a basis for ¢go(X, k) as a vector space
over k.

Let V be a vector space over k, and let a be a V-valued function on X.
If f € coo(X, k), then a(z) f(z) defines a V-valued function of z with finite
support in X, so that
(27.2) T.(f) = a(x) f(x)

reX

is defined as an element of V. Observe that T, defines a linear mapping from
coo(X, k) into V, and that
(27.3) To(6z) = a(x)

for every € X. If T is any linear mapping from coo(X, k) into V, then

(27.4) a(x) = T(0)



defines a V-valued function on X. It is easy to see that T = T, in this case,
because the d,’s form a basis for coo(X, k).
If a is any V-valued function on X again, then

(27.5) f—af

defines a linear mapping from coo(X, k) into coo(X, V). Note that (27.2) is the
same as the composition of (27.5) with the mapping from coo(X,V) into V
defined by summing over X, as in Section 25. Of course, (27.5) also defines a
linear mapping from ¢(X, k) into ¢(X, V'), where ¢(X,V) is as in Section 13.

Let | - | be a gi-absolute value function on k for some gr > 0. We may
consider k as a one-dimensional vector space over itself, and |- | as a gg-norm
on k. Thus ¢"(X, k) may be defined for » > 0 as in Sections 13 and 22, and
co(X, k) may be defined as in Section 23. Observe that

(27.6) 10z ler(x ) =1

for every x € X and r > 0.

Let N be a g-seminorm on V with respect to |- | on k for some ¢ > 0,
and let a be a V-valued function on X that is bounded with respect to N. If
f € 7(X, k) for some r > 0, then it is easy to see that a f € £"(X, V), with

(27.7) lla fllerx,vy < llallese x vy 1 Fller(x p)-

Thus (27.5) defines a bounded linear mapping from ¢" (X, k) into £"(X, V'), with
the corresponding operator ¢ or r-seminorm less than or equal to ||al|ze(x,v)-
If x € X, then

(27.8) |adzlerx,vy = N(a(z))

for every r > 0. This implies that for each r > 0, the operator ¢ or r-seminorm
of (27.5) as a bounded linear mapping from £"(X, k) into £"(X,V) is equal to
llallgee (x,v). Similarly, if f € co(X,k), then af € co(X,V), so that (27.5)
defines a linear mapping from ¢ (X, k) into ¢o(X, V). This is a bounded linear
mapping with respect to the corresponding supremum gi-norm and g-seminorm,
with operator g-seminorm equal to [|a||¢e(x,v)-

If f € coo(X, k), then a f € coo(X,V), To(f) is defined as an element of V
as in (27.2), and

(27.9) N(T,(f)) < lla flleax,vy < llallese x,vy 1 lleacx,n)-

This uses (25.3) in the first step, and (27.7) in the second step. Thus T, defines
a bounded linear mapping from cpo(X, k) equipped with the ¢9(X, k) ¢ or q-
norm into V', with operator g-seminorm less than or equal to ||lal[se(x,v). It is
easy to see that the operator g-seminorm of T, is equal to ||al/s~(x,v), using
(27.3) and (27.6).

Suppose now that N is a g-norm on V', and that V is complete with respect
to the associated g-metric. If ¢ < oo and f € ¢9(X, k), then a f € ¢1(X,V),
and T,(f) can be defined as an element of V as in (27.2), using the remarks

44



in Section 25. We also have (27.9) in this situation, so that Ty is a bounded
linear mapping from ¢4(X, k) into V. The corresponding operator g-norm of Ty,
is equal to [|a||¢=(x,v), as before. Similarly, if ¢ = oo and f € co(X, k), then
af € co(X,V), and T,(f) can be defined as an element of V' as in (27.2), using
the remarks in Section 25 again. We have (27.9) in this situation too, so that
T, defines a bounded linear mapping from c¢o(X, k) into V', with respect to the
supremum gg-norm on co(X, k). The corresponding operator ultranorm of T, is
equal to [|a||¢=(x,v), as in the previous cases.

28 Holomorphic functions

In this section, we take k = C, with the standard absolute value function. Let U
be a nonempty open subset of C, and let H(U) be the space of complex-valued
functions on U that are holomorphic on U. Remember that the space C'(U) =
C(U, C) of complex-valued continuous functions on U is a commutative algebra
over C with respect to pointwise addition and multiplication of functions. Of
course, H(U) C C(U), because holomorphic functions are continuous. It is
well known that H(U) is a subalgebra of C(U), because sums and products of
holomorphic functions are holomorphic too.

The collection of supremum seminorms on C(U) associated to nonempty
compact subsets of U determines a natural topology on C(U), as in Section 13.
It is well known that H(U) is a closed set in C(U) with respect to this topology.
Basically, this means that if f € C(U) can be approximated uniformly on com-
pact subsets of U by holomorphic functions, then f is holomorphic on U. This
uses the fact that a continuous complex-valued function on U is holomorphic
if and only if it can be expressed locally as in the Cauchy integral formula. If
f € C(U) can be approximated by holomorphic functions on U uniformly on
compact subsets of U, then it is easy to see that f can be expressed locally as
in the Cauchy integral formula, so that f is holomorphic on U.

Let H*(U) be the space of bounded holomorphic functions on U. This is
a subalgebra of the algebra C,(U) = Cy(U, C) of bounded continuous complex-
valued functions on U. Equivalently,

(28.1) H®U) = H(U) N Cy(U).

As before, H*(U) is a closed set in C,(U) with respect to the topology deter-
mined on Cy(U) by the supremum metric. Of course, this topology is stronger
than the one determined by the collection of supremum semimetrics associated
to nonempty compact subsets of U. Remember that C,(U) is complete with
respect to the supremum metric, as in Section 13. This implies that H>(U)
is complete with respect to the supremum metric as well, because H>(U) is a
closed set in Cy(U).

Suppose now that U is also a bounded set in C, so that the closure U
of U in C is compact. Let A(U) be the collection of continuous complex-
valued functions on U that are holomorphic on U. This is a subalgebra of

the algebra C(U) of continuous complex-valued functions on U. Of course,
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continuous complex-valued functions on U are automatically bounded on U,
because U is compact. As in the previous situations, A(U) is a closed set in
C(U) with respect to the topology determined on C(U) by the supremum metric.
We also have that C(U) is complete with respect to the supremum metric, as in
Section 13. This implies that A(U) is complete with respect to the supremum
metric too, because A(U) is a closed set in C(U).

Let R be the mapping that sends f € C(U) to its restriction to OU, so that R
is an algebra homomorphism from C(U) into the algebra C(dU) of continuous
complex-valued functions on OU. Note that R maps C(U) onto C(0U), by
well-known results. Of course,

(28.2) sup [f(2)| < sup |f(2)]
z€0U 2€U

for every f € C(U), because U C U. This implies that R is bounded as a linear
mapping from C(U) into C(0U) with respect to the corresponding supremum
norms. It is easy to see that the operator norm of R is equal to 1, by considering
constant functions on U. If f € A(U), then it is well known that

(28.3) sup |f(z)] = sup [f(2)],
z€0U 2€U

by the maximum principle. Thus R embeds A(U) isometrically into C(0U).
In particular, R is injective on A(U). Observe that R(A(U)) is complete with
respect to the restriction of the supremum metric on C(9U) to R(A(U)), because
A(U) is complete with respect to the restriction of the supremum metric on C(U)
to A(U). Tt follows that R(A(U)) is a closed set in C'(QU) with respect to the
topology determined on C(9U) by the supremum metric.

29 Cauchy products

Let k be a field, and let A be an (associative) algebra over k. Also let ZJO.OZO a;

and Y, b; be infinite series with terms in A, considered formally for the mo-
ment. Put

(291) Cp = Z a; bn,_j
7=0

for each nonnegative integer n, which is an element of A too. The series Y ¢,
is called the Cauchy product of 3272, a; and 37,2 by, as formal series with terms
in A. It is well known that

oo

(29.2) g% = (jz_%“j) (g?”)

formally, and that this can be made precise in some situations. To see this, put

(29.3) X = (24 U{0}) x (Z+ U{0}),
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and
(20.4 £, = ash
for each (j,1) € X, which defines an A-valued function on X. If we put

(29.5) E,={(j,) e X:j+1l=n}

for each nonnegative integer n, then the E,’s are pairwise-disjoint nonempty
subsets of X such that

(29.6) G E, = X.
n=0

By construction,

(29.7) =Y, [0

(4,D)EER
for every n > 0, so that
(29.8) Y= > G
n=0 (3,Hex

formally again. We also have that

(209) > 6= () ()
J,ex j=0 1=0

formally, by identifying the sum over X with iterated sums over j and .

Suppose for the moment that a; = 0 for all but finitely many j > 0, and
that b, = 0 for all but finitely many ! > 0. This implies that (29.4) is equal
to 0 for all but finitely many (j,1) € X. Similarly, (29.1) is equal to 0 for all
but finitely many n > 0, which can be verified directly, or obtained from the
previous statement using (29.7). Thus

(29.10) dTai, Y b Y en,and > f(50)
=0  1=0 =0

(7,)ex

reduce to finite sums in this situation. In particular, (29.8) and (29.9) hold, as
in Section 26, which implies that (29.2) holds as well.

Suppose now that A = k = R, and that a; and b; are nonnegative real
numbers for every j,1 > 0. In this case, each of the sums in (29.10) is defined as
a nonnegative extended real number, as in Section 21. We also have (29.8) in
this situation, as in Section 26. Similarly, the left side of (29.9) can be expressed
in terms of iterated sums over j and [. These iterated sums reduce to the right
side of (29.9) when both sums on the right side of (29.9) are finite, and when
both sums are positive. Otherwise, if either a; = 0 for every j > 0, or b; = 0
for every [ > 0, then (29.4) is equal to 0 for every (j,1) € X. This implies that
the left side of (29.9) is equal to 0 too.

Let k be a field with a gg-absolute value function | - | for some ¢ > 0, and
let A be an algebra over k with a g-norm N with respect to |- | on k for some
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q > 0. Suppose that A is complete with respect to the g-metric associated to
N, and that N satisfies the weaker submultiplicativity condition (18.1) for some
C' > 0. This implies that

(29.11) N(f(4,1)) = N(a;j br) < C N(a;) N(br)

for every j,1 > 0. Suppose for the moment that g < oo, and that

(29.12) iN(aj)q, i]\/(bl)q

j=0 =0

~

converge as infinite series of nonnegative real numbers. Observe that

(29.13) ST NG < 07 Y N(ay)?N(b)*

(J,Hex (J,hex
= (Y NGy)) (XN,
§=0 1=0

using (29.11) in the first step, and the remarks in the previous paragraph in the
second step. Thus f(j,1) is g-summable as an A-valued function on X, with
respect to N. We also have that

(29.14) <D Nlajb—y)'= > N(f(GD)
j=0 UDeE,

for every n > 0, using the definition (29.1) of ¢, and the ¢g-norm version of the
triangle inequality (12.2) in the first step, and the definition (29.5) of E,, in the
second step. It follows that

(29.15) ZNCHQ<Z( > NG ) > NG
n=0 (j,1)eE, (4, h)ex

using (29.6) in the second step. Hence each of the sums in (29.10) can be defined
as an element of V' in this situation, as in Sections 24 and 25. These sums also
satisfy (29.8) and (29.9), as in Section 26.

Suppose instead that ¢ = oo, and that

(29.16) lim N(a;) = hm N(b) =0.

joroo
Using this and (29.11), one can check that
(29.17) f(7,1) € co(X, A).
Observe that

. < ]
(29.18) Nep) Omjaéan(aJ bp—j) = (j%;é}](EnN(f(j’l))
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for every n > 0, because of the ultranorm version of the triangle inequality. One
can use this to verify that
(29.19) lim N(e,) =0,

n—roo

using also (29.11) and (29.16), or (29.17). Thus each of the sums in (29.10) is
defined as an element of V, as in Sections 24 and 25, and they satisfy (29.8)
and (29.9), as in Section 26.

30 ¢-Banach algebras

Let k be a field with a gg-absolute value function | - | for some g, > 0, and let
A be an algebra over k with a submultiplicative g-norm || - || with respect to | - |
on k for some g > 0. If A is complete with respect to the g-metric associated to
Il - |I, then A is said to be g-Banach algebra with respect to || - ||. If ¢ =1, then
we may simply say that A is a Banach algebra with respect to || - ||. If A is not
complete with respect to the g-metric associated to || - ||, then one can pass to
a completion, as in Sections 7 and 12. Multiplication on A can be extended to
a bounded bilinear mapping on the completion as in Section 15. It is easy to
see that this extension of multiplication to the completion of A is associative.
Thus the completion of A is a g-Banach algebra.

If k is not already complete with respect to the gi-metric associated to | - |,
then we can pass to a completion, as in Section 7. If A is complete, then
scalar multiplication on A can be extended continuously to the completion of
k, as mentioned in Section 12. In this way, A becomes a vector space over the
completion of k, and N is a g-norm on A as a vector space over the completion
of k. It is easy to see that multiplication on A is also bilinear with respect
to the completion of k, so that A is also a Banach algebra with respect to
the completion of k. One may prefer to include the completeness of k in the
definition of a ¢-Banach algebra.

Sometimes one includes the condition that A have a multiplicative identity
element e with |le|| = 1 in the definition of a g-Banach algebra, and we shall do
that here. As usual, an element a of A is said to be invertible in A if there is
an element b of A such that
(30.1) ab=ba=e.

If such an element b of A exists, then it is unique, and it is denoted a~'. In this
case, a1 is invertible in A, with (a=1)~! = a. If 2, y are invertible elements of
A, then z y is invertible in A, and

(30.2) (zy) t=y tat

If z € A and n is a nonnegative integer, then

n

(303) c—0) Yol = (S0 (o) me -,
j=0

J=0
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by a standard argument. Here z7 is interpreted as being equal to e when j = 0,
as usual. Suppose for the moment that

(30.4) > al

converges as an infinite series in .4, which implies in particular that

(30.5) lim ||z7] = 0.
J—00

In this case, we can take the limit as n — oo in (30.3), to get that

(30.6) (e—x)ixj:(imj) (e—x)=e.
=0

=0

This implies that e — z is invertible in A, with
0 .

(30.7) (e—x)™' = Zaﬂ.
j=0

Of course, _ _
(30.8) =] < [|]}?

for each j, by the submultiplicativity of || - || on .A. Suppose that ||z|| < 1, so
that (30.5) follows from (30.8). If ¢ < oo, then

(30.9) Dol <l = (1= flal|) 7
§=0 §=0

by summing the geometric series in the second step. Thus (30.4) converges g-
absolutely with respect to || - ||. If A is complete with respect to the g-metric
associated to || - ||, then it follows that (30.4) converges in A, as in Section 24.
Similarly, if ¢ = oo, and A is complete with respect to the ultrametric associated
to || - ||, then the convergence of (30.4) in A follows from (30.5), as in Section 24
again. In both cases, the remarks in the previous paragraph imply that e — x is
invertible in A.

31 Submultiplicative sequences

Let {a; }‘;‘;1 be a sequence of nonnegative real numbers that is submultiplicative,
in the sense that

(31.1) aj+1 < aja
for every j,l € Z,. Put

_ 1/j
(31.2) a= ]Hzlfl a;"’,
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so that a is a nonnegative real number too. Under these conditions, it is well
known that

(31.3) lim ajl-/j = a.
j—00
Of course, ‘
(31.4) a < liminf a}/J,
j—00

by construction. Thus it suffices to show that

(31.5) lim sup a}/j <a.

Jj—o0
Let jo,7 € Z4 be given, and observe that j can be expressed as
(31.6) J=Jjolo+ro,

where [y, g are nonnegative integers, at least one of [y and rg is positive, and
ro < jo. Using (31.1), we get that

(31.7) a5 = Qjg lo+re < aé% ai®,
and hence ' _ _ _ _
(31.8) a;/J < (a]l()/Jo)jo lo/j a;‘o/] _ (ajl()/JO)l—(ro/j) a?l”o/J'
It follows that ' 4
(31.9) lim sup a;/J < ajl-o/]“

j—o0

for every jo € Z., because b'/7 — 1 as j — oo for every positive real number b.
This implies (31.5), by taking the infimum over jo € Z..

Let k be a field with a gg-absolute value function | - | for some ¢ > 0, and
let A be an algebra over k with a submultiplicative g-seminorm N with respect
to | -] on k for some ¢ > 0. If z € A, then

(31.10) N2+ = N(27 2') < N(27) N(at)

for every j,l € Z, so that a; = N(z7) defines a submultiplicative sequence of
nonnegative real numbers. Put

(31.11) N,(z) = inf N(27)¥7,
i>1

which corresponds to (31.2) in this situation. Thus

(31.12) lim N(27)Y7 = N,(z)
Jj—o0

for every z € A, as in (31.3). Note that

(31.13) N,(z) < N(x)

for every x € A, by taking j = 1 in the right side of (31.11).
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If x € Aand t € k, then it is easy to see that
(31.14) N, (tz) = |t N (@),
using the analogous property of N. If z € A and n € Z, then

(31.15) lim N(z!™)YU™ = lim N(29)Y7 = N, (2),

l—o0 j—o0
because {N (¢!™)1/(M}52, is a subsequence of {N(z7)!/7}22,. Hence
(31.16) N((z")HYt = N@'™)Y = N, (z)"

as [ — 00, so that
(31.17) N,(z") = N,(x)".

Of course, if N(27) = N(z)? for each j > 1, then
(31.18) N, (z) = N(z).

Let N be a submultiplicative g-seminorm on A with respect to | - | on k for
some ¢ > 0, and let ]\79 be as in (31.11). Suppose that there is a positive real
number C such that _

(31.19) N(z) < CN(z)

for every x € A. This implies that

(31.20) N(27) < C N(z7)
for every © € A and j € Z, and hence

(31.21) Nz < cYI N(29)M/I
for every z € A and j € Z,. It follows that

(31.22) Ny(x) < Ny(a)

for every z € A, by taking the limit as j — oo on both sides of (31.21), and
using (31.12).

32 Multiplicative inverses

Let k be a field, and let A be an algebra over k with a nonzero multiplicative

identity element e. Also let w, z be commuting elements of A, so that w z = z w.

If w is invertible in A, then it is easy to see that w~! commutes with z as well.
Let b be an element of A. An element a of A is said to be a left inverse of

b if

(32.1) ab=e.
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Similarly, ¢ € A is a right inverse of b if
(32.2) be=e.

If a is a left inverse of b, and c is a right inverse of b, then one can check that
a = ¢, so that b is invertible in A.
Let z, y be elements of A. If zy is invertible in A, then

(323) z(y(zy) ) =@y (zy) ' =e (xy) '2)y=(zy) ' (xy) =,

so that = has a right inverse in A4, and y has a left inverse in 4. Similarly, if y x
is invertible in A, then

(324) y(z(yo) ) = (yz) (yz) ' =e, ((yz) 'y)z=(yz) ' (yz)=e,

so that y has a right inverse in A, and x has a left inverse in A. If zy and yx
are both invertible in A, then it follows that x and y are invertible in .A.

Let | - | be a gg-absolute value function on k for some ¢ > 0, and let N be
a submultiplicative ¢g-seminorm on A with respect to | - | on k for some ¢ > 0.
Also let N, be as in (31.11), and let € A be given. Suppose that

(32.5) Ny(z) <1,

and let r be a real number such that

(32.6) Ny(z) <r <1

Using (31.12), we get that there is a positive integer L such that
(32.7) N(z?)Y7 <7

for every j > L. Equivalently, this means that

(32.8) N(2?) <1l

for every j > L. In particular, this implies that

(32.9) lim N(z?) = 0.

J—00

Note that (32.5) holds when N(z7) < 1 for some j € Z, by (31.11).
Suppose now that N is a g-norm on A, and that A is a g-Banach algebra
with respect to N. If z € A satisfies (32.5), then

(32.10) > al
j=0

converges in A. More precisely, if ¢ < oo, then (32.10) converges g-absolutely,
by comparison with a convergent geometric series, because of (32.8). If ¢ = oo,
then the convergence of (32.10) follows from (32.9), as in Section 24. In both
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cases, the convergence of (32.10) implies that e — x is invertible in A, as in
Section 30. Alternatively, one can use (32.5) to get that

(32.11) N("t) <1

for some nonnegative integer n, because of (31.11). This implies that e — x™*?
is invertible in A, as in Section 30. Using this and (30.3), it follows that x — e
is invertible in A, by the remarks at the beginning of the section.

33 Some additional properties

Let k be a field with a gi-absolute value function | - | for some ¢ > 0 again,
and let A be an algebra over k with a submultiplicative g-seminorm N with
respect to | - | on k for some ¢ > 0. Also let N, be as in (31.11), so that N, is
a nonnegative real-valued function on A. Let x,y € A be given, and suppose
that z and y commute in A, so that

(33.1) Ty=vyx.

If j € Zy, then (zy)? = 27 47, and hence

(33.2) N((@y)y)7 = Nl y?)"7 < N(ad)'9 N(y?)17,

using the submultiplicativity of IV in the second step. This implies that
(33.3) Np(zy) < Np(z) Np(y),

by taking the limit as j — oo, as in (31.12).

We would like to estimate N,(z+y) in terms of N, (z) and N,(y). Of course,
if N=0on A, then N, = 0 on A, and there is nothing to do. Otherwise, if
N # 0 on A, then we have seen that | - | is a g-absolute value function on k, as
in Section 12. Thus we may as well suppose that

(33.4) q < qg.
We may also restrict our attention to the case where
(33.5) x,y #0,

since otherwise x +y is equal to x or y. Let r;, ry be positive real numbers such
that
(33.6) Ny(x) <712y Np(y) <ty

Using (31.12) for both = and y, we get that there is an L € Z, such that
(33.7) N@E@HY < rpy N@HY! <1,
for every [ > L. Equivalently, this means that

(33.8) N(z') < rl

x)

N < 7‘;
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for every [ > L.
Suppose for the moment that ¢ = oo, and let n € Z be given. Observe that

(33.9) N((z+y)™) < max N(2/y"7),
0<j<n
where j =0,1,...,n is an integer, because (x + y)™ can be expressed as a sum

of the monomials 7 y»~7. Thus

n\1l/n < i, mn—iyl/n < j n—j\\1/n
(33.10) N((x +y)")"" < max N(z7y"™)"" < max (N(z') N(y"~"))"™,

using the submultiplicativity of N in the second step. If j > L and n—j > L,
then we have that

(33.11) (N (@) Ny )Y < (rd =)™ < max(ry, 1),
by (33.8). If j > L and n — j < L, then we shall use the estimate

(N((EJ) N(yn—j))l/n < (Ti N(yn—j))l/n _ (7’: ri—n N(yn—j))l/n
(33.12) = (PPN,

where the first step follows from the first part of (33.8). Similarly, if j < L and
n — j > L, then we shall use the estimate

(83.13) (N(a?) N(y")Y/™ < (N(@?) ry =)™ = (N(a?) ry9) /" r,,

where the first step follows from the second part of (33.8). Of course, if n > 2 L,
then either j > L or n — j > L for any j.

Put

_ -1 l 3\ =i

(33.14) C = max (17 ax (r;” N(y)), max (N(2’)ry )),
and note that this does not depend on n. Combining the estimates in the
previous paragraph, we get that
(33.15) N((z +y)™)Y™ < CY™ max(ry, )
for every n > 2 L. This implies that
(33.16) Npy(x 4 y) < max(rg,ry),
because C1/" — 1 as n — oco. It follows that

(33.17) N,y(z 4+ y) < max(N,(x), Ny(y))

when ¢ = oo, by taking 7, r, arbitrarily close to N,(x), N,(y), respectively.
Suppose from now in this section that ¢ < oo, and let n € Z be given again.
Remember that

(33.18) (@ +y)" = zn: (?) gy

Jj=0
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as in the binomial theorem. Thus

(33.19) N((z+y)" Szn: (() al " J)qa

by the g-seminorm version (12.2) of the triangle inequality. Observe that
N\ .on—j) _ ny - 3 =i
) N(()er ) = w(((2)) )
G- v
J
n . iy
[OBIECORTES
J

for each j = 0,1,...,n, using (20.3) in the first step, and the submultiplicativity
of N in the third step. Hence

Suppose for the moment that g, = oo, so that

IN

(33.21) N{(z+y)™)? < Z N(z?)T N (y" 7)1,

(33.22) N((z+y)")* < ZN(ﬂfj)qN(y”’j)q

(n+1) max (N(z/)?N(y"~7)7),

0<j<n

IN

using (33.21) in the first step. This implies that

(33:28)  N((a+9)")"" < (n+1)V09 max (N) Ny )/",

<j<n
which is analogous to (33.10). Remember that (33.8) holds when j > L, and let
C be as in (33.14). In this situation, we have that

(33.24) N((z+ )" < (n+ 1) OV max(ry,r,)

for every n > 2 L, for essentially the same reasons as in (33.15). More precisely,
this uses (33.11), (33.12), (33.13), (33.23), and the definition of C'. As before,
one can use (33.24) to get (33.16), by taking the limit as n — co. Using (33.16),
one gets (33.17) by taking r,, r, arbitrarily close to N,(x), N,(y) again.

Suppose now that £k = R, C, or Q with the standard absolute value function,
so that ¢y = 1. As in (33.4), we may as well suppose that ¢ < 1. Let n € Z,
be given again, and observe that

(3325)  N((z+9)")? < (n+1) max ((Z)q NNy,

0<j<n
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by (33.21). This implies that

33:20) N+ < 00070 ((7) NG N),

0<j<n

by taking the gth root of both sides of (33.25).
Remember that (33.8) holds when | > L, and that

52

foreach j =0,1,...,n. f L<j<nandn—j> L, then

J

(33.28) <’;) N(@?) N(y" ) < (”> rirpd < (7) Ll = (ry 41",
1=0
by (33.8). If L <j <nand n—j < L, then we shall use the estimate

@s.29) (1) M) N < (1) kv = (1) e N,

where the first step follows from the first part of (33.8), and the second step
follows from (33.27). Similarly, if 0 < j < n, j < L, and n — j > L, then we
shall use the estimate

(33.30) <Z) N(z?) N(yi) < (?) N(a?)rn—i = <

n) N(xj)r;jr;,
J

where the first step follows from the second part of (33.8). As before, if n > L,
then either j > L or n — j > L for any j.
Put

s =gy ()50 g () )

for each n > L. Using (33.26) and the estimates in the previous paragraph, one
can check that

(33.32) N((z +y)") < (n+1)Y1C(n) (re +1,)"

for every n > 2 L. Equivalently, this means that

(33.33) Nz +y)Y" < (n+1)Y®D )" (r, +1,)

when n > 2 L. Because C(n) = O(nf~1), one can use this to get that
(33.34) Ny(z+y) <rg+ry.

It follows that
(33.35) Ny(z +y) < Np(x) + Np(y)

in this situation, by taking r,, r, arbitrarily close to N,(z), N,(y), respectively.
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34 Holder’s inequality

Let X be a nonempty set, and let f, g be nonnegative real-valued functions
on X. Remember that ||f||, is defined as a nonnegative extended real number
when 0 < r < 00, as in Section 21. Suppose that 0 < 71,79, 73 < 00 satisfy

(34.1) L/rs=1/r1 +1/re,

where 1/00 is interpreted as being 0, as usual. Under these conditions, Hélder’s
inequality for sums implies that

(34.2) 1 gllrs < N Nlgllrs

More precisely, if either of the factors on the right side of (34.2) is equal to 0,
then the corresponding function is equal to 0 on X, so that f(z)g(z) = 0 for
every z € X. This implies that the left side of (34.2) is equal to 0. Thus one
may interpret the left side of (34.2) as being equal to 0 when either of the factors
is equal to 0, even if the other factor is +00. Otherwise, the right side of (34.2)
is defined as a nonnegative extended real number in the usual way. If 7 = oo
or 79 = 00, then (34.2) can be verified directly. Holder’s inequality is often
stated for r3 = 1, and it is not difficult to reduce to that case when r3 < oo.
If r; = ry = 2, so that r3 = 1, then (34.2) is a version of the Cauchy—Schwarz
inequality.

Let k be a field, and let | - | be a g-absolute value function on k for some
q > 0. Of course, k may be considered as a one-dimensional vector space over
itself, and | - | may be considered as a g-norm on k. Thus ¢"(X,k) may be
defined as in Section 13 when r = 0o, and as in Section 22 when 0 < r < oco. If
f el (X, k) for some r > 0, then || f||, is defined as a nonnegative real number,
as in the sections just mentioned. If ri, 79,75 > 0 satisfy (34.1), f € £" (X, k),
and g € (" (X, k), then
(34.3) fgelt™(X,k),

and (34.2) holds. This follows from the remarks in the preceding paragraph,
applied to |f(x)], |g(z)| as nonnegative real-valued functions on X. Of course,
the case where 1 = ro = r3 = 0o has been discussed previously.

Let » > 0 be given, and suppose that r1,r9, 73 > 0 satisfy (34.1) and

(34.4) rg <1< T, T2

One can take r; = ro = r, for instance, in which case r3 = r/2 < r. Alterna-
tively, if r3 = r, then (34.1) implies that r < ry,7m9. If f,g € £"(X, k), then it
follows that f € £"(X, k) and g € £2(X, k), as in Section 22. Similarly, (34.3)
implies that

(34.5) fgel’ (X, k),
and (34.2) implies that
(34.6) 1f gllr <11f glles <A fllr Mgl < A f1lr lgllr
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in this situation. It follows that ¢"(X, k) is a commutative algebra over k with
respect to pointwise multiplication of functions, and that || - || - is submultiplica-
tive on £"(X, k). As before, this has been discussed previously when r = oo.

If f e (X,Z)and n € Z,, then it is easy to see that f(x)" € £"/"(X,k),
with
(34.7) 1 g = 1117,

directly from the definitions. In particular, this implies that f(x)" € "(X, k),
as in Section 22 again, and in fact

(34.8) L™ = 11 f
Note that
(34.9) B [ fllar = 1]l

using (21.12) when r < oo.

Part 111
Some additional basic notions

35 Inner product spaces

Let V, W be vector spaces over the complex numbers. Of course, V and W
can also be considered as vector spaces over the real numbers. If T is a linear
mapping from V into W as complex vector spaces, then T" may be considered
as a linear mapping from V into W as real vector spaces as well. We may refer
to real and complex-linear mappings to be precise. A mapping T from V into
W is said to be conjugate-linear if

(35.1) T(v+v)=T)+T{)

for every v,v’ € V, and
(35.2) T(av) =aT(v)

for every a € C and v € C, where @ is the complex-conjugate of a. Conjugate-
linear mappings are real-linear too. A real-linear mapping 7' from V into W is
complex-linear when

(35.3) T(iv) =4iT(v)

for every v € V, and T is conjugate-linear when
(35.4) T(iv) = —iT(v)

for every v € V.
Now let V' be a vector space over the real or complex numbers. An inner
product on V is a real or complex-valued function (v, w), as appropriate, defined
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for v,w € V, and satisfying the following three properties. First, for each
we W,

(35.5) v = (v, w)

should be a linear mapping from V into R or C, as appropriate. More precisely,

this means that (35.5) should be real-linear in the real case, and complex-linear
in the complex case. Second,

(35.6) (v,w) = (w,v)

for every v, w € V in the real case, and

(35.7) (v,w) = (w,v)

for every v,w € V in the complex case. This implies that for each v € V,
(35.8) w — (v, w)

is linear in the real case, and conjugate-linear in the complex case. We also get
that

(35.9) (v,v) €R

for every v € V in the complex case, which is trivial in the real case. The third

condition is that
(35.10) (v,v) >0

for every v € V with v # 0. Of course, (v, w) = 0 when either v =0 or w = 0,
by the previous conditions.
Let (v, w) be an inner product on V, and put

(35.11) |v]| = (v,v)!/?
for each v € V. Observe that
(35.12) [tofl = [t]|lv]|

for every v € V and ¢ € R or C, as appropriate, where | - | is the standard
absolute value function on R or C. It is well known that

(35.13) (v, w)| < o]l ]

for every v, w € V, which is the Cauchy—Schwarz inequality. Using this, one can
check that
(35.14) [[o 4wl < [lvf| + [|wl|

for every v,w € V. Thus | - || defines a norm on V, with respect to the standard
absolute value function on R or C, as appropriate.
Let v € V be given, and let us check that

(35.15) [o]] = sup{[(v, w)| : w € V, Jlw| <1}.

The Cauchy—Schwarz inequality implies that the right side of (35.15) is less than
or equal to the left side. If v = 0, then both sides of (35.15) are equal to 0. If
v # 0 and wo = v/||v]], then ||wp| =1 and

(35.16) (v, wo) = (v, v)/||v]| = [lv]|.
This implies that the left side of (35.15) is less than or equal to the right side.
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36 Hilbert spaces

Let (V,{v,w)) be a real or complex inner product space, and let ||v|| be the
corresponding norm, as in (35.11). Thus

(36.1) d(v,w) = ||lv — wl|

defines a metric on V, as in Section 12. If V is also complete with respect to
this metric, then V is said to be a Hilbert space. As usual, if V' is not already
complete with respect to (36.1), then one can pass to a completion of V. The
inner product on V' has a unique continuous extension to the completion, which
makes the completion of V' a Hilbert space.

Let X be a nonempty set, and let f, g be real or complex-valued functions on
X. Suppose that f and g are 2-summable, as in Section 22, wth respect to the
standard absolute value function on R or C, as appropriate. This implies that
f g is summable on X, as in Section 34. Alternatively, if ¢ and b are nonnegative
real numbers, then

(36.2) 2ab < a?+ b2,
because (a — b)? > 0. It follows that
(36.3) 2|f(@)l1g(@)] < |f(@)]* + (@)

for every x € X, so that

(36.4) 2> " |f @) (@) < Y 1f@)P+ D lg(a)

zeX zeX zeX

Put

(36.5) (f,9)=(F,exr =Y f@

rzeX

in the real case, and

(36.6) (f,9) = (f:9)exc) = D f(@)

zeX

in the complex case. It is easy to see that (36.5) defines an inner product on
?(X,R) as a real vector space, and that (36.6) defines an inner product on
(?(X,C) as a complex vector space.

In both cases, we have that

(36.7) (1,1 =Y If @)= £115,

zeX

where ||f||2 is as in Section 22. This means that the norms on ¢?(X,R) and
/%(X, C) associated to the inner products (36.5) and (36.6), respectively, are the
same as the corresponding #2 norms defined previously. Of course, R and C are
complete with respect to the metrics associated to their standard absolute value
functions. It follows that ¢2(X,R) and ¢?(X, C) are complete with respect to
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the metrics associated to their £2 norms, as in Section 22. Thus ¢?(X,R) and
(?(X, C) are Hilbert spaces with respect to the inner products (36.5) and (36.6),
respectively.

Let (V, (v, w)) be a real or complex inner product space again, with corre-
sponding norm |jv||. If w € V, then

(36.8) Aw(v) = (v, w)

defines a linear functional on V', which is to say a linear mapping from V into
R or C, as appropriate. Of course, the Cauchy—Schwarz inequality implies that

(36.9) A (V)] < o]} {|ew]

for every v € V. This means that A\, is bounded as a linear functional on V,
using the standard absolute value function on R or C, as appropriate, as the
norm on the range of \,,. More precisely, (36.9) implies that the corresponding
operator norm of \,,, which is also known as the dual norm of A, is less than
or equal to ||w||. It is easy to see that the dual norm of X, is equal to |Jw]|,
because

(36.10) Ao (W) = (w,w) = |lw|*.

If V is a Hilbert space, then it is well known that every bounded linear functional
on V is of the form A, for some w € V. This representation is unique, basically
because A, # 0 when w # 0, as in (36.10).

37 Adjoint mappings

Let (V,{-,-)v) and (W, (-,-)w ) be inner product spaces, both real or both com-
plex, and let || - || and || - ||w be the corresponding norms on V' and W, respec-
tively. Also let T be a bounded linear mapping from V' into W, and let w € W
be given. Observe that

(37.1) prw(v) = (T'(v), w)w
defines a linear functional on V. We also have that

(37.2) 0 ()] < T @) [w [lwllw < (T lop.vw [[v]lv [[w]lw

for every v € V, using the Cauchy—Schwarz inequality in the first step, and the
definition of the operator norm ||T||op vw of T with respect to || - ||v, || - |lw in
the second step. Thus pr,, is a bounded linear functional on V. Suppose that
V is a Hilbert space, so that there is a unique element T*(w) of V' such that

(373) MT,w(U) = <U7T* (w)>V

for every v € V| as in the previous section. This defines a mapping T* from W
into V', which is characterized by the property that

(37.4) (T(W),wyw = (v, T*(w))y
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for every v € V and w € W. It is easy to see that T* is linear as a mapping
from W into V, using uniqueness of 7 (w). This is known as the adjoint of T
As in (37.2), we have that

(37.5) (v, T*(w))v| = KT(v), w)w| < [[Tllop,yw [[0llv wlw
for every v € V and w € W. Using (35.15), we get that
(37.6) T (w)llv = sup{[{v, T*(w))v|:v eV, |v]| <1} < |[T]lop [wlw

for every w € W. This implies that T is a bounded linear mapping from W
into V', with

(37-7> HT*HOP,WV < ||T||0p7VW~
Similarly,
(37.8) (T(v), wyw| = {0, T*(w))v| < [T |lop,wv [[v]lv [[w]lw

for every v € V and w € W. One can use this in the same way as before to get
that ”THop,VW < HT*Hop,WVv so that

(37.9) 1T llop.wv = 1T llop,vw-

We may consider
(37.10) T—T"

as a mapping from the space BL(V, W) of bounded linear mappings from V
into W into the analogous space BL(W, V). One can check that this mapping is
linear in the real case, and conjugate-linear in the complex case. Suppose that
W is a Hilbert space too, so that there is an analogous mapping from BL(W, V)
into BL(V,W). If T is a bounded linear mapping from V into W, as before,
then T™ is defined as a bounded linear mapping from W into V, and the adjoint
(T*)* of T* is defined as a bounded linear mapping from V into W. One can
verify that T satisfies the requirements of (7*)*, so that

(37.11) (T*)* =T.

Let (Z,{-,-)z) be another inner product space, which is real if V', W are real,
and complex if V', W are complex. Also let T be a bounded linear mapping
from V into W, and let T be a bounded linear mapping from W into Z, so that
their composition 75 o T3 is a bounded linear mapping from V into Z. Thus
T} is defined as a bounded linear mapping from W into V', T3 is defined as a
bounded linear mapping from Z into W, and (T o T1)* is defined as a bounded
linear mapping from Z into V. If v € V and z € Z, then

(37.12) (T2(T1(v)), 2) 2 = (T (v), T3 (2))w = (v, TT (T3 (2) ) v,
by definition of 7} and 73. This implies that

(37.13) (TooTy) =Ty o Ty
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as bounded linear mappings from Z into V. Of course, the identity mapping Iy
on V is a bounded linear mapping from V into itself. Hence the adjoint I3, of
Iy is defined as a bounded linear mapping from V into itself, and it is easy to
see that

(37.14) Iy =1y.

Let T be a bounded linear mapping from V into W again, so that 7% is
a bounded linear mapping from W into V', and their composition 7% o T is a
bounded linear mapping from V into itself. Observe that

(37.15) IT* 0 Tl op,vv < I Tlop,vw 1T lop,wv = 112, v
using (37.9) in the second step. If v € V', then
(37.16) (T*(T(v), v)v = (T(v), T(v)w = T ()]}

and
(87.17) (T (T @) v < IT* @ @)y [olly < 1T 0 Tllopavv 01l

Using (37.16) and (37.17), we get that
(37.18) 17112 vw < T 0 Tllop,vv-

It follows that
(37.19) 1T o Tllopvv = ITIl5p v

38 Involutions

Let k£ be a field, and let A be an algebra over k. A linear mapping
(38.1) x>’

from A into itself is said to be an (algebra) involution on A if
(38.2) (zy)" =y 2"

for every z,y € A, and
(38.3) (") =x

for every x € A. If multiplication on A is commutative, then the identity map-
ping on A satisfies these conditions. If £ = C, then we may also be interested
in conjugate-linear mappings (38.1) that satisfy (38.2) and (38.3).

Let X be a nonempty set, and consider the commutative algebra ¢(X, C)
of complex-valued functions on X. If f € ¢(X, C), then the complex-conjugate
f(z) is an element of ¢(X, C) too, and

(38.4) f=f

defines a conjugate-linear involution on ¢(X, C).
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Let (V, (v,w)) be a real or complex Hilbert space. If T' is a bounded linear
mapping from V into itself, then its adjoint T can be defined as a bounded
linear mapping from V into itself as well, as in the previous section. Remember
that
(38.5) T—T*

is a linear mapping from the algebra BL(V) of bounded linear mappings from
V into itself in the real case, and that (38.5) is conjugate-linear in the complex
case. In both cases, we have seen that (38.5) satisfies (38.2) and (38.3).

Let A be any algebra over a field k again, let | - | be a gg-absolute value
function on k for some g > 0, and let N be a submultiplicative g-seminorm on
A with respect to | - | on k for some g > 0. An involution (38.1) on A is said to
be compatible with N if
(38.6) N(z*) = N(z)

for every x € A. Of course, if A is a commutative algebra and (38.1) is the
identity mapping on A, then (38.6) holds trivially.

Let X be a nonempty set, and remember that ¢"(X, C) may be considered
as a commutative algebra over C with respect to pointwise multiplication of
functions, as in Section 34. As before, (38.4) defines a conjugate-linear invo-
lution on ¢"(X,C) for each r > 0. It is easy to see that (38.4) is compatible
with || f]| for every r > 0, as in the preceding paragraph. Similarly, if X is
a nonempty topological space, then (38.4) defines a conjugate-linear involution
on the algebra C'(X, C) of continuous complex-valued functions on X. If F is a
nonempty compact subset of X, then (38.4) is compatible with the supremum
seminorm on C(X, C) associated to E.

Let (V, (v,w)) be a real or complex Hilbert space again. We have seen that
(38.5) is compatible with the operator norm on BL(V), as in (37.9).

Let k, A, and N be as before, and let (38.1) be an involution on A again.
Another interesting condition on (38.1) and N asks that

(38.7) N(z*z) = N(x)?

for every © € A. If A is a commutative algebra and (38.1) is the identity
mapping on A, then (38.7) is the same as saying that

(38.8) N(z?%) = N(x)?

for every € A. If X is a nonempty set, then the supremum norm on ¢ (X, C)
satisfies (38.7) with respect to (38.4). Similarly, if X is a nonempty topological
space, and FE is a nonempty compact subset of X, then the supremum seminorm
on C(X,C) associated to F satisfies (38.7) with respect to (38.4). If (V, (v, w))
is a real or complex inner product space, then the operator norm on BL(V)
satisfies (38.7) with respect to (38.5), as in (37.19). Note that (38.8) does not
always hold in this situation.

Let k, A, and N be as before, let (38.1) be an involution on A, and suppose
that (38.7) holds for every = € A. Using submultiplicativity, we get that

(38.9) N(z)> = N(z*z) < N(2*) N(x)
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for every x € A. This implies that
(38.10) N(z) < N(z%)

when N(z) > 0, and (38.10) holds trivially when N(z) = 0. Applying (38.10)
to x*, we get that
(38.11) N(z*) < N((z*)") = N(x)

for every x € A. Thus (38.6) holds for every x € A under these conditions.
Suppose for the moment that « € A is self-adjoint with respect to (38.1), in

the sense that

(38.12) x* =z

Of course, (38.7) is the same as (38.8) in this case. It is easy to see that 27 is
self-adjoint for every positive integer j, so that

(38.13) N(2%7) = N(z27)?
for every j € Z,. This implies that
(38.14) N(2") = N(x)"

when n = 2! for some | € Z. Using this, we get that (19.3, 2) holds for every
n € Z, as in Section 19.

If  is any element of A, then it is easy to see that = + x* and z*x are
self-adjoint with respect to (38.1). It follows that

(38.15) N((z*2)") = N(z*2)" = N(z)*"

for every € A and n € Z, by applying (38.14) to x* x.
Suppose now that « € A is normal with respect to (38.1), in the sense that

(38.16) xr* =a"x.

This implies that
(38.17) (z"z)" = (z")" 2"

for every n € Z,. Combining this with (38.15), we get that

(38.18)  N(2)*" = N((z"2)") = N((z")" 2") < N((z")") N(z")

for every n € Z. It is easy to see that (z*)™ = (2™)* for each n € Z, so that
(35.19) N(@)?" < N((@")") N(z") = N(z")?

for every n > 1. Tt follows that (38.14) holds for every n € Z, in this case too,
because N(z™) < N(x)™ for each n > 1, by submultiplicativity.
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39 Orthogonal vectors
Let (V,{v,w)) be a real or complex inner product space, and let ||v|| be the

corresponding norm on V. As usual, two elements v, w of V are said to be
orthogonal in V if (v, w) = 0. In this case,

(39.1) lv +wl]* = [ol* + [fwl]]*.

Let E;’;l v; be an infinite series of pairwise-orthogonal elements of V, so
that v; is orthogonal to v; when j #[. If n > [ > 1, then

n 2 n
>ouil =2l
: o
as in (39.1). In particular, the partial sums

g=l
(39.3) > v
j=1

(39.2)

are bounded in V' if and only if the sums >°7_, ||v; |? have a finite upper bound.
Of course, this happens if and only if

(39.4) > v 12
j=1

converges as an infinite series of nonnegative real numbers. If (39.4) converges,
then it is easy to see that the sequence of partial sums (39.3) is a Cauchy
sequence in V with respect to the metric associated to the norm, using (39.2).
If V' is a Hilbert space, then it follows that (39.2) converges in V. In this case,
one can check that
00 2 oo
> -
j=1

(39.5)

2
[[oi %,
j=1
using (39.2).
Now let vq,...,v, be finitely many orthonormal vectors in V', so that v; is
orthogonal to v; when j # [, and ||vj|| =1 foreach j=1,...,n. Alsolet v eV

be given, and put
n

(39.6) w=> (v,v;) 0.

j=1
By construction,

(39.7) (w,v;) = (v,v;)

for each [ = 1,...,n, which means that v — w is orthogonal to v; for each
l=1,...,n. It follows that v — w is orthogonal to w, so that

(39.8) [0l = [l = wl[? + [lw]]?,
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as in (39.1). We also have that
n
(39.9) lwll® = (v, 05)1%,
j=1

using (39.1) again, so that

n
(39.10) [0l = llo = wl* + Y (v, 0) .
j=1
Suppose that v € V is in the linear span of vy,...,v,. If v, w are as in the
previous paragraph, then w — w is in the linear span of vy, ..., v, as well, and

hence v — w is orthogonal to w — w. This implies that
(39.11) lv =l = flo = wl|® + [Jw — ul?,
using (39.1) again. In particular,

(39.12) o —ull = [lv—w]|

under these conditions.

40 Lipschitz mappings

Let X, Y be sets, and let dx, dy be qx, qy-semimetrics on X, Y, respectively,
for some gx,qy > 0. Also let f be a mapping from X into Y, and let a be a
positive real number. If there is a nonnegative real number C' such that

(40.1) dy (f(x), f(2')) < Cdx(z,2")"

for every z,2’ € X, then f is said to be Lipschitz of order o with constant
C. Of course, constant mappings are Lipschitz of any order a, with constant
C = 0. If f satisfies (40.1) with C' = 0 for some «, and if dy is a gy-metric on
Y, then f is a constant mapping.

Let a, b be positive real numbers, and remember that d%, d% define (¢x /a),
(gy /b)-semimetrics on X, Y, respectively, as in Section 2. Observe that (40.1)
holds if and only if

(40.2) dy (f(z), f(z'))" < C* (dx (z,a')")*b/®

for every x,z’ € X. Thus f is Lipschitz of order a with constant C' with respect
to dx, dy if and only if f is Lipschitz of order ab/a with constant C® with
respect to d%, d%.

Note that Lipschitz mappings of any order are uniformly continuous. Let
UC(X,Y) be the space of uniformly continuous mappings from X into Y, which
is a subset of the space C(X,Y’) of continuous mappings from X into Y. Also
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let Lip, (X,Y) be the space of Lipschitz mappings of order « from X into Y,
which is contained in UC(X,Y).

Suppose again that f is Lipschitz of order a with constant C' = Cy. Let Z
be another set, and let dz be a qz-semimetric on Z for some gz > 0. Suppose
that g is a mapping from Y into Z that is Lipschitz of order 5 > 0 with constant
Cy > 0 with respect to dy, dz. If z,2’ € X, then

(403) dz(9(f()),9(f(2)) < Cydy (f(2), f(z))" < Cy OF dx (z,2)*".

This means that the composition g o f is Lipschitz of order o 8 with constant
o CJ’? as a mapping from X into Z.
Let ¢ be a positive real number with ¢ < gx, and let w € X be given. Put

(40.4) Jw.q(x) =dx(w,x)?

for each © € X, which defines a nonnegative real-valued function on X. The
inequality (6.5) says exactly that f,, 4 is Lipschitz of order ¢ with constant 1
with respect to dx on X and the standard Euclidean metric on R.

Let k be a field with a gg-absolute value function | - | for some ¢ > 0, and
let ¢ be a positive real number such that ¢ < ¢x. As before, |z|? defines a
nonnegative real-valued function on k, which is the same as (40.4) with X = k,
dx equal to the gi-metric associated to |- | on k, and w = 0. It follows that |z|?
is Lipschitz of order ¢ with constant 1 with respect to the gi-metric associated

to |- | on k and the standard Euclidean metric on R.
Similarly, let V' be a vector space over k, and let Ny be a gy-seminorm
on V with respect to |- | on k for some gy > 0. Also let ¢ be a positive real

number with ¢ < gy, so that Ny (v)? defines a nonnegative real-valued function
on V. This is the same as (40.4), with X =V, dx equal to the gy-semimetric
associated to Ny on V, and w = 0. Hence Ny (v)? is Lipschitz of order ¢ with
respect to the gy-semimetric associated to Ny on V' and the standard Euclidean
on R.

41 Lipschitz ¢g-seminorms

Let X be a nonempty set with a gx-semimetric dx for some gx > 0, let k be a
field with a gi-absolute value function |-| for some g > 0, and let W be a vector
space over k with a gy/-seminorm Ny with respect to |- | on k for some gy > 0.
As in the previous section, UC(X, W) denotes the space of uniformly continuous
mappings from X into W, with respect to the gy -semimetric associated to Ny
on W. It is easy to see that UC(X, W) is a linear subspace of the vector space
C(X,W) of continuous mappings from X into W. Similarly, for each positive
real number «, Lip, (X, W) denotes the space of Lipschitz mappings from X
into W of order «, with respect to the gy -semimetric associated to Ny on
W. One can check that Lip, (X, W) is a linear subspace of UC(X, W) for each
a>0.
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Let a positive real number o and f € Lip, (X, W) be given. If 2,y € X
satisty dx (z,y) = 0, then we have that

(41.1) Nw (f(z) = f(y)) =0,

which is trivial when dx is a ¢x-metric on X. If dx (z,y) > 0 for some z,y € X,
then put

(41.2) [fllup, = IflLip, x.w)
= sup{NW((J;((;C)y;af(y)) cx,y € X, dx(z,y) > O}.

More precisely, the hypothesis on X implies that the supremum is taken over
a nonempty set, and the Lipschitz condition on f implies that the nonnegative
real numbers whose supremum is being taken have a finite upper bound, so that
the supremum is defined as a nonnegative real number. If dx (z,y) = 0 for every
z,y € X, then we take || f||Lip_ to be 0.

By construction, f is Lipschitz of order a with constant C' > 0 if and only if

(41.3) [fllLip, < C.

In particular, f is Lipschitz of order a with constant C' = || f||Lip, . Equivalently,
|l fllLip, is the same as the infimum of the set of nonnegative real numbers C
such that f is Lipschitz of order a with constant C'. One can check that || f||Lip,,
defines a gy-seminorm on Lip,, (X, W) with respect to |- | on k. Of course, this
uses the analogous properties of Ny on W.

Let V' be another vector space over k, and let Ny be a gy-seminorm on V
with respect to || on k for some gy > 0. If T' is a bounded linear mapping from
V into W with respect to Ny and Ny, then T is Lipschitz of order 1 with respect
to the gy, gqw-semimetrics on V', W associated to Ny, Ny, respectively, as in
(14.2). Thus BL(V, W) may be considered as a linear subspace of Lip, (V, W).
If T e BL(V,W), then the corresponding operator gy -seminorm ||T'||op vw of
T is the same as the Lipschitz gy -seminorm ||T'[|1i,, (v,w)-

42 Bounded Lipschitz functions

Let X be a nonempty set with a ¢x-semimetric dx for some gx > 0, and let k
be a field with a gg-absolute value function |- | for some g > 0. It is easy to see
that the space UCy(X, k) of bounded uniformly continuous k-valued functions
on X is a linear subspace of UC(X, k). If f, g are bounded uniformly continuous
k-valued functions on X, then one can check that their product f g is uniformly
continuous as well. This uses the fact that

(42.1)  f(x)g(x) — f(y) 9(y) = (f(=) = f(y) 9(x) + f(v) (g(x) — g(y))

for every z,y € X. Of course, f g is bounded on X too, so that UCy(X, k) is a
subalgebra of the algebra C, (X, k) of bounded continuous k-valued functions on
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X. One can also verify that UC, (X, k) is a closed set in Cy(X, k) with respect
to the supremum metric. This is because uniform limits of uniformly continuous
functions are uniformly continuous, by standard arguments.

Let a be a positive real number, and let Lipa“b(X7 k) be the space of bounded
k-valued functions on X that are Lipschitz of order . This is a linear subspace
of Lip, (X, k), and one can check that it is a subalgebra of UCy(X, k), using
(42.1). To make this more precise, it is helpful to consider the following two
cases.

Suppose first that £ = R or C, with the standard absolute value function.
Remember that || f||Lip, defines a seminorm on Lip, (X, k), as in the previous
section. If f,g € Lip, ,(X, k), then it is easy to see that

(42.2) 1 9llLip,, < [[fllLip, [19llsup + 1 Fllsup I9lLip,,,

using (42.1). Here || f||sup is the supremum norm on Cy(X, k), as in Section 13.
Using (42.2), one can check that

(42.3) [ fllsup + Il fllrip,,

is a submultiplicative norm on Lip, ,(X, k). If f € Lip, ,(X, k), then f(z)" is
an element of Lip,, ,(X, k) for each positive integer n, and one can verify that

(42.4) £ Lip, < 7l f 15 11 i,

using (42.2). One can use this to check that
(42.5) (1w + 177 i) = |l
This also uses the fact that

(42.6) ||fn||sup = ”fHZup

for every n > 1.

Suppose now that k is any field with an ultrametric absolute value function
| - |, so that ||f||sup is an ultranorm on Cy(X, k), and || f||Lip, defines a semi-
ultranorm on Lip, (X, k). In this case, we get that

(42.7) 1f 9llLip, <max([|fllLip, [19llsups [[f[lsup l9llLip,, ),
using (42.1) again. This implies that
(42.8) max(|| fllsup, 1/ llLip,,)

is a submultiplicative ultranorm on Lip,, ,(X, k). If f € Lip,;, then f" is an
element of Lip,, ,(X, k) for each n € Z,, and

(42.9) 1™ leip,, < N5 1f|lip, -
As before, it follows that
(42.10) im (0[] sugs [ i)™ = 1 L

71



43 (' Functions on R

Let I be an interval of positive length in the real line, which may be open, closed,
or half-open and half-closed. We also allow I to be unbounded, so that I may
be the real line, or an open or closed half-line. Let f be a real or complex-valued
function on I. If z is an element of the interior of I, then the derivative f’(x)
of f at x can be defined in the usual way, when it exists. If x is an endpoint
of I, if there is one, then one can take f’(x) to be the appropriate one-sided
derivative of f at z, when it exists. Let us say that f is differentiable on I when
f'(z) exists for every x € I. Of course, this implies that f is continuous on I, by
standard arguments. If f is differentiable on I, and if f'(x) is continuous on I,
then f is said to be continuously differentiable on I. Let C*(I,R) and C*(1, C)
be the spaces of continuously differentiable real and complex-valued functions
on I, respectively. If f and g are differentiable real or complex-valued functions
on I, then it is well known that their product f g is differentiable on I as well,
with

(43.1) (f9)=fag+tfd.

In particular, if f and g are continuously differentiable on I, then f g is con-
tinuously differentiable as well. Thus C*(I,R) and C1(I, C) are subalgebras of
C(I,R) and C(I, C), respectively.

Let f be a differentiable real or complex-valued function on I, such that f’
is bounded on I. Under these conditions, f is Lipschitz of order 1 on I with
respect to the standard metrics on R or C, as appropriate, and the restriction
of the standard metric on R to I. More precisely, one can take the Lipschitz
constant of f to be the supremum norm || f/||sup of f' on I. This follows from
the mean value theorem when f is real-valued. If f is complex-valued, then one
can reduce to the real case, by considering the real part of a f(x) for a € C
with |a] = 1. If f is continuously differentiable, then the same conclusion can
be obtained from the fundamental theorem of calculus, in both the real and
complex cases. It is easy to see directly that |f’(x)| is less than or equal to the
corresponding Lipschitz seminorm || f||Lip, of f on I for each z € I, so that

(43.2) 1 flleip, = 1 llsup-

Let C}(I,R) and C} (I, C) be the spaces of continuously differentiable real
and complex-valued functions f on I, respectively, such that f and f’ are both
bounded on I. It is easy to see that these are subalgebras of Cy(I,R) and
Cy(I,C), respectively, using (43.1). More precisely, f and g are elements of
CHI,R) or C}(I,C), then

(43.3) ||(f9)/||sup = Hf/g + fg/Hsup < HfI”sup ||9||sup + ||f||sup ”g/Hsup'

Using this, one can check that

(43.4) £ llsup + 1 llsup

defines a submultiplicative norm on each of C} (I, R) and C} (I, C). Of course,
these statements correspond to ones in the previous section, because of (43.2).
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If f is a differentiable real or complex-valued function on I, then f(x)" is
differentiable on I for every positive ineteger n, with

(43.5) (f*) =nfrtr.

Thus

(43.6) 1™ Nsup = 0" llsup < nll £ 1 sup-
As before, one can use this to verify that

(43.7) i (1w + 1) o)™ = 11F lup-

These statements correspond to ones in the previous section as well, by (43.2).

44 Formal power series

Let k be a field, and let T' be an indeterminate. As in [4, 14], we use upper-case
letters like T for indeterminates, and lower-case letters like ¢ for elements of k.
A formal power series in T with coefficients in k may be expressed as

(44.1) F(T) =) fT7,
7=0

where f; € k for each nonnegative integer j. The space of formal power series
in T with cefficients in & is denoted k[[T']]. More precisely, k[[T]] can be defined
as the space ¢(Zy U {0}, k) of k-valued functions on Z, U {0}, where f(T')
corresponds to f; as a k-valued function of j. As usual, ¢(Z; U{0}, k) is a vector
space over k with respect to pointwise addition and scalar multiplication, which
corresponds to termwise addition and scalar multiplication of formal power series
expressed as in (44.1). If f(T) € k[[T]] satisfies f; = 0 for all but finitely many
j >0, then f(T) is considered to be a formal polynomial in T with coefficients
in k. The space of these formal polynomials is denoted k[T], which may be
defined more precisely as the space coo(Zy U {0}, k) of k-valued functions on
Z U {0} with finite support.

Let f(T) and g(T) = Z;io g;(T) be elements of k[[T]]. Their product is
defined to be the formal power series

(44.2) F(T)g(T) =nT) =Y h,T",
n=0
where .
(44.3) h, = Z fj Gn—;
=0

for each nonnegative integer n. Thus h(T) corresponds to the Cauchy product
of f(T') and ¢g(T'), as in Section 29. One can check that k[[T]] is a commutative
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algebra over k with respect to this operation of multiplication. If f(T'), g(T')
are formal polynomials in 7', then it is easy to see that their product is a formal
polynomial too, so that k[T] is a subalgebra of k[[T]]. We can identify elements
of k£ with formal polynomials for which all but the first coefficient is equal to 0,
so that k corresponds to a subalgebra of k[T]. In particular, the multiplicative
identity element 1 in k corresponds to the multiplicative identity element in
K{[T7).

Let a(T) € k[[T]] be given. If I € Z,, then the Ith power a(T)" of a(T)
can be defined as an element of k[[T]] as in the preceding paragraph. As usual,
a(T)! is interpreted as being equal to 1 when [ = 0. If j is a nonnegative integer,
then the coefficient of 77 in a(T)! T! is equal to 0 when j < [. This implies that
the coefficient of 77 in

(44.4) S a(m) T
=0

does not depend on n when n > j. The infinite series

(44.5) i a(T)' T!

=0

can be defined as a formal power series in T, by taking the coefficient of 77
in (44.5) to be the same as the coefficient of (44.4) when n > j. If n is any
nonnegative integer, then

(44.6) (1—a(T)T) En: a(T)!' Tt =1 —a(T)"H T
=0

by a standard argument. Using this, it is easy to see that

(44.7) 1-aD)T) > a(T) T =1.
1=0
Thus (44.5) is the multiplicative inverse of 1 — a(T) T in k[[T]].

It f(T),9(T) € k[[T]] satisty f(T)g(T) = 1, then fogo = 1, and hence
fo,90 # 0. In the other direction, let f(7T) be any element of k[[T]] such that
fo # 0. This permits us to express f(T) as fo (1—a(T) T) for some a(T) € k[[T]].
It follows that f(7') has a multiplicative inverse in k[[T]], because 1 — a(T) T
has a multiplicative inverse in k[[T]], as in the previous paragraph.

45 Formal Laurent series

Let k be a field, and let T' be an indeterminate. A formal Laurent series in T
with coefficients in k£ may be expressed as

(45.1) fT)y= > T,

j=—o00
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where f; € k for each j € Z. Thus f; defines a k-valued function on Z, so
that the space of formal Laurent series in T with coefficients in & can be defined
precisely as ¢(Z, k). Remember that ¢(Z, k) is a vector space over k with respect
to pointwise addition and scalar multiplication, which corresponds to termwise
addition and scalar multiplication of formal Laurent series expressed as in (45.1).
A formal power series in T with coefficients in & may be considered as a formal
Laurent series f(7) with f; = 0 when j < 0, which corresponds to identifying
c(Zy U {0}, k) with the subspace of ¢(Z, k) consisting of functions on Z that
vanish on negative integers.

Let k((T)) be the space of formal Laurent series f(T") in T with coeflicients
in k such that f; = 0 for all but finitely many j < 0. In this case, f(T') may be
expressed as
(45.2) fmy= > fT

Jj>>—00

to indicate that f; = 0 for all but finitely many j < 0, as in [4]. More precisely,
kE((T)) can be defined as the linear subspace of ¢(Z, k) consisting of functions
on Z that are equal to 0 at all but finitely many negative integers. As before,
E[[T]] may be considered as a linear subspace of k((T)).

IEf(T)and g(T) =3 o o 9 T7 are elements of k((T)), then their product
is defined by

(45.3) (M) g(T)=hT)= > h,T"
where -
(454) hn: Z fjgn—j

j=—o00

for each n € Z. More precisely, all but finitely many terms in the sum on the
right side of (45.4) are equal to 0, because f; = g; = 0 for all but finitely many
j < 0. Thus h,, is defined as an element of k for every n € Z, and one can
check that h,, = 0 for all but finitely many n < 0, so that hA(T) € k((T)) too.
One can also verify that k((T")) is a commutative algebra over k with respect
to this operation of multiplication. This is compatible with the definition of
multiplication of formal power series in the previous section, so that k[[T7]] is a
subalgebra of k((T)).

Every nonzero element of k((T)) can be expressed as 1! f(T") for some f(T)
in k[[T]] and I € Z, where fo # 0. As in the previous section, f(T') has a
multiplicative inverse in k[[T]] under these conditions. This implies that T f(7)
has a multiplicative inverse in k((T')), which is given by T f(T)~!. It follows
that k((T)) is a field with respect to this definition of multiplication.

Let 7 be a positive real number with r» < 1. If f(T) € k((T)) and f(T) # 0,
then there is a unique integer jo = jo(f) such that f;, # 0 and f; = 0 when
J < jo- In this case, we put
(45.5) D), =,
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and we put |f(T)|. = 0 when f(T) = 0. One can check that

(45.6) |£(T) + g(T)|, < max(|f(T)]r, |g(T)],)

for every f(T),g(T) € k((T)). This uses the fact that

(45.7) Jo(f(T) + g(T)) = min(jo(f(T)), jo(9(T))

when f(T), g(T), and f(T) + g(T) are nonzero. Similarly,

(45.8) [F(T) g(T)r = |£(D)] [9(T)1x

for every f(T),g(T) € k((T)), because

(45.9) Jo(f(T)9(T)) = jo(f(T)) + jo(g(T))

when f(T),g(T) # 0. Thus | - |, defines an ultrametric absolute value function
on k((T)).

If r = 1, then ||, is the trivial absolute value function on k((7")). If0 < r <1
and a is a positive real number, then

(45.10) [F (D)7 = 1F(T) e

for every f(T') € k((T)). This means that the absolute value functions |- |, are
all equivalent on k((7T")) when 0 < r < 1, as in Section 4.

Suppose that 0 < r < 1, and let I € Z be given. The closed ball B(0,r!) in
k((T)) centered at 0 with radius 7! with respect to the ultrametric associated
to | - |, consists of f € k((T)) such that f; = 0 when j < I. Thus B(0,7!)
can be identified with the Cartesian product of copies of k indexed by j € Z
with j > [. The discrete topology on k leads to a product topology on this
Cartesian product. One can check that the topology determined on B(0,r!) by
the ultrametric associated to | - |, corresponds exactly to the product topology
just mentioned.

One can also verify that k((T)) is complete with respect to the ultrametric
associated to | - |, for each 0 < r < 1. Of course, this is trivial when r = 1. If
r < 1, then it is helpful to observe that a Cauchy sequence in k((T")) is contained
in B(0,r!) for some I € Z. This uses the fact that a Cauchy sequence in any
g-metric space is bounded.

46 Discrete absolute value functions

Let k be a field, and let | - | be a g-absolute value function on k for some ¢ > 0.
Observe that
(46.1) {lz| : z € k,  # 0}

is a subgroup of the multiplicative group R of positive real numbers. If the real
number 1 is not a limit point of (46.1) with respect to the standard topology on
R, then |- | is said to be discrete on k. If 1 is a limit point of (46.1) in R, then
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one can check that (46.1) is dense in R with respect to the topology induced
on Ry by the standard topology on R. Note that the real number 0 is a limit

point of (46.1) unless | - | is the trivial absolute value function on k, in which
case (46.1) is the trivial subgroup of R.

Put
(46.2) p1 =sup{|z| : x € k, |z| < 1},

so that 0 < p; < 1. It is easy to see that p; = 0 if and only if | - | is the trivial
absolute value function on k. Similarly, p; < 1 if and only if |- | is discrete on k.
Suppose for the moment that | - | is discrete on k, and not the trivial absolute
value function on k, so that 0 < p; < 1. Under these conditions, one can verify
that the supremum in (46.2) is attained, so that there is an z € k such that
|z| = p1. One can also check that (46.1) consists exactly of the integer powers
of p1. More precisely, if this were not the case, then there would be a y € k
such that p; < |y| < 1, contradicting the definition of p;.

Suppose now that | - | is an archimedean g-absolute value function on k, as
in Section 10. This implies that k£ has characteristic 0, so that there is a natural
embedding of Q into k. In this case, | - | induces an archimedean g-absolute

value function on Q. The theorem of Ostrowski mentioned in Section 4 implies
that the induced g-absolute value function on Q is equivalent to the standard
(Euclidean) absolute value function on Q in this situation. It is easy to see that
any g-absolute value function on Q that is equivalent to the standard absolute
value function is not discrete, because the standard absolute value function on
Q is not discrete. It follows that |- | is not discrete on k. This shows that if | - |
is a discrete g-absolute value function on a field &, then |- | is non-archimedian
on k. Of course, this means that | - | is an ultrametric absolute value function
on k, as in Section 10.

Let | - | be any ultrametric absolute value function on a field k. Suppose
that there are finitely many elements x1, ..., z, of k and positive real numbers
T1,...7n such that r; <1 for each j =1,...,n and

(46.3) B(0,1) € | B(x;, ).
j=1
The open an closed balls in k are defined as in Section 2, as usual, with respect
to the ultrametric associated to |- |. We may as well suppose that
(464) B(O,l)ﬁ?(xmrj) 7&@

for each j = 1,...,n, since otherwise B(z;,r;) is not needed to cover B(0,1).
This implies that |z;| < 1 for every j = 1,...,n, by the ultrametric version of
the triangle inequality. Thus

(46.5) r=max(|z1],..., |Tnl, 1, 0) < 1,
and - o
(46.6) B(z;,7;) € B(0,r)
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for each 7 = 1,...,n, using the ultrametric version of the triangle inequality
again. Combining this with (46.3), we get that

(46.7) B(0,1) C B(0,7),

which means that | - | is discrete on k.

47 Weighted (" spaces

Let X be a nonempty set, and let w(z) be a positive real-valued function on
X. Also let k be a field, and let | - | be a gg-absolute value function on & for
some g > 0. If r is a positive real number, then we let ¢7 (X, k) be the space
of k-valued functions f on X such that |f(z)|w(z) is r-summable on X as a
nonnegative real-valued function on X. In this case, we put

o (X,k) = (Z |f($)|rw($)r)

zeX

1/r

(47.1) I

Similarly, let £5°(X, k) be the space of k-valued functions f on X such that
|f(z)]w(x) is bounded as a nonnegative real-valued function on X, in which
case we put

(47.2) [ fllese (x 1) = Sgg(lf(x)l w(x)).
Equivalently, if f € £7 (X, k) for some 0 < r < 0o, then

(47.3) I1f

where ||-]|- is defined for nonnegative real-valued functions on X as in Section 21.
One can check that ¢7 (X, k) is a vector space over k with respect to pointwise
addition and scalar multiplication for each 0 < r < oo, using the same type of
arguments as in the unweighted case. Similarly, ||fl|¢r (x k) defines an r-norm
on £, (X, k) when 7 < g, and || f||¢ (xx) defines a gr-norm on £;, (X, k) when
r > q, as before. Of course, if w(x) =1 for every x € X, then £}, (X, k) is the
same as the space £"(X, k) defined previously for every 7 > 0, and || f{|¢r (x k) is
the same as || f||;~(x,r). If V is a vector space over k with a g-seminorm N with
respect to | - | on k for some ¢ > 0, then one can deal with V-valued functions
on X in the same way, as before.

Let ¢o,w (X, k) be the space of k-valued functions such that |f(x)| w(z) van-
ishes at infinity on X, as a real-valued function on X. In particular, this implies
that | f(z)| w(z) is bounded on X, so that

o x.k) = flwlls,

w

(47.4) Co.w(X, k) C £°(X, k).

As before, cg (X, k) is a linear subspace of ¢37(X, k), and a closed set in
£2°(X, k) with respect to the gi-metric associated to the ¢3°(X, k) gr-norm.
We also have that

(475) COQ(AX7 k‘) g Co,w (X, k),
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and that cg ., (X, k) is the closure of coo(X, k) in £5°(X, k).
If 0 < ry <ry < oo, then

(47.6) (X, k) C 02(X R),
and
(47.7) 1Nz e ey < WF ez (x

for every f € £} (X, k), as in (21.8). If 0 < r < oo, then it is easy to see that

(478) E:u (X7 k) C cO,w(X7 k)
Of course,
(47.9) coo(X, k) C 00, (X, k)

for every » > 0. If 0 < r < oo, then one can check that coo(X, k) is dense
in £, (X, k), with respect to the g, or r-metric associated to | f|l¢ (x,r), as
appropriate. If k is complete with respect to the gx-metric associated to | - |,
then one can verify that ¢7, (X, k) is complete with respect to the ¢; or r-metric
associated to || f|l¢r (x,x), by standard arguments.

Let a(z), f(z) be k-valued functions on X, and put

(47.10) (Mo ())(z) = a(z) f(2)

for every z € X. This defines M,(f) as a k-valued function on X, and M,
defines a linear mapping from the space ¢(X, k) of k-valued functions on X into
itself. This is the multiplication operator on ¢(X, k) associated to a. If a(x) # 0
for every 2 € X, then 1/a is also a k-valued function on X, so that M, , defines
a linear mapping from c¢(X, k) into itself too. In this case, M, is a one-to-one
linear mapping from c(X, k) onto itself, with inverse equal to M /q.

Let wy(x), wa(x) be positive real-valued functions on X, so that wy /wy and

wa/wy are positive real-valued functions on X as well. If a € €77, (X, k), then

(47.11) |a(@)] (w1 (2) /w2 (2)) < [la

2 (X,k)

wy /wo

for each x € X, which means that

(47.12) la(z)| wi(z) < lalle=

wq /w

, (k) wa ()
for every z € X. Let f € ¢(X, k) be given, and observe that

(47.13) (Mo () (@) wi(z) = la(x)|[f(2)|w(z)

< lalle=  (xop) |f (@) w2 ()

“wy /ws

for every x € X. This implies that M, defines a bounded linear mapping

from ¢;, (X, k) into ¢, (X,k) for every r > 0, and one can check that the

corresponding operator g or r-norm of M, is equal to ||a|| e g (X) Similarly,
wy /w2

M, maps cgu, (X, k) into g, (X, k) under these conditions.
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Let w(z) be a positive real-valued function on X again, and let a be an
element of (79 (X, k). Thus M, defines a bounded linear mapping from ¢, (X, k)
into £"(X, k) for every r > 0, as in the preceding paragraph. Similarly, if
a(xz) # 0 for every x € X, and 1/a € £ (X, k), then M, defines a bounded
linear mapping from ¢" (X, k) into ¢! (X, k) for every r > 0. Suppose now that
a € £77,,(X, k), a(z) # 0 for every x € X, and 1/a € (7(X, k), and let r > 0
be given. Under these conditions, M, is a one-to-one bounded linear mapping
from £;, (X, k) onto £"(X, k), with bounded inverse equal to M .

In particular, if |a(z)| = w(zx) for every z € X, then a € é‘f‘/’w(X, k) with
||a|\g;7w(X)k) =1, and 1/a € £52(X, k) with ||1/a||g?ﬂo(X)k,) = 1. In this case, M,
defines an isometric linear mapping from ¢}, (X, k) onto ¢" (X, k) for every r > 0.
Of course, if £ = R or C with the standard absolute value function, then one
can simply take a(z) = w(z) for each € X. Suppose now that k is any field
with a nontrivial gg-absolute value function |-|. In this situation, every positive
real number is within a bounded factor of a positive value of | - | on k. This
implies that there is k-valued functions a(z) on X such that |a(z)| and w(x)
are each bounded by constant multiples of the other. This is the same as saying
that a € €59, (z,k), a(z) # 0 for every x € X, and 1/a € £52(X, k).

1/w w

Part IV
Fourier series

48 The unit circle
Let T be the unit circle in the complex plane, so that
(48.1) T={zeC:|z| =1},

where | - | is the standard absolute value function on C. It is well known that

(48.2) / 2 |dz| =0
T

for every nonzero integer j, where |dz| indicates the element of arclength on T.
We can also define arclength measure on T, using an arclength parameterization
of T to reduce to ordinary Lebesgue measure on the interval [0, 27) in the real
line. Of course, the arclength of T is equal to 27, and arclength measure on
T is invariant under rotations and reflections. Let L"(T) be the corresponding
Lebesgue space of complex-valued functions on T for each r > 0. If 0 < r < o0,

then we put
1 . 1/r
vy = (3= [ 176G 1)

(48.3) £l = [If]
for each f € L"(T), where now |dz| refers to arclength measure on T. This
defines a norm on L"(T) when 1 < r < oo, by the integral version of Minkowski’s
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inequality. If 0 < r < 1, then || f||, defines an r-norm on L"(T), by (1.11). The
essential supremum norm || f|loc = || f||ze(T) can be defined on L>°(T) can also
be defined in the usual way.

Suppose that 0 < 71,72, 73 < 0o satisfy

(48.4) 1/r3 =1/r1 + 1/ra,

and let f € L™(T), g € L™(T) be given. Holder’s inequality implies that
fge L™(T), with
(48'5) Hngrg < ||fHT1 ”g”Tz'

As before, this is often stated in the case where r3 = 1, and one can reduce
to this case when r3 < co. It is easy to verify (48.5) directly when r; = oo
or ry = 0o, and the case where r; = ro = 2 is another version of the Cauchy—
Schwarz inequality.

If f,g € L?(T), then fg € L'(T), as before, and we put

(18.6) (1.9} = )i = 5= [ FTE sl

This defines an inner product on L?(T), with

(4.7 (0= 5= [ 17 1del = 1513

for each f € L?(T). Of course, L?(T) is complete with respect to the metric
associated to the L? metric, so that L?(T) is a Hilbert space. It is easy to see
that the functions on T of the form 27 with j € Z are orthogonal with respect
to this inner product, because of (48.2). More precisely, these functions are
orthonormal with respect to this inner product.

If 0 < r; <7ry < o0, then it is well known that

(48.8) 173(T) C L7 (T),
with
(48.9) £l < £

for every f € L™(T). This can be verified directly when ry = co. If 1y < o0,
then (48.9) can be obtained from Jensen’s inequality, using the convexity of the
function ¢" on [0,00) when 1 < r < co. One can also get (48.9) using Holder’s
inequality.

Let C(T) = C(T,C) be the space of continuous complex-valued functions
on T, using the standard metric on C and its restriction to T. Remember that
elements of C(T) are automatically bounded and uniformly continuous on T,
because T is compact. It is well known that C(T) is dense in L"(T) when
0<r<oo.
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49 Fourier coefficients

Let f € LY(T) be given. If j € Z, then the jth Fourier coefficient of f is defined
by

(19.1) fi) =5 [ 12157 1l
Observe that R
(49.2) LFDI< £l

for every j € Z. Of course, f(]) is linear in f, so that f +— fdeﬁnes a bounded
linear mapping from L!(T) into ¢>°(Z, C).

Suppose now that f € L?(T), and observe that f(]) can be interpreted as
the inner product of f with 27 with respect to (48.6). Put

(19.3) fu) = 3 T+

j=-n

for each nonnegative integer n and z € T. Because of the orthonormality of the
27’s with respect to (48.6), we have that

(49.4) IFI3 = 11f = fullZ+ D 176G

j=—n

for every n > 0, as in (39.8). In particular,

n
(49.5) DIFGOP <113
j=—n
for each n > 0. This implies that
(49.6) > O <IIfI3
j=—o00

where the sum on the left may be considered as a sum of two infinite series, or
as a sum over j € Z, as in Section 21. R

Thus f € (?(Z,C) when f € L*(T). It follows that f € co(Z,C) when
f € L*(T), by (23.5). Equivalently, this means that

(49.7) lim f(j) =0

|7|—o0

when f € L?(T). Remember that L?(T) is dense in L'(T) with respect to the
metric associated to the L! norm. Using this and (49.2), one can show that
(49.7) holds for every f € L'(T).

Let f € L?(T) and a nonnegative integer n be given again, and let f,,(2) be
as in (49.3). Also let a_,,...,a, € C be given, and put

(49.8) gn(z) = Z aj 2’

j=—n
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for every z € T. Under these conditions, we have that

(499) ”f - fn||2 S ”f - gnHQa

as in (39.12).

It is well known that the linear span of the z7’s with j € Z is dense in C(T)
with respect to the supremum metric. This can be obtained from the theorem
of Lebesgue, Stone, and Weierstrass, and another argument will be mentioned
later. It follows that the linear span of the z7’s with j € Z is dense in L?*(T),
because C(T) is dense in L?(T). If f € L?(T) and f,(z) is as in (49.3), then
one can check that
(49.10) Tim ([ = full> =0,

using the previous statement and (49.9). Combining this with (49.4), we get
that

(49.11) 1RGP = 1113

j=—o0

for every f € L?(T).

50 Convolutions on T

Let f, g be nonnegative measurable functions on T. If z € T, then the con-

volutions of f and g at z is defined as a nonnegative extended real number
by

(50.1) (F+9)2) = 5= [ fwgzu™) jdul.

As in the theorems of Fubini and Tonelli, f * g is measurable on T, and

3 | e [ atu)av) oz
= 5 | (G [ s su)) aw

(5 /T Flw)ldwl) (5 /T o(2)d2)).

Here we use the standard convention in integration theory of interpreting 0
times +oo as being 0. If f and g are integrable on T with respect to arclength
measure, then it follows that f % ¢ is integrable on T with respect to arclength
measure as well, and in particular (f % g)(z) < oo for almost every z € T with
respect to arclength measure.

Now let f, g be complex-valued measurable functions on T. Suppose that
z € T has the property that

(502) /T (f *9)(2) |dz]

(50.3) (£ 1gD)(2) = % /T [f(w)]g(zw™)]||dw] < co.
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This implies that the integral on the right side of (50.1) is defined as the inte-
grable function on T, so that (f * g)(z) is defined as a complex number. We
also have that

(50.4)  [(fx9)(2)| < % /Tlf(w)I lg(zw™)||dw| = (|f]  lg])(=).

If f,g € LY(T), then (50.3) holds for almost every z € T with respect to
arclength measure, as in the previous paragraph. Thus (f * g)(z) is defined for
almost every z € T, and in fact f x g € L(T), with

(50.5) 1+ gl < ISl llgll-

This follows from (50.4), using (50.2) applied to |f| and |g|. One can check that
L'(T) is a commutative algebra with respect to convolution as multiplication.

Let f,g € L'(T) and j € Z be given. The jth Fourier coefficient of f * g is
given by

(50.6)  (f*9)(j) (f % 9)(2) 277 |dz|

2 Jx

> [ (5 [F Fw) g(zw™) |du]) =7 |dz]

Using Fubini’s theorem, we get that

(o0 = 5 [ (G5 [ 1w o) ) w aw

(50.7) = f()90)

This also uses the integrability of |f(w)||g(zw™!)| on T x T with respect to the
product measure corresponding to arclength measure on each of the factors, as
in (50.2) applied to |f| and |g|.

If f € LY(T) and g € C(T), then (f * g)(2) is defined for every z € T. One
can check that f * g is uniformly continuous on T, using the uniform continuity
of g on T. Similarly, if f € C(T) and g € L'(T), then f g is continuous on T,
because convolution is commutative.

Let 1 < r7,7" < oo be conjugate exponents, so that

(50.8) r+1/r" =1.
If f € L"(T) and g € L" (T), then (f % g)(2) is defined for every z € T, and

(50.9) [(F*g) @ < fl-llgll,

by Holder’s inequality. One can also verify that f % g is continuous on T in this
case, by approximating f by continuous functions with respect to the L™ norm
when r < oo, or approximating g by continuous functions when r’ < oo.
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Let f € LY(T) and g € L"(T) be given, where 1 < r < oo. Suppose for the
moment that || f||; = 1. If z € T, then

(55 [ 1r@lgtzwbdu)’
3 | 1F@)latzum )l = (f1+1a7)(C).

(171 19D ()"

(50.10)

IN

using Jensen’s inequality or Holder’s inequality in the second step. Integrating
over z, we get that

(50.11) I1f gl < A= (gl < A gl = Nlglls-
If we drop the condition that ||f]j; = 1, then we have that
(50.12) 1+ glle < If1l2 gl
More precisely, this reduces to (50.11) when ||f|ls = 1. Otherwise, one can

reduce to the case where || f||1 = 1, by considering f/|| f||1 when f is not equal
to 0 almost everywhere on T. Note that (50.12) also holds when r = oo, as in
(50.9). In particular, we get that fxg € L"(T) when f € L*(T) and g € L"(T).
51 The Poisson kernel

Let f € L'(T) be given, and let

(51.1) U={ze€C:|z| <1}

be the open unit disk in the complex plane. If z € U, then put

(51.2) hi(z) =Y flj)#
3=0

and -

(51.3) he(s) =3 F(=i) 7.

These series converge absolutely when |z| < 1, because of the boundedness of
the Fourier coefficients f(j), as in (49.2). Of course, hy(z) is a holomorphic
function on U, and that h_(z) is conjugate-holomorphic function on U. This
implies that

(51.4) h(z) = hy(2) + h_(2)

is a harmonic function on U.
If z€ U and w € T, then put

o0
(51.5) pi(z,w) = sz w™?
5=0
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and

(51.6) p—(z,w) = sz w .

As before, these series converge absolutely under these conditions, and indeed
their sums can be evaluated explicitly. If 0 < r < 1, then the partial sums of
these series converge uniformly for |z| < r and w € T. This follows from a well-
known criterion of Weierstrass, and it can also be seen by direct computation
in this case. In particular, py(z,w) and p_(z,w) are continuous in z and w,
which can be seen by summing the series too. Observe that

(51.7) he()= 5 /T F(w) po (2, w) |duo]
and .
(51.8) h() = 5= [ Fw)p- () aw

for every z € U. This follows from the definitions (51.2) and (51.3) of h(2)
and h_(z) and the definition (49.1) of the Fourier coefficients f(]) of f, by
interchanging the order of summation and integration. The latter step uses the
uniform convergence of the partial sums of the series on the right sides of (51.5)
and (51.6) in w € T. The Poisson kernel is defined for z € U and w € T by

(51.9) p(z,w) = py(z,w) + p_(z,w).

Combining (51.7) and (51.8), we get that

(51.10) h(z)Z%/Tf(w)p(sz)ldwl

for every z € U.
Summing the geometric series on the right side of (51.5), we get that

(51.11) pi(z,w) =1 —zw 1)™!
for every z € U and w € T. Observe that

(51.12) p_(z,w) = py(z,w) — 1
for every z € U and w € T. Thus

(51.13) p(z,w) =2 Repy(z,w) — 1

for every z € U and w € T, where Rea is the real part of a complex number a.
We also have that

1 1—Zw 1—Zw
1 ~12

(51.14) p1(z,w)

T 1w ll-zw ! [1—zw
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for every z € U and w € T. If z € C and w € T, then

(51.15) H—zw 'PP=N-zw?® = (1-z2w)(1-Zw)
= 1—z2w—zw+ |2]*|w]?
1—2Re(Zw) + |2

Combining this with (51.13) and (51.14), we get that

1— 1z
51.16 =
for every z € U and w € T. In particular,

(51.17) p(z,w) >0

for every z € U and w € T.
Using the definition (51.5) of p4(z,w), we get that

1 =1 S
(51.18) 271_/Fer(z,w)|dw|:jZO27T/rzjw Jdw| =1

for every z € U. More precisely, we can interchange the order of summation
and integration in the first step because the partial sums of (51.11) converge
uniformly in w € T, as before. In the second step, the j = 0 term is equal to 1,
and all of the other terms are equal to 0, by (48.2). It follows that

1
1. = -
(51.19) 5 [rp(zm)) |dw| =1

for every z € U, because of (51.13). Alternatively, one can check that the
integral of p_(z,w) over w € T is equal to 0 for every z € U, by interchanging
the order of summation and integration again.

52 Abel sums

Let f € L'(T) be given, and consider the corresponding Fourier series

(52.1) NIOES

j=—o0

at least formally, for the moment. Let r be a real number with 0 < r < 1, and
put

(52:2) ADE =Y Fovs

for each z € T. More precisely, this doubly-infinite series may be treated as a
sum of two ordinary infinite series. In this situation, each of these two series
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converges absolutely, because the Fourier coefficients f(j) are bounded, as in
(49.1). The partial sums of these series converge uniformly in z € T, by the
criterion of Weierstrass. The sum (52.2) is the Abel sum of the Fourier series
(52.1) associated to r. Convergence of A.(f)(z) as r — 1 is known as Abel
summability of the Fourier series (52.1).

Observe that
(52.3) Ar(f)(2) = h(r=2)

for every z € T and r € [0,1), where h is as in (51.4). Combining this with
(51.10), we get that

1
(529 AN = 5 [ Tw)plrzw)|dw
T Jr
for every z € T and 0 < r < 1, where p(-,-) is as in (51.9). Put
1—7r?
2. ()= LT
(52,5 p:) = T

for every z € T and 0 < r < 1, which is another version of the Poisson kernel.
Using (51.16), we have that

(52.6) p(rz,w) = p(zw™t)

for every z,w € T and 0 < r < 1. Thus (52.4) implies that

(52.7) Ar(f)(2) = (f *pr)(2)
for every z € T and 0 < r < 1, where f * p, is the convolution of f and p,, as
in (50.1).
Of course,
(52.8) pr(2) =pr(2) 20

for every z € T and 0 < r < 1. We also have that

1
52.9 — - dw|=1
(52.9) 3= [ pe(w)fdul
for every 0 < r < 1, by (51.19). If f € L™(T) for some ry > 1, then

(52.10) [Ar(Dllro = I1f * Prllrg < £ llrg

for every 0 < r < 1. This follows from (50.12) and commutativity of convolution.
If f € C(T), then it is well known that

(52.11) lim A.(f)(z) = f(z)

r—1—

for every z € T. This uses the fact that p,(z) — 0 as r — 1— when z is not too
close to 1, in addition to the other properties of p,(z) mentioned before. More
precisely, the convergence in (52.11) is uniform in z € T, because f is uniformly
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continuous on T. Remember that for each 0 < r < 1, the partial sums in the
definition (52.2) of A,.(f)(z) converge uniformly to A, (f)(z). It follows that the
linear span of the z7’s, j € Z, is dense in C(T) with respect to the supremum
metric.

If1 <ry <ooand f e L™(T), then it is well known that A,.(f) — f as
r — 1— with respect to the L™ norm. This follows from the uniform convergence
mentioned in the previous paragraph when f € C(T), and otherwise one can
approximate f € L™ (T) by continuous functions with respect to the L™ norm.
This approximation argument uses (52.10) as well. It is also well known that for
every f € L*(T), (52.11) holds for almost every z € T with respect to arclength
measure. This is closely related to Lebesgue’s differentiation theorem.

53 Square-integrable functions

Let f € L?(T) be given, so that f € (*(Z,C), as in Section 49. Using the
orthonormality of the 27’s in L?(T), we get that the infinite series

o0

o0
(53.1) F@2 Y f=i)=
— j=1
converge in L?(T), as in Section 39. The Fourier series (52.1) may be considered
as the sum of these two series, and thus defines an element of L?(T). Similarly,
if 0 <r <1, then
o ~
(53.2) Zf(j)rjzj, Zf j)rd 273
7=0 j=1
converge in L?(T). More precisely, these two series converge absolutely, and
their partial sums converge uniformly, as in the previous section. Of course,
uniform convergence of the partial sums implies convergence of the partial sums
with respect to the L? norm. Note that the sum of the two series in (53.2) is
the same as the Abel sum A,(f)(z) in (52.2).
The series

ST R o ST
=0 =1

also converge in L?(T) for each 0 < r < 1, and their sums are equal to the
differences of the sums of the series in (53.1) and (53.2), respectively. Observe

that -
= I

(53.4)
for each 0 < r < 17 because of the orthogonality of the 27’s in L?(T). We also
have that

(53.5) lim Z| (1-r)2=0.

r—1—

2
)(1—17) 20

L*(T)
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This can be verified directly, or using the version of Lebesgue’s dominated con-
vergence theorem for sums. The L? norm of the second series in (53.3) converges
to 0 as r — 1— as well, by the same argument.

The sum of the two series in (53.3) is equal to

(53.6) S PG A = Adf)(2)
j=—o00
for each 0 < r < 1. Hence

2 00

= > F@Pa-r2 =0

TG N S

> FG) 2 = Ad(f)(2)

j=—00

(53.7)

as r — 1—, as in the preceding paragraph. We also saw in the previous section
that A,.(f) — f in L?(T) as r — 1—. It follows that the Fourier series (52.1) is
equal to f as an element of L?(T). This could also be obtained as in Section 49,
using the fact that f can be approximated by linear combinations of the z7’s
with respect to the L? norm. R R

Suppose now that f € L(T), and that f € ¢*(Z,C). This condition on f
implies that the Fourier series (52.1) defines an element of L?(T), as before. We
also have (53.7) in this situation, for the same reasons as before. The discussion
in the previous section implies that A,.(f) — f in L'(T) as r — 1—. Of course,
the convergence of A, (f)(z) to the Fourier series (52.1) as r — 1— with respect
to the L? norm implies convergence with respect to the L' norm as well. This
implies that f is the same as the Fourier series (52.1) as an element of L' (T). It
follows that f € L?(T) under these conditions, because the Fourier series (52.1)
is an element of L?(T).

54 Convolution powers

If f € LY(T) and n € Z, then we let f*" be the nth convolution power of f.
This is equal to f when n = 1, to f*f whenn = 2, and to f*™ Vs f = fxf*(n—1)
for every n > 2. If 1 < r < oo, then L"(T) is a commutative algebra with
respect to convolution, as in Section 50. In this case, the L" norm is also
submultiplicative with respect to convolution, by (50.12). It follows that
(54.1) lim || /||

n—roo

exists in R for every f € L"(T), as in Section 31. Note that (54.1) increases

monotonically in r, because || - ||, increases monotonically in r. In particular,
. sn(1/n < 1 *n(|1/n
(54.2) Tim < T

for every f € L™(T).
Let r > 1 and f € L"(T) be given, and observe that

(54.3) £ e = 1w flle < DTV < IR IAIL
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for every n > 2. This uses (50.12) in the second step, and (50.5) in the third
step. It follows that

(54.4) L < LA g

for every n > 2. Using this, one can check that

. *n(|1/n < i *n | 1/n
(54.5) Jim [ < T [P
Combining this with (54.2), we get that

. sn||1/n _ 1 *nl/n
(54.6) Tim [ FY = [

Let f € L'(T) be given, and observe that
(54.7) (@) =r@)"
for every j € Z and n € Z, by (50.7). This implies that
(54.8) 1fl7z.c) = 1(F)" le=(z,c) < 1F" L)
for every n € Z,, using (49.2) in the second step. Thus
xn | 1/n
(54.9) 1 lle= zcy < £ 1y
for every n € Z,, and hence
*n | l/n

(54.10) 1 Flle z,c) < T (L2

Suppose for the moment that f € L?(T), so that f** € L?(T) for each
n € Z;. Asin (49.11),

(54.11) 1™ ey = 1) e z.c)

for every n € Z, which can also be obtained from the discussion in the previous
section. Using (54.7), we get that

(54.12) 1(F™)ez.0) < Ifllz=(z.c) I fleec
when n > 2. Thus
(54.13) 1 ey < 1Pk 0 I lacny

for each n > 2, so that

snnl/n (1/n 1/n
(54.14) 1125y < NPl e 1 1y

This implies that
(54.15) Jim (£ ey < 1 Fllex 2.
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It follows that " R
(51.16) T [y < 1l o

when f € L?(T), by (54.2). Remember that

(54.17) lim Hf*"”}ﬁ?T

defines a seminorm on L'(T) that is less than or equal to the L! norm, as
in Sections 31 and 33. Using this, one can check that (54.16) holds for every
f € LY(T), because L?(T) is dense in L!(T). Combining this with (54.10), we
get that

(54.18) T LAy = 1 flles z.0)

for every f € L*(T). Similarly,
. * 1/n
(54.19) T Ly = 1l z.0)

for every » > 1 and f € L"(T), by (54.6).

55 Analytic type
Let f € L'(T) be given. If
(55.1) F(j) =0 for every j € Z with j <0,

then f is said to be of analytic type. This implies that the corresponding function
h_ defined on the open unit disk U as in (51.3) is equal to 0 everywhere on U.
This means that the function h defined on U as in (51.4) is equal to the function
hy defined in (51.2), so that h is holomorphic on U.

Let f € C(T) be given, and let h be defined on U as in (51.4) again.
Consider the function on the closed unit disk U that is equal to h on U and to
f on OU = T. It is well known that this function is continuous on U, for the
same type of reasons as in Section 52. If f is of analytic type, then this function
on U is an element of the algebra A(U) defined in Section 28.

Let ¢ be a holomorphic function on U, and put

(55.2) ¢r(2) = ¢(r2)

for each 0 <r < 1and z € T. Thus ¢, € C(T) for each 0 < r < 1, and one can
check that ¢, is of analytic type for every 0 < r < 1, using Cauchy’s theorem. If
¢ € A(U), then ¢, can be defined as in (55.2) when r = 1. In this case, ¢, — ¢
as r — 1— uniformly on T, because continuous functions on U are uniformly
continuous. Using this, one can verify that ¢; is of analtyic type too.

Let f,g € L?(T) be given, so that fg € L'(T). We would like to check that

(55.3) Z f' g(n—17)

j=—00
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for cach n € Z. Remember that f.§ € ¢*(Z,C), as in Section 49. It follows
that g(n — j) is square-summable as a function of j € Z for each n € Z, with
22 norm equal to the £2 norm of §. This implies that f(]) g(n —j) is summable
as a function of j € Z for each n € Z. The /! norm of this function of j is less
than or equal to the product of the ¢2 norms of f and g, by the Cauchy-Schwarz
inequality. Thus the right side of (55.3) is defined as a complex number, and
its absolute value is less than or equal to the product of the L? norms of f and
g. One can first verify that (55.3) holds when g(z) is of the form z! for some
[ € Z, directly from the definitions. This implies that (55.3) holds when g(z)
is a linear combination of z!’s, by linearity. To deal with any g € L?(T), one
can approximate g(z) by linear combinations of the z!’s with respect to the L2
norm.
Suppose now that f, g are of analytic type. In this case, (55.3) reduces to

(55.4) (F9)n) =Y F(5)gn —j)
=0

J

when n > 0. If n < 0, then the right side of (55.3) is equal to 0, so that f g is
of analytic type.

Suppose that f € L*(T) is of analytic type, and let 0 < r < 1 be given. In
this situation, the Abel sum A, (f)(z) defined in (52.2) reduces to

(55.5) A (f)(2) = Z FG)ri 2

for each z € T. As before, the partial sums of (55.5) converge uniformly on
T, by the well-known criterion of Weierstrass. Thus A, (f)(z) can be uniformly
approximated on T by linear combinations of the z7’s with j > 0. If f € C(T),
then A,(f) — f uniformly on T as r — 1—, as in Section 52. If f € C(T) is of
analytic type, then it follows that f(z) can be uniformly approximated by linear
combinations of 27’z with j > 0. Similarly, if 1 < 79 < co and f € L™(T), then
A.(f) — f as r — 1— with respect to the L™ norm, as in Section 52. If f is
of analytic type, then f(2) can be approximated by linear combinations of z7’s
with 7 > 0 with respect to the L™ norm.

Of course, 27 is of analytic type for each j > 0, so that linear combinations
of the z7’s with j > 0 are of analytic type. If 1 < rg < oo, then the collection
of f € L™(T) of analytic type is a linear subspace of L™(T) and a closed
set with respect to the metric associated to the L™ norm. The collection of
f € C(T) of analytic type is a closed subalgebra of C(T) with respect to the
supremum metric. It is well known that L°°(T) can be identified with the dual
space of bounded linear functionals on L!(T), which leads to a corresponding
weak™ topology on L*°(T). It is easy to see that the collection of f € L*°(T)
of analytic type is a closed set with respect to this weak* topology.

Let 1 < rg,r{ < oo be conjugate exponents, so that

(55.6) 1/ro+1/ry = 1.

93



Also let f € L™(T) and g € LTé(T) be given, so that f g € L'(T). If f, g are of
analytic type, then f g is of analytic type as well, and the nth Fourier coefficient
of f ¢ is given as in (55.4) when n > 0. To see this, we may as well suppose that
14 < 00, since otherwise we can interchange the roles of ro and r{. If g(z) = 2!
for some [ € Z with [ > 0, then one can verify the previous statements directly
from the definitions. This implies that these statements also hold when g is a
linear combination of z!’s with [ > 0. If g is any element of L™ of analytic
type, then one can approximate g by linear combinations of z!’s with [ > 0 with
respect to the Lo norm, as before, because r{j < oo.

Let f, g be as in the preceding paragraph, and let hy, hy, and hy4 be the
holomorphic functions on the open unit disk U corresponding to f, g, and f g,
respectively, as in (51.4). These are the same as the corresponding functions of
the form (51.2) in this situation, as before. It is easy to see that

(55.7) hyg(2) = hy(z) he(2)
for every z € U. Equivalently,
(55.8) Ar(f 9)(2) = Ar(f)(2) Ar(9)(2)

for every 0 < r < 1 and z € T. This uses (55.4) to identify the left sides of
(55.7) and (55.8) with the Cauchy products of the series on the right sides of
these equations.

Note that L>°(T) is a commutative Banach algebra with respect to pointwise
multiplication of functions and the L* norm. The collection of f € L*°(T) of
analytic type is a subalgebra of L*(T), by the earlier remarks about products
of two elements of L?(T) of analytic type.

If f € L*°(T) and h is as in (51.4), then h is a bounded harmonic complex-
valued function on U. More precisely, the supremum norm of h on U is bounded
by || fll e (), as in (52.10). In fact, one can check that the supremum norm of
h on U is equal to || f| ge (). Conversely, it is well known that every bounded
harmonic complex-valued function on U corresponds to some f € L>(T) in this
way. Similarly, bounded holomorphic functions on U correspond to f € L*°(T)
of analytic type.

Part V
Some analysis on Z

56 Another Fourier transform

Let f(j) be a complex-valued summable function on Z. The Fourier transform
of f is the complex-valued function defined on the unit circle by

(56.1) )= fG)#

j=—o0
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for each z € T. More precisely, the sum on the right side of (56.1) is defined
as a complex number, because f(j) 2/ is summable as a function of j € Z when
z € T. Alternatively, if z € T, then the series

(56.2) Zf(j) 2, Zf(—j) z7

converge absolutely, and the sum on the right side of (56.1) is the same as the
sum of the two series in (56.2). We also have that

(56.3) Fel< S 1G)

J==—00

for each z € T.

The partial sums of the series in (56.2) converge uniformly on T, by the well-
known criterion of Weierstrass. In particular, this implies that fis continuous
on T. Of course, (56.3) is the same as saying that

(56.4) [flsup,w < [ fller(z.c)-

where Hﬂ|sup;r is the supremum norm of f on T. One can also consider the
sum on the right side of (56.1) as a sum over j € Z of elements of the space
C(T) = C(T, C) of continuous complex-valued functions on T equipped with
the supremum norm, as in Section 25. Note that f — f defines a bounded
linear mapping from ¢*(Z, C) into C(T), by (56.4).

Remember that the functions on T of the form 27 with j € Z are orthonormal
with respect to the usual integral inner product on L?(T), as in Section 48. If
f € I3(Z, C), then the series in (56.2) converge in L?(T), as in Section 39. Thus

f may be defined as an element of L?(T) as in (56.1). We also get that

(56.5) 1flz2ry = [ flle2(z.c)

for every f € ¢?(Z,C), because of the orthonormality of the z7’s in L?(T). If f
is an element of ¢*(Z, C), and hence of ¢?(Z, C), then it is easy to see that this
definition of ]?as an element of L?(T) is compatible with the previous definition.

Let f € (%(Z,C) be given, so that f is defined as an element of L2(T), as

in the previous paragraph. If [ € Z, then the Ith Fourier coefficient (]?)(Z) of f

o~

can be defined as in Section 49, and is the same as the inner product of f and
2! with respect to the usual inner product on L?(T). Observe that

(56.6) (N = f(1)

for every | € Z, because of the orthonormality of the z/’s in L?(T). Similarly,
if f € L?(T), then fe (*(Z,C), as in Section 49, so that (J?) can be defined as
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an element of L?(T), as in the preceding paragraph. The discussion in Section
53 implies that

(56.7) (fr=1r

as elements of L*(T).
Suppose that f € ¢2(Z,C) has the property that

(56.8) f(j) =0 for every j € Z with j < 0.

This implies that

(56.9) fz)=> i)+
§=0

is of analytic type, as in the previous section. In this case, the series on the right
side of (56.9) converges absolutely when z € C satisfies |z| < 1, and defines a
holomorphic function on the open unit disk U. If f € ¢1(Z, C) satisfies (56.8),
then the series on the right side of (56.9) converges absolutely for every z € C
with |z| < 1, and the partial sums of this series converge uniformly on the closed
unit disk U, by the usual criterion of Weierstrass. Hence this series defines an
element of the space A(U) defined in Section 28 in this situation.

57 Convolution of summable functions

Let f, g be complex-valued summable functions on Z. The convolution of f
and ¢ is the complex-valued function defined on Z by

(57.1) (fx9)G) = > f)gi—1)

l=—0c0

for every j € Z. More precisely, for each j € Z, the right side of (57.1) is the
sum of a summable function of [, because summable functions are bounded.
Thus the sum is defined as a complex number for each j € Z, and satisfies

o0

(57.2) ((Fx9)Dl < D IfWDIglG =1l = (f1 19D ()

l=—00

for every j € Z. Let us check that fxg is summable on Z under these conditions.
Using (57.2), we get that

(57.3) S oG Y (X 1Ol -1)-
Jj=—00 j=—00 Il=—o00
As in Section 26, we can interchange the order of summation, to obtain that
(57.4) S 0ol < 3 (X HOleG - )
Jj=—00 l=—oc0 j=—0o0
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> (3 1H01e0))

l=—0c0 j=—o0

(S o) (Y 0)):

l=—00 j=—00

This implies that f * g is summable on Z, with

(57.5) I1f*gllerz,.c) < 1 flevzc) l9llez.c)-

Note that | f(1)| |g(j — )| is summable as a nonnegative real-valued function of
(j,1) on Z x Z, as in (57.4).

One can check that ¢!(Z, C) is a commutative algebra over C with respect
to convolution. Let dy(j) be the complex-valued function on Z equal to 1 when
j =0 and to 0 when j #£ 0. It is easy to see that

(57.6) [xdog=boxf=Tf

for every f € £*(Z,C). Thus dy is the multiplicative identity element in £*(Z, C)
with respect to convolution.
Let f,g € (1(Z,C) and z € T be given, so that

o0

61 (P = 3 (a2 = Y (3 /st -0)s

j=—00 j=—00 Il=—00

Interchanging the order of summation, as in Section 26, we get that

Z(Zf j—lZJ)

(57.8)  (f*9)(2)

l=—0c0 j=—o0
_ ( > )( i o6)7) = F)at).

j=—00
Suppose for the moment that f, g also satisfy
(57.9) fG)=g9() =0 forevery j € Z with j <O0.

In this case, (57.1) reduces to

(57.10) (f *9)(j Zf g —1)

=0

when j > 0, and (f % g)(j) = 0 when j < 0. Remember that f( ) and g(z) can
be defined for every z in the closed unit disk U as in (56.9) in this situation.
If z € U, then f(z) g(z) can be treated as a Cauchy product, as in Section 29.
This Cauchy product corresponds exactly to ( f/*\ 9)(z), because of (57.10).
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58 Some related estimates

Let 0 <r <1and f,g € {"(Z,C) be given. In particular, f and g are summable
on Z, as in Section 22. If j € Z, then

(58.1) (f1%lghG) = > LFOlIeG -0l < ( X2 1FOI" |9(j‘l)|7')1/r’

l=—o00 l=—o00

using (21.8) in the second step. This implies that

(58.2) [(F*g)@DI" < ([ f1*1gh(G)" < (f1" 191" ()

for every j € Z, using (57.2) in the first step. Note that |f|” and |g|" are
summable on Z, so that |f|" % |g|" is summable on Z, as in the previous section.
Tt follows that |f % g|” is summable on Z, by (58.2). More precisely,

(58.3) Ilf * gl z,c) < WS * 9"l z,0) < M1 vz gl ez,

using (57.5) in the second step. Equivalently, f x ¢ is r-summable on Z, with

(58.4) If * gllerz,c) < |1 fller(z.c) lgllerz.c)-

Thus ¢"(Z, C) is a subalgebra of £*(Z, C) with respect to convolution.

Let f* be the nth power of f € ¢"(Z, C) with respect to convolution for each
n € Zy. As before, f*" is equal to f whenn = 1, and to f*(* Vs f = fx fx(n=1)
when n > 2. As in Section 31,

1/n

(58.5) T e A

n—oo

exists in R for every f € ¢"(Z,C). We also have that (58.5) decreases mono-
tonically as r increases, because of the corresponding property of || - |¢r(z.c), as
in (22.5). In particular,

for every f € £7(Z,C).
If fel(Z,C),ne€Z,, and z € T, then
(58.7) (f*)(z) = f(2)",
by (57.8). Hence
(58.8) [ up = 1) lsupe < N5 ler(z.c)

for every f € ¢}(Z,C) and n € Z ., using (56.4) in the second step. This implies
that

N *n | 1/n
(58.9) ||stup,T <|If ”el/(Z,C)
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for every f € ¢*(Z,C) and n € Z, so that
sn |1
(58.10) 1 llsup < T (£ 1,40 -

Let f € (1(Z,C), n € Z,, and j € Z be given. As in (56.6),

(58.11) ) = ((F)(3)

for every n € Zy and j € Z. It follows that

(58.12) D= 1D < M)z

using (49.2) in the second step. Combining this with (58.7), we get that
(58.13) D<) v z.0) < 1 5up,

Let L be a nonnegative integer, and let f be a complex-valued function on
Z such that
(58.14) f(4) =0 for every j € Z with |j| > L.

If n € Z, then one can check that

(58.15) () =0 for every j € Z with |j| > n L.
Let r be a positive real number, and observe that

(58.16) 1" llerzc) < 2n L+ DYl g (2.0
for each n € Z,. This implies that

(58.17) £ lerzoy < @nL+ DY || |
for every n € Z, because of (58.13). Equivalently,

(58.18) 1Pl ey < @RI+ DY O | Fllapr

for every n € Z,. Using this, we get that
. snnl/n N
(58.19) Tim (£ ) < I Fllsupr

for every 0 < r < 1 when f satisfies (58.14). As in Sections 31 and 33, (58.5)
defines a seminorm on ¢"(Z, C) when 0 < r < 1, and this seminorm is less than
or equal to the ¢" r-norm. Of course, every f € ¢"(Z,C) can be approximated
by functions on Z with finite support. One can use this to check that (58.19)
holds for every f € ¢"(Z,C) when 0 < r < 1. Tt follows that

*n | l/n n
(58.20) B [ [ ]

for every f € ¢"(Z,C) when 0 < r < 1, by combining (58.6), (58.10), and
(58.19).
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59 The ultrametric case

Let k be a field with an ultrametric absolute value function | - |, and suppose
that k is complete with respect to the associated ultrametric. If f, g € ¢o(Z, k),
then their convolution is defined as a k-valued function on Z by

(59.1) (fx9)G) = > f)gli—1)

l=—00

for each j € Z. More precisely, if j € Z, then f(I) g(j — l) vanishes at infinity
as a k-valued function of [ on Z. Thus the sum (59.1) may be treated as a sum
over Z, as in Section 25. Alternatively, (59.1) may be considered as a sum of
two infinite series, for which the convergence in k can be obtained as in Section
24.

In particular, we have that

(59.2) |(f * )| < max(|f (Dl (7 = DI)

for every j € Z, as in Sections 24 and 25. As usual, the maximum on the right
side of (59.2) is attained, because f(I) g(j — ) vanishes at infinity as a function
of [ for each j. It follows that f * ¢ is bounded on Z, with

(59.3) 1f * glleszky < 1 fllee=z,k) 1]l = (z,x)

for every f,g € co(Z, k).

If f, g have finite support in Z, then it is easy to see that f % g has finite
support in Z. Similarly, if f, g € ¢o(Z, C), then one can check that f g vanishes
at infinity on Z. Remember that f and g can be approximated uniformly by k-
valued functions on Z with finite support in this case, as in Section 23. One can
use this and (59.3) to show that fxg can be approximated uniformly by k-valued
functions on Z with finite support as well, which implies that f x g vanishes at
infinity on Z. The same conclusion can also be obtained more directly from
(59.2).

As usual, one can verify that ¢g(Z, k) is a commutative algebra over k with
respect to convolution. Let dp(j) be the k-valued function on Z that is equal to
1 when j = 0 and to 0 when j # 0. It is easy to see that Jj is the multiplicative
identity element in ¢o(Z, k) with respect to convolution, as before.

Let f,g € co(Z, k) be given, and let us check that

(59.4) [|f * 9||£°°(z,k) = Hf”ZOO(Z,k) ||9||£°°(z,k)7

using a well-known type of argument. Of course, this is trivial when f = 0 or
g =0, and so we may suppose that f,g # 0. Remember that

(59.5) I lleoe (z,k) = I}g%”(j)\» I9lles> (z,x) = max lg(7)l,

where the maxima are attained, because f, g vanish at infinity on Z. Hence
there are integers j1(f), j1(g) such that

(59.6) LGN = 1 f ez, 19(1(9))] = llglleee (z, k) -
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We can also choose j1(f), j1(g) so that

(59.7) LfD] < [ flle=(zk) When j < ji(f),
and
(59.8) l9(7)] < llglle==(z,xy when j < ji(g).
We would like to verify that
(59.9) Il flless 2,1y 19Nl oo (z,ky < |(f % 9) (G2 (f) + J1(9))]-

By the definition (59.1) of f * g, we have that

(59.10)  (f*9)(G1(f) + (g Z FW) g () +ar(9) = 1)

l=—00

The I = j1(f) term in the sum on the right side of (59.10) is equal to

(59.11) fG(f) 9(i1(9)-

The sum of the terms with [ > j;(f) is equal to

(59.12) Z FO gGr () +i1g) =) =D FG(F) + 1) g(ir(g) — D).

I=j1(f)+1 =1

The sum of the terms with I < j1(f) is equal to

Jl(f) 1 [ee)
(59.13) > fD) gl (f) +i2(g) = 1) =D fGr(f) = D glir(g) +1).
l=—0c0 =1

Using (59.10), we get that

FGi()gGi(e) = (F+a)(f) +i(9) =D fU( jilg) = 1)
=1
(59.14) =Y G =D glir(g) + ).
=1
Of course,
(59.15) | FG D g (o) = 1 f e (z.k) l19lle=(z. 1)

by (59.6). Observe that

F0al ) ~0| < (£ ) + D] laCiae) - D)

(59.16) < N fllese z) 191l 250 (2, 1) -

101



This uses (24.10) in the first step, and (59.8) and the definition of || f|| e (z k) in
the second step. Similarly,

> 1)~ Dtito) + 0| < max(£G) - DllaCiae) + D)
(59.17) < S llese oy Ngllese ),

using (59.7) and the definition of ||g||¢=(z %) in the second step.
It follows from (59.14) and the ultrametric version of the triangle inequality
that

(59.18) [f(71 (NI gGr(g) < maX(l(f*g)(jl(f)+.7'1(9))|,
D G + D aGile) - D),
=1

S FGu(F) — 1) glia(9) + z)').
=1

One can get (59.9) from this, using (59.15), (59.16), and (59.17). Clearly (59.9)
implies that

(59.19) 1 flles(zk) 19lle= (z1) < [1f * gl (z,1)-
Combining this with (59.3), we get that (59.4) holds, as desired.

60 r-Summability

Let k be a field with an ultrametric absolute value function |- | such that & is
complete with respect to the corresponding ultrametric again. Also let r be a
positive real number, and let f,g € ¢"(Z, k) be given. As in Section 23, f and
¢ vanish at infinity on Z, so that f * g can be defined on Z as in the previous
section. If j € Z, then

(60.1) [(f * g)(7)I" < max(|fD)I" lg(G — DI Z FDI" 1gG = DI,

l=—00

using (59.2) in the first step. The right side of (60.1) is the same as the con-
volution (|f|" % |g|")(j) of |f|" and |g|", as nonnegative real-valued summable
functions on Z.

As in Section 57,

002 3 (3 roreG-or) < (3 150 )(Zm ).

j=—o0 Il=—0 l=—00 j=—00

Combining this with (60.1), we get that

(60.3) S 0o < (3 150 )(Zm ")-

j=—o00 l=—0c0 j=—o00
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This implies that f % g is r-summable on Z, with

(60.4) I *gllerzky < N fllerczon) l19llerz,)-

It follows that ¢"(Z, k) is a subalgebra of ¢y(Z, k) with respect to convolution.
If f € co(Z,k) and n € Zy, then we let f*" be the nth power of f with
respect to convolution, as before. Note that

(60.5) 1" e zky = [1f P (2,1

for every f € ¢o(Z,k) and n € Z, because of (59.4). Let a positive real number
r and f € £"(Z, k) be given again, and remember that

. *nl/n
(60.6) nhA{I;o If ||z»~(z’k)
exists in R, as in Section 31. Of course,
xn | 1l/n snl/n
(60.7) £l 2y = 15" iy < 15 1o

for every n € Z, using (60.5) in the first step, and (22.5) in the second step.
Hence )
(60.8) | fllee by < Tim LF 11340 -

As in Sections 31 and 33, (60.6) defines a semi-ultranorm on ¢"(Z, k), and

. *nl/n
(60.9) T M G < Il

for every f € ¢"(Z,k). Using this, one can check that

1/n

(60-10) nlingo Hf*n 0 (Z,k) < ||f||€°°(Z,Ic)

for every f € ¢"(Z,k). More precisely, if the support of f has at most one
element, then (60.10) follows from (60.9), and (60.10) can be verified directly in
this case anyway. If f has finite support in Z, then (60.10) can be derived from
the previous case, using the fact that (60.6) is a semi-ultranorm on ¢"(Z, k).
Alternatively, one can use an argument like the one in Section 58 when f has
finite support in Z. If f is any element of ¢"(Z, k), then one can get (60.10) by
approximating f by functions on Z with finite support. Combining (60.8) and
(60.10), we get that

1/n

(60'11) lim ”f*n o (Zk) T ||f||e<x>(z,k)

n— oo

for every f € ("(Z,k).
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61 Other radii

Let r be a positive real number, and put
(61.1) wy(j) =17

for every j € Z. This is a positive real-valued function on Z, which can be used
to define weighted ¢™ and ¢y spaces on Z, as in Section 47. Of course, if r = 1,
then w,.(j) = 1 for every j € Z.

In particular, let f(j) be a complex-valued function on Z such that f(j) 7 is
summable on Z, which is to say that f € £}, (Z,C). If z € C and |z| = r, then
it follows that f(j) 27 is summable as a complex-valued function on Z. Put

(61.2) fy =3 1G)#

j=—o0

where the sum on the right side may be considered as a sum of a summable
function on Z, or as a sum of two absolutely convergent series of complex num-
bers. Thus f is defined as a complex-valued function on the circle in C centered
at 0 with radius r. This may be considered as the Fourier transform of f in
this situation.

Let f(j) be any complex-valued function on Z, and put

(61.3) (M, (1)) = F() wr(§) = F() 17

for each j € Z. This defines M, (f) as a complex-valued function on Z. As in
Section 47, M, defines a one-to-one linear mapping from the space ¢(Z, C) of
complex-valued functions on Z onto itself, which is the multiplication operator
associated to w,. It is easy to see that M, defines an isometric linear map-
ping from ¢, (Z,C) onto (*(Z,C), as before. Let f € £}, (Z,C) be given, so

that M, (f) € £*(Z,C). Thus the Fourier transform (M;\(f)) is defined as a
complex-valued function on T, as in Section 56. If z € T, then

(61.4) (M, (N)(2) = D (Mu, (G) 27 = > fG) 1727 = Flra),

j=—00 j=—00

where f(r z) is defined as in (61.2).
Let f,g € £y, (Z,C) be given, so that M, (f), My, (g9) € (*(Z,C). If j,l € Z,
then
(61.5) F0eG =0 = 7 (O (eG=r™)
= 177 (M, (f)1) (Muw,(9) —1).

As in Section 57, (61.5) is summable as a function of [ on Z for every j € Z.
Thus

(61.6) (f*9)(j Zf 9(j = 1)

l=—00
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can be defined as a complex number for each j € Z. This defines the convolution
fxgof fand g as a complex-valued function on Z. Using (61.5), we get that

oo

(61.7) (frg)r = > (Mu,())(1) (M, (9)(G —1)

l=—0c0

= (M, (f)) * (Mw,(9)))(7)

for every j € Z, where the convolution on the right side is defined as in Section
57. This implies that

(61.8) My, (f % g) = (M, (f)) * (M, (9))

as functions on Z. Note that the right side of (61.8) is summable on Z, as in
Section 57. It follows that f x g € GDT(Z, C), with

(61.9) 1f*gller, zc) = Mo, (f*9)llezo

(M, (f)) * (Muw, (9)lle(z.c)

< M, (H)llerz,0) 1Muw, (9]l (2,0
f

using (61.8) in the second step, and (57.5) in the third step.
As in Section 47, M, is an isometric linear mapping from ¢, (Z, C) onto

{m0(Z,C) for every 19 > 0. One can use this and the previous remarks to extend
other properties of the Fourier transform and convolutions to this setting.

AN

L (Z,C) ||9

W

0 (Z,C)

wop

62 Ultrametric absolute values

Let r be a positive real number again, and let w, be defined on Z as in (61.1).
Also let k be a field with an ultrametric absolute value function |- |, and suppose
that k is complete with respect to the ultrametric associated to |-|. As in Section
47, ¢ w, (Z, k) denotes the space of k-valued functions f on Z such that

(62.1) |f()we(5) = 1£(G)]

vanishes at infinity on Z, as a real-valued function on Z. Similarly, £ (Z, k)
denotes the space of k-valued functions f on Z such that (62.1) is bounded on
Z. In this case, || f|l¢ze (z,x) is defined to be the supremum of (62.1) over j € Z,
which defines an ultranorm on £y (Z, k) as a vector space over k.

Let f,g € cow,(Z,k) be given, and observe that

(622) g =Dl =773 (1) (g — DI~
for every j,1 € Z. Using this, it is easy to see that
(62.3) fWglG =1
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vanishes at infinity as a k-valued function of [ on Z for each j € Z. Put

(62.4) (f *9)(j Zf 9(i = 1)

l=—o0c0

for every j € Z, as usual. The sum on the right may be treated as a sum over

Z, as in Section 25, or as a sum of two convergent infinite series, as in Section

24. This defines the convolution f % g of f and g as a k-valued function on Z.
As in Sections 24 and 25,

(62.5) |(f * )] = max([f (Dl (G — DI)

for every j € Z. This implies that

(62.6) (£ g) (I < max((F(D]') (19 = DI ™)

for each j € Z, because of (62.2). In particular, it follows that f g € (5 (Z, k),

with
(62.7) 1S gllese 2y < [ llese 20y 19llese (z,0)-

If f,g € coo(Z, k), then fxg € coo(Z, k), as before. If f,g € cow,(Z, k), then
one can verify that f*g € ¢y, (Z, k), by approximating f and g by elements of
coo(Z, k). This also uses (62.7) to get that f*g can be approximated by functions
with finite support in Z with respect to the £7° ultranorm. Alternatively, the
same conclusion can be obtained from (62.6).

One can check that ¢g 4, (Z, k) is a commutative algebra over k with respect
to convolution. The k-valued function dy(j) on Z equal to 1 when j = 0 and to
0 when j # 0 is the multiplicative identity element in cg , (Z, k) with respect
to convolution, as before.

Let f,g € cow,(Z,k) be given, and let us verify that

(62.8) [|f * 9||£°° (Z,k) = ||f||eoo Z,k) ||9||e°° (Z,k)>

w T

as in Section 59. We may suppose that f, g # 0, since (62.8) is trivial otherwise.
Note that

(62.9) |If

o,z = max(lg(j)| ),

22 ( Zk)—T]naX(|f( Mr?), g o jez

Wy

where the maxima are attained in this situation. Thus there are integers j.(f),
Jr(g) such that

(62.10) [fGr(NIP™D = | fllegs @iy 190Gr @) 77D = liglless (z.1)-

As before, we can also choose j,.(f), j.(g) so that

(62.11) FDIT < [l zpy when j < jin(f)
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and '
(62.12) l9()I 77 < Nlglless (zx) When j < jr(g).
‘We would like to check that
(62.13) (| fllese. zok) N9lleze oy < |(F % 9) (G (F) + G () 17D H7(9).

As in (59.14), we have that

]2

fGr(£) 9Gr(9)) = (f*9)(Gr(f) +dr(9) —

o0

(62.14) _Zf gr(f 9(ir(g9) +1).

fGr(F) +1) 9(r(9) —1)

=1

Observe that

(6215)  |7GrUD 9Gr(o)| P DO = [ fll ez lglles 2

by (62.10).
Using (24.10), we get that

(62.16) 9(r(g) = )| I (DHir(9)
< (max(£G-() + DllaGir() — D)) D)
= (|G (F) + D17 D) (9(Gr(g) = )] 777D,
Similarly,
(62.17) ) = 1) g(ir(g) + )| rirH+ir(9)
< (I}l;Lf((\f(]r( )—l)||g(jr(g)+l)|)) pir(£)+ir(9)
= max((fGr(f) = DI D7) (9(Gr(g) + DI D).

One can verify that the right sides of (62.16) and (62.17) are both strictly less
than

(62.18) [fllese (zk) N9llese (z.)

using (62.11), (62.12), and the definition of the £ ultranorm.
As before,

(6219) 1£G G 9Gr@)] < max (I(F )G (1) + 30D
'Z PG () + D 90 (0) 1),
=1

5 6r () = D atinls) +0)).
=1
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by (62.14) and the ultrametric version of the triangle inequality. Multiplying
both sides by r/r(1)+ir(9)  we get that

(62200 |£ o (£ gGir ()] 17D+ @
< max (|(f *9)Gr(f) + jr(g))| 7D+
> FGAH) + D) glin(g) = 1| 77D F ),

Y FUA) =D glin(g) + )| 7

J’rr-(f)ﬂ‘r(g)) ,

The second and third expressions in the maximum on the right side of (62.20)
are the same as the left sides of (62.16) and (62.17), respectively. Hence the
second and third expressions in the maximum on the right side of (62.20) are
strictly less than (62.18), as in the preceding paragraph. One can use this to
get (62.13), because of (62.15).

Of course, (62.13) implies that

(62.21) [fllee z.) l19llese z k) < 1S * llese (z,0)-

This and (62.7) yield (62.8), as desired.

63 rp-Summability

As before, we let r be a positive real number, and w, be defined on Z as in
(61.1). We also let k be a field with an ultrametric absolute value function | - |
such that k is complete with respect to the associated ultrametric. Remember
that £ (Z, k) is defined as in Section 47 for every ro > 0, as well as cg,u, (Z, k).
Let 7o be a positive real number, and let f,g € £;0 (Z, k) be given. In particular,
f,9 € cow, (Z,k), so that f x g can be defined on Z as in the preceding section.
Using (62.6), we get that

(63.1) (1 * ) @) 7)™ < max(([F@)] )™ (lg(G = DI ~)™)

lez

for every j € Z. It follows that

oo

(63.2) ((F* @Dl < D7 (FOIFH™ (g = DI~

l=—00

for every j € Z.

Observe that (|f(j)|r7)™ and (|g(j)| /)" are summable as nonnegative real-
valued functions of j on Z, because f,g € €10 (Z,k). The right side of (63.2)
is the same as the convolution of these two functions, as summable real-valued
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functions on Z. Hence

(63.3) > (X @ity g - o)

j=—00 l=—00

o0 oo

< ( 3 (|f(l)|rl)’“°)( > (Ig(j)lrj)”’}

l=—c0 Jj=—00

as in Section 57. This implies that

o0 o0 o0

63.4) > ((F )y < (3 1rolrh™) (X2 Aelr)),

j=—00 l=—00 j=—00

by (63.2). Thus f* g € £;0 (Z,k), with

(63.5) 1f *9lleo 2y < 1flleo zpy N9lleze zmy-

In particular, £70 (Z, k) is a subalgebra of g ., (Z, k) with respect to convo-
lution. As usual, if f € ¢ow,(Z,k) and n € Z, then f*™ denotes the nth power
of f with respect to convolution. Using (62.8), we have that

n
050 (Z,k)

wop

(63.6) 1

L2 (Z,k) = ||f

wp

for every f € cow, (Z,k) and n € Z;. Let 0 < 19 < oo and f € £ (Z,k) be
given again, and remember that

. snl/n
(637) 'nh~>n,olo ||f HEZUUT(Z,k)

exists, as in Section 31. We also have that

1 1
@0 = 1 g < 14

(63.8) I/

Wy

for every n € Z, by (63.6) and (47.7), so that

. *n|l/n
(63.9) 1 lless o < Jim £ 15 -

Remember that (63.7) defines a semi-ultranorm on ¢3¢ (Z, k), and
: xn |1
(63.10) T £ g < Il 2y

for every f € £0 (Z, k), as in Sections 31 and 33. As before, one can use this to
check that

. sn il
(63.11) T (17 g < ez 2

for every f € ;9 (Z,k). This is easy to see when the support of f has at most
one element. If f has finite support in Z, then one can get (63.11) from the
previous case and the semi-ultranorm property of (63.7). One can also use an
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argument like the one in Section 58 in this situation. If f is an arbitrary element
of 00 (Z,k), then one can approximate f by functions on Z with finite support
to get (63.11). Tt follows that

. *n | l/n
(63.12) T 1 gy = 1l 2

for every f € £;0 (Z,k), by (63.9) and (63.11).
Let = € k with = # 0 be given, and put

(63.13) a(z) = a7

for each j € Z. This defines a k-valued function on Z, with
(63.14) la()| = |z

for each j € Z. If f(j) is any k-valued function on Z, then we put
(63.15) (Ma(£))G) = a(§) £G) = f(5) 27

for every j € Z. This defines a one-to-one linear mapping M, from the space
c(Z,k) of k-valued functions on Z onto itself, as in Section 47. Let w, /|, be
defined on Z as in (61.1), so that

(63.16) W12l (7) = (r/|2])? =17 2]~

for every j € Z. As in Section 47, M, defines an isometric linear mapping from
00 (Z,k) onto ;0 (Z,k) for every 7o > 0. Similarly, M, maps co v, (Z,k)

W/ |z
onto CO,wT/|m|(Z,k)‘ Let f,9 € cow,.(Z,k) be given, so that My(f), M,(g) are
elements of co,u, ., (Z,E). Observe that

(63.17) g -2 = (f0)a") (g —Da’™)
= (Ma()(D) (Ma(9))(G = 1)

for every j,l € Z. This implies that

(63.18) (f *9)(j)a?

Il Il
—
=M
Q
) —
Kﬁ 2
N—

S~— Q

* —
— =

N—

g =
— ~
Q —~
~— i
=
N— @
fen —~
S

~—
=
o
|
-
=

for every j € Z, so that

(63.19) Ma(f *g) = (Ma(f)) * (Ma(g))

as functions on Z.
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