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Abstract

Some spaces of linear mappings and matrices are discussed, as well as
some properties of functions defined by power series.
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Let X be a set, and let d(x,y) be a nonnegative real-valued function d(z,y)
defined for z,y € X. As usual, d(-,-) is said to be a metric on X if it satisfies

the following three conditions: first,

(1.1) d(z,y) =0 if and only if z =y;
second,
(1.2) d(z,y) = d(y,z)

for every z,y € X; and third,

(1.3) d(x, z) < d(z,y) + d(y, z)
for every z,y,z € X. If d(-,-) satisfies (1.1), (1.2), and

(1.4) d(x, z) < max(d(z,y),d(y, 2))

for every x,y,z € X, then d(-,-) is said to be an ultrametric on X. Note that

(1.4) implies (1.3), so that ultrametrics are metrics.

The discrete metric can be defined on any set X by putting d(z,y) equal
to 1 when = # y, and to 0 when « = y. It is easy to see that this defines an

ultrametric on X.



If @ is a positive real number with a < 1, then it is well known that
(1.5) (r+14)*<r*+1t*
for all nonnegative real numbers 7, t. To see this, observe first that
(1.6) max(r, t)* = max(r®,t*) < r¢ +¢°
for every a > 0, so that
(1.7) max(r,t) < (r® + )1/,
If a <1, then it follows that

(1.8) r+t max(r, )17 (r® + %)

<
< (,r,a _|_ta)(1fa)/a (,,,a + ta)l/a — (,,,a + ta)l/a’
which implies (1.5).

Let d(x,y) be a metric on a set X, and let a be a positive real number. If
a <1, then it is easy to see that

(1.9) d(z,y)*

also defines a metric on X, using (1.5). If d(z,y) is an ultrametric on X, then
(1.9) is an ultrametric on X for every a > 0.

Let d(x,y) be a metric on a set X again. As usual, the open ball in X
centered at a point € X with radius r > 0 with respect to d(-,-) is defined by

(1.10) B(z,r) = By(z,r) ={y € X : d(z,y) <r}.
Similarly, - -
(1.11) B(z,r) = Bg(z,r) ={y € X : d(z,y) <r}

is the closed ball in X centered at x € X with radius r > 0 with respect to d(-, -).
Remember that one can define a topology on X using d(-,-) in a standard way.
It is well known that open balls in X with respect to d(-,-) are open sets with
respect to this topology. More precisely, the collection of open balls in X with
respect to d(-,-) forms a base for this topology on X. One can also verify
that closed balls in X with respect to d(-,-) are closed sets with respect to this
topology.

If (1.9) is a metric on X as well for some a > 0, then the corresponding open
and closed balls in X are given by

(1.12) Bga(z,r") = By(x,r)
for every x € X and r > 0, and

(1.13) Bga(x,7*) = Bg(z,7)



for every € X and r > 0, respectively. It follows from (1.12) that the topologies
determined on X by d(-,-) and (1.9) are the same.

Suppose for the moment that d(x,y) is an ultrametric on X. If z,y € X
satisfy d(x,y) < r for some r > 0, then one can check that

(1.14) B(z,r) C B(y,r),

using the ultrametric version of the triangle inequality. This is symmetric in x
and y, so that

(1.15) B(x,r) = B(y,r)

when d(z,y) < r. Similarly, if d(z,y) < r for some r > 0, then
(1.16) B(z,r) C B(y,r),

and hence - -

(1.17) B(z,r) = B(y,r).

In particular, this implies that closed balls in X with positive radius are open
sets with respect to the topology determined by d(-, ). One can verify that open
balls in X are closed sets too. Of course, the topology determined on X by the
discrete metric is the discrete topology.

2 Absolute value functions

Let k be a field. A nonnegative real-valued function |z| defined on k is said to
be an absolute value function on k if it satisfies the following three conditions:
first, for each = € k,

(2.1) |z =0 if and only if x = 0;
second,
(22) [z y| =[] |y]

for every z,y € k; and third,
(23) [z +yl < [z + |yl

for every x,y € k. Of course, the standard absolute value functions on the fields
R of real numbers and C of complex numbers are absolute value functions in
this sense.

Let k be a field, and let | - | be a nonnegative real-valued function on k
that satisfies (2.1) and (2.2). It is easy to see that |1| = 1, where the first 1 is
the multiplicative identity element in k, and the second 1 is the multiplicative
identity element in R. This uses the facts that [1| > 0 by (2.1), and |1] = [1%| =
|12, by (2.2). Similarly, if z € k satisfies 2 = 1 for some positive integer n,

then |z| = 1. It follows that | — 1| = 1, where —1 is the additive inverse of 1 in
k, because (—1)2 = 1. If | - | is an absolute value function on k, then
(2.4) d(z,y) = [z —y|



defines a metric on k. More precisely, (2.4) is symmetric in z and y, because
|—1=1.

A nonnegative real-valued function |-| on a field k is said to be an ultrametric
absolute value function on k if it satisfies (2.1), (2.2), and

(2.5) |z + y| < max(|z|, |y|)

for every z,y € k. Clearly (2.5) implies (2.3), so that an ultrametric absolute
value function is an ordinary absolute value function. If | - | is an ultrametric
absolute value function on k, then (2.4) is an ultrametric on k.

If £ is any field, then the trivial absolute value function is defined on k by
putting |z| = 1 for every = € k with z # 0, and |0] = 0. It is easy to see that
this defines an ultrametric absolute value function on k. The ultrametric on k
associated to the trivial absolute value function as in (2.4) is the discrete metric
on k.

The p-adic absolute value function |z|, is defined on the field Q of rational
numbers for each prime number p as follows. Let x € Q be given, and suppose
that = # 0, since we should put |0|, = 0. We can express z as p’ (a/b), where
a, b, and j are integers, a,b # 0, and neither a nor b is a multiple of p. Note
that j is uniquely determined by z, and put

(2.6) jwlp =p 77

It is not difficult to verify that this defines an ultrametric absolute value function
on Q.

Let k be any field again, and let | - | be an absolute value function on k. If
a is a positive real number less than or equal to 1, then

(2.7) ||®

also defines an absolute value function on k. This uses (1.5) to get that (2.7)
satisfies the triangle inequality on k. If | - | is an ultrametric absolute value
function on k, then (2.7) is an ultrametric absolute value function on k for
every a > 0. If | - | is the standard Euclidean absolute value function on Q, then
(2.7) does not satisfy the triangle inequality on Q when a > 1.

Let |- |1, | - |2 be absolute value functions on a field k. If there is a positive
real number a such that
(2.8) |2 = ||t

for every x € k, then |- |1 and | - |2 are said to be equivalent on k. This implies
that the topologies determined on k by the metrics associated to |- |; and |- |2
are the same. Conversely, if the topologies determined on k by the metrics
associated to | - |y and |- |2 are the same, then it is well known that |- |; and
| - |2 are equivalent on k in the sense of (2.8). A famous theorem of Ostrowski
says that any absolute value function on Q is either trivial, or equivalent to the
standard Euclidean absolute value function, or equivalent to the p-adic absolute
value function for some prime number p.



3 Uniform continuity and completeness

Let (X, d(z,y)) be a metric space, let a be a positive real number, and suppose
that d(x,y)® also defines a metric on X. As in Section 1, the topologies deter-
mined on X by d(z,y) and d(z,y)® are the same. More precisely, the identity
mapping on X is uniformly continuous as a mapping from X equipped with
d(z,y) into X equipped with d(z,y)%, and from X equipped with d(z,y)® into
X equipped with d(z,y). Note that a sequence of elements of X is a Cauchy
sequence with respect to d(x,y) if and only if it is a Cauchy sequence with re-
spect to d(z,y)®. It follows that X is complete as a metric space with respect
to d(x,y) if and only if X is complete with respect to d(z,y)*.

Let (X,dx) and (Y, dy) be metric spaces, and suppose that d%, d% are also
metrics on X, Y, respectively, for some positive real numbers a, b. If a mapping
f from X into Y is uniformly continuous with respect to dx, dy, respectively,
then f is uniformly continuous with respect to d%, dg’/, respectively. This can be
verified directly, or using the remark about uniform continuity in the previous
paragraph, and the fact that compositions of uniformly continuous mappings
are uniformly continuous. Remember that uniformly continuous mappings send
Cauchy sequences in the domain to Cauchy sequences in the range, by a simple
argument.

Let (X,dx) and (Y,dy) be metric spaces again, let E be a dense subset of
X, and suppose that f is a uniformly continuous mapping from F into Y. If Y
is complete, then it is well known that f has a unique extension of a uniformly
continuous mapping from X into Y. Of course, uniqueness of the extension only
requires ordinary continuity.

If a metric space (X, d) is not already complete, then it is well known that
X has a completion, which can be given as an isometric embedding of X onto
a dense subset of a complete metric space. The completion is unique up to iso-
metric equivalence, because of the extension theorem mentioned in the previous
paragraph. Note that a closed subset of a complete metric space is also com-
plete with respect to the restriction of the metric to the subset, by a standard
argument.

Let (X,d) be a metric space, and let E be a subset of X. Of course, the
restriction of d(z,y) to xz,y € E defines a metric on E. Similarly, if d(z,y) is
an ultrametric on X, then its restriction to E is an ultrametric on E. If d(x,y)
is any metric on X, F C X is dense in X with respect to d(x,y), and the
restriction of d(z,y) to x,y € E is an ultrametric on F, then one can check that
d(x,y) is an ultrametric on X. In particular, if d(x,y) is an ultrametric on X,
then the corresponding metric on a completion of X is an ultrametric as well.

Let & be a field with an absolute value function |-|, and let kg be a subfield of
k. As before, the restriction of |x| to x € ko defines an absolute value function
on ko. If |z| is an ultrametric absolute value function on k, then its restriction
to x € ko is an ultrametric absolute value function on kg. Let |-| be any absolute
value function on k again, let kg be a subfield of k, and suppose that kg is dense
in k& with respect to the metric associated to | - |. If the restriction of |z| to
x € ko is an ultrametric absolute value function on kg, then one can verify that



| - | is an ultrametric absolute value function on k.

Let k be a field with an absolute value function | - | again, which leads to
a metric on k as in (2.4). If k is not already complete with respect to this
metric, then one can pass to a completion of k as a metric space, as before. One
can show that the field operations on k can be extended continuously to the
completion, so that the completion is also a field. Similarly, |- | can be extended
continuously to the completion, which corresponds to the distance to 0 in the
completion. This extension of | - | defines an absolute value on the completion,
and the metric on the completion corresponds to this extension of | - | in the
usual way. This completion of k with respect to | - | is unique up to isomorphic
isometric equivalence, as before. If | - | is an ultrametric absolute value function
on k, then the corresponding absolute value function on the completion is an
ultrametric absolute value function as well.

In particular, one can apply this to the p-adic absolute value function |- |, on
Q, for any prime number p. This leads to the field Q, of p-adic numbers. The
extension of |z, to & € Q, is denoted the same way, and defines an ultrametric
absolute value function on Q,.

4 The archimedean property and discreteness

Let k be a field, and let | - | be an absolute value function on k. Also let Z be
the set of positive integers, as usual. If x € k and n € Z,, then we let n -z be
the sum of n 2’s in k. Suppose that there is an n € Z, such that |n- 1] > 1,
where the first 1 is the multiplicative identity element in k, and the second 1
is the multiplicative identity element in R. If j € Z, then one can check that
n/ - 1= (n-1)7, so that

(4.1) In? 1] =|(n-1)|=|n-1 - 00 asj— oco.
In this case, | - | is said to be archimedean on k. Otherwise, if |n - 1] < 1 for
every n € Z,, then |- | is said to be non-archimedean on k. Equivalently, if

there is a finite upper bound for |n- 1|, n € Z4, then |- | is non-archimedian on
k, by the previous remark. If | - | is an ultrametric absolute value function on k,
then it is easy to see that | - | is non-archimedean on k. Conversely, if | - | is a
non-archimedean absolute value function on k, then it is well known that | - | is
an ultrametric absolute value function on &.

Let | - | be an absolute value function on a field k again, and observe that

(4.2) {lz| :z € k,  #0}

is a subgroup of the multiplicative group R of positive real numbers. If the
real number 1 is a limit point of (4.2) with respect to the standard topology on
R, then one can check that (4.2) is dense in R with respect to the topology
induced by the standard topology on R. Otherwise, |-| is said to be discrete on
k if 1 is not a limit point of (4.2) with respect to the standard topology on R.



Let p; be the nonnegative real number defined by
(4.3) p1 =sup{|z| 1z € k, |z < 1},

and note that p; < 1. One can check that p; = 0 if and only if | - | is the trivial
absolute value function on k, and that p; < 1 if and only if | - | is discrete on
k. If | - | is nontrivial and discrete on k, so that 0 < p; < 1, then one can verify
that the supremum in (4.3) is attained. More precisely, (4.2) consists of integer
powers of p; in this case.

If £ has positive characteristic, then there are only finitely many elements of
k of the form n - 1, with n € Z,. This implies that any absolute value function
on k is non-archimedean. Suppose that k has characteristic 0, so that there is
a natural embedding of Q into k. Let |- | be an absolute value function on k,
which leads to an absolute value function on Q, using the natural embedding
of Q into k. If |- | is a archimedean on k, then it is easy to see that the
corresponding absolute value function on Q is archimedean. This implies that
the corresponding absolute value function on Q is equivalent to the standard
Euclidean absolute value function on Q, by Ostrowski’s theorem, as in Section
2. In particular, this means that the corresponding absolute value function on
Q is not discrete on Q. It follows that | - | is not discrete on k when |- | is
archimedean on k. If | - | is a discrete absolute value function on a field k, then
we get that |- | is non-archimedean on k.

Suppose that |- | is an archimedean absolute value function on a field k, and
that k is complete with respect to the metric associated to | - |. Under these
conditions, another famous theorem of Ostrowski states that k is isomorphic to
R of C, in such a way that | - | corresponds to an absolute value function on R
or C that is equivalent to the standard one.

5 Norms and ultranorms

Let k be a field, and let | - | be an absolute value function on k. Also let V' be
a vector space over k. A nonnegative real-valued function N on V is said to

be a seminorm on V with respect to | - | on k if it satisfies the following two
conditions: first,
(5.1) N(tv) = [t| N(v)

for every t € k and v € V; and second,
(5.2) N+ w) < N(v)+ N(w)

for every v,w € V. Note that (5.1) implies that N(0) = 0, by taking ¢t = 0. If
N also satisfies N(v) > 0 for every v € V with v # 0, then N is said to be a
norm on V with respect to | - | on k.

Similarly, a nonnegative real-valued function N on V is said to be a semi-
ultranorm with respect to | - | if it satisfies (5.1) and

(5.3) N(v+ w) < max(N(v), N(w))



for every v,w € V. Clearly (5.3) implies (5.2), so that semi-ultranorms are
seminorms. A semi-ultranorm that is also a norm is called an ultranorm. If N
is a semi-ultranorm on V with respect to | - | on k, and if N(v) > 0 for some
v € V, then it is easy to see that |-| is an ultrametric absolute value function on
k. More precisely, one can get the ultrametric version of the triangle inequality
(2.5) for | - | on k using (5.1) and (5.3) in this case.

If N is a norm on V with respect to |- | on k, then

(5.4) d(v,w) = N(v — w)

defines a metric on k. This uses the fact that | — 1| = 1, as in Section 2, to get
that (5.4) is symmetric in v and w. If N is an ultranorm on V, then (5.4) is an
ultrametric on V.

Of course, k may be considered as a one-dimensional vector space over itself.
Similarly, | - | may be considered as a norm on k, with respect to itself. If | - | is
an ultrametric absolute value function on k, then |- | may be considered as an
ultranorm on k.

Suppose for the moment that | - | is the trivial absolute value function on a
field k. If V is any vector space over k, then the trivial ultranorm is defined on
V by putting N(0) =0, and N(v) =1 for every v € V with v # 0. It is easy to
see that this defines an ultranorm on V. The ultrametric on V corresponding
to N as in (5.4) is the discrete metric.

Let | - | be any absolute value function on a field k again, and let n be a
positive integer. Consider the space k™ of n-tuples of elements of k, which is
the Cartesian product of n copies of k. This is a vector space over k, with
respect to coordinatewise addition and scalar multiplication, as usual. If v =
(v1,...,0,) € k™, then put

(5.5) lolls = loy|
j=1

and

(5:) folle = o sl

One can check that (5.5) and (5.6) define norms on k™, with respect to |-| on k.
If | - | is an ultrametric absolute value function on k, then (5.6) is an ultranorm
on k™. Note that

(5.7) [olloe < llvlly < nflvflo

for every v € k™.

Let v € k™ and a positive real number be given, and consider the open
ball in k™ centered at v with radius r with respect to the metric associated to
(5.6). This is the same as the Cartesian product of the balls in k centered at
v; with radius r with respect to the metric associated to |- | for j = 1,...,n.
Using this, it is easy to see that the topology determined on k™ by the metric
associated to (5.6) is the same as the product topology corresponding to the
topology determined on k by the metric associated to | - | on each factor. The
topology determined on k™ by the metric associated to (5.5) is the same as the
topology determined by the metric associated to (5.6), because of (5.7).

10



6 Comparing topologies

Let k be a field with an absolute value function |- |, and let V' be a vector space
over k. If N is a norm on V, then put

(6.1) By(v,r)={w eV :Nv—-w)<r}

for each v € V and positive real number r. This is the same as the open ball in
V centered at v with radius r with respect to the metric (5.4) associated to NN,
as in (1.10).

Let Ny, N3 be norms on V' with respect to |-| on k. Suppose for the moment
that there is a positive real number C such that

(6.2) Nl(U) S CNQ(’U)
for every v € V. This implies that
(6.3) By, (v,7) € By, (v,C'1)

for every v € V and r > 0, using the notation (6.1) for open balls in V' with
respect to Ny and No. If U C V is an open set with respect to the topology de-
termined by the metric associated to Na, then it follows from (6.3) that U is also
an open set with respect to the topology determined by the metric associated
to Nl.

Conversely, suppose that the topology determined on V' by the metric asso-
ciated to Ny is at least as strong as the topology determined on V' by the metric
associated to Ni. Let r; > 0 be given, and remember that By, (0,71) is an
open set in V' with respect to the topology determined by the metric associated
to Ni. Thus By, (0,71) is also an open set in V' with respect to the topology
determined by the metric associated to Na, by hypothesis. This implies that
there is an ro > 0 such that

(64) BN2(07r2) g BN1 (O7T1)7

because 0 is an element of By, (0,71). Of course, we could simply take r =1
here.
Let v € V be given, and suppose that ¢t € k satisfies

(65) NQ(’U) < |t‘?"2.

Equivalently, this means that ¢ # 0, and that Na(t~1v) = [t|7} Na(v) < 7.
Thus (6.4) implies that

(6.6) [t Ni(v) = Ni(t7 o) < rq,

so that Ny(v) < [¢]71.
Suppose that | - | is not trivial on k, which implies that there is a ¢y € k such
that |tg| > 1. If v € V and v # 0, then there is an integer j such that

(6.7) [to? "t ry < Na(v) < |tol ra.

11



Thus we can apply the remarks in the previous paragraph to t = té, to get that
(68) Nl(’l}) < |t0|J r < |t0|(7”‘1/7”‘2)N2(’U),

using the first inequality in (6.7) in the second step. This shows that (6.2) holds
with C' = [to] (r1/r2) when v # 0, and of course (6.2) is trivial when v = 0.

7 Finite support

Let k£ be a field, and let V' be a vector space over k. Also let X be a nonempty
set, and let ¢(X, V') be the space of V-valued functions on X. This is a vector
space over k with respect to pointwise addition and scalar multiplication. If
f € ¢(X,V), then the support of f is defined to be the set of z € X such
that f(x) # 0. Let coo(X,V) be the subset of ¢(X,V) consisting of V-valued
functions f on X whose supports have only finitely many elements. It is easy
to see that coo(X, V) is a linear subspace of ¢(X, V). Of course, if X has only
finitely many elements, then coo(X, V) is equal to ¢(X, V).

Let | - | be an absolute value function on k, and let N be a norm on V' with
respect to |- | on k. If f € coo(X, V), then put

(7.1) Ifllh =Y N(f(x)),

zeX

where the sum on the right reduces to a finite sum of nonnegative real numbers.
Similarly,

(72) I/l = max N (/@)

reduces to the maximum of finitely many nonnegative real numbers. One can
check that (7.1) and (7.2) define norms on coo(X, V') with respect to | - | on k.
If N is an ultranorm on V, then (7.2) is an ultranorm on ¢ (X, V).

Clearly

(7.3) 1 fllso < 111

for every f € coo(X,V). Thus the topology determined on coo(X, V) by the
metric associated to || f]|; is at least as strong as the topology determined on
coo(X, V) by the metric associated to ||f||s, as in the previous section. If X
has only finitely many elements, then

(7.4) £l < F#X) [1flloo

for every f € coo(X,V), where #X denotes the number of elements in X. In
this case, the topologies determined on coo(X, V) by the metrics associated to
IIfll1 and ||f||co are the same.

Suppose for the moment that |- | is the trivial absolute value function on k,
and that N is the trivial ultranorm on V. Observe that || || is the same as the
trivial ultranorm on cop(X, V) in this situation. In particular, the ultrametric
on cgo(X, V) corresponding to ||f|leo is the discrete metric, which determines

12



the discrete topology on coo(X, V). It follows that the topology determined on
coo(X, V) by the metric associated to || f||1 is at least as strong as the discrete
topology, as in the previous paragraph. Of course, this means that the topol-
ogy determined on cgo(X,V) by the metric associated to || f]|1 is the discrete
topology too.

Let | - | be any absolute value function on k again, and let N be any norm
with respect to |- | on k. If f € ¢oo(X, V), then

(7.5) > f(a)

zeX

can be defined as an element of V', by reducing to a finite sum. It is easy to see
that this defines a linear mapping from ¢gp(X, V') into V. Observe that

(7.6) N( Y f@) < Ul

reX

for every f € coo(X, V), because of the triangle inequality. Similarly, if N is an
ultranorm on V', then

(7.7) N(Y f@) < 1fll

zeX
for every f € coo(X, V).

8 Bounded functions

Let k be a field with an absolute value function |- |, and let V' be a vector space
over k with a norm N with respect to |- | on k. Also let X be a nonempty set,
and let f be a V-valued function on X. As usual, f is said to be bounded on
X with respect to N on V if there is a finite upper bound for N(f(z)), z € X.
Let £°(X,V) = £ (X, V) be the space of bounded V-valued functions f on X,
and put

(8.1) [flloo = Il flle==(x,v) = sup N(f(x))
reX

for each such function f. One can check that £>°(X, V) is a linear subspace of
the space ¢(X, V) of all V-valued functions on X, and that (8.1) defines a norm
on £*°(X,V) with respect to |- | on k. If N is an ultranorm on V, then (8.1)

defines an ultranorm on £*°(X, V). If | - | is the trivial absolute value function
on k, and N is the trivial ultranorm on V, then (8.1) is the trivial ultranorm
on (>*(X,V).

A V-valued function f on X is said to vanish at infinity with respect to N
if for each € > 0,
(8.2) N(f(z)) <e

for all but finitely many x € X. Let ¢o(X,V) = ¢co,n(X,V) be the space of
these functions on X. It is easy to see that

(83) CO(Xa V) - goo(X7 V)7

13



and that ¢o(X,V) is a linear subspace of £>°(X, V). One can also check that
co(X, V) is a closed set in £>°(X, V'), with respect to the metric associated to the
supremum norm. Of course, if X has only finitely many elements, then every
V-valued function on X vanishes at infinity.

Clearly
(84) Coo(X, V) Q Co(X, V)

If f€co(X,V), then f can be approximated by V-valued functions on X with
finite support uniformly on X. Thus ¢o(X,V) is the same as the closure of
coo(X, V) in £°(X, V) with respect to the supremum metric. If | - | is the trivial
absolute value function on k, N is the trivial ultranorm on V', and f € ¢o(X, V),
then f has finite support in X.

If N is any norm on V', and f € ¢o(X, V), then the support of f has at most
finitely or countably many elements. More precisely, for each n € Z, there are
at most finitely many = € X such that N(f(z)) > 1/n, and the support of f
is the union of this sequence of finite sets. Note that (8.1) is the same as (7.2)
when f € ¢coo(X,V). If f € ¢o(X,V), then the supremum on the right side of
(8.1) is attained. This is trivial when f(z) = 0 for every z € X, and otherwise
the supremum can be reduced to the maximum over a finite subset of X.

If V is complete with respect to the metric associated to N, then £°(X, V)
is complete with respect to the metric associated to (8.1), by standard argu-
ments. Indeed, if {f;}52; is a Cauchy sequence in £>°(X, V) with respect to the
supremum metric, then {f;(x)}32, is a Cauchy sequence in V' for each z € X,
with respect to the metric associated to N. If V' is complete, then it follows
that {f;(z)}72, converges to an element f(x) of V for each € X. The Cauchy
condition for {f;}32, implies in particular that {f;}72, is bounded in £>°(X, V),
which can be used to show that f is bounded on X. One can use the Cauchy
condition for {f;}52, in £>°(X, V') again to get that {f;}72, converges to f with
respect to the supremum metric, as desired.

9 Summable functions

Let X be a nonempty set, and let f be a nonnegative real-valued function on
X. The sum

(9.1) > f(=)

zeX

is defined as a nonnegative extended real number as the supremum of the sums

(9.2) > f)

z€A

over all nonempty finite subsets A of X. If (7.5) is finite, then f is said to
be summable on X. Of course, (9.1) reduces to a finite sum when X has only
finitely many elements, or when f has finite support in X. If f is summable
on X, then it is easy to see f vanishes at infinity on X, with respect to the
standard absolute value function on R.
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If f is summable on X, and t is a nonnegative real number, then one can
check that t f(z) is summable on X as well, with

(9:3) Y tf@) =t flx).

zeX zeX

Similarly, if g is another nonnegative real-valued summable function on X, then
f -+ g is summable on X, with

(9.4) (@) +g@) = fla)+ ) gla).

rzeX zeX zeX

Both statements can be obtained directly from the definitions, using the anal-
ogous properties of finite sums. There are also versions of (9.3) and (9.4) for
arbitrary nonnegative real-valued functions on X, with suitable interpretations
for extended real numbers. In particular, if f is not summable on X, then one
may apply (9.3) to positive real numbers ¢, or interpret the right side of (9.3)
as being equal to 0 when ¢ = 0.

If { fj};?';l is a sequence of nonnegative real-valued functions on X that
converges pointwise to a nonnegative real-valued function f on X, then

(9.5) > @) <sw (Y (@)
zeX

zeX 321

This is a simplified version of Fatou’s lemma for sums. More precisely, the
supremum on the right side of (9.5) is defined as a nonnegative extended real
number, and of course (9.5) is trivial when the supremum is +oco. To get (9.5),
let A be a nonempty finite subset of X, and observe that

9.6) Y J(@) = lim (3 fy(@) <sup (X @) <sup (X f@).
zEA izl Y pea izl N rex

z€A

This implies (9.5), by the definition of the sum (9.1).

Let & be a field with an absolute value function |- |, let V' be a vector space
over k, and let N be a norm on V with respect to || on k. A V-valued function
f on X is said to be summable on X with respect to N if N(f(x)) is summable
as a nonnegative real-valued function on X. Let ¢1(X,V) = ¢§(X,V) be the
space of V-valued functions f on X that are summable with respect to N, and
put
(97) Al = 1fllerxay = Y N(f(@)

zeX

for all such functions f. One can verify that £}(X, V) is a linear subspace of the
space ¢(X, V) of all V-valued functions on X, and that (9.7) defines a norm on
(X, V) with respect to | - | on k. Clearly

(9.8) coo(X, V) CLH(X,V),
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and (9.7) is the same as (7.1) when f € ¢oo(X, V). One can check that coo(X, V)
is dense in /}(X, V) with respect to the metric associated to the ¢! norm. This
uses nonempty finite subsets A of X such that

(9.9) > N(f(@)

z€A

approximates || f||1. If f € £1(X, V), then N(f(z)) is summable as a nonnegative
real-valued function on X, and hence N(f(x)) vanishes at infinity on X, as
before. This is the same as saying that f vanishes at infinity as a V-valued
function on X, so that

(9.10) HX,V) C (X, V).
Note that
(9.11) [ flloo < [I£llx

for every f € (1(X,V).

If V is complete with respect to the metric associated to N, then ¢1(X,V)
is complete with respect to the metric associated to (9.7). To see this, let
{fj}321 be a Cauchy sequence with respect to the ¢! metric. This implies that
{fi(z)}52, is a Cauchy sequence in V' with respect to the metric associated to
N for each z € X, so that {f;(v)}32, converges to an element f(z) of V' for
each z € X, because V' is complete. It follows that {N(f;(x))}52; converges to
N(f(z)) in R for every x € X, by standard arguments. Thus

(9.12) >N(f(@) <sup (D0 N(f(@)),
reX

reX i1

as in (9.5). The Cauchy condition for {f;}52, in £'(X, V) implies that the right
side of (9.12) is finite, so that f € ¢}(X, V). Similarly, if [ € Z, then

(9.13) If = filh < supllf; — fill1,
j>l

because {f; — fl}‘j';l converges to f — f; pointwise on X. This implies that

{fi}{2, converges to f with respect to the ¢! metric, using the Cauchy condition
for {f;}52, in £*(X, V) again, as desired.

10 Infinite series

Let k be a field with an absolute value function |- |, and let V be a vector space
over k with a norm N with respect to | - | on k. As usual, an infinite series

(10.1) ivj
j=1

with terms in V' is said to converge in V' with respect to N if the corresponding
sequence of partial sums Z;;l v; converges in V with respect to the metric
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associated to N. Of course, the value of the sum (10.1) is defined to be the
limit of the sequence of partial sums in this case. If (10.1) converges in V, then
the corresponding sequence of partial sums is bounded, and

(10.2) N(ivj) < sup N(ii@).

— n>1
j= >

This follows from the analogous statements for convergent sequences.

If Z]Oil a; is an infinite series of nonnegative real numbers, then the cor-
responding sequence of partial sums increases monotonically. It follows that
Z;L a; converges in R with respect to the standard absolute value function if
and only if the sequence of partial sums is bounded, in which case

n

(10.3) iaj = sup (Zaj),

n>1 j=1

by the analogous statements for monotonically increasing sequences in R. Oth-
erwise, the right side of (10.3) may be interpreted as being +oo, and one may
take the left side of (10.3) to be +o0o as well. One can check that this is equiv-
alent to the sum > jez, @j» as defined in the previous section.

Let k, V, and N be as before, and let (10.1) be an infinite series with terms
in V again. Note that the corresponding sequence of partial sums is a Cauchy
sequence in V with respect to the metric associated to IV if and only if for every
€ > 0 there is a positive integer L such that

(10.4) N(Xn:%) <e

j=l
for every n > [ > 1. This implies that

(10.5) lim N(v;) =0,
j—oo
by taking [ = n, as usual.
If Z;’il N(vj;) converges as an infinite series of nonnegative real numbers,
then (10.1) is said to converge absolutely with respect to N. Observe that

n

(10.6) N(Zvj) < En:N(vj)
j=l

i=l

for every n > 1 > 1, by the triangle inequality. If (10.1) converges absolutely
with respect to N, then it follows that the corresponding sequence of partial
sums is a Cauchy sequence in V with respect to the metric associated to N,
because of (10.4). If V is complete with respect to the metric associated to N,
then we get that (10.1) converges in V. We also have that

(o)

(10.7) N(Zvj) < iN(Uj)

Jj=1
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under these conditions, by (10.2).
Suppose now that NV is an ultranorm on V', so that

n
10. N( ) < N(v;
(10.8) Zlv] < llgn%xn (vj)
=
for every n > 1 > 1. If (10.5) holds, then the sequence of partial sums corre-
sponding to (10.1) is a Cauchy sequence in V with respect to N, by (10.4). This
implies that (10.1) converges in V' with respect to N when V is complete with
respect to the ultrametric associated to N. In this situation, we also have that

(10.9) N(iw) < rjnzaf(N(Uj)’

by (10.2). The maximum on the right side of (10.9) is attained when (10.5)
holds, as before.

11 Bounded linear mappings

Let k be a field with an absolute value function |- |, and let V', W be vector
spaces over k. Also let Ny, Ny be norms on V', W, respectively, with respect
to | -] on k. A linear mapping T from V into W is said to be bounded with
respect to Ny, Ny if there is a nonnegative real number C' such that

(11.1) Nw(T'(v)) < C Ny (v)
for every v € V. In this case, we have that
(11.2) Nw(T(u) —T(v)) = Nw(T(u—v)) < CNy(u—wv)

for every u,v € V. This implies that T is uniformly continuous with respect to
the metrics on V', W associated to Ny, Ny, respectively.

Let T be a linear mapping from V into W again, and suppose that there are
positive real numbers 7y, ry such that

(11.3) Nw(T(U)) <Trw

for every v € V with Ny (v) < ry. Of course, if T is continuous at 0 with
respect to the metrics on V', W associated to Ny, Ny, respectively, then for
each ry > 0 there is an ry > 0 with this property. Suppose that | - | is not
trivial on k, and let to be an element of k with |[tg| > 1. If v € V and v # 0,
then there is an integer j such that

(11.4) [t ™! ry < Ny (v) < [tol 7y
Thus Ny (57 v) = [to| 7 Ny (v) < 7y, so that

(11.5) lto] = Nw (T(v)) = Nw (T(ty” v)) < rw,

18



by (11.3). This implies that
(11.6) Nw (T(v)) < [tol? rw < |to| (rw /rv) Ny (v),

using the first inequality in (11.4) in the second step. Hence (11.1) holds with
C = |to| (rw/rv) when v # 0, and (11.1) is trivial when v = 0.

If T is a bounded linear mapping from V into W with respect to Ny, Ny,
respectively, then we put

(11.7) ITllop = IITlopvw = inf{C >0: (11.1) holds}.

More precisely, the infimum is taken over all nonnegative real numbers C for
which (11.1) holds. One can check that the infimum is attained, so that (11.1)
holds with C' = ||T||op. Let BL(V, W) be the space of bounded linear mappings
from V into W with respect to Ny, Ny, respectively. It is easy to see that
BL(V,W) is a vector space over k with respect to pointwise addition and scalar
multiplication. Similarly, (11.7) defines a norm on BL(V, W), which is the
operator morm associated to Ny, Nw. If Ny is an ultranorm on W, then
(11.7) is an ultranorm on BL(V, W).

Let Z be another vector space over k, and let Nz be a norm on Z with
respect to | - | on k. Suppose that T is a bounded linear mapping from V into
W with respect to Ny, Ny, and that T3 is a bounded linear mapping from W
into Z with respect to Ny, Nz. Observe that the composition 7507} of T7 and
T5 is a bounded linear mapping from V into Z with respect to Ny, Nz, with

(11.8) T2 0 Thllop,vz < 1 Tullop.vw [T2llopwz-

Let Vi be a linear subspace of V', and suppose that V is dense in V with
respect to the metric associated to Ny. Also let Ty be a bounded linear map-
ping from Vj into W, using the restriction of Ny to Vj. Thus Tj is uniformly
continuous with respect to the metrics associated to Ny and Ny, as before.
If W is complete with respect to the metric associated to Ny, then there is a
unique extension of Ty to a uniformly continuous mapping from V into W, as
in Section 3. One can check that this extension is a bounded linear mapping
from V into W under these conditions, with the same operator norm as on Vj.

12 Banach spaces

Let k be a field with an absolute value function | - |, let V' be a vector space
over k, and let N be a norm on V with respect to |- | on k. If V' is complete
with respect to the metric associated to IV, then V is said to be a Banach space
with respect to N. Otherwise, one can pass to a completion of V', as usual. The
vector space operations on V' can be extended continuously to the completion,
so that the completion is a vector space over k. Similarly, N can be extended
continuously to the completion of V', which corresponds to the distance to 0 in
the completion. This extension of N defines a norm on the completion, which
corresponds to the metric on the completion in the usual way. The completion
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of V' with respect to N is unique up to isometric linear equivalence, because
of the existence of extensions of bounded linear mappings from dense linear
subspaces into Banach spaces mentioned in the previous section.

If Vy is a linear subspace of V', then the restriction of N to V|, defines a norm
on Vy with respect to |- | on k. If N is an ultranorm on V, then the restriction
of N to Vj is an ultranorm on Vj. If N is any norm on V with respect to
| -] on k, Vp is a dense linear subspace of V, and the restriction of N to V;
is an ultranorm on Vj, then one can check that N is an ultranorm on V. In
particular, if N is an ultranorm on V, then the extension of N to the completion
of V mentioned in the preceding paragraph is an ultranorm as well. Note that
closed linear subspaces of Banach spaces are Banach spaces too, with respect
to the restriction of the norm, because closed subsets of complete metric spaces
are complete with respect to the restriction of the metric to the subset.

Remember that £ may be considered as a one-dimensional vector space over

itself, and that | - | may be considered as a norm on k with respect to itself, as
in Section 5. If v € V, then
(12.1) t—to

defines a bounded linear mapping from & into V', with operator norm equal to
N(v). If V is complete with respect to the metric associated to N, but k is
not complete with respect to the metric associated to | - |, then (12.1) extends
to a bounded linear mapping from the completion of k into V', as before. One
can verify that V is a vector space over the completion of k with respect to this
extension of scalar multiplication on V' to the completion of k, and that N is a
norm on V as a vector space over the completion of k. One could also include
completeness of k in the definition of a Banach space.

Suppose for the moment that k is complete with respect to the metric asso-
ciated to | - |, so that k may be considered as a one-dimensional Banach space
over itself. If n is a positive integer, then it is easy to see that k™ is a Banach
space with respect to the norms ||v]|; and ||v]|s defined in (5.5) and (5.6), re-
spectively. In both cases, a sequence of elements of k™ is a Cauchy sequence
with respect to the metric associated to the norm if and only if the correspond-
ing n sequences of coordinates in k are Cauchy sequences with respect to the
metric associated to | - |. If X is a nonempty set, then the spaces ¢*°(X, k)
and (X, k) discussed in Sections 8 and 9, respectively, are Banach spaces with
respect to the corresponding norms defined earlier. It follows that ¢o(X, k) is a
Banach space with respect to the supremum norm as well, because it is a closed
subspace of £*°(X, k).

Let V, W be vector spaces over k, with norms Ny, Ny with respect to | - |
on k, respectively. If W is complete with respect to the metric associated to
Ny, then BL(V,W) is complete with respect to the metric associated to the
corresponding operator norm. More precisely, let {T };’;1 be a Cauchy sequence
in BL(V, W) with respect to the operator norm. If v € V, then it is easy to see
that {T);(v)}32, is a Cauchy sequence in W with respect to the metric associated
to Ny . It follows that {7}(v)}32, converges to an element 7'(v) of W for every
v € V, because W is complete. One can check that T is a linear mapping from
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V into W, because the T}’s are linear. The Cauchy condition for {7}}72, with
respect to the operator norm implies that the operator norms of the T}’s are
bounded, which can be used to show that T is bounded as a linear mapping
from V into W. One can use the Cauchy condition for {7}}32; with respect to
the operator norm again to get that {T} }joil converges to T with respect to the
operator norm, as desired.

13 Sums of vectors

Let k be a field, let V' be a vector space over k, and let X be a nonempty set.
As in Section 7,

(13.1) fe > fl)

reX

defines a linear mapping from coo(X, V) into V. Let |- | be an absolute value
function on k, and let N be a norm on V. Using (7.6), we get that (13.1) is
a bounded linear mapping from cqo(X, V) into V, with respect to the ¢! norm
on cgo(X,V) as in (9.7), and N on V. Similarly, if N is an ultranorm on V,
then (7.7) implies that (13.1) is a bounded linear mapping from coo(X, V') into
V', with respect to the supremum ultranorm on coo(X, V) as in (8.1), and N on
V. More precisely, (7.6) and (7.7) say that the corresponding operator norms
of (13.1) are less than or equal to 1. In both cases, it is easy to see that the
operator norm is equal to 1, unless V' = {0}.

Suppose now that V' is complete with respect to the metric associated to IV,
so that V' is a Banach space. As in the Section 11, there is a unique extension
of (13.1) to a bounded linear mapping from ¢!(X,V) into V. This uses the
fact that coo(X, V) is dense in ¢1(X, V), as in Section 9. If N is an ultranorm
on V, then there is a unique extension of (13.1) to a bounded linear mapping
from ¢o(X,V) into V, using the supremum ultranorm (8.1) on ¢o(X, V). This
uses the fact that coo(X, V) is dense in ¢o(X, V) with respect to the supremum
metric, as in Section 8. These extensions can be used to define (13.1) in these
situations. In both cases, the operator norm of the extension of (13.1) is equal
to 1 when V # {0}.

Of course, if X has only finitely many elements, then coo(X, V') is the same
as /1(X,V) and co(X, V). Suppose that X has infinitely many elements, and let
{z;}52, be a sequence of distinct elements in X. If f is a V-valued function on
X whose support is contained in the set of x;’s, then ) _ f(x) corresponds
formally to the infinite series

oo
(13.2) S fw).

Jj=1
If f € £1(X,V), then one can check that (13.2) converges absolutely with respect
to N. This implies that (13.2) converges in V' when V' is complete with respect
to the metric associated to IV, as in Section 10. One can verify that the value
of (13.2) is the same as what one gets by extending (13.1) to a bounded linear
mapping from ¢1(X, V) into V. If f is any element of /(X, V), then f vanishes

21



at infinity on X with respect to N on V', and hence the support of f has only
finitely or countably many elements.

Let f be a V-valued function on X whose support is contained in the set
of z;’s again. If f € ¢o(X,V), then it is easy to see that N(f(z;)) — 0 as
j — oo. This implies that (13.2) converges in V with respect to N when N
is an ultranorm on V and V is complete with respect to the corresponding
ultrametric, as in Section 10. In this case, one can check that the value of
(13.2) is the same as what one gets by extending (13.1) to a bounded linear
mapping from ¢o(X, V) into V, as before. If f is any element of ¢o(X, V), then
the support of f has only finitely or countable many elements, and hence can
be enumerated by a finite or infinite sequence.

If f is a summable real-valued function on X, then f can be expressed as a
difference of nonnegative real-valued summable functions on X. This permits
one to define )y f(z) using the definition of the sum for nonnegative real-
valued functions in Section 9. Similarly, if f is a summable complex-valued
function on X, then one can apply the previous remark to the real and imaginary
parts of f. This approach to the sum is also compatible with the ones just
mentioned in this situation.

14 Banach algebras

Let k be a field, and let A be an (associative) algebra over k. This means that
A is a vector space over k equipped with a binary operation of multiplication.
Multiplication on A should be bilinear as a mapping from A x A into A, and
satisfy the associative law. Let |- | be an absolute value function on k, and let N
be a seminorm on .4 with respect to |-| on k. We say that N is submultiplicative
on A if

(14.1) N(zy) < N(z)N(y)

for every x,y € A, and that N is multiplicative on A if
(14.2) N(zy) = N(z)N(y)

for every z,y € A.

Let || || be a submultiplicative norm on .4 with respect to |- | on k. One can
check that multiplication on A is continuous as a mapping from A x A into A,
using the topology determined on A by the metric associated to || - ||, and that
corresponding product topology on A x A. If A is complete with respect to the
metric associated to || - ||, then A is said to be a Banach algebra with respect
to || - || over k. Otherwise, one can pass to a completion of A, as in Section 12.
One can verify that multiplication extends continuously to the completion of A,
so that the completion of A is an algebra over k, and so that the extension of
the norm to the completion is submultiplicative on the completion.

Similarly, if A is complete with respect to the metric associated to the norm
Il - |I, but & is not complete with respect to the metric associated to | - |, then
scalar multiplication on A can be extended to the completion of k, as in Section
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12. Tt is easy to see that multiplication on A is also bilinear with respect to this
extension of scalar multiplication on A to the completion of k. One can include
completeness of k in the definition of a Banach algebra, as in the case of Banach
spaces. One may also ask that A have a multiplicative identity element e with
le]l = 1, and we shall normally do that here.

Let X be a nonempty set, and observe that the space ¢(X, k) is a commuta-
tive algebra over k with respect to pointwise multiplication of functions. Also
let 1x be the function on X whose value at every point is the multiplicative
identity element 1 in k, which is the multiplicative identity element in ¢(X, k).
Remember that ¢>°(X, k) denotes the space of bounded k-valued functions on
X, as in Section 8, and let ||f|/s be the supremum norm on ¢*°(X, k) corre-
sponding to |- | on k. If f, g € £>°(X, k), then their product f ¢ is bounded on
X too, with

(14.3) 1/ 9llco < 1£lloo [1glloo-

Thus ¢ (X, k) is a subalgebra of ¢(X, k), and || - ||oo is submultiplicative on
{>2(X, k). Of course, constant functions on X are bounded, and

(14.4) [1xllec = 1] = 1.

If k is complete with respect to the metric associated to | - |, then ¢*°(X, k) is
complete with respect to the corresponding supremum metric, as in Section 8.
Let V be a vector space over k, and let Ny be a norm on V with respect to
|-]on V. Also let BL(V) = BL(V, V) be the space of bounded linear mappings
from V into itself, with respect to Ny on the domain and range. This is an
algebra over k, with composition of linear mappings as multiplication. The
corresponding operator norm ||T|op = ||T||op,vv is submultiplicative on BL(V),
as in (11.8). The identity mapping I = Iy on V is the multiplicative identity
element in BL(V). If V # {0}, then it is easy to see that ||I|o, = 1. If V is
complete with respect to the metric associated to Ny, then BL(V) is complete
with respect to the metric associated to the operator norm, as in Section 12.

15 Cauchy products

Let k be a field, and let A be an algebra over k. Also let 377 a; and 3777 by
be infinite series with terms in 4, considered formally for the moment. Thus

(15.1) =Y ajb,_;
j=0

is defined as an element of A for every nonnegative integer n, and the corre-
sponding series Y7 ¢, is called the Cauchy product of 3772 a; and 37,° by.
It is easy to see that

oo

(152) > e (X) (gbl)

=0
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formally. More precisely, both sides of (15.2) correspond formally to the sum of
a; by over all nonnegative integers j, [.

Let us look at the partial sums corresponding to these infinite series. If Ny,
Ny are nonnegative integers, then

(15.3) (iaj) (%bl) =Y {ajbi:j=0,..., N, 1=0,...,No}.
3=0 1=0

Similarly, if N is a nonnegative integer, then

N N n
(154) Y=Y (Zajbn_j) =Y {ajbi:jl€Z,j,1>0,j+1<N}.
n=0

n=0 j=0

If Ny + N2 < N, then each of the terms in the right side of (15.3) occur in the
right side of (15.4). If N < Ny, Ny, then each of the terms on right side of (15.4)
also occurs in the right side of (15.3).

Suppose for the moment that there are nonnegative integers J, L such that
aj = 0 when j > J and b; = 0 when [ > L. In this case, one can check that
¢n = 0 when n > J + L — 1. Thus the infinite series Y 7= a;, 32,2 by, and
>0 o ¢n reduce to finite sums in A, and one can check that (15.2) holds in this
situation. More precisely, (15.3) is equal to (15.4) when J—1 < Ny, L—1 < Ny,
and J+ L —2 < N. This is because the terms a; b; that occur in one of (15.3)
or (15.4) and not the other are equal to 0.

Suppose now that a;, b; are nonnegative real numbers for every j,I > 0, so
that ¢, is a nonnegative real number for every n > 0. Using the earlier remarks
about (15.3) and (15.4), we get that

(15.5) (%aj) (ibl) < ZN:cn
=0 n=0

§=0
when N7 + Ny < N. Similarly,

N Ny N2

(15.6) S en< (Zaj) (Zbl)

n=0 =0 1=0
when N < N;, Ns. In this case, Z;io aj, Yoo bi, and Y7 ¢, can be defined
as nonnegative extended real numbers. The product of the first two series can
also be defined as a nonnegative extended real number when both sums are finite
or both sums are positive. One can use (15.5) and (15.6) to get that (15.2) holds
as an equality between nonnegative extended real numbers when the right side
of (15.2) is defined. Otherwise, if a; = 0 for every j > 0, or if b, = 0 for every
[ >0, then ¢, = 0 for every n > 0.

Let k be a field with an absolute value function |- |, and let A be an algebra
over k with a submultiplicative norm || - || with respect to | - | on k. Thus
(15.7) llag bull < llag || llod]]

24



for every j,1 > 0, so that
(15.8) leall <>~ llag ba—sll <> llagll 1on—ll
j=0 j=0

for every n > 0. Suppose that Z;io a; and Z?io b; converge absolutely with
respect to [|-|| on A, so that 372 [|a;|| and 37,2, [|bi]| converge as infinite series
of nonnegative real numbers. Observe that

159) 3ol < 32 (X sl ) = (3 hest) (3 ).

n=0 j=0 =0

using (15.8) in the first step. The second step in (15.9) uses the fact that
the right side of (15.8) is the same as the nth term of the Cauchy product of
> im0 llajll and 37,2 [|bi]], as infinite series of nonnegative real numbers. Hence
the sum over n is equal to the product of the two sums, as in the preceding
paragraph. In particular, > - ¢, converges absolutely with respect to || - ||
under these conditions.

If A is complete with respect to the metric associated to || - ||, then absolute
convergence of these series implies convergence in 4, as in Section 10. One can
check that (15.2) also holds in this situation. Basically, one can compare (15.3)
and (15.4) as before, and verify that the norms of the errors are small when N,
N1, Ny are sufficiently large.

Suppose now that || - || is an ultranorm on A4, so that
. < . < . .
(15.10) llenll < oréljagxn lla; bn—jll < Olgjagn(H%H [[6r—;ll)

for every n > 0. If

(15.11) lim |a;|| = lim ||&] =0,

j—oo l—o00
then one can check that
(15.12) nhHH;O llen]l = 0,
using (15.10). If A is also complete with respect to the ultrametric associated
to || - ||, then it follows that »-7° a;, 32,5, b;, and Y27 ¢, converge in A
with respect to || - ||, as in Section 10. Under these conditions, one can verify

that (15.2) holds again. This is analogous to the previous case, but using the
ultranorm version of the triangle inequality to estimate the errors.

25



Part II
Linear mappings, matrices, and
involutions

16 Some linear mappings
Let k£ be a field, and let X be a nonempty set. If z,y € X, then put

(16.1) 0z(y) = 1 whenzx=y
= 0 when z #y.

This defines ¢,.(y) as a k-valued function of y on X for each x € X. Of course,
0 is in the space coo(X, k) of k-valued functions on X with finite support for
every x € X. It is easy to see that the collection of d,, x € X, is a basis for
coo(X, k) as a vector space over k.

Let V be a vector space over k, and let a be a V-valued function on X, so
that a € ¢(X,V). If f € coo(X, k), then

(16.2) T.(f) =Y a(x) f(x)

zeX

is defined as an element of V', because a(z) f(z) is a V-valued function on X
with finite support. Clearly T, defines a linear mapping from cgo(X, k) into V.
Note that

(16.3) T.(0:) = a(x)

for every x € X. One can check that every linear mapping from cyo(X, k) into
V is of this form, because the d,’s form a basis for coo(X, k).

Let | - | be an absolute value function on k, and remember that & may be
considered as a one-dimensional vector space over itself, with | - | as a norm on
k. Thus ¢°°(X,k) and co(X, k) may be defined as in Section 8, and (X, k)
may be defined as in Section 9. Of course,

(16.4) 021161 (x,k) = 102l (x k) = 1

for each x € X.

Let N be a norm on V with respect to | - | on k, and suppose that a is
bounded on X with respect to N. If f € £}(X, k), then it is easy to see that
af e (X,V), with

(16.5) la fllecxvy < llalleex,vy [1fller (xn)-
Similarly, if f € £>°(X, k), then a f € £>°(X,V), with

(16.6) lla flless x,vy < llalless vy 1| Fl oo (x 1)
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If feco(X, k), then a f € ¢o(X, V).
If f € coo(X, k), then a f € coo(X, V), and T,(f) € V is defined as in (16.2).
We also have that

(16.7) N(To () < llafllexvy < llalle vy 1 e

using (7.6) in the first step, and (16.5) in the second step. If N is an ultranorm
on V, then

(16.8) N(To(f)) < lla flleex,vy < llalles vy [1f oo (x,5)5

using (7.7) in the first step, and (16.6) in the second step.

Of course, (16.7) says that T, is bounded as a linear mapping from coo (X, k)
into V, with respect to the /! norm on coo(X, k). If N is an ultranorm on V,
then (16.8) says that T, is bounded as a linear mapping from coo(X, k) into
V', with respect to the supremum norm on cpo(X, k). These inequalities also
imply that the corresponding operator norms of T, are less than or equal to
llallg=(x,vy- The operator norm of 7Tj, is equal to |al/s~(x,1y in both cases,
because of (16.3) and (16.4).

Suppose now that V is complete with respect to the metric associated to
N. If f € (1(X,k), then a f € ¢}(X,V), and the sum on the right side of
(16.2) can be defined as an element of V' as in Section 13. This defines T, as
a bounded linear mapping from ¢! (X, k) into V, with operator norm equal to
llalle=(x,v), as before. If N is an ultranorm on V, and f € co(X, k), then the
sum on the right side of (16.2) can be defined as an element of V' again, as in
Section 13. This defines T, as a bounded linear mapping from cy(X, k) into V
in this situation, with operator norm equal to ||a| ¢ x,v)-

Every linear mapping from coo(X, k) into V is of the form T, for some
a € ¢(X,V), as mentioned earlier. If T, is bounded with respect to the ¢! or
supremum norm on coo(X, V'), then it is easy to see that a € ¢*°(X, V), using
(16.3) and (16.4). If T is a bounded linear mapping from ¢*(X, k), then T is
determined by its restriction to coo(X, k), because coo(X, k) is dense in £*(X, k),
as in Section 9. It follows that every bounded linear mapping from ¢*(X, k) into
V is of the form T, for some a € £°°(X, V) when V is complete. Similarly, if N
is an ultranorm on V', and T is a bounded linear mapping from ¢y (X, k) into V/
with respect to the supremum norm on co(X, k), then T is of the form T, for
some a € {*°(X, V).

17 Bounded linear functionals

Let k be a field, and let V' be a vector space over k. As usual, a linear func-
tional on V is a linear mapping from V into k, where k is considered as a
one-dimensional vector space over itself. Let | - | be an absolute value function
on k, and let N be a norm on V with respect to | - | on k. A bounded linear
functional is a linear functional on V' that is bounded as a linear mapping from
V into k, using | - | as a norm on k. The space of bounded linear functionals
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on V is denoted V', which is the same as BL(V, k) in the notation of Section
11. This is the dual space associated to V, and it is a vector space over k with
respect to pointwise addition and scalar multiplication. The dual norm N’ on
V' associated to N on V is the same as the operator norm in this situation.
Thus if A € V| then

(17.1) @) < N() N ()

for every v € V, and N’ is the smallest nonnegative real number with this
property. If | - | is an ultrametric absolute value function on k, then N’ is an
ultranorm on V’; as in Section 11. If k is complete with respect to the metric
associated to | - |, then V' is complete with respect to the metric associated to
the dual norm, as in Section 12.

Let us continue to ask that k be complete with respect to the metric associ-
ated to |-]. Let X be a nonempty set, and let a be a bounded k-valued function
on X. If f € ¢1(X, k), then put

(17.2) Xa(f) =Y alz) f(x),

zeX

where the sum on the right side of (17.2) can be defined as in Section 13. This is
the same as in the previous section, with V = k. This defines a bounded linear
functional on ¢'(X, k), with dual norm equal to ||a|[s=(x k). Every bounded
linear functional on ¢!(X, k) is of this form, so that the dual of ¢!(X, k) can
be identified with £*°(X, k). The cases where k¥ = R or C with the standard
absolute value functions are of particular concern here.

Suppose that | - | is an ultrametric absolute value function on a field k, and
that k is complete with respect to the corresponding ultrametric, as before. If
a € (°(X, k), then (17.2) defines a bounded linear functional on ¢o(X, k), with
respect to the supremum norm on c¢g(X, k). This follows from the remarks in
the previous section again, with V' = k. As before, the dual norm of (17.2) on
co(X, k) is equal to [|a| ¢ (x k), and every bounded linear functional on co(X, k)
is of this form. Thus the dual of ¢y (X, k) can be identified with £°° (X, k) in this
situation.

Let us now take k = R or C, with the standard absolute value function. If
a € (*(X,k) and f € £*°(X, k), then a f € £*(X, k), with

(17.3) lla fllex,ny < llallecxry 1 e (x,0)s

as in (16.5). This implies that A\,(f) can be defined as an element of k as in
(17.2), as discussed in Section 13, with

(17.4) Aa(A < Mla flleraery < Nallerxmy 11l x5

Thus A, defines a bounded linear functional on £*°(X, k), with dual norm less
than or equal to ||alln(x,k). The dual norm of A, on £*°(X, k) is equal to
llaller(x % in this case, because there is an f € £>°(X, k) such that || f{|pe(x k) =

(17.5) a(x) f(z) = |a(z)|



for every x € X, and hence

(17.6) Xa() = la(@)] = llallexr)-

zeX

The restriction of A\, to co(X, k) defines a bounded linear functional on
co(X, k), with respect to the restriction of the supremum norm to ¢o(X, k). The
dual norm of the restriction of A\, to co(X, k) is clearly less than or equal to
llaller(x k), and we would like to verify that they are equal. To do this, let E
be a nonempty finite subset of X, and let f be a k-valued function on X with
support contained in £ such that ||f|[g~(x,x = 1 and (17.5) holds for every
x € E. Observe that
(17.7) Xa(f) = la(x)],

zEFR
and that this is less than or equal to the dual norm of the restriction of A\, to
co(X, k). This implies that the dual norm of the restriction of A, to ¢o(X, k) is
equal to ||al/¢(x k), by taking the supremum over all nonempty finite subsets E
of X.

Let A be any bounded linear functional on ¢o(X, k), with respect to the
restriction of the supremum norm to ¢o(X, k). Put

(17.8) a(x) = Ndy)

for each © € X, where §, is as in (16.1). This defines a k-valued function
on X, which determines a linear functional A\, on coo(X, k) as in (17.2). If
f € coo(X, k), then it is easy to see that

(17.9) Aa(f) = A(F),

by expressing f as a linear combination of the d,’s. Using this, one can check
that a € (*(X, k), with llaller(x k) less than or equal to the dual norm of A
on ¢o(X, k), by the same type of argument as in the preceding paragraph. In
particular, A, also defines a bounded linear functional on ¢o(X, k), as before.
It follows that (17.9) holds for every f € c¢o(X, k), because coo(X, k) is dense
in ¢o(X, k) with respect to the supremum metric. This shows that the dual of
co(X, k) can be identified with ¢*(X, k) when k = R or C, with the standard
absolute value function.

Let k be a field with an ultrametric absolute value function | - | again, and
suppose that k is complete with respect to the ultrametric associated to | - |. If
a € co(X, k) and f € (X, k), then a f € co(X, k), as in the previous section.
This implies that the sum on the right side of (17.2) can be defined as an element
of k, as in Section 13. Thus A, defines a linear functional on £*°(X, k), with

(17.10) [Aal )] < lla fllew .y < llallese ey [1Flle )

for every f € ¢°°(X,k). This means that A, is a bounded linear functional
on (*°(X, k), with dual ultranorm less than or equal to ||a||¢ex k). The dual
ultranorm of A, on £>°(X, k) is equal to [|a||¢ex ), because

(17.11) Aa(0z) = a(x)
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for every © € X. More precisely, the dual ultranorm of the restriction of A, to
co(X, k) is equal to ||al/ge(x k) too, using the restriction of the supremum norm
to co(X, k).

18 Inner product spaces

Suppose for the moment that V and W are vector spaces over the complex
numbers, and remember that V', W can also be considered as vector spaces over
the real numbers. A mapping T from V into W is said to be real or complex
linear if T is linear when V', W are considered to be vector spaces over the real
or complex numbers, respectively. Note that a real-linear mapping T from V
into W is complex linear exactly when

(18.1) T(iv) =iT(v)

for every v € V. A real-linear mapping T from V into V is said to be conjugate
linear if
(18.2) T(iv) =—iT(v)

for every v € V. This implies that
(18.3) T(av) =aT(v)

for every a € C and v € V, where @ is the complex-conjugate of a.

Now let V' be a vector space over the real or complex numbers, and let (v, w)
be a real or complex-valued function, as appropriate, defined for v,w € V. As
usual, (v, w) is said to be an inner product on V if it satisfies the following three
conditions. The first condition asks that

(18.4) Aw(v) = (v, w)

be a linear functional on V', as a function of v, for every w € V. The second
condition asks that
(18.5) (v, w) = (w,v)

for every v,w € V in the real case, and that

(18.6) (v, w) = (v, w)

for every v,w € V in the complex case. It follows that (v,w) is linear as a
function of w for every v € V in the real case, and conjugate-linear in the
complex case. Note that

(18.7) (v,v) €R

for every v € V' in the complex case, by (18.6). The third condition asks that
(18.8) (v,v) >0

for every v € V with v # 0.
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Suppose that (v, w) is an inner product on V, and put
(18.9) ol = {v,v)*/
for every v € V. The Cauchy-Schwarz inequality states that
(18.10) (v, w)| < [Jo]l [|wl]

for every v,w € V. One can use this to show that (18.9) defines a norm on
V' with respect to the standard Euclidean absolute value function on R or C,
as appropriate. The standard inner product on R™ is defined for each positive
integer n by

(18.11) (v, w) =Y vjw;
j=1

for every v, w € R"™. Similarly, the standard inner product is defined on C™ by
n
(18.12) (v, w) = ZijTj
j=1

for every v,w € C™.

Let (v, w) be an inner product on a vector space V' over the real or complex
numbers again. Alsolet w € V be given, so that (18.4) defines a linear functional
Aw on V. The Cauchy—Schwarz inequality implies that A, is a bounded linear
functional on V' with respect to the norm (18.9), with dual norm less than or
equal to ||w||. Tt is easy to see that the dual norm of A, is equal to ||w]|, because

(18.13) Aw(w) = (w, w) = [lw]]*.
Similarly, one can check that
(18.14) [oll = sup{[(v, w)| : w € V, [Jw]| <1}

for every v € V.

19 Hilbert spaces

Let (V,(-,)v) be a real or complex inner product space, and let || - |y be
the corresponding norm, as in (18.9). If V is complete with respect to the
metric associated to this norm, then V is said to be a Hilbert space. Otherwise,
one can pass to a completion, as in Section 12. More precisely, (-,-)y can be
extended continuously to the completion of V', and this extension defines an
inner product on the completion of V. The norm associated to the extension of
(+,-)v to the completion of V' is the same as the continuous extension of | - ||y
to the completion of V', so that the completion of V' is a Hilbert space too.
Remember that (18.4) defines a bounded linear functional on V for every
w € V. If V is a Hilbert space, then it is well known that every bounded linear
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functional on V is of this form for some w € V. It is easy to see that this
representation is unique.

Suppose that (V, (-, -)v) and (W, (-, -)y) are Hilbert spaces, both real or both
complex, and with the corresponding norms || - ||y and || - ||w, respectively. If T
is a bounded linear mapping from V into W, and if w € W, then

(19.1) v (T(W),w)w
defines a bounded linear functional on V. Indeed,

(19.2) (T (), wyw| < T )llv [wliw < T llop,vw [[v]lv [[wlw

for every v € V, where ||T||,p,vw is the operator norm of T' with respect to
Il - v and || - |[w. This implies that (19.1) is a bounded linear functional on V'
with respect to || - ||y, with dual norm less than or equal to ||T||op vw ||w|lw. It
follows that there is a unique element T*(w) of V such that

(19.3) (T(),w)yw = (v, T"(w))y
for every v € V| because V is a Hilbert space. We also have that
(19.4) 1T (w)llv < I Tlop,vw llwllw,

because the dual norm of (19.1) is equal to | T (w)||v, and less than or equal to
the right side of (19.4). One can check that T defines a linear mapping from
W into V', which is known as the adjoint of T'. More precisely, T is a bounded
linear mapping from W into V', with

(19'5) HT*HOP,WV < ||T||0p’VW7

by (19.4). Similarly,

(19.6) [(T'(v), wyw| = [(0, T*(w))v | < [0 1T (w)]lv < o[l [T [lop,wv [Jw]]
for every v € V and w € W, which implies that

(19.7) 1T () llw < [0l 1T lop,wv

for every v € V. This shows that ||T|lop.vw < [|T*| ep,wv, so that

(19.8) HT*”OP,WV = ||T||0p’VW~

The adjoint (T*)* of T* is defined as a bounded linear mapping from V' into
W in the same way, and one can verify that

(19.9) (T*)* =T.

The mapping T +— T* is linear as a mapping from BL(V, W) into BL(W, V) in
the real case, and conjugate-linear in the complex case. The identity mapping
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Iy on V defines a bounded linear mapping from V into itself, and it is easy to
see that

(19.10) Iy =1y

as bounded linear mappings from V into itself.

Let (Z, (-,-)z) be another Hilbert space, which is real or complex depending
on whether V' and W are real or complex. If 77 is a bounded linear mapping
from V into W, and T is a bounded linear mapping from W into Z, then T 0T}
is a bounded linear mapping from V into Z, as in Section 11. One can check
that
(19.11) (TooTh)" =Ty o T3

as bounded linear mappings from Z into V.

20 Isometric linear mappings

Let k be a field with an absolute value function | - |, and let V', W be vector
spaces over k with norms Ny, Ny, respectively. A linear mapping 7' from V'
into W is said to be an isometry with respect to Ny, Ny if

(20.1) Nw (T'(v)) = Ny (v)

for every v € V. In particular, this implies that the kernel of T is trivial, so
that T is injective. Of course, (20.1) implies that T is a bounded linear mapping
from V into W, with operator norm equal to 1 when V # {0}.

Suppose that T is a one-to-one linear mapping from V onto W, so that the
inverse mapping 7! is defined as a linear mapping from W onto V. In this
case, T is an isometry from V onto W if and only if 77! is an isometry from W
onto V. If T is a bounded linear mapping from V onto W, T~ is a bounded
linear mapping from W onto V', and

(20-2) ||T||0p,VW7 ||T71||0;v7WV <1,

then one can check that 7" is an isometry.
Let us now take k¥ = R or C with the standard absolute value function for
the rest of the section. Let (V, (-,-)y) and (W, (-,-)w) be Hilbert spaces again,

both real or both complex, and with corresponding norms || - ||y and | - ||lw,
respectively. Suppose that a linear mapping 7" from V into W satisfies

(20.3) (T'(u), T(w))w = (u,v)v

for every u,v € V. This implies that T is an isometry with respect to || - ||y and

Il - llw, by taking w = v. It is well known that the converse holds, because of
polarization identities. If T" also maps V onto W, then T is said to be unitary.
In the real case, T' may be called an orthogonal linear transformation.

Now let T' be any bounded linear mapping from V into itself, so that the
adjoint T™* of T is defined as a bounded linear mapping from W into V, as in
the previous section. If u,v € V, then

(20.4) (T"(T'(u)),v)v = (T'(u),T(v))w.
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Using this, one can check that (20.3) holds if and only if
(20.5) T oT =1y,

where Iy, denotes the identity mapping on V', as before. If T maps V onto W,
then (20.5) implies that T is invertible as a linear mapping from V onto W,
with T-1 = T,

If T is any bounded linear mapping from V into W and v € V, then

(20.6) (T*(T(v),v)v = 1Ty
by taking v = v in (20.4). This implies that
(20.7) 1T < 1T (T @)lv [ollv < T 0 Tllop,vv [I0]F

for every v € V, using the Cauchy—-Schwarz inequality in the first step, and the
definition of the operator norm in the second step. It follows that

(20.8) IT15pvw < 1T 0 Tllopvy-

We also have that

(20.9) IT* 0 Tllop,vv < ITllopvw 1T lopwrv = IIT1I2p vw
using (11.8) in the first step, and (19.8) in the second step. Thus
(20.10) 1T 0 Tllop,vv = I T155,vw

by combining (20.8) and (20.9).

21 n x n Matrices

Let R be a ring, and let n be a positive integer. The space of n X n matrices with
entries in R is denoted M, (R). Of course, M,,(R) is a commutative group with
respect to addition of matrices, which is defined using addition on R in each
entry. If A = [a;;] and B = [b;;] are elements of M, (R), then their product is
defined to be the element C' = [¢;;] of M, (R) given by

n
(21.1) =Y b
r=1

for every j,1 =1,...,n, as usual. It is well known and easy to see that M, (R) is
a ring with respect to matrix multiplication. If R has a multiplicative identity
element e, then the identity matriz I in M, (R) is defined to be the matrix
with diagonal entries equal to e, and off-diagonal entries equal to 0. This is the
multiplicative identity element in M, (R) in this case.

Let k be a field, and let A be an algebra over k. Note that M, (A) is a
vector space over k, where addition and scalar multiplication of matrices is
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defined entry-wise. More precisely, M,,(A) is an algebra over k with respect to
matrix multiplication. Let |- | be an absolute value function on k, and let N be
a seminorm on A with respect to |- | on k. If A =[a;;] € M, (A), then put
21.2 Ny (A) = N(aj;).

(21.2) o(d) = max N(a;i)

It is easy to see that this defines a seminorm on M, (A) with respect to | - |
on k, which is a norm when N is a norm on A. If N is a semi-ultranorm on
A, then N is a semi-ultranorm on M,,(A) with respect to | - | on k. If N
is a submultiplicative semi-ultranorm on A, then one can check that N, is

submultiplicative on M, (A).
Similarly, if A = [a;;] € M, (A), then put

(21.3) Nioo(A) = max (ZN(%)).
== 1
One can verify that this also defines a seminorm on M,,(A) with respect to | - |
on k, which is a norm when N is a norm on A. Observe that
(21.4) Nao(A4) < Ny ao(A) < 1 Noo (4)

for every A € M, (A). Suppose that N is submultiplicative on A, and let us
check that N o is submultiplicative on M, (A). Let A = [a;;] and B = [b;,]
be elements of M,,(A), and let C' = [¢;,] be as in (21.1). Thus

M=

(21.5) N(cj)) <Y N(ajrbra) <Y Naj,) N(bry)
r=1 r=1
for each 5, = 1,...,n. Summing over j, we get that
(216) S N(ea) < > (ZN(%,) N(bnl))
j=1 j=1 r=1

I
\E
NE

(

< Npoo(A) (i:N(br,l)) < N1oo(A) N1,0o(B)

N(az.r) N(br))

r=1 1

<.
Il

for each [ = 1,...,n. This implies that
(21.7) N1,00(C) < N1,06(A) N1,oo(B),

as desired, by taking the maximum over [ =1,... n.
If A=la;;] € M,(A) again, then put

(21.8) Noc1(A) = max (Z N(aj,l)).



As before, this is a seminorm on M,,(A) with respect to |- | on k, and a norm
when N is a norm on A. We also have that

(21.9) Nao(A) < Noo1(A) < 1 Nool(4)

for every A € M,,(A), as in (21.4). Let us verify that N 1 is submultiplicative
on M, (A) when N is submultiplicative on A. Let A = [a;;], B = [b;] € M,(A)
be given, let C' = [¢;,] be as in (21.1), and remember that (21.5) holds for every
7,01 =1,...,n under these conditions. In this case, we can sum over [ to get
that

n
(21.10) > N(eju)
=1

Il IN
M-It
VR /N

NE
= =

g

g F
= =

=1 =1
< (ZN(aJT)) Noo,l(B)<NOO 1(A)N00 1(B)
r=1
for every j =1,...,n. Hence
(21.11) Noo1(C) < Neo,1(A) Noo 1(B),
as desired, by taking the maximum over j =1,...,n.

22 Involutions

Let R be a ring, so that R is a commutative group with respect to addition in
particular. Also let
(22.1) x

be a mapping from R into itself that is a group homomorphism with respect to
addition. If

(22.2) (zy)" =y" "
for every z,y € R, and
(22.3) (") ==z

for every x € R, then (22.1) is said to be an (ring) involution on R. Note that
the identity mapping on R is a ring involution when R is commutative.

Let n be a positive integer, and let M, (R) be the ring of n x n matrices
with entries in R, as in the previous section. If A = [a;;] € M, (R), then the
transpose of A is the matrix A" = [a} ] € M,(R) defined by

(22.4) al; = ay
for j,Il =1,...,n, as usual. Observe that
(22.5) A A
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is a group isomorphism from M, (R) into itself with respect to addition, and
that
(22.6) (AHt=A

for every A € M, (R).
Let (22.1) be an involution on R. If A = [a;;] € M,(R), then let A™ =
[a%%] € M,,(R) be defined by

(22.7) ajy = (aj,)" = (a;)"
for 5,1 =1,...,n. It is well known and easy to see that
(22.8) A AT

defines an involution on M, (R). If R is commutative, then we can take (22.1)
to be the identity mapping on R, so that (22.5) is an involution on M, (R).

Let k be a field, and let A be an algebra over k. A linear mapping from A
into itself is said to be an (algebra) involution on A if it is an involution on A as a
ring. If kK = C, then a conjugate-linear mapping on A is said to be a conjugate-
linear involution on A if it is an involution on A as a ring. In particular,
complex-conjugation may be considered as a conjugate-linear involution on C.

Let | - | be an absolute value function on k, and let N be a seminorm on .4
with respect to |- | on k. Also let (22.1) be an algebra involution on A, which
may be conjugate-linear when k = C. A basic compatibility condition between
(22.1) and N is that (22.1) be bounded with respect to N, so that

(22.9) N(z*) < C N(x)
for some C' > 0 and every = € A. This implies that
(22.10) N(z) = N((z*)*) < CN(z")

for every x € A, because of (22.3). In particular, if (22.9) holds with C' = 1,
then
(22.11) N(z*) = N(x)

for every x € A.

Let (V,(v,w)y) be a real or complex Hilbert space, and consider the al-
gebra BL(V) of bounded linear mappings from V into itself. The mapping
from T € BL(V) to its adjoint T* defines an involution on BL(V'), which is
conjugate-linear in the complex case, as in Section 19. We have also seen that
this involution preserves the operator norm, as in (19.8).

Let A be an algebra over a field k£ again, let n be a positive integer, and let
M, (A) be the algebra of n x n matrices with entries in .4, as in the previous
section. Also let |-| be an absolute value function on k, and let N be a seminorm
on A with respect to |- | on k. Note that (22.5) defines a linear mapping from
M,,(A) into itself. If A € M,,(A), then

(22'12) Noo(At) :NOO(A)a
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where Ny is as defined in (21.2). Similarly,
(22.13) Nioo(A") = Noo,1(4),

where N1 o, Noo,1 are as defined in (21.3), (21.8), respectively.

Let (22.1) be an algebra involution on A, which may be conjugate-linear
when k = C, and suppose that (22.9) holds for some C' > 0. If A € M,(A),
and A™ is as in (22.7), then

(22.14) Noo(A™) < CNi(A),
(22.15) Nioo(A™) < CNooi(A),
and

(22.16) Neo,1(A™) < C Nioo(A).

If C =1, so that (22.11) holds, then equality holds in (22.14), (22.15), and
(22.16) as well.

23 Infinite matrices

Let R be a ring, let X be a nonempty set, and let ¢(X, R) be the space of R-
valued functions on X. This is a commutative group with respect to pointwise
addition of functions, and a ring with respect to pointwise multiplication. As
before, the support of f € ¢(X,R) is the set of x € X such that f(z) # 0,
and we let coo(X, R) be the set of f € ¢(X, R) whose support has only finitely
many elements. In particular, coo(X, R) is a subgroup of ¢(X, R) with respect
to addition.

An element a of ¢(X x X, R) may be considered as a matrix with entries in
R, using the elements of X as indices. Let a,b € ¢po(X x X, R) be given, and
put
(23.1) clx,y) = Z a(z,w) b(w,y)

weX

for every x,y € X. More precisely, for each z,y € X, all but finitely many terms
in the sum on the right side of (23.1) are equal to 0, so that the sum defines
an element of R. Thus (23.1) defines an R-valued function on X x X, and one
can check that this function has finite support too. The product of a and b
in coo(X x X, R) is defined to be ¢ in this discussion, in analogy with matrix
multiplication. In particular, if n is a positive integer and X = {1,...,n},
then coo(X x X, R) = ¢(X x X, R) corresponds to the space M, (R) of n X n
matrices with entries in R, and (23.1) corresponds to (21.1). One can check
that coo(X x X, R) is a ring with respect to this definition of multiplication,
and pointwise addition of functions.

Put
c001(X X X,R) = {a€c(X xX,R): foreachy e X, a(z,y) =0
(23.2) for all but finitely many x € X}.
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Equivalently, cgo,1(X x X, R) consists of a € ¢(X x X, R) such that for each
y € X, a(z,y) has finite support as an R-valued function of z € X. Note that
00,1 (X X X, R) is a subgroup of ¢(X x X, R) with respect to pointwise addition
of functions, and that

(233) CO()(X X )(7 R) - COO,I(X X X, R)

Let a,b € coo1(X x X, R) be given, and let us check that (23.1) defines an
element of cpp,1(X x X, R) as well. To do this, let y € X be given, and put

(23.4) By ={w e X : b(w,y) # 0},

so that B, has only finitely many elements, because b € cgp,1(X x X, R). Thus
(23.1) reduces to
(23.5) cl,y) = Y alz,w)b(w,y),

we By

which defines an element of R for every z € X, and is interpreted as being equal
to 0 when B, = (). We also have that (23.5) is equal to 0 for all but finitely
many z € X, because a € cgp1(X x X, R). This shows that (23.1) defines an
element of ¢gg,1 (X x X, R), and we take c to be the product of a and b, as before.
One can verify that cpp,1(X x X, R) is a ring with respect to pointwise addition
of functions and this definition of multiplication.

Similarly, put

coo2(X X X,R) = {a€c(X xX,R): foreachz € X, a(z,y) =0
(23.6) for all but finitely many y € X}.

This is a subgroup of ¢(X x X, R) with respect to pointwise addition of functions,
and
(237) Coo(X X )(7 R) - 00072(X X X, R),

as before. If a,b € cpo2(X x X, R), then one can check that (23.1) defines an
element of cpo2(X x X, R), using the same type of argument as in the preceding
paragraph. This makes cgp2(X x X, R) into a ring, with respect to pointwise
addition of functions, and this definition of multiplication.

If a € ¢(X x X, R), then let a’ € ¢(X x X, R) be defined by

(23.8) a'(x,y) = a(y, x)
for every x,y € X. Clearly
(23.9) a s at

is a group isomorphism from ¢(X x X, R) onto itself with respect to addition,
with
(23.10) (a)' =a

for every a € ¢(X x X, R). Of course, (23.9) corresponds to the transpose of a
matrix in this situation. Note that (23.9) maps coo(X x X, R) onto itself, and
maps cpo,1(X x X, R) onto cgp2(X x X, R).
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Put
(2311) 000712(X X )(7 R) = COO,I(X X X, R) N CQO,Q(X X X, R),

which is a subring of c¢po,1(X x X, R) and cgp2(X x X, R). Using (23.3) and
(23.7), we get that

(2312) CQ()(X X X, R) - 000712(X X X, R)

We also have that (23.9) maps cgo,12(X x X, R) onto itself, because it maps
00,1 (X X X, R) onto cgp 2(X x X, R). If R has a multiplicative identity element
e, then let § € ¢(X x X, R) be defined by

(23.13) d(z,y) = e whenzx=y
= 0 when x #y.

This is an element of ¢gp 12(X x X, R), and the multiplicative identity element
in C()O’l(X X X, R) and COO’Q(X X X, R)

Let r + r* be an involution on R. If a € ¢(X x X, R), then let a™* in
¢(X x X, R) be defined by

(23.14) a"(z,y) = (a'(z,y))" = a(y, 2)*
for every z,y € X. Observe that
(23.15) a a™

is a group isomorphism from c¢(X x X, R) onto itself with respect to addition,
with
(23.16) (a™)* =a

for every a € ¢(X x X, R). As before, (23.15) maps coo(X x X, R) onto itself,
00,1 (X X X, R) onto cgo2(X x X, R), and cgo12(X x X, R) onto itself. If a, b
are elements of cpp 1 (X x X, R), then it is easy to see that

(23.17) (ab)™ = b™ a'*,

where multiplication is defined as in (23.1). Of course, this also works when
a,b € co,2(X x X, R). In particular, (23.15) is an involution on cpp,12(X x X, R),
and hence on ¢go(X x X, R).

24 Double sums

Let X be a nonempty set, and let A be a commutative group, with the group
operations expressed additively. The space ¢(X, A) of A-valued functions on
X is also a commutative group with respect to pointwise addition of functions.
As usual, the support of f € ¢(X,A) is defined to be the set of © € X such
that f(z) # 0. Let coo(X, A) be the set of f € ¢(X,A) with finite support
in X, which is a subgroup of ¢(X, A). If f € coo(X,A), then > _y f(x) can
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be defined as an element of A, and this defines a group homomorphism from
Coo (X, A) into A.

Let X, Y be nonempty sets, so that their Cartesian product X x Y is a
nonempty set as well. If f € ¢oo(X x Y, A), then

(24.1) Ix@) =Y f(a,y)
yey

is defined as an element of A for each z € X, and

(24.2) )= f(z.y)

zeX

is defined as an element of A for each y € Y. It is easy to see that fx and fy
have finite support as A-valued functions on X and Y, respectively, so that

(24.3) > fx(@)

reX

and

(24.4) > fr(y)
yey

are defined as elements of A too. The double sum

(24.5) > fy)

(z,y)€EX XY

can also be defined as an element of A. Of course, the iterated sums (24.3) and
(24.4) are equal to (24.5).

Now let f be a nonnegative real-valued function on X x Y. The sums (24.1),
(24.2), and (24.5) can be defined as nonnegative extended real numbers, as in
Section 9. The iterated sums (24.3) and (24.4) can also be defined as nonnegative
extended real numbers, with the convention that the sum is automatically +oo
when any of the terms is +00. One can check that (24.3), (24.4), and (24.5)
are the same in this situation too, by approximating all of these sums by finite
subsums.

Let k be a field with an absolute value function |- |, let V' be a vector space
over k, and let N be a norm on V with respect to | - | on k. Suppose that V'
is complete with respect to the metric associated to N. Let f be a V-valued
function on X x Y that is summable with respect to N. Thus the double sum
(24.5) can be defined as an element of V, as in Section 13. Observe that f(z,y)
is summable as a V-valued function on x € X for each y € Y, and similarly
that f(z,y) is summable as a V-valued function of y € Y for each z € X.
This permits us to define fx(z) and fy (y) as V-valued functions on X and Y,
respectively, as in (24.1) and (24.2), and using the remarks in Section 13 again.
We also have that
(24.6) N(fx(@) <> N(f(z,y))

yey
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for every x € X, and

(24.7) N(fy(y) < > N(f(z,y))

zeX
for every y € Y. It follows that

(248) Y NUx@) <D (X NCG@w)) = Y N(fy)

zeX rzeX yey (z,y)eX XY

and

(249 NN D (X NC@w) = Y NU@w),
yeyYy yey zeX (z,y)EX XY

using the previous remarks about double sums of nonnegative real numbers. In
particular, fx is summable as a V-valued function on X, and fy is summable
as a V-valued function on Y. This means that the sums (24.3) and (24.4) can
also be defined as elements of V', as in Section 13. Under these conditions, one
can check that the iterated sums (24.3) and (24.4) are equal to the double sum
(24.5). More precisely, this was mentioned earlier when f has finite support in
X xY, and otherwise one can approximate f by V-valued functions with finite
support in X x Y with respect to the ¢! norm.

Suppose now that N is an ultranorm on V', and that V is still complete with
respect to the ultrametric associated to N. Let f be a V-valued function on
X XY that vanishes at infinity with respect to N. In this case, the double sum
(24.5) can be defined as an element of V, as in Section 13 again. It is easy to
see that f(x,y) vanishes at infinity as a V-valued function of z € X for every
y € Y, and as a function of y € Y for every z € X. Hence fx(z) and fy(y)
may be defined as V-valued functions on X and Y, respectively, as in (24.1)
and (24.2), using the remarks in Section 13. In this situation,

(24.10) N(fx () < max N(f (zy)

for every x € X, and
(24.11) N(fy(y)) < max N(f(z,y))

for every y € Y. One can verify that the right side of (24.10) vanishes at infinity
as a nonnegative real-valued function of x € X, because f(x,y) vanishes at
infinity on X x Y, by hypothesis. Similarly, the right side of (24.11) vanishes at
infinity as a nonnegative real-valued function of y € Y. This implies that the
iterated sums (24.3) and (24.4) can be defined as elements of V', as in Section 13.
One can check that the iterated sums (24.3) and (24.4) are equal to the double
sum (24.5), by approximating f by V-valued functions with finite support in
X x Y with respect to the supremum norm.

25 A summability condition

Let k be a field with an absolute value function | - |, let A be an algebra over
k with a submultiplicative norm N with respect to | - | on k, and suppose that
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A is complete with respect to the metric associated to N. Also let X be a
nonempty set, and remember that the space ¢(X x X, .A) of A-valued functions
on X x X is a vector space over k with respect topointwise addition and scalar
multiplication. If a is an element of ¢(X x X, .A), then

(25.1) Neo(a) = sup N(a(z,y))
z,yeX

and

(25.2) Nioo(a) = sup (;{N(a(x,y)))

are defined as nonnegative extended real numbers. Note that (25.1) and (25.2)
correspond to (21.2) and (21.3) when X = {1,...,n} for some positive integer
n. Of course, (25.1) is finite exactly when a is bounded on X x X, in which
case (25.1) is the same as the supremum norm of a. Put

(25.3) MY®(A) = {a € (X x X, A) : N o(a) < c0}.

One can check that (25.3) is a linear subspace of ¢(X x X, A), and that (25.2)
defines a norm on (25.3) with respect to | - | on k. Clearly

(25.4) Noo(a) < Ny oo(a)

for every a € ¢(X x X,A), so that (25.3) is contained in £*°(X x X, A). One
can also verify that (25.3) is complete with respect to the metric associated to
(25.2), because A is complete by hypothesis.

Let a,b € My (A) be given. We would like to put

(25.5) clx,y) = Z a(z,w) b(w, y)

weX

for every z,y € X, as in Section 23. Of course,

(25.6) > N(a(w,w)b(w,y)) < Y N(a(z,w)) N(b(w,y))

weX weX

for every x,y € X, because N is submultiplicative on A. The right side of
(25.6) is finite for every z,y € X, because b € My (A), and N(a(z,w)) is
bounded. Thus the right side of (25.5) may be defined as an element of A for
every z,y € X, as in Section 13. Note that the norm of (25.5) with respect to
N is less than or equal to the left side of (25.6) for every x,y € X. This implies
that

(25.7) > Ne(ay) < 2 (D2 Nlata, w) N(b(w,y)))

zeX rzeX weX

for every y € X. It follows that

(25.8) > Nelwy) < S (S Nlalw,w) N(b(w,y))

reX weX zxeX
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for every y € X, by interchanging the order of summation on the right side of
(25.7), as in the previous section. Hence

(25.9) Y N(c(x,y)) < Nioo(a) D N(b(w,y)) < Nioo(a) Ni,oo(b)
reX weX

for every y € X, by the definition (25.2) of Ny . This shows that ¢ € My™(A),
with
(25.10) Ni,0o(€) < Ni,0o(@) N1 oo (D).

As before, we take ¢ to be the product of a and b, which may be expressed as
(25.11) c=ab.

It is easy to see that this operation of multiplication is bilinear on My (A).
Now let a, b, ¢ be any elements of M)lgoo(.A). In order to show that multi-
plication is associative on M ;goo(A), one would like to verify that

(25.12) Z ( Z a(z,w) b(w,z)) c(z,y) = Z a(z,w) ( Z b(w, z) C(z,y))
z€X  weX weX zeX

for every z,y € X. More precisely, the left side of (25.12) is (ab) ¢ evaluated
at z, y, and the right side is a (b¢) evaluated at z, y. Equivalently, this means
that

(25.13) Z ( Z a(z,w) b(w, z) c(z,y)) = Z (Z a(z,w)b(w, z) c(z7y))

zeX weX weX zeX

for every z,y € X, so that one would like to interchange the order of summation.
If x,y € X, then

(25.14) Z ( Z N(a(z,w)b(w, ) c(z,y)))

zeX weX
< 3 (X Natw,w) Nbw, 2)) Ne(z,9)))
zeX weX
< Naol) D2 (D2 Nlb(w, ) Nelz,9)) )
zeX weX
< Noo(@) Nioo(B) D2 N(e(2,9)) < Noo(a) N1, (0) Ni o (€).
zeX

This implies that for each z,y € X,
(25.15) a(z,w)b(w, z) c(z,y)

is summable with respect to N as an A-valued function of w and z on X x X.
This permits one to interchange the order of summation in (25.13), by the
remarks in the previous section.
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Suppose that A has a multiplicative identity element e, and let § be the
A-valued function on X x X defined by

(25.16) d(z,y) = e whenzx=y
= 0 when x #y.

Observe that

(25.17) N1,00(6) = N(e).

In particular, § € M)IC’OO(A), and it is easy to see that § is the multiplicative
identity element in M)l(’oo(.A)7 as in Section 23.

26 Another summability condition

Let us continue with the same notation and hypotheses as in the previous sec-
tion. If a € ¢(X x X, A), then

(26.1) Noo(a) = sup ( > N(a(z, y)))
yeX

rzeX

is defined as a nonnegative extended real number, which corresponds to (21.8)
when X = {1,...,n} for some positive integer n. As before, one can verify that

(26.2) MM A) ={a € (X x X, A): Nop1(a) < 00}

is a linear subspace of ¢(X x X, A), and that (26.1) defines a norm on (26.2)
with respect to | - | on k. Note that

(26.3) Noo(a) < Neo,1(a)

for every a € ¢(X x X, A), where Ny (a) is as in (25.1), so that (26.2) is contained
in £*°(X x X, A). One can check that (26.2) is complete with respect to the
metric associated to (26.1), because A is supposed to be complete, as in the
preceding section.

Ifa,b € My'(A), then we would like to define ¢(z, y) as an element of A for
every x,y € X as in (25.5). In this situation, the right side of (25.6) is finite for
every z,y € X, because a € M}O(O’l(.A) and N (b(w,y)) is bounded. This permits
us to define ¢(z,y) as an element of A as in (25.5) for every z,y € X, using the
remarks in Section 13 again. As before, the norm of ¢(x,y) with respect to N
is less than or equal to the left side of (25.6) for every z,y € X. Thus

(26.4) > Nelwy) < Y- (D2 Nlalz, w) N(b(w, )
yeX yEX weX

for every x € X. We can interchange the order of summation on the right side,
as in Section 24, to get that

(26.5) > Ne(w,y) < Y (3 Nalw,w) Np(w,y)))

yeyY weY yeX
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for every x € X. It follows that

(26.6) > N(c(x,9)) < Noo1(b) Y N(a(z,w)) < Noo1(a) Noo,1(b)
yey weX

for every x € X, by the definition (26.1) of N 1. Hence c € M;O’l(A), with
(26.7) Neo,1(€) < Noo,1(a) Noo,1(b).

We take ¢ to be the product of a and b again, which may be expressed as ab.
This operation of multiplication is clearly bilinear on M5 (A).

In order to show that multiplication is associative on My'(A), one should
check that (25.12) holds for every a,b,c € M5 " (A) and z,y € X. This is the
same as (25.13), as before. In this situation, we observe that

(26.8) Z ( Z N(a(z,w)b(w, 2) ¢(z, y)))

weX zeX
< 3 (3 Nalw,w) Nbw, 2)) Ne(z,)) )
weX ze€X
< Nlo) Y0 (D Nlatww) N, 2)
weX zeX
< Neo,1(b) Noo(c) Z N(a(z,w)) < Noo1(a) Noo,1(b) Neo(c)
weX

for every x,y € X. It follows that (25.15) is summable with respect to N as an
A-valued function of w,z € X for every xz,y € X. Thus one can interchange
the order of summation in (25.13), as in Section 24.

If A has a multiplicative identity element e, then we define § € ¢(X x X, A)
as in (25.16). Clearly
(26.9) Noo1(d) = N(e),

so that § € My (A). Tt is easy to see that ¢ is the multiplicative identity
element in M3"(A), as before.
If a € ¢(X x X, A), then a' € ¢(X x X, A) is defined by

(26.10) a'(z,y) = aly, x)

for every x,y € X, as in Section 23. Of course,
(26.11) ar~sa'

is a linear mapping from ¢(X x X, .A) onto itself, and
(26.12) (a)' =a

for every a € ¢(X x X, A), as before. Observe that (26.11) maps £>°(X x X, A)
onto itself, with
(26.13) Ny (a') = Nyo(a)
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for every a € ¢(X x X, A). Similarly, (26.11) maps My™(A) onto M5""(A),
with
(26.14) Neor(at) = Np.oe(a)

for every a € ¢(X x X, A).
Let x — z* be an involution on A, which may be conjugate-linear when
k=C.Ifa € c¢(X x X, A), then a'* € ¢(X x X, A) is defined by

(26.15) a™*(z,y) = (a'(z,9))* = a(y,z)*
for every z,y € X, as in Section 23 again. Clearly
(26.16) a+ a'*

is a linear mapping from ¢(X x X, A) onto itself when  — z* is linear, and
otherwise (26.16) is conjugate-linear when k¥ = C and = — z* is conjugate-
linear. We also have that

(26.17) (@™)* =a

for every a € ¢(X x X, A), as before.
Suppose that there is a positive real number C' such that

(26.18) N(z*) < C N(x)

for every © € A. In this case, we have that

(26.19) Neo(a') < CNula),
(26.20) Nea(a™) < CONio(a),
and

(26.21) Nioo(a™) < C N ,1(a)

for every a € ¢(X x X, A). In particular, (26.16) maps £>°(X x X, .A) onto itself,
and My (A) onto M3 (A). If C = 1, then equality holds in (26.18), as in
Section 22. This implies that equality holds in (26.19), (26.20), and (26.21) as

well.
If a,b € My (A), then

(26.22) (ab)™ = b™ o™,

where mutliplication is defined as in (25.5), as before. This also works when
a,b e M3 (A). Note that

(26.23) M= (A) N M (A)
is a subalgebra of My™(A) and My"'(A), and that (26.16) maps (26.23) onto
itself, by the remarks in the preceding paragraph. It follows that (26.16) defines

an algebra involution on (26.23), which is conjugate-linear when k¥ = C and
x — x* is conjugate-linear on A.
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27 A ¢y condition

Let k be a field with an absolute value function | - | again, let A be an algebra
over k with a submultiplicative norm N with respect to |- | on k, and let X be
a nonempty set. Put

co1(X x X, A) = {ael>®(X xX,A): for each y € X, a(z,y) vanishes
(27.1) at infinity as a function of x € X}.

More precisely, this means that a(z,y) vanishes at infinity with respect to N
as an A-valued function of x € X for each y € X, so that a(-,y) € co(X,.A)
for every y € X. Tt is easy to see that (27.1) is a closed linear subspace of
(X x X, A) with respect to the supremum metric, because co(X,.A) is a
closed linear subspace of £>°(X, A). If a is an element of the space My (A)
defined in (25.3), then a € £>°(X x X, A), and a(-,y) € (*(X, A) for every y € X.
This implies that a(-,y) € co(X,.A) for every y € X, so that a € ¢ 1(X x X, A).
Of course, if X has only finitely many elements, then (27.1) is the same as the
space ¢(X x X, A) of all A-valued functions on X x X.

Let us suppose from now on in this section that N is an ultranorm on
A, and that A is complete with respect to the corresponding ultrametric. If
a,b € ¢o1(X x X, A), then we would like to put

(27.2) clz,y) = Z a(z,w)b(w,y)
weX

for every x,y € X, as before. Observe that a(z,w)b(w,y) vanishes at infinity
as a function of w € X for every z,y € X, because a(x,w) is bounded, and
b(w,y) vanishes at infinity as a function of w € X, by hypothesis. This implies
that the sum on the right side of (27.2) may be defined as an element of A for
every z,y € X, as in Section 13. We also have that

(273) N(elz,y)) < max N(a(z,w) bw,y)) < max(N(a(z,w)) N(b(w, 1))

for every x,y € X in this situation. In particular, it follows that c(x,y) is
bounded on X x X, with

(27.4) Noo(c) < Noo(a) Noo(b),

where No, is the supremum ultranorm, as in (25.1). We would like to check
that ¢ € ¢9,1(X x X, A). To do this, let y € X be given, and let us verify that
¢(x,y) vanishes at infinity as a function of z € X.

If E is a nonempty finite subset of X, then

(27.5) cp(e,y) = alz,w)bw,y)

vanishes at infinity as a function of x € X, because a(z,w) vanishes at infinity
as a function of z € X for every w € X, by hypothesis. Of course,

(27.6) c(z,y) —cp(z,y) = Z a(z,w) b(w,y),
weX\E
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where the sum on the right is defined as an element of A for the same reasons
as before. It follows that

(27.7) N(c(z,y) — cp(z,y) < Jax, N(a(z,w)b(w,y))
< IRV ) N )
< Nula) (wrg)%inN(b(w,y)))

for every x € X. We can choose F so that the right side of (27.7) is as small
as we want, because b(w,y) vanishes at infinity as a function of w € X. This
implies that c(x,y) vanishes at infinity as a function of € X, because it can
be approximated uniformly by functions that vanish at infinity on X.

As in the earlier situations, we take (27.2) to be the product of a and b in
¢o,1(X x X, A), which may be expressed as a b. This defines a bilinear operation
of multiplication on ¢ 1 (X x X,.A), which we would like to show is associative.
Let a,b,c € co1(X x X, A) be given, and let us verify that

27.8) 3 (3 alww)bw,2)) elz,p) = 3 (D blw2)elz 1)) elz,)
zeX weX weX zeX

for every z,y € X. As before, this is the same as saying that

27.9) > (D alww)b(w,2) ez ) = 3 (Y alw,w)bw, 2) e(zy))

for every x,y € X, so that we want to interchange the order of summation. Let
z,y € X be given, and let us check that

(27.10) a(z,w) b(w, 2) c(z,y)

vanishes at infinity with respect to N as an A-valued function of w and z on
X x X. Observe that

(27.11) N(a(w,2)b(w,2)e(2,9)) < Nlale,w)) N(b(w, 2)) N(e(z,y))

Noo(a) N(b(w, 2)) N(c(2,y))

VANPAN

for every w,z € X. Because ¢(z,y) vanishes at infinity as a function of z € X,
there are finite subsets F of X such that N(c(z,y)) is as small as we want when
z € X \ E. This implies that the right side of (27.11) is as small as we want for
every w € X and z € X \ E, because b(w, z) is bounded on X x X. If z € E,
then the right side of (27.11) is as small as we want for all but finitely many
w € X, because b(w, z) vanishes at infinity as a function of w € X. It follows
that (27.10) vanishes at infinity as a function of w and z on X x X, as desired.
This permits us to interchange the order of summation in (27.9), as in Section
24.
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If A has a multiplicative identity element e, then we let §(x,y) be the A-
valued function on X x X equal to e when x = y, and to 0 when = # y, as
before. Note that 6 € ¢g1(X x X, A), with

(27.12) Noo(8) = N(e).

In fact, § is the multiplicative identity element in ¢o1(X x X, A).

28 Another ¢y condition

Let k be a field with an absolute value function | - |, let A be an algebra over
k with a submultiplicative norm N with respect to |- | on k, and let X be a
nonempty set, as in the preceding section. Put

c2X x X, A) = {ael>™(X xX,A): for each € X, a(x,y) vanishes
(28.1) at infinity as a function of y € X}.

As before, this means that a(z,y) vanishes at infinity with respect to N as
an A-valued function of y for each x € X, so that a(z,-) € ¢o(X, A) for every
x € X. This also defines a closed linear subapce of £>°(X x X, A) with respect to
the supremum metric, because ¢o(X, .A) is a closed linear subspace of £ (X, .A).
The space M3 (A) defined in (26.2) is contained in (28.1), because ¢*(X, A)
is contained in ¢ (X, A).

As in the previous section, we suppose from now on in this section that N is
an ultranorm on A, and that A is complete with respect to the corresponding
ultrametric. Let a,b € ¢ 2(X x X, .A) be given, and let us define ¢(z,y) as an
element of A for every z,y € X as in (27.2) again. More precisely, for each
z,y € X, a(xz,w)b(w,y) vanishes at infinity as a function of w € X, because
a(z,w) vanishes at infinity as a function of w € X, and b(w, y) is bounded, by
hypothesis. Hence the sum on the right side of (27.2) may be defined as an
element of A, as in Section 13. The simple estimates (27.3) and (27.4) also hold
in this situation, for the same reasons as before.

In order to check that ¢ € ¢y 2(X x X, A), let x € X be given, and let us
verify that ¢(z, y) vanishes at infinity as a function of y € X. If E is a nonempty
finite subset of X and cg(x,y) is defined as in (27.5), then cg(z,y) vanishes at
infinity as a function of y € X, because b(w, y) vanishes at infinity as a function
of y € X for every w € X, by hypothesis. Observe that

(28.2) N(c(a,y) — cpl(a,y)) < (mX>\<E N(a(z,w))) Noo(b)

for every y € X, for essentially the same reasons as for (27.7). As before, we
can choose F so that the right side of (28.2) is as small as we want, because
a(x,w) vanishes at infinity as a function of w € X, by hypothesis. It follows
that c¢(x,y) vanishes at infinity as a function of y € X, because it can be
approximated uniformly by functions that vanish at infinity on X.
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As usual, we take (27.2) to be the product of a and b in ¢g 2(X x X, A), which
may be expressed as ab. To show that this bilinear operation of multiplication
is associative, we should check that (27.8) holds for every a,b, ¢ € ¢ 2(X x X, A)
and z,y € X. It suffices to verify that

(28.3) a(z,w)b(w, z) c(z,y)

vanishes at infinity with respect to N as an A-valued function of w,z € X, as
before. In this case, we use the fact that

(28.4) N(a(z,w)b(w, z)c(z,y)) N(a(xz,w)) N(b(w,2)) N(c(z,y))

N(a(z, w)) N(b(w, z)) Noo(¢)

IAIA

for every w, z € X. Because a(x,w) vanishes at infinity as a function of w € X,
there are finite sets F C X such that N(a(z,w)) is as small as we want when
w € X \ E, which implies that the right side of (28.4) is as small as we want
when w € X\ F and z € X, because b(w, z) is bounded. If w € E, then the right
side of (28.4) is as small as we want for all but finitely many z € X, because
b(w, z) vanishes at infinity as a function of z € X. Hence (28.3) vanishes at
infinity as a function of w, z € X, which permits us to interchange the order of
summation in (27.9), as in Section 24.

If A has a multiplicative identity element e, then we define § € ¢(X x X, A)
as in the previous section. It is easy to see that § € ¢p2(X x X, .A), and that 0
is the multiplicative identity element in cg2(X x X, A).

As before, if a € ¢(X x X, A), then a’ € ¢(X x X, A) is defined by

(28.5) a'(z,y) = a(y, x)

for every =,y € X. Remember that

(28.6) a a'

is a linear mapping from ¢(X x X, A) onto itself, and that
(28.7) (a)' =a

for every a € ¢(X x X,.A). We have also seen that (28.6) maps (X x X, A)
isometrically onto itself. Observe that (28.6) maps co1(X x X, .A) as defined in
(27.1) onto cp2(X x X, A).

Let x +— z* be an involution on A. If a € ¢(X x X, A), then a** € ¢(X x X, A)
is defined by

(28'8> at*(‘r7y) = (at(x?y))* = a(y,x)*

for every z,y € X, as before. Remember that

(28.9) a a"™

is a linear mapping from ¢(X x X, A) onto itself, and that
(28.10) (@™)* =a
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for every a € ¢(X x X, A).
Suppose that there is a positive real number C such that

(28.11) N(z*) < C N(z)

for every = € A, so that
(28.12) Noo(a™) < C Nyo(a)

for every a € ¢(X x X, A), as in (26.19). Thus (28.9) maps £*°(X x X, A) onto
itself, and it is easy to see that (28.9) maps cp,1(X x X, .A) onto ¢ 2(X x X, A).
If a,b € 00,1(X x X, .A), then

(28.13) (ab)™ = b o™,

where multiplication is defined as in (27.2), and this also works when a and b
are elements of ¢p2(X x X, A). Put

(2814) 00712(X X X, A) = CO,l(X X X, A) N CO,Q(X X X, A),

which is a subalgebra of ¢g1(X x X,.A) and ¢ 2(X x X, A). Under these con-
ditions, (28.10) maps (28.14) onto itself, and defines an algebra involution on
(28.14).

Part 111
Lipschitz mappings and power
series

29 Lipschitz mappings

Let (X,dx) and (Y, dy) be metric spaces. A mapping f from X into Y is said
to be Lipschitz if there is a nonnegative real number C' such that

(29.1) dy (f(2), f(a)) < Cdx(z,2")

for every xz,2’ € X. In this case, we may also say that f is Lipschitz with
constant C'. Note that Lipschitz mappings are uniformly continuous. A mapping
f from X to Y is Lipschitz with constant C' = 0 if and only if f is constant as
a mapping on X.

Let 29 € X be given, and put

(29.2) fo(z) = dx(z,20)
for every x € X. Observe that

(29.3) fo(x) < fo(a') + dx (x, ")
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for every z, 2’ € X, by the triangle inequality. Equivalently,
(29.4) fo(x) = fo(a') < dx(x,2")

for every x,z’ € X, and the same inequality holds with the roles of x and z’
interchanged. This implies that

(29.5) [fo(z) = fo(z')| < dx (x,2")

for every x,2’ € X, using the standard absolute value function on R on the left
side of the inequality. Thus fy is Lipschitz with constant C' = 1 as a mapping
from X into R, using the standard Euclidean metric on R.

Let (Z,dz) be another metric space, and suppose that f; is a Lipschitz
mapping from X into Y with constant C; > 0, and that f; is a Lipschitz
mapping from Y into Z with constant Co > 0. If 2,2’ € X, then

(29.6) dz(fa(fi(x)), fo(fr(2)) < Cady (fi(x), fr(2)) < C1 Cadx (z,2").

Thus the composition fso fi of f; and f5 is Lipschitz as a mapping from X into
Z, with constant C; Cs.
Let f be a Lipschitz mapping from X into Y, and consider

(29.7) inf{C > 0:(29.1) holds},

where more precisely the infimum is taken over all nonnegative real numbers C'
for which (29.1) holds. This is the infimum of a nonempty set of nonnegative
real numbers, by hypothesis, so that the infimum exists and is nonnegative too.
One can check that f is Lipschitz with constant equal to (29.7), so that the
infimum is automatically attained. Equivalently, if X has at least two elements,
then (29.7) is equal to

(29.8) sup {dy(d];(fg)c’ j;()xl)) cx, 2’ € X, 2 # x'}.

If X has only one element, then (29.7) is always equal to 0.

Let k be a field with an absolute value function |-|. Note that |x| is Lipschitz
with constant C' = 1 as a real-valued function on k, with respect to the metric
on k associated to | - |, and the standard Euclidean metric on R. This follows
from the earlier remarks about (29.2), with X = k and xg = 0. Similarly, if V' is
a vector space over k with norm N with respect to |-| on k, then N is Lipschitz
with constant C' = 1 as a real-valued function on V with respect to the metric
associated to N.

30 Lipschitz seminorms

Let (X, dx) be a nonempty metric space, let k be a field with an absolute value
function | - |, and let W be a vector space over k with a seminorm Ny with
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respect to |-| on k. As before, a mapping f from X into W is said to be Lipschitz
if there is a nonnegative real number C' such that

(30.1) Nw (f(z) = f(2)) < Cdx(2,2")

for every z,x’ € X. If Ny is a norm on W, then this corresponds exactly to
(29.1), with Y = W, and dy taken to be the metric associated to Ny,. We may
also say that f is Lipschitz with constant C' when (30.1) holds. In particular,
if f is a constant mapping from X into W, then f is Lipschitz with constant
C=0.

Let Lip(X, W) be the space of Lipschitz mappings from X into W. If f is
an element of Lip(X, W), then put

(30.2) I llLip = 1 lLip(x.w) = Inf{C > 0 (30.1) holds},

where more precisely the infimum is taken over all nonnegative real numbers C'
for which (30.1) holds. One can check that f is Lipschitz with constant equal to
(30.2), as in the previous section. Equivalently, if X has at least two elements,

then
303) [l =sop { PUO IO e o)

as before. If X has only one element, then (30.2) is automatically equal to 0.

One can verify that Lip(X, W) is a vector space over k, with respect to
pointwise addition and scalar multiplication. Moreover, (30.2) defines a semi-
norm on Lip(X, W) with respect to |- | on k. If Ny is a semi-ultranorm on W,
then (30.2) is a semi-ultranorm on Lip(X, W). If Ny is a norm on W, then
|l fllLip = 0 if and only if f is a constant mapping from X into W.

Let V be another vector space over k, and let Ny be a norm on V with
respect to |- | on k. If Ny is a norm on W and T is a bounded linear mapping
from V into W, then T is Lipschitz with respect to the metrics on V and W
associated to Ny and Ny, respectively. More precisely, if (11.1) holds for some
C > 0, then (11.2) says exactly that T is Lipschitz with constant C. In this
situation, the operator norm ||T'||op,vw of T' corresponds exactly to the Lipschitz
seminorm of 7', as in (30.2).

If X and Y are topological spaces, then the space of continuous mappings
from X into Y may be denoted C(X,Y), as usual. Suppose that Ny is a norm
on W, so that W may be considered as a topological space with respect to
the topology determined by the metric associated to Ny . If X is a nonempty
topological space, then the space C(X, W) of continuous mappings from X into
W is a vector space over k with respect to pointwise addition and scalar mul-
tiplication. Similarly, if (X,dx) and (Y,dy) are metric spaces, then the space
of uniformly continuous mappings from X into Y may be denoted UC(X,Y),
and the space of Lipschitz mappings from X into ¥ may be denoted Lip(X,Y).
Thus
(30.4) Lip(X,Y) CUC(X,Y) CC(X,Y).

If X is a nonempty metric space, then it is easy to see that UC(X,W) is a
linear subspace of C(X,W). In this case, Lip(X, W) may be considered as a
linear subspace of UC (X, W).
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31 Bounded continuous functions

Let (Y,dy) be a metric space, and let E be a subset of Y. As usual, E is said
to be bounded in Y if there is a finite upper bound for d(y, z) with y,z € E. If
Yo is any element of Y, then E is bounded in Y if and only if F is contained
in a ball in Y centered at yy with finite radius. If F is compact with respect to
the topology determined on Y by dy, then E is bounded in Y.

A mapping f from a set X into Y is said to be bounded if f(X) is a bounded
set in Y. Let B(X,Y) be the set of bounded mappings from X into V. If
fyg € B(X,Y), then dy(f(x),g(x)) is bounded as a nonnegative real-valued
function on X. If X # (), then it follows that

(31.1) 0(f.9) = sup dy (f(z), g(x))

zeX

is defined as a nonnegative real number. One can check that (31.1) defines a
metric on B(X,Y), which is the supremum metric.

If {fj}52, is a sequence of elements of B(X,Y), and f € B(X,Y), then
{fj}521 converges to f with respect to the supremum metric if and only if
{fi}52, converges to f uniformly on X with respect to dy on Y. Let {f;}32,
be any sequence of mappings from X into Y that converges to a mapping f
from X into Y uniformly on X. If f; is bounded for each j, then it is easy to
see that f is bounded as well.

If Y is complete with respect to dy, then it is well known that B(X,Y)
is complete with respect to the supremum metric. More precisely, if {f; }j’;l
is a Cauchy sequence in B(X,Y’) with respect to the supremum metric, then
{fi(z)}52, is a Cauchy sequence in Y for each z € X. This implies that
{fj(x)}52, converges to an element f(x) in Y for each z € X, because Y is
complete. One can verify that {f; 521 converges to f uniformly on X, using
the fact that { f; };";1 is a Cauchy sequence with respect to the supremum metric.
It follows that f is bounded too, as in the preceding paragraph.

Let X be a nonempty topological space, and let

(31.2) Cy(X,Y) = C(X,Y) N B(X,Y)

be the space of bounded continuous mappings from X into Y. It is well known
that Cp(X,Y) is a closed set in B(X,Y") with respect to the supremum metric.
If X is compact, then Cp(X,Y) is the same as C(X,Y), because continuous
mappings send compact sets to compact sets.

Similarly, if (X, dx) is a nonempty metric space, then let

(31.3) UCy(X,Y) =UC(X,Y)N B(X,Y)

be the space of bounded uniformly continuous mappings from X into Y. It is
also well known that UC,(X,Y) is a closed set in B(X,Y) with respect to the
supremum metric. If X is compact, then another well-known theorem states
that continuous mappings from X into Y are uniformly continuous.
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Let k be a field with an absolute value function | - |, and let W be a vector
space over k with a norm Ny with respect to |- | on k. If X is a nonempty
set, then B(X,W) is the same as the space £°°(X, W) discussed in Section 8.
This is a vector space over k with respect to pointwise addition and scalar mul-
tiplication, and the supremum metric on this space is the same as the metric
associated to the supremum norm discussed earlier. If X is a nonempty topo-
logical space, then Cy(X,W) is a linear subspace of £°°(X,W). Similarly, if
(X,dx) is a nonempty metric space, then UC(X, W) is a linear subspace of
Cp( X, W).

Let A be an algebra over k. If X is a nonempty set, then the space ¢(X, .A)
of A-valued functions on X is an algebra over k with respect to pointwise mul-
tiplication of functions. If A has a multiplicative identity element e, then the
constant function on X equal to e at every point in X is the multiplicative
identity element in ¢(X,.A).

Let N be a a submultiplicative norm on A with respect to |- | on k. It is easy
to see that £*°(X,.A) is a subalgebra of ¢(X,.A). Let || - ||oo be the supremum
norm on > (X, A) corresponding to N on A4, as in Section 8. If f, g € (X, A),
then

BL4) [[f 9l = sup N(f(z)g(x)) < EEE(N(f(fU))N(g(x))) < £ oo llglloos

so that || - || is submultiplicative on £*° (X, A).

If X is a nonempty topological space, then the space C(X,.A) of continuous
mappings from X into A is subalgebra of ¢(X,.A). Similarly,
(31.5) (X, A) =C(X,A) NL>* (X, A)

is a subalgebra of £>°(X, A). The supremum norm of f € Cy(X,.A) may also be
denoted || f||sup-

Let (X, dx) be a nonempty metric space, and let f, g € UC,(X,.A) be given.
Observe that

(31.6)  f(z)g(x) — f(y)9(y) = (f(=) = f(y) 9(x) + f(y) (g(x) — g(y))

for every x,y € X, so that

BLT)  N(f(z)g(z) = f(y) 9(y))
< N(f(z) = f(y)) N(g(@)) + N(f(y)) N(g(x) — g(y))
< N (@) = W) lgllsup + 1 Fllsup N(g(z) — 9(y))
for every x,y € X. Using this, it is easy to see that f ¢ is uniformly continuous

on X, so that UCy(X, A) is a subalgebra of Cp(X,.A). Similarly, if N is an
ultranorm on A, then

(31.8)  N(f(z)g(z)— f(y)g(y))
max (N (f(x) — f(y)) N(g(x)), N(f(y)) N(g9(z) — g(y)))
max(N(f () — f()) 9llsup> | fllsup N(g(x) — g(v)))

for every z,y € X.

<
<
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32 Bounded Lipschitz functions

Let k be a field with an absolute value function |- |, and let A be an algebra over
k with a submultiplicative norm N with respect to | - | on k. Also let (X,dx)
be a nonempty metric space, and let

(32.1) Lip, (X, A) = Lip(X, A) N 62 (X, A)

be the space of A-valued functions on X that are bounded and Lipschitz. If
f,g € Lipy (X, .A), then one can check that f g is Lipschitz on X as well, using
(31.7). To make this more precise, let || - ||rLip be the seminorm on Lip(X,.A)
defined in Section 30, and let || - ||sup be the supremum norm on Cy(X,.A), as
in the previous section. If f, g € Lip,(X,.A), then it is easy to see that

(32.2) 1 9llLip < 1 llLip lgllsup + [[fllsup l9llLip,

using (31.7). If N is an ultranorm on .4, then one can verify that

(32.3) 1f gllLip < max(|[fllLip [|gllsups [1Fllsup [19llLip),

using (31.8). Thus Lip,(X,.A) is a subalgebra of UC,(X, A).
If r is a nonnegative real number, then

(32.4) [ llsup + 7 [[flLip
and
(32.5) max(|| fllsup, 7 |.f[|Lip)

define norms on Lip, (X, .A) with respect to |- | on k. One can check that (32.4)
is submultiplicative on Lip,(X,.A) for every r» > 0, using (32.2). If N is an
ultranorm on A, then (32.5) is submultiplicative on Lip, (X, .A) too, because of
(32.3). In this case, (32.5) is an ultranorm on Lip, (X, A), because || f]|sup is an
ultranorm on Lip,(X,.A), and || f||Lip is a semi-ultranorm on Lip(X,.A), as in
Section 30.

Note that (32.5) is less than or equal to (32.4) for every r > 0, and that
(32.4) is less than or equal to two times (32.5). Of course, (32.4) and (32.5)
both increase monotonically in r. If 0 < r < r’ < oo, then the analogue of
(32.4) with r replaced by 7’ is bounded by r'/r times (32.4), and similarly for
(32.5).

If A is complete with respect to the metric associated to N, and r > 0, then
Lip,(X,.A) is complete with respect to the metric associated to (32.4) or (32.5).
To see this, let {f;}32, be a Cauchy sequence in Lip,(X,.A) with respect to
the metric associated to (32.4) or (32.5). In particular, {f;}52, is a Cauchy
sequence with respect to the supremum metric, and hence converges uniformly
to a bounded A-valued function f on X, as in the previous section. One can
check that f is Lipschitz on X, because Cauchy sequences are bounded, so that
| fillLip is bounded. One can use the Cauchy condition in Lip,(X,.A) again to
get that {f; $2, converges to f with respect to the Lipschitz seminorm under
these conditions.
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Let f € Lipy(X,.A) be given, so that f(z)? is an element of Lip,(X,.A) for
each j € Z. One can check that

(32.6) 1 i < 3 11F 13 | Flleio
for every j > 1, using (32.2) and induction. If N is an ultranorm on .4, then
(32.7) 1 e < 111 1 F1leip

for every j > 1, because of (32.3).

33 Polynomials

Let k be a field, and let aq,...,a, be n+ 1 elements of k for some nonnegative
integer n. Also let T be an indeterminate, so that

(33.1) FT)=> a; T
j=0

is a formal polynomial in T with coefficients in k. As in [1, 5], we use upper-
case letters like T' for indeterminates, and lower-case letters for elements of k,
or elements of algebras over k. Let A be an algebra over k, and suppose that A
has a multiplicative identity element e. If x € A, then

(33.2) f(z) = Zaj e
=0

defines an element of A, where 27 is interpreted as being equal to e when j = 0.
Let |- | be an absolute value function on k, and let N be a submultiplicative
norm on A such that N(e) = 1. Observe that

(33.3) <Y laj|N(@2?) <> |a;| N
§=0 §=0
for every € A. If N is an ultranorm on A, then

(334)  N(f(@) < max ()| V@) < max (Joj] N(2))

for every z € A. Of course, (33.2) defines a continuous mapping from A into
itself, with respect to the topology determined on A by the metric associated
to N.

Let r be a positive real number, and let

(33.5) B,=B0,r)={x € A: N(z) <r}

be the closed ball in A centered at 0 with radius r with respect to the metric
associated to N. We may consider B, as a metric space, using the restriction
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of the metric on A associated to N to B,. Let || - ILip(B,.4) be the seminorm

defined on Lip(B,, A) as in Section 30. If j is a nonnegative integer, then the
restriction of 27 to B, defines a Lipschitz function on B, with values in A, with

(33.6) ”xjHLip(ET,A) <griTt

More precisely, if 7 = 0, then 7 is the constant function equal to e, which is
Lipschitz with constant 0. If j = 1, then 2/ is the identity mapping, which is
Lipschitz with constant 1. If j > 2, then (33.6) follows from (32.6), because the
supremum norm of z on B, is less than or equal to r. If N is an ultranorm on
A, then we get that

(33.7) ||x3||Lip(§mA) < pimt

for every j > 1, using (32.7). -
_ Similarly, the restriction of (33.2) to x € B, defines a Lipschitz function on
B, with values in A. Using (33.6), we get that

338) i) < 2 losl 1 gm0y < D dlasl v/
Jj=0 J=1

If N is an ultranorm on A, then [|-[|; 5. 4 is a semi-ultranorm on Lip(B,, A),
as in Section 30. In this case, we have that

_ . J _ g1
(33'9) ||f||Lip(B7,,A) < Ogljagnﬂaﬂ ||."£ ||Lip(B,y.}_A)) < fél]aganajw )v

using (33.7) in the second step. Of course, the right sides of (33.8) and (33.9)
should be interpreted as being equal to 0 when n = 0.

34 Power series

Let k be a field, and let ag, a1, as,as, ... be a sequence of elements of k. If T is
an indeterminate, then
(34.1) FT)=> a; T

j=0

is a formal power series in T with coefficients in k. We would like to consider
associated functions on algebras over k, under suitable convegence conditions.
Let |- | be an absolute value function on k, and let .4 be an algebra over k with
a submultiplicative norm N with respect to | - | on k. Suppose that A has a
multiplicative identity element e, with N(e) = 1, and that A is complete with
respect to the metric associated to V.

Let r be a positive real number, and suppose for the moment that

o0
(34.2) > lag|r?
j=0
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converges. If € A and N(z) <r, then
(34.3) D N(ajal) <Y laj| N(@) <) ag|ri.
j=0 j=0 =0
Under these conditions, we put
(34.4) f(z) = Zaj at,
3=0

where the convergence of the series on the right follows from the remarks in
Section 10. We also have that

(34.5) N(f(z)) <Y N(aza?) < Jag| v’
=0 =0

when N(z) <r. Let B, be the closed ball in A centered at 0 with radius r, as
in (33.5). In this situation, the partial sums of the series on the right side of
(34.4) converge uniformly on B,., by the well-known criterion of Weierstrass. It
follows that (34.4) is uniformly continuous on B,., because the partial sums are
uniformly continuous on B,..

Let us suppose for the rest of the section that N is an ultranorm on A. Let
r be a positive real number again, and suppose for the moment that

i | pd —
(34.6) jlggo|a]|r = 0.
If z € A and N(x) <r, then
(34.7) N(a;2’) = |aj| N(27) < |aj| N(z)’ < |ay] !
for each j, so that 4
(34.8) lim N(aj2?) =0.
Jj—oo

This implies that the series on the right side of (34.4) converges in A, as in
Section 10. If f(x) is the value of the sum, as before, then

(34.9) N(f(2)) < maxN(a; 2/) < max(ja;| 7).
j=0 7>0
Suppose now that |aj|r7 has a finite upper bound, instead of (34.6). If
x € A, then
(34.10) N(aja’) < |aj| N(z)’

(la;1 ) (N @) /7’
(sup(la ) (N(a)/ry’
>0

IN

for each j. This implies that (34.8) holds when N(z) < r, so that the series on
the right side of (34.4) converges in A, as in Section 10. If f(x) is the value of
the sum again, then

(34.11) N(f(z)) < maxN(a; 7)< sup(|a;|7;)-
j=0 §>0
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35 Lipschitz conditions

Let k be a field with an absolute value function | - |, and let A be an algebra
over k with a submultiplicative norm N with respect to |- | on k. Suppose that
A has a multiplicative identity element e, and that A is complete with respect
to the metric associated to N. To be consistent with the previous sections, one
might ask that N(e) = 1, but this will not really be needed in this section.
This was also not needed for the Lipschitz conditions mentioned in Section 33.
Let f(T) = E;‘io a; T7 be a formal power series in an indeterminate 7' with
coefficients in k, and let a positive real number r be given. As in (33.5), we
let B, be the closed ball in A centered at 0 with radius r with respect to N.
Similarly, let

(35.1) B.=B(0,1)={z € A: N(z) <r}

be the open ball in A centered at 0 with radius r with respect to N.
Suppose for the moment that

(oo}
(35.2) > jlaglr?
j=1

converges, which implies that (34.2) converges. Thus the series on the right side
of (34.4) converges absolutely for every = € A with N(z) < r, as before, so that
(34.4) defines an A-valued function f on B,. In this case, one can check that f
is Lipschitz on B,., with respect to the restriction of the metric on A associated
to N to B,.. More precisely, we have that

oo
(35.3) ||fHLip(§T7A) < ZJ a7,
j=1

as in (33.8).

Let us now consider the case where N is an ultranorm on A. If (34.6) holds,
then (34.8) holds for every z € A such that N(z) < r, which implies that
the series on the right side of (34.4) converges in A, as before. It follows that
(34.4) defines an A-valued function f on B, again, and one can verify that f is
Lipschitz on B,. More precisely,

i—1
(35.4) 1 ips, a) < mave(lag| 19,

as in (33.9).

If |a;| 77 has a finite upper bound, then (34.8) holds for every = € A with
N(z) < r, as in the previous section. Hence the series on the right side of
(34.4) converges in A for every z € A with N(x) < r, so that (34.4) defines an
A-valued function f on B,. As usual, one can check that f is Lipschitz on B,,
with respect to the restriction of the metric on A associated to N to B,.. We
also have that

(35.5) 1/ Loz, .4) < sup(la] 7,
JZ
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as in (33.9) again.
Let 7o be a positive real number strictly less than r, so that

(35.6) B, C B,.
If |aj| 77 has a finite upper bound, then

. Nd
(35.7) lim ;[ rf = 0,

because |a;| 13 = |a;| 17 (ro/r)? is bounded by a constant times (ro/7)?. If fis
defined on B, as in the preceding paragraph, then the restriction of f to B,,
can be treated as in the paragraph before that.

36 Some isometric mappings

Let &k be a field with an ultrametric absolute value function | - |, and let A be
an algebra over k with a submultiplicative ultranorm N with respect to | - |
on k. To be consistent with the previous sections, one might ask A to have a
multiplicative identity element, but this is not really needed here, because we
shall consider power series with constant term equal to 0. Let g(T") be a formal
power series in an indeterminate T with coefficients in k of the form

(36.1) g(T) = a; 17,
j=2
and put
(36.2) FO)=T+gT) =T+ a;T7.
j=2

Suppose that A is complete with respect to the ultrametric associated to NN,
and let a positive real number r be given. Also let B, and B, be the open and
closed balls in A centered at 0 with radius r with respect to N, as in (35.1) and
(33.5), respectively.
Suppose that
(36.3) lim |a;|r7 =0,
]A)OO

and put

(36.4) g(z) = Zaj x?

for every z € A with N(z) < 7, as in Section 34. This defines a Lipschitz
mapping from B, into A, with

i—1
(36.5) 19l Lip(B,.4) < I}lgg(\aj\rj ),
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as in (35.4). In particular, if '
(36.6) la;| 7t <1

for each j > 2, then ¢ is Lipschitz with constant 1 on B, with respect to the
ultrametric associated to N on A. Similarly, put

(36.7) fl@)=z+glz)=2+ Z aj !

for each # € A with N(z) < r. This defines a Lipschitz mapping from B, into
A with constant 1 when (36.6) holds. This can be derived from (35.4), or from
the analogous statements for g and the identity mapping on B,, using the fact
that the Lipschitz seminorm is a semi-ultranorm in this case, as in Section 30.
Note that

(36.8) N(f(x)) < N(x)

for every x € A with N(z) < r when (36.6) holds. This can be obtained from
the fact that f is Lipschitz with constant 1 and f(0) = 0, or by estimating
N(f(z)) as in the first step in (34.9). It follows that

(36.9) f(B:) € B,

when (36.6) holds.
Suppose that ‘
(36.10) max(|a;| 7t < 1,
j=>2

in addition to (36.3), which also ensures that the maximum on the right side
of (36.10) is attained. Let z,y € A with N(z), N(y) < r be given, and let us
check that

(36.11) N(f(x) = f(y)) = N(z = y).

The left side of (36.11) is less than or equal to the right side, because f is
Lipschitz with constant 1 on B,., as in the preceding paragraph. Thus it suffices
to verify that the right side of (36.11) is less than or equal to the left side. Of
course, this is trivial when z = y, and so we may suppose that = # y. Observe
that

(36.12) r—y=f(z) - fly) = (9(z) — 9(v)),
so that
(36.13) N(z —y) <max(N(f(z) — f(y)), N(g9(z) —g(y))),

by the ultranorm version of the triangle inequality. We also have that
(36.14) N(g(@) = g(u) < (max(la;|+771)) Nz ~ ).

by (36.5). If « # y, then (36.10) implies that the right side of (36.14) is strictly
less that N(x — y). This means that

(36.15) N(g(z) —g(y)) < N(z—y),
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by (36.14). It follows that

(36.16) N(z —y) < N(f(z) = f(y)),

by (36.13).

Suppose now that (36.6) holds for each j > 2, but not necessarily (36.3) or
(36.10). If z € A and N(z) < r, then we can define g(x) and f(z) as elements
of A as in (36.4) and (36.7), as mentioned in Section 34. In this situation, g is
Lipschitz as a mapping from B, into A, with

(36.17) 19 Lip(B,.4) < sgg(lajlrj’l) <1,
-

as in (35.5). Similarly, f is Lipschitz as a mapping from B, into A, with constant
1. This can be obtained from (35.5), or using (36.17) and the fact the identity
mapping on B, is Lipschitz with constant 1, as before. We also have that (36.8)
holds for every « € A with N(z) < r, for essentially the same reasons as before.
This implies that

(36.18) f(B,) C B,.

Let r¢ be a positive real number with 7o < r, so that (35.7) holds. Observe
that

(36.19) max(|aj|7“671) < (ro/r) (sup(|aj|rj_1|)) <rgfr <1,

Jj=2 j>2
using (36.6) in the second step. Thus the earlier remarks can be applied to the
restrictions of f and g to B,,. In particular, (36.11) holds for every z,y € A
with N(z), N(y) < 19, as before. It follows that (36.11) holds for every z,y € A
with N(z), N(y) < 1, by choosing rg so that N(z), N(y) < ro.
37 Some contractions

Let k be a field with an ultrametric absolute value function | - | again, and let
A be an algebra over k with a submultiplicative ultranorm N with respect to
| -] on k. Also let g(T) be a formal power series in an indeterminate T' with
coefficients in k£ of the form

(37.1) g(T) = Zaj T,

and suppose that A is complete with respect to the ultrametric associated to
N. Let r be a positive real number, and suppose that

(37.2) lim |a;|r? = 0.
J—00

If € Aand N(x) <r, then put

(37.3) g(x) = Zaj 7,
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as in Section 34. Note that A does not need to have a multiplicative identity
element here, as in the previous section. Let B, be the closed ball in A centered
at 0 with radius r, as in (33.5), so that g defines an A-valued function on B,.
More precisely, g is Lipschitz with respect to the ultrametric associated to N
on A and its restriction to B,., with

j—1
(37.4) HgHLip(ET,A) < T?Za;(‘aj‘ ),
as in (35.4).

Let zg be an element of A, and put
(37.5) ho(z) = 20 — g()

for every « € B,. This defines a Lipschitz mapping from B, into A, with

(37.6) 1hollLip@, .4 = 19lLip@, . 4y

If the right side of (37.4) is less than or equal to 1, and

(37.7) N(z) <,
then
(37.8) ho(B,) C B,.

More precisely, N(ho(x)) < r for every & € B,, because ho(0) = z, ho is
Lipschitz with constant 1 on B,., and N is an ultranorm on 4. One can also
verify this more directly from the definitions of g and hyg.

Suppose that (37.7) holds and

| i1
(37.9) max(ja;|r'™7) <1,

so that hg is a Lipschitz mapping from B, into itself with constant strictly less
than 1, by (37.4) and (37.6). In this case, the contraction mapping principle

implies that there is an zg € B, such that
(3710) ho(l‘o) = X9.

This uses the fact that B, is complete as a metric space with respect to the
restriction of the ultrametric on A associated to N, because A is complete, by
hypothesis, and B, is a closed set in A. If f is the A-valued function defined
on B, as in (36.7), then we get that

(37.11) f(x0) =m0 + g(w0) = 20,
because of (37.5) and (37.10). It follows that
(37.12) f(B,) =B,

under these conditions, because we can take zp to be any element of B,..
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Suppose now that '
(37.13) la;| 7t <1

for every j > 2, without asking that (37.2) or (37.9) hold. If z € A and
N(z) < 1, then g(z) can be defined as an element of A as in (37.3), as mentioned
in Section 34. Let B, be the open ball in A centered at 0 with radius r, as in
(35.1), so that g defines an A-valued function on B,. In fact, g is Lipschitz with
respect to the ultrametric associated to N on A and its restriction to B,., with

(37.14) 19]Lip(B,,4) < sgg(\ajlrj‘l)»
J=Z

as in (35.5). Let zg € A be given again, and let ho(z) be defined for z € B, as
in (37.5). Note that hg is Lipschitz as a mapping from B, into .4, with

(37.15) llhollLip(s,.4) = 9llLip(B,.4)-
If

(37.16) N(z0) < 1,

then

(37.17) ho(B,) C B,.

More precisely, one can check that N(ho(z)) < r for every z € B,, because
ho(0) = 2g, hg is Lipschitz with constant 1 on B,., and N is an ultranorm on .A.
One can also get this more directly from the definitions of g and hg, as before.

Remember that B, is a closed set in A, because N is an ultranorm on A, as
in Section 1. This implies that B, is complete as a metric space with respect to
the restriction of the ultrametric on A4 associated to IV, because A is complete.
If (37.16) holds, and the right side of (37.14) is strictly less than 1, then one
can apply the contraction mapping principle to hg on B, to get that there is
an xo € B, that satisfies (37.10). However, we can also get this using (37.13),
without asking that the right side of (37.14) be less than 1, as follows. Let 7
be a positive real number such that ro < r and

(37.18) N(z) < ro.

Note that (35.7) and (36.19) hold, because ry < r, as before. Thus we can apply
the earlier remarks to the restrictions of g and hg to B,,, to get that there is
an xg € B,, that satisfies (37.10). If f is the A-valued function defined on B,
as in (36.7), then (37.11) holds, as before, so that

(37.19) f(B,) = B,.
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Part IV
The exponential function

38 The real and complex cases

Let k be a field of characteristic 0, so that there is a natural embedding of Q
into k, and we shall simply think of Q as being a subfield of k. If T is an
indeterminate, then

o]
(38.1) exp(T Z (1/4Y

7=0
may be considered as a formal power series in T' with coefficients in &, which is
the formal power series corresponding to the exponential function. Of course,
jlis “j factorial”, the product of the positive integers from 1 to j, which is
interpreted as being equal to 1 when j = 0. We shall consider the convergence
of the corresponding power series in algebras over k in various situations.

Suppose first that r is a nonnegative real number, and put

oo

(38.2) exp(r) = er/j!,

=0

where the sum on the right is considered as an infinite series of nonnegative real
numbers. It is well known and not difficult to show that this series converges, so
that (38.2) is defined as a nonnegative real number. Note that exp(0) = 1, and
that exp(r) increases monotonically in r, because 7/ increases monotonically in
r > 0 for each j > 0. We also have that exp(r) — 400 as r — 400, because of
the analogous property of 7/ when j > 1.

Suppose now that £ = R or C, equipped with the standard absolute value
function. Let A be an algebra over k with a multiplicative identity element e
and a submultiplicative norm N with respect to | - |, and suppose that A is
complete with respect to the metric associated to V. It is also convenient to
ask that N(e) = 1. If x € A, then we would like to define

(38.3) exp(z Z 1/ z
7=0
as an element of A. Observe that
(38.4) ZN (1/5) a%) Z(l/J ) N(z)? = exp(N(z)),
7=0

so that the series on the right side of (38.3) converges absolutely. Hence this se-
ries converges in A, because A is complete with respect to the metric associated
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to IV, as in Section 10. We also get that

o0

(38.5) Nexp(a)) < 3 N((1/4) /) < exp(N(x)).
7=0

Let x, y be commuting elements of A, so that zy = yx. It is well known
that

(38.6) (z + y)l — i (j) 3y

Jj=0

for each nonnegative integer j, where

is the usual binomial coefficient. Thus

(38.8) exp(x Z /1)) (z +y)! Z (Z lf]) bl yl_j).
=0 =0 j=0

The sum on the right corresponds exactly to the Cauchy product of the series
used to define exp(z) and exp(y). It follows that

(38.9) exp(z +y) = exp(z) exp(y)
under these conditions, as in Section 15.

Note that
(38.10) exp(0) =e

in A. If x is any element of A, then x commutes with —z, so that
(38.11) exp(z) exp(—x) = exp(z —z) = e,

as in (38.9). Similarly,
(38.12) exp(—z) exp(z) = e.

Thus exp(—=z) is the multiplicative inverse of exp(x) in A.

39 Trivial absolute values on Q

Let k be a field of characteristic 0 again, so that Q may be considered as a

subfield of k. Also let | - | be an absolute value function on k, and suppose
that the restriction of | - | to Q is the trivial absolute value function on Q.
In particular, this implies that | - | is non-archimedean on k, so that | -| is an

ultrametric absolute value function on k, as in Section 4. Let A be an algebra
over k with a multiplicative identity element e and a submultiplicative ultranorm
N, and suppose that A is complete with respect to the ultrametric associated
to N. As before, it is convenient to ask that N(e) =1 too.
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If € Aand N(x) < 1, then we can define

(39.1) exp(z) = » (1/41) 27
=0

J

as an element of A, as in Section 34. More precisely,
(39.2) N((1/jha?) = |1/ N(27) < N(z)

for every nonnegative integer j, using the hypothesis that | - | is trivial on Q in
the second step. This implies that

(39.3) jlggoN((l/j!)xj) =0

when N(z) < 1. Using (39.3), we get that the series on the right side of (39.1)
converges in A, because N is an ultranorm on A, and A is complete with respect
to the ultrametric associated to N, as in Section 10. We also have that

(39.4) Nexp(a)) < max N((1/5!) ) = 1,

using (39.2) and N(e) =1 in the second step. Similarly,

o0

(305) N(exp(z) —) = N (D (1/i)a7) < max N(1/i1) 2/) < N(a),

j=1

using (39.2) in the second step again. The ultranorm version of the triangle
inequality implies that

(39.6) 1= N(e) < max(N(e —exp(z)), N(exp(z))).

It follows that N(exp(z)) > 1, because the right side of (39.5) is strictly less
than 1, by hypothesis. Combining this with (39.4), we obtain that

(39.7) N(exp(z)) =1

for every x € A with N(z) < 1.
Let z, y be commuting elements of A with N(z), N(y) < 1. Thus

(39.8) N(z+y) <max(N(z),N(y)) <1,

by the ultranorm version of the triangle inequality. Under these conditions, we
have that

(39.9) exp(z +y) = exp(z) exp(y),

where each of the exponentials is defined as an element of A as in the preceding
paragraph. More precisely, the series defining exp(x + y) corresponds to the
Cauchy product of the series defining exp(z) and exp(y), as in (38.8). This
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implies (39.9), as in Section 15 again. In particular,  automatically commutes
with —z, so that

(39.10) exp(z) exp(—x) = exp(—x) exp(z) = e,

as in the previous section. Thus exp(—z) is the multiplicative inverse of exp(x)
in A for every x € A with N(z) < 1.
If x,y € Aand N(x),N(y) < 1, then

(39.11) N(exp(z) —exp(y)) = N(z — y).

This basically corresponds to (36.11), in the situation described in the para-
graphs after the one containing (36.11) in Section 36, with » = 1. More pre-
cisely, the exponential function is Lipschitz with constant 1 as a mapping from
the open unit ball in A into A, with respect to the ultrametric associated to
N and its restriction to the open unit ball, as in (35.5). This implies that the
left side of (39.11) is less than or equal to the right side of (39.11), and the
opposite inequality is discussed in Section 36. Of course, the constant terms in
the definitions of exp(x) and exp(y) cancel each other in the left side of (39.11),
and they were not included in Section 36.
Observe that the exponential function maps

(39.12) By =B(0,1)={z € A: N(z) < 1}
into

(39.13) B(e,1)={z€ A: N(z—e) <1},
by (39.5). In fact,

(39.14) exp(B(0,1)) = B(e, 1),

essentially by (37.19), with » = 1. This takes the constant term into account
for the exponential function, which was taken to be 0 in Section 37.

40 Some preliminary facts

Let p be a prime number, and let | - |, be the p-adic absolute value function
on Q, as in Section 2. In order to deal with the exponential function in p-adic
situations, we need to estimate

(40.1) [1/8p = 1/[1M,

for nonnegative integers [, as in [1, 5]. Equivalently, we want to estimate the
total number of factors of p in I!. This is the same as the sum of the factors
of p in the positive integers less than or equal to [. In particular, there are no
factors of p in I! when [ < p, so that (40.1) is equal to 1.

Let [r] denote the integer part of a nonnegative real number r, which is the
largest integer less than or equal to r. If [ is a nonnegative integer, then the
total number of factors of p in {! can be given by

(40.2) i LH .

Jj=1
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Of course, [I/p’] = 0 when [ < p’, so that all but finitely many terms in the sum
are equal to 0. The first term [I/p] is the same as the number of positive integers
less than or equal to [ that are multiples of p. These are the positive integers
less than or equal to [ that lead to factors of p in I!. However, these positive
integers less than or equal to [ may have more than one factor of p, which lead
to additional factors of p in I!. The second term [I/p?] in (40.2) is the number of
positive integers less than or equal to [ that are multiples of p?. Each of these
positive integers less than or equal to [ lead to at least one additional factor of
p in I!. If j is any positive integer, then [I/p’] is the number of positive integers
less than or equal to [ that are multiples of p’/, each of which leads to at least
j factors of p in [!. In this way, the sum over j is the total number number of
factors of p in I!.
Observe that
[ — 1
(40.3) [] < —
; =
for each positive integer I, because [/p’ > 0 for every j, but [I/p’] = 0 when
1 < p?. Of course, we can sum the geometric series, to get that

[e’e) l o0 i B l

(40.4) S=/p) Y =) (- /p) =
=P §=0 p

It follows that

(40.5) 1], > p~ /=D

for every [ > 1, so that

(40.6) /|11, < p/ =1,

If n is a positive integer, then we have that

o0 n n ) n—1 ) n_
(40.7) Z[H I T P _11,
Jj=1 j=0

p

This also works when n = 0, with the two sums in the middle interpreted as
being equal to 0.
Using (40.3) and (40.4), we get that

(40.8) (»—1) i LH <1

for every [ > 1. This implies that

(40.9) (v-1) f_ojl[plj] <i-1,

because the left side is an integer. Thus

(40.10) i {l} <=t



for every [ > 1, so that

(40.11) |, > p~-0/=1),
and hence
(40.12) /|1, < p=1/(p=1)

41 The p-adic case

Let k be a field of characteristic 0 again, and let |-| be an absolute value function
on k. As before, we can think of Q as being a subfield of k, so that the restriction
of | - | to Q defines an absolute value function on Q. Let p be a prime number,
and suppose that the restriction of | - | to Q is the same as the p-adic absolute
value function |- |, on Q. This implies that |- | is non-archimedean on k, so that
| -] is an ultrametric absolute value function on k, as in Section 4. Let A be an
algebra over k with a multiplicative identity element e and a submultiplicative
ultranorm N, and suppose that A is complete with respect to the ultrametric
associated to N. As usual, it is convenient to also ask that N(e) = 1. If k is
not already complete with respect to the metric associated to |- |, then one can
pass to a completion, which contains Q, as a subfield in this situation. One can
consider A as an algebra over the completion of k, because A is complete, and
in particular one can consider A as an algebra over Q,.
If x € A, then we would like to put

(41.1) exp(z) = Y (1/5!)a?
3=0
under suitable conditions on N(z). Observe that

N((1/5)a?) = [1/4!], N(27)
(41.2)

for every nonnegative integer j, using (40.6) in the first step on the second line.
If
(41.3) N(z) < p~ Y1,

then the right side of (41.2) tends to 0 as j — oco. This implies that the series
on the right side of (41.1) converges in A, as in Section 10. Thus exp(z) may
be defined as an element of A when (41.3) holds, in which case we have that

(41.4) Nexp(a)) < max N((1/5!) ) = 1,

using (41.2) and N(e) =1 in the second step.
Similarly, if « € A satisfies (41.3), then

(41.5)  Nexp(x) —€) < max N((1/5) 2’) < max((1/1!],) N(x)),
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using the first line in (41.2) in the second step. If j is a positive integer, then
(41.6)  (1/]5!lp) N(z) "t < pi= V=D N (@)=t = (p/ P~V N (),

using (40.12) in the first step. Combining this with (41.5), we get that

(41.7) N(exp(z) —e) < N(z),

because of (41.3). It follows that

(41.8) 1= N(e) max(N (exp(z) — e), N (exp(z)))

max (N (z), N(exp(x))),

IN A

using the ultranorm version of the triangle inequality in the first step. Note
that N(x) < 1, by (41.3). Thus (41.8) implies that N(exp(z)) > 1. Hence

(41.9) N(exp(x)) =1

when z € A satisfies (41.3), by (41.4).
Let z, y be commuting elements of A satisfying (41.3) and

(41.10) N(y) < p~ Y=,
Note that
(41.11) N(z +vy) < max(N(z),N(y)) < p~ /@1

too, by the ultranorm version of the triangle inequality. Under these conditions,
we have that

(41.12) exp(e +y) = exp(x) exp(y),

where each of the exponentials is defined as an element of A, as before. Indeed,
the series defining exp(z + y) corresponds to the Cauchy products of the series
defining exp(z) and exp(y), as in (38.8). This implies (41.12), as in Section 10.
In particular, x automatically commutes with —x, so that

(41.13) exp(x) exp(—x) = exp(—z) exp(z) = e,

as before. This implies that exp(—z) is the multiplicative inverse of exp(z) in
A when = € A satisfies (41.3).

As usual, B(z,r) denotes the open ball in A centered at x € A with radius
r > 0 with respect to the ultrametric associated to N. Thus the exponential
function defines an A-valued function on B(0,p~Y/®=1). If j is a positive
integer, then
(41.14) 1]y (Y @=D)=1 < 1,

as in (40.12). This implies that the exponential function is Lipschitz with con-
stant 1 on B(0,p~/(P=1) as in (35.5). More precisely, the exponential function
corresponds to taking a; = 1/5! in (35.5), and we take r = p~+/(P~1),

If z,y € B(0,p~Y/®=1)  then

(41.15) N(exp(z) —exp(y)) = N(z — y).
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Of course, the left side of (41.15) is less than or equal to the right side, because
the exponential function is Lipschitz with constant 1 on B(0, p~ Y/ (p_l)), as
in the previous paragraph. The fact that equality holds in (41.15) basically
corresponds to (36.11), in the situation described in the paragraphs after the
one containing (36.11) in Section 36, with » = p~1/(»=1). Note that (36.6)
corresponds to (41.14) here. As before, the constant terms in the definitions
of exp(z) and exp(y) cancel out in the left side of (41.15), and they were not
included in Section 36.

The exponential function maps B(0, p~Y®=1) into B(e,p~1/P=1), because
of (41.7). We actually have that

(41.16) exp(B(o’pfl/(pfl))) — B(e,p—u(pq))’

as in (37.19), with » = p~*/(»=1_ This takes the constant term into account
for the exponential function, as before, while the constant term was taken to
be 0 in Section 37. The condition (37.13) corresponds to (41.14) here, as in the
preceding paragraph.
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