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2-torsion in the n-solvable filtration of the knot concordance group

Tim D. Cochran, Shelly Harvey and Constance Leidy

ABSTRACT

Cochran—Orr—Teichner introduced in [‘Knot concordance, Whitney towers and L?-signatures’,
Ann. of Math. (2) 157 (2003) 433-519] a natural filtration of the smooth knot concordance
group C
o CFn1 CFas CFn C... CF1 C Fos CFo CC,

called the (n)-solvable filtration. We show that each associated graded abelian group {G, =
Fn/Fns | n €N}, n > 2, contains infinite linearly independent sets of elements of order 2 (this
was known previously for n = 0,1). Each of the representative knots is negative amphichiral,
with vanishing s-invariant, T-invariant, d-invariants and Casson—Gordon invariants. Moreover,
each is slice in a rational homology 4-ball. In fact we show that there are many distinct such
classes in G, distinguished by their Alexander polynomials and, more generally, by the torsion
in their higher-order Alexander modules.

1. Introduction

A (classical) knot K is the image of a smooth embedding of an oriented circle in $3. Two knots,
Ko — 83 x {0} and K; — 53 x {1}, are concordant if there exists a proper smooth embedding
of an annulus into S? x [0, 1] that restricts to the knots on 3 x {0,1}. Let C denote the set of
(smooth) concordance classes of knots. The equivalence relation of concordance first arose in the
early 1960s in the work of Fox, Kervaire and Milnor in their study of isolated singularities of 2-
spheres in 4-manifolds and, indeed, certain concordance problems are known to be equivalent to
whether higher-dimensional surgery techniques ‘work’ for topological 4-manifolds [1, 15, 28|.
It is well known that C can be endowed with the structure of an abelian group (under the
operation of connected sum) called the smooth knot concordance group. The identity element
is the class of the trivial knot. Any knot in this class is concordant to a trivial knot and is called
a slice knot. Equivalently, a slice knot is one that is the boundary of a smooth embedding of a
2-disk in B*. In general, the abelian group structure of C is still poorly understood; but much
work has been done on the subject of knot concordance (for excellent surveys, see [19, 37]).
In particular, [11] introduced a natural filtration of C by the subgroups

i CFp1 CFps CF C...CF1 CFos CFoCC.

called the (n)-solvable filtration of C and denoted by {F,} (defined in Section 3). The non-
triviality of C can be measured in terms of the associated graded abelian groups {G,, =
Fu/Fns | n €N} (here we ignore the other ‘half’ of the filtration, F,, 5/F,+1, where almost
nothing is known). This paper is concerned with elements of order 2 in C and, more generally,
with elements of order 2 in G,,.

We review some of the history of 2-torsion phenomena in C in the context of the n-solvable
filtration. One of the earliest results concerning C was the following epimorphism constructed
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by Fox and Milnor [15]:
FM:C — Z5°.
Soon thereafter, Levine constructed an epimorphism
C»>AC=Z> QLY B Ly, (1.1)

to a group, AC, that became known as the algebraic knot concordance group. Any knot in
the kernel of (1.1) is called an algebraically slice knot. In terms of the n-solvable filtration,
Levine’s result is [11, Remark 1.3.2, Theorem 1.1]:

Gy =ZZ>® DL LY.

It is known that there exist elements of order 2 in C that realize some of the above 2-torsion
invariants. Let K denote the mirror image of the oriented knot K, obtained as the image
of K under an orientation-reversing homeomorphism of S?; and let r(K) denote the reverse
of K, which is obtained by merely changing the orientation of the circle. Then it is known
that K#r(K) is a slice knot, so the inverse of [K] in C, denoted by —[K], is represented by
r(K), denoted by —K. A knot K is called negative amphichiral if K is isotopic to r(K). It
follows that, for any negative amphichiral knot K, K#K is a slice knot, since it is isotopic
to K# — K. Hence negative amphichiral knots represent elements of order either 1 or 2 in C.
It is a conjecture of Gordon that every class of order 2 in C can be represented by a negative
amphichiral knot [19].
In fact the work of Milnor and Levine in the 1960s resulted in a more precise statement:

Go = Pz & 2y © Z")
p(t)

where the sum is over all primes p(t) € Z[t], where p(t) = p(t~1) and p(1) = £1 (see [24, p. 131;
34, Sections 10, 11 and 24; 48]); that is, the algebraic concordance group (and Gy) admits a
certain p(t)-primary decomposition, wherein a knot has a non-trivial p(t)-primary part only
if p(t) is a factor of its Alexander polynomial. (Indeed, Levine and Stoltzfus classified Gg
by first splitting the Witt class of the Alexander module (with its Blanchfield form) into its
p(t)-primary parts).

In the 1970s the introduction of Casson-Gordon invariants in [2, 3] led to the discovery that
the subgroup of algebraically slice knots was of infinite rank and contained infinite linearly
independent sets of elements of order 2 (see [27, 36]). In terms of the n-solvable filtration this
implies the existence of

7> & Ls° C Gy.

Different Z°°-summands were exhibited in [16, 31]. More the recent work of Kim [29] on the
‘polynomial splitting’ properties of Casson—Gordon invariants led to a generalization analogous
to the result of Milnor-Levine:

@Z‘X’ c G;.

p(t)

Thus there is evidence that G; also exhibits a p(t)-primary decomposition. Further strong
evidence is given in [30]. Although a similar statement for the 2-torsion in G has not appeared,
it is expected from combining the work of [29] and [36]. Several authors have shown that certain
knots that projected to classes of order 2 and 4 in AC are in fact of infinite order in C (see [20,
26, 35, 38, 39]). A number of papers have addressed the non-triviality of {G,,} (see [11-13,
16-18, 31]) culminating in [9], where it was shown that, for any integer n, there exists

7>° C G,,.
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Moreover, the recent work [10] of the authors resulted in a generalization of the latter fact,
along the lines of the Levine-Milnor primary decomposition and [30]: for each ‘distinct’ n-
tuple P = (p1(t),...,pn(t)) of prime polynomials with p;(1) = 1, there is a distinct subgroup
7> =2 I(P) C Gy, yielding a subgroup

Pz== P 1(P) c G.. (1.2)
Py

PeP,

Given a knot K, such an n-tuple encodes the orders of certain submodules of the sequence of
higher-order Alexander modules of K. Thus one can distinguish concordance classes of knots
not only by their classical Alexander polynomials, but also, loosely speaking, by their higher-
order Alexander polynomials. This result indicates that G,, decomposes not just according to
the prime factors of the classical Alexander polynomial, but also according to types of torsion
in the higher-order Alexander polynomials.

Here we show corresponding results for 2-torsion; that is, for any n > 2, not only do we
exhibit

L3> C Gy, (1.3)

but we also many distinct such subgroups

Pz c G, (1.4)

Pp_1

parameterized by their Alexander polynomials and the types of torsion in the higher-
order Alexander polynomials. The representative knots are distinguished by families of von
Neumann signature defects associated to their classical Alexander polynomials and ‘higher-
order Alexander polynomials’. The precise statement is given in Theorem 5.8. Each of these
concordance classes has a negative amphichiral representative that is smoothly slice in a
rational homology 4-ball. Thus the classical signatures and the Casson—Gordon signature-defect
obstructions [2] (indeed all metabelian obstructions) vanish for these knots [11, Theorem 9.11].
In addition, the s-invariant of Rasmussen [45], the 7-invariant of Ozsvdth and Szabd [43],
and the dpn-invariants of Manolescu-Owens and Jabuka (see [25, 41, 42]) vanish on these
concordance classes, since each of these invariants induces a homomorphism C — Z and so
must have value zero on classes representing torsion in C. Our examples are inspired by those
of Livingston, who provided examples that can be used to establish (1.3) in the case n =1
[36]. His examples are distinguished by their Casson-Gordon signature defects. Our examples
are distinguished by higher-order L(?)-signature defects. It is striking that elements of finite
order can sometimes be detected by signatures. The key observation is that, unlike invariants
such as the classical knot signatures, the s-invariant, the 7-invariant or the J-invariants, the
invariants arising from higher-order signature defects (including Casson—-Gordon invariants)
are not additive under connected sum. Therefore there is no reason to expect that they would
vanish on elements of finite order.

Our work is further evidence that G,, exhibits some sort of primary decomposition, but
wherein not only the classical Alexander polynomial, but also some higher-order Alexander
polynomials are involved.

We remark that [11] also defined a filtration {F.°P} of the topological concordance group
C*°P. Since it is known, by the work of Freedman and Quinn, that a knot lies in F°P if and
only if it lies in F,,, all of the results of this paper apply equally well, without change, to
the filtration {F'°P}. Therefore, for simplicity, in this paper we always work in the smooth
category.
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2. The examples

Our examples are inspired by those of Livingston [36], who exhibited an infinite ‘linearly
independent’ set of negative amphichiral algebraically slice knots. His examples can be used to
establish the existence of the aforementioned

73 C Gy.

2.1. The building blocks

Consider the knot shown on the left-hand side of Figure 2.1. Here J is an arbitrary pure
2-component string link [21, 32]. The disk containing the letter .J symbolizes replacing the
trivial 2-string link by the 2-string link J. Viewing the knot diagram as being in the zy-
plane (y being vertical), the mirror image can be defined as the image under the reflection
(z,y,2) — (z,y,—2), which alters a knot diagram by replacing all positive crossings by negative
crossings and vice versa. Recall that the image of J under this reflection is denoted by J. We
also consider a ‘flip’ homeomorphism of S® that flips over a diagram, given by a rotation of
180° about the y-axis or f(z,y,2) = (—x,y, —z). Note that these homeomorphisms commute.
Special cases of the following elementary observation appeared in [4, p. 60; 36, Lemma 2.1;
37, p. 326).

LEMMA 2.1. Suppose that J is an arbitrary pure 2-component string link. Then the knot
K on the left-hand side of Figure 2.1 is negative amphichiral.

Proof. The knot on the right-hand side of Figure 2.1 is a diagram for r(K), since it is
obtained by a reflection, in the plane of the paper, of the diagram for K, followed by a reversal
of the string orientation. Here we use that f commutes with the reflection. We claim that
the result is isotopic to K. Flipping the diagram (rotating by 180° about the vertical axis in
the plane of the paper), we arrive at the diagram shown on the left-hand side of Figure 2.2.
This is identical to the original diagram of K except that the left-hand band passes under the
right-hand band instead of over; but the left-hand band can be ‘swung’ around by an isotopy
as suggested in the right-hand side of Figure 2.2, bringing it on top of the other band, at which
point one arrives at the original diagram of K. O

The following result was shown for the figure-eight knot (the case where the string link J
is a single twist) by the first author (inspired by [14]). It was extended, by Cha, to the case
where J is an arbitrary number of twists in [4, p. 63]. Our contribution here is just to note
that Cha’s proof suffices to prove this more general result.

e@e ©

FIGURE 2.1. Families of negative amphichiral knots K.
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FIGURE 2.2. An isotopy.

LEMMA 2.2. FEach knot K in the family shown in Figure 2.1 is slice in a rational homology
4-ball.

Proof. We follow the argument of [4], only indicating where our more general argument
deviates. It suffices to show that the zero-framed surgery My, as shown on the left-hand
side of Figure 2.3, is rational homology cobordant to S' x S2. After adding, to Mg x [0,1],
a four-dimensional 1-handle and 2-handle (going algebraically twice over the 1-handle) and
performing certain handle slides (see [4, pp. 62-64]), one arrives at a 3-manifold M’ given by
surgery on the 3-component link drawn as the solid lines on the right-hand side of Figure 2.3.
Therefore My is rationally homology cobordant to M'.

Next one shows, as follows, that this underlying 3-component link L, is concordant to the
simple 3-component link L4 shown on the right-hand side of Figure 2.4. Ignoring the framings
on L1, add a band as shown by the dashed lines on the right-hand side of Figure 2.3, resulting
in the 4-component link Lo shown on the left-hand side of Figure 2.4. Here —.J is the image
of the (unoriented) string link under the map (z,y, 2) — (x, —y, 2z). One must be careful here
since .J, which is reflection in the plane of the paper, is not the correct notion of the mirror
image for a string link. Since our y-axis is the true axis of the string link (the [0, 1] factor in
D? x [0,1]), —J is the concordance inverse of .J in the string link concordance group [22, 32],
so J 4 (—=J) is concordant to the trivial 2-string link. Hence the link Ly is concordant to the
4-component link L3, which would result from taking J to be trivial. Capping off the right-most

e N )
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FIGURE 2.3. Adding a band.
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N J

FIGURE 2.4. Lo and Ly.

unknotted component of L3, we arrive at the 3-component link L, shown on the right-hand
side of Figure 2.4. This describes the desired concordance from L; to L,. Consequently, M’ is
homology cobordant to the 3-manifold described by the framed link on the right-hand side of
Figure 2.4, which is known to be homeomorphic to St x S2. Ul

In this paper we will only need the special case of these lemmas wherein the string link
J consists of two twisted parallels of a single knotted arc as indicated by the examples in
Figures 2.5 and 2.6. Here an m inside the rectangle indicates m full positive twists between
the two strands, and the J inside the rectangle indicates that the trivial 2-component string

FIGURE 2.5. Negative amphichiral knots E™.

FIGURE 2.6. Families of negative amphichiral knots E™(J).
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link has been replaced by two parallel zero-twisted copies of a single knotted arc J. This is
explained more fully in Subsection 2.2.

PrOPOSITION 2.3.  Ifm andn are distinct positive integers, then the Alexander polynomials
A, (t) of E™ and A, (t) of E™ are distinct and irreducible, hence coprime.

Proof. A Seifert matrix for E™ with respect to the obvious basis is

(5 %)

Thus the Alexander polynomial of E™ is A,,(t) = m?t? — (2m? + 1)t + m?. The discriminant
4m? + 1 is easily seen, for m # 0, to never be the square of an integer, so the roots of A,,(t) are
real and irrational. Hence A, (t) is irreducible over Q[t,¢~]. It follows that if A,,(¢) and A, (t)
had a common factor, then they would be identical up to a unit; but the equations m? = gn?

and 2m? +1 = ¢(2n? + 1) imply ¢ = 1, so m = +n. O

2.2. Doubling operators

To construct knots that lie deep in the n-solvable filtration, we use iterated generalized satellite
operations.

Suppose that R is a knot in S and & = (ay,as,...,q,,) is an ordered oriented trivial link
in $3, that misses R, bounding a collection of oriented disks that meet R transversely as shown
on the left-hand side of Figure 2.7. Suppose that (K7, Ko, ..., K,,) is an m-tuple of auxiliary
knots. Let Rz(K1,...,K,,) denote the result of the operation pictured in Figure 2.7, that is,
for each a; take the embedded disk in S® bounded by «, cut off R along the disk, grab the cut
strands, tie them into the knot K; (such that the strands have linking number zero pairwise)
and reglue as shown schematically on the right-hand side of Figure 2.7.

We call this the result of infection performed on the knot R using the infection knots K
along the curves o (see [12]). In the case where m = 1, this is the same as the classical satellite
construction. This construction has an alternative description. For each «;, remove a tubular
neighborhood of «; in S? and glue in the exterior of a tubular neighborhood of K; along their
common boundary, which is a torus, in such a way that (the longitude of) «; is identified with
the meridian p; of K, and the meridian of «; is identified with the reverse of the longitude /;
of K; as suggested by Figure 2.8. The resulting space can be seen to be homeomorphic to S3
and the image of R is the new knot.

It is well known that if the input knots K7 and K5 are concordant, then the output knots
R.(K;) and R, (K3) are concordant. Thus the functions Rz descend to C.

DEFINITION 2.4 [8, 10]. A doubling operator, Rz :C X ... x C — C is a function, as in
Figure 2.7, that is given by infection on a ribbon knot R wherein, for each i, (k(R, ;) = 0.
Often we suppress «; from the notation.

g”)@)—*
| [l
R R R&(Ki,..., Km)

FIGURE 2.7. Rgz(K1,..., K,,): infection of R by K along «;.
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FIGURE 2.8. Infection as replacing a solid torus by a knot exterior.

FIGURE 2.9. Negative amphichiral doubling operators R = E"#E™.

These are called doubling operators because they generalize untwisted Whitehead doubling.
In particular we consider the family of doubling operators R} | (—, —) shown in Figure 2.9.
Note that, since E™ is negative amphichiral by Lemma 2.1,

M™ = EMHE™ = EM4 — E™,

which is well known to be a ribbon knot [46, Exercise 8E.30]. Thus fR™ is a negative amphichiral
ribbon knot. For the case m = 1, this was already noted in [36].

We also consider the family of doubling operators R shown in Figure 2.10 (where the —m
inside a box symbolizes m full negative twists between the bands but where the individual
bands remain untwisted), equipped with a specified circle a that can be shown to generate its
Alexander module.

7 S\
Rm
N\ J
N Y

FIGURE 2.10. Doubling operators Ry, .



2-TORSION IN THE n-SOLVABLE FILTRATION 265

FIGURE 2.11. The examples K".

2.3. Elements of order 2 in F,

Now we describe large families of examples of negative amphichiral knots that lie in F,,. Let
K9 be any knot with Arf(K")= 0. Let K"~ ! be the image of K” under the composition of any
n — 1 doubling operators (each requiring a single input), that is,

K" '=R""'o...0 RYK"). (2.1)

Then, for any integer m, we define K™ as in Figure 2.11, that is, K" =R} (K"t K1),

PROPOSITION 2.5. For any n > 1, any m, any composition of n — 1 doubling operators and
any Arf invariant zero input knot K°, the knot K™ of Figure 2.11 satisfies the following:

(1) K™ is negative amphichiral;

(2) K™ e Fp;

(3) K™ is (smoothly) slice in a smooth rational homology 4-ball;

(4) K"# K" is a slice knot.

Proof. Tt was shown in [9, Theorem 7.1] that, for any any doubling operator R,
R(]:L A ,.7:1) C Fit1-

Since any knot of Arf invariant zero is known to lie in Fy (see [11, Remark 8.14, Theorem
8.11]), and since K™ is the image of K° under a composition of n doubling operators, it follows
that K" € F,.

Note that K™ is the connected sum of two knots each of which is of the form shown in
Figure 2.6 (hence of the form of Figure 2.1). Thus, by Lemma 2.2, each such K™ is slice in a
rational homology 4-ball. Moreover, by Lemma 2.1, K™ is negative amphichiral, so K"# K™ is
isotopic to K"#r(K™); but the latter is a ribbon knot and hence a slice knot. U

For specificity we define the following infinite families.

DEFINITION 2.6. Given an n-tuple (mj, ..., m,) of integers and an Arf invariant zero knot
K, we define K™(my,...,my, K°) to be the image of K under the following composition of
n doubling operators. Specifically let

K" =K"(ma,...,mp, K% =R (K" K1),

n1,M2

as shown in Figure 2.11, where K"~ is

R™=1o...0o R™(KY),
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where the R™ are the operators of Figure 2.10. In other words, we recursively set
K= R (),
K2 =Ry2 o Ry (K°);

Kt =Ryt o.. o RIV(KY);
K = R™Mn (Icnil,lcnfl).

71,72

Even though K" depends on (my, ..., m,, K°), we often suppress the latter from the notation.

3. Commutator series and filtrations of the knot concordance groups

To accomplish our goals, we must establish that many of the knots in the families given by
Figure 2.11, and specifically those in Definition 2.6, are not in F,, 5 and, indeed, are distinct
from each other in F,,/F,, 5. To this end we review recent work of the authors that introduced
refinements of the n-solvable filtration parameterized by certain classes of group series that
generalized the derived series. In particular the authors defined specific filtrations of C that
depend on a sequence of polynomials. These filtrations can then be used to distinguish between
knots with different Alexander modules or different higher-order Alexander modules. All of the
material in this section is a review of the relevant terminology of [10, Sections 2 and 3].

Recall that the derived series {G™ | n > 0} of a group G is defined recursively by G(©) = &
artgl) G+ =[G, G(™)]. The rational derived series (see [23]) {G&n) | n > 0} is defined by
Gy’ =G and

G(") G(")
(n+1) — (n) __, r SN r
Gy = ker (Gr [G7(nn) Ggqn)} [ngn) G&n)] ®zQ].

More generally, we have the following definition.

DEFINITION 3.1 [10, Definition 2.1]. A commutator series defined on a class of groups is a
function * that assigns to each group G in the class a nested sequence of normal subgroups

LaGM a6 g a6 =g,

such that G /GU"*Y is a torsion-free abelian group.

PROPOSITION 3.2 [10, Proposition 2.2]. For any commutator series {Gin)}, we have the
following:
(1) {z € el | 3k >0, z* € [G&n),Gﬁn)]} caimt (and in particular [Gin),ng)] camt,
whence the name commutator series);
(2) GS") C Gfkn), that is, every commutator series contains the rational derived series;
(3) G/Gin) is a poly-(torsion-free abelian) group (abbreviated PTFA);
(4) Z[G/ng)] and Q[G/Gin)] are right (and left) Ore domains.

Any commutator series that satisfies a weak functoriality condition induces a filtration {F}:}
of C by subgroups. These filtrations generalize and refine the (n)-solvable filtration {F,} of
[11]. Let Mg denote the closed 3-manifold obtained by zero-framed surgery on S* along K.
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DEFINITION 3.3 [10, Definition 2.3]. A knot K is an element of F;; if the zero-framed
surgery Mg bounds a compact, connected, oriented, smooth 4-manifold W such that:
(1) Hy(Mg;Z) — H1(W;Z) is an isomorphism;
(2) Ho(W;Z) has a basis consisting of connected, compact, oriented surfaces {L;, D; | 1 <
i < r} embedded in W with trivial normal bundles, wherein the surfaces are pairwise
disjoint except that, for each i, L; intersects D; transversely once with positive sign;
(3) for each i, w1 (L;) C Wl(W)Sﬂn) and 71(D;) C ﬂl(W),(kn).
A knot K € F 5 if, in addition,
(4) for each i, w1 (L;) C i (W),
Such a 4-manifold is called an (n, *)-solution or an (n.5, *)-solution, respectively, for K and it
is said that K is (n,x)-solvable or (n.5,*)-solvable, respectively, via W. The case where the
commutator series is the derived series (without the torsion-free abelian restriction) is denoted
by F,, and we speak of W being an (n)-solution, and K or My being (n)-solvable via W (see
[11, Section 8]).

DEFINITION 3.4. A commutator series {G&")} is weakly functorial (on a class of {groups,
maps}) if f(Gg")) c 7™ for each n and for any homomorphism f : G — 7 (in the class) that

induces an isomorphism G/Ggl) = 71'/71'7(}) (that is, induces an isomorphism on Hy(—;Q)).

PROPOSITION 3.5 [10, Proposition 2.5]. Suppose that * is a weakly functorial commutator
series defined on the class of groups with (1 = 1. Then {F;},,>0 is a filtration by subgroups of
the classical (smooth) knot concordance group C :

. CFi L CFysCF,C...CF CFys CFyCC.

Moreover, for any n € %Z,
Fn C Fr.

The case where the commutator series is the derived series (without the torsion-free abelian
restriction) is the (n)-solvable filtration [11], denoted by {F,}.

3.1. The derived series localized at P

Fix an n-tuple P = (p1(t),...,pn(t)) of non-zero elements of Q[t,t71], such that p;(t) =
p1(t~1). For each such P we now recall from [10] the definition of a partial commutator series
that we call the (polarized) derived series localized at P, that is defined on the class of groups

Suppose that G is a group such that G/ [elONNY/ . (). Then we define the derived series
localized at P recursively in terms of certain right divisor sets S,, C Q[G/ G’g;I )].

DEFINITION 3.6. For n > 0, let

Gg)) =G;
Gy =ab;

and for n > 1,

(n)

G

n+1l) _ n n -

Gt =ker | G — P @, g0 QIG/GR)S, (3.1)
(G, Gp] ?
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To make sense of (3.1), one must realize that, for any H < G, H/[H, H] is a right Z|G/H]-
module, where g acts on h by h+— g~ 'hg. One must also verify, at each stage, that G%") has
been defined in such a way that G;f ) / G;f 1 is a torsion-free abelian group for each k < n, so
G/ Gg’ ) is a PTFA, from which it follows that Q[G/ Ggf )] is a right Ore domain. Therefore, for
any right divisor set S, C Q[G/Ggf)] we may define the Ore localization Q[G/Ggf)]Sp_nl as in
(3.1) (see [10, Sections 3 and 4]).

For the (polarized) derived series localized at P we use the following right divisor sets.

DEFINITION 3.7. The (polarized) derived series localized at P is defined as in Definition 3.6
by setting

S = S (@) = {ar () .- r () | (1 (D),q(1) = 15 G/GD = ()} C QIG/GV): (32)

and for n > 2,

—_~—

Sp = Sp, (Q) = {a1(a1) .. qr(ar) | (pnoqy) = 1 q;(1) #0; a5 € GOV /WY, (3.3)
s0 S, C QG /Gl

Here p;(t) and g;(t) are in Q[¢t,¢t!]. By (p1,¢;) =1 we mean that p; is coprime to g; in
Q[t,t~ 1], as usual; but by (pn, gj) = 1 we mean something slightly stronger.

DEFINITION 3.8 [10, Definition 4.4]. Two non-zero polynomials p(t),q(t) € Q[t,t~!] are
said to be strongly coprime, denoted by (p,q) = 1 if, for every pair of non-zero integers, n, k,
p(t") is relatively prime to g(t*). Alternatively, (p,q) # 1 if and only if there exist non-zero

roots, 1,74 € C*, of p(t) and ¢(t), respectively, and non-zero integers k,n, such that Tllf =y

—

Clearly, (p,¢) = 1 if and only if, for each prime factor p;(t) of p(t) and ¢;(t) of ¢(t), (pi,q;) = 1.

Note that Q — {0} C S,, (take ¢; to be a non-zero constant). It is easy to see (and was
proved in [10, Section 4]) that S, is closed (up to units) under the involution on Q[G/Ggl)].
Here we need py(t) = pi(t71).

ExAMPLE 3.9. Consider the family of quadratic polynomials
{am(t) = (mt — (m+1))((m + 1)t =m) | m € Z"},

whose roots are {m/(m+1),(m + 1)/m}. The polynomial ¢,, is the Alexander polynomial
of the ribbon knot R™ shown in Figure 2.10. It can easily be seen (and was proved in [10,

Example 4.10]) that (¢m,qn) =1 if m # n.

THEOREM 3.10 [10, Theorem 4.16]. The (polarized) derived series localized at P is a
weakly functorial commutator series on the class of groups with 31 = 1.

4. von Neumann signature defects as obstructions to (n.5, *)-solvability

To each commutator series there exist signature defects that offer obstructions to a given
knot lying in a term of F*. Given a closed oriented 3-manifold M, a discrete group I' and
a representation ¢ : w1 (M) — T, the von Neumann p-invariant p(M,¢) € R was defined by
Cheeger and Gromov [5]. If (M, ¢) = 9(W, ) for some compact, oriented 4-manifold W and
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:m (W) —T, then it is known that p(M,¢) = 0%2)(1/[/, ) — o (W), where Ul(ﬂz)(I/V, ) is
the L(®)-signature (von Neumann signature) of the equivariant intersection form defined on
Hy(W; ZT') twisted by 1, and o(W) is the ordinary signature of W (see [13, Section 2; 40]).
Thus the p-invariants should be thought of as signature defects. They were first used to detect
non-slice knots in [11]. For a more thorough discussion, see [11, Section 5; 12, Section 2; 13,
Section 2]. All of the coefficient systems T in this paper will be of the form 7/ ﬂin), where 7 is
the fundamental group of a space. Hence all such I will be PTFA. Aside from the definition,
the properties that we use in this paper are the following.

PROPOSITION 4.1. (1) If ¢ factors through ¢’ : w1 (M) — T", where I is a subgroup of T,
then p(M, &) = p(M, 6).(3]

(2) If ¢ is trivial (the zero map), then p(M, ¢) = 0.

(3) If M = My is the zero-surgery on a knot K and ¢ : 71(M) — Z is the abelianization,
then p(M, ) is denoted by po(K) and is equal to the integral over the circle of the Levine—
Tristram signature function of K (see [12, Proposition 5.1]). Thus po(K) is the average of the
classical signatures of K.

(4) If K is a slice knot or link and ¢ : Mg — T' (I' PTFA) extends over m; of a slice disk
exterior, then p(M, ) =0 by [11, Theorem 4.2].

(5) The von Neumann signature satisties Novikov additivity, that is, if W, and Wy intersect
along a common boundary component then O'I(?)(Wl UWs) = 01(12)(W1) + 01(12)(W2) (see [11,
Lemma 5.9]).

(6) For any 3-manifold M, there is a positive real number C)y, called the Cheeger—Gromov
constant [5, 13, Section 2] of M such that, for any ¢,

[p(M, )| < Cnr.
We also need the following generalization of property (4).

THEOREM 4.2 [10, Theorem 5.2]. Suppose that * is a commutator series (no functoriality
is required). Suppose K € F -, so the zero-framed surgery My is (n.5,*)-solvable via W as
in Definition 3.3. Let G = w1 (W) and consider

¢p:m(Mg) — G— G/G&n—H) — T,
where I' is an arbitrary PTFA group. Then
o (W, ) = o(W) = 0 = p(Mg., ).

5. Statements of main results and the outline of the proof
We will show that, for any n > 2, not only does there exist
72° C Gy = Fn/Fns,

but there are also many distinct such classes
P 75 c G,
Pnfl

distinguished by the sequence of orders of certain higher-order Alexander modules of the knots.
Given the sequence P = (p1(t),...,pn(t)), we have defined (in Definitions 3.6 and 3.7) an
associated commutator series called the derived series localized at P.
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DEFINITION 5.1. Let {FF} denote the filtration of C associated, by Definition 3.3, to the
derived series localized at P.

Since, for any group G and integer n (or half-integer), G™) Gg;I ), one sees that F,, C Fr.

In particular F,, 5 C F/ 5, so there is a surjection

Fn 7 Fn

=S

fn.f’) fn.5
The point of the filtration {F } is that any knot K € F,,, whose classical Alexander polynomial
is coprime to p;(t), will lie in the kernel of 7. Moreover, the idea of Theorem 5.3 below is that a
knot will of necessity lie in the kernel of 7, unless p; (t) divides its classical Alexander polynomial

and, loosely speaking, the higher p;(¢) are related to torsion in its ith higher-order Alexander
module.

DEFINITION 5.2. Given P = (p1(t),...,pn(t)) and Q = (q1(t),...,qn(t)), we say that P is
strongly coprime to Q if either (p1,q1) = 1, or (pk,qx) = 1 for some k > 1.

THEOREM 5.3 [10, Theorem 6.5]. For any n>1, let RI"' ... R. be any dou-
bling operators and K° be any Arf invariant zero input knot. Consider the knot K" =
Ry (K" Kn=1), where K" ' = Ri~! o...0o R} (K°). Then

71,72 Qp—1
n P
K" e F 4

for each P = (pi(t),p2(t),...,pn(t)), with pi(t) =pi(t~1), that is strongly coprime to
(A (t), qn-1(t),...,q1(t)), where A,, is the Alexander polynomial of E™ and g¢; is the
Alexander polynomial of R'.

This applies, in particular, to the families of Definition 2.6, constructed using the ribbon
knots of Figures 2.9 and 2.10.

COROLLARY 5.4. For any (my,...,m,) and any input knot K° with Arf invariant zero,
K™(ma,....,m,, K% € FI\ |

for each P = (p1(t),p2(t),...,pn(t)) that is strongly coprime to (Ap,, (t), qn-1(t)...,q1 (1)),
where A, is the Alexander polynomial of E"" and ¢, is the Alexander polynomial of R™:.

Now we need a non-triviality theorem to complement Theorem 5.3.

THEOREM 5.5. Suppose
K"=®p (K" KT,

n1:7M2
where K"~ is the result of applying any sequence of n — 1 doubling operators Rg;}l 0...0 R}ll
to an Arf invariant zero ‘input’ knot K°. Suppose additionally that n > 2 and that:
(1) m #0;
(2) for each i, a; generates the rational Alexander module of R', and this module is non-
trivial;
(3) |po(KY)|, the average Levine-Tristram signature of K°, is greater than twice the sum of
the Cheeger—Gromov constants of the ribbon knots R™, R!,... R"~! (see Section 4).
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If P is the sequence of classical Alexander polynomials of the knots (E™, R"~' ... R'), then
K" ¢ Fls.

This can be applied to the specific families of Definition 2.6.

COROLLARY 5.6. Fixn > 2 and an n-tuple of positive integers (myq, ..., my,). Suppose that
K" is chosen so that |po(K")| is greater than twice the sum of the Cheeger—-Gromov constants
of the ribbon knots R R™»=1 ... R™ . If P is the n-tuple of Alexander polynomials of the
knots (E™» R™n=1 ... R™), then

K" ¢ Fs.

The proofs of Theorems 5.3 and 5.5 will constitute Sections 6 and 7. Assuming these
theorems, we now derive our main results.

THEOREM 5.7. Fix n > 2. For any n-tuple of positive integers (m1,...,m,) choose an Arf
invariant zero knot K°(my,...,my,) such that |py(K°)| is greater than twice the sum of the
Cheeger—Gromov constants of SR R™n=1 ... R™1. Then the resulting set of knots

{K™(m1,...,mn, K°) |m; € ZT},
as in Definition 2.6, represent linearly independent, order 2 elements of F, /F,. 5. They also
represent linearly independent order 2 elements in C. In particular this gives
Fn
7o

where each class is represented by a negative amphichiral knot that is slice in a rational
homology 4-ball.

7y Cc G, =

Proof (assuming Theorems 5.3 and 5.5). By Proposition 2.5, K™ is negative amphichiral,
K" € F,, and K"#K" is a slice knot. Thus 2[K"] =0 in F,,/F, 5. By Corollary 5.6, for a
certain P, K" ¢ FT, so in particular K* ¢ F, 5 by Proposition 3.5. Therefore each [K"] has
order precisely 2 in G,,.

Suppose that there exists a non-trivial relation

J=K"(ma1, ..y min, KO# . #K (Mg, Mg, K) € Frs.

Set P = (p1,..-,pn) = (A1ny@in—1,---,q11), the reverse of the sequence of Alexander polyno-
mials of the operators corresponding to the first summand of J. For each of the other summands
of J, the corresponding n-tuple (m;1,...,m;,) is assumed distinct from (mqy,...,miy).
Therefore, the (reversed) sequence of Alexander polynomials of the operators corresponding to
this other summand is strongly coprime to P by Proposition 2.3 and Example 3.9. Thus, by
Theorem 5.3, each summand of .J, aside from the first, lies in F,” 11 and hence in FP.. Since
J € F,.5, it follows that J € F” ., by Proposition 3.5. Since F/ . is a subgroup, it would follow
that the first summand of J also lay in F 5, contradicting Corollary 5.6. 0

More generally, we have the following theorem.

THEOREM 5.8. Suppose n > 2. Let P,, be any set of n-tuples P = (01(t),02(t), ..., d,(t))
of prime polynomials §;(t) € Z[t,t~'] such that §;(1) = 1, 61(t) = A,,, = m?t? — (2m? + 1)t +
m? and with the property that, for any distinct P, P’ € P,,, P and P’ are strongly coprime.
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Then there exists a set of negative amphichiral n-solvable knots indexed by P, that is linearly
independent modulo F,, 5, that is, that spans

@ Zo C Gn,
P,

where the knot corresponding to the sequence (81(t),02(t),...,0,(t)) admits a sequence of
higher-order Alexander modules containing submodules whose orders are determined by
the sequence (81(t)d1(t71),...,0,(t)0,(t71)) with the classical Alexander polynomial being
81(t)d1(t~1). Moreover each class is represented by a negative amphichiral knot that is slice in
a rational homology 4-ball.

Proof (assuming Theorems 5.3 and 5.5). By [49], for any prime 6(¢) with 6(1) = £1 there
exists a ribbon knot whose Alexander module is cyclic of order §(¢)§(t~!). Hence, given P =
(01(t),02(t), . .., 0n(t)), choose such ribbon knots R"~! ... R! whose Alexander polynomials
are 0o(t)02(t™1), ..., 6, (t)6,(t1), respectively, and choose curves a; (unknotted in S3) that
generate the Alexander modules of the R’. Thus doubling operators Rl , 1 <i<n—1, are
defined. Since d1(t) = A,, = m?t? — (2m? + 1)t + m?, there is a ribbon knot, namely R™ =
Em#E™ of Figure 2.9, whose Alexander polynomial is &1(¢)d1(t~1). The hypotheses imply
m # 0. Choose any Arf invariant zero knot K° such that |po(K?)| is greater than twice the

sum of the Cheeger-Gromov constants of 8™, R"~!,..., R'. Then set
K =Ry (K" K1), (5.1)

where K"~ ' =Ry~ o...0oRl (K°). To each P there is an associated n-tuple P* =
(01,62(t)02(t71), ..., 8, (t)8,(t71)), which gives the sequence of Alexander polynomials of the
knots E™, R*~1, ..., R' that define K3%.

By Lemma 2.1 and Proposition 2.5, each K7 is negative amphichiral and n-solvable. By

Theorem 5.5,
K ¢ FP. (5.2)

n.5»

so Kp ¢ Fp.5. Thus [K{é] has order precisely 2 in G,,. Suppose that there were a non-trivial
relation

k
J=> Kp € Fus.
i=1
By hypothesis, if ¢ # 1, then P; is strongly coprime to P;. It follows that P; is strongly coprime
to P;. Thus, by Theorem 5.3, if i # 1 then
Kp e FIL C FIL
Since J € F,, 5, it follows that J € fzg. Since the latter is a subgroup, it follows that

Kp € Fr

n.5?

contradicting (5.2).
It remains only to relate the sequence P to the higher-order Alexander modules of the knots
K. Since this is not central to our results, we sketch the proof. We recall the following.

DEFINITION 5.9 [6, Definition 2.8; 23, Definition 5.3]. The ith, i > 1, higher-order
(integral) Alexander module of a knot K is

G£i+1)
[Gq(r’i+1) G&i«kl)} ’

where G = 71 (M ). Note that the case i = 0 would give the classical Alexander module.

AF(K) = Hi (M ZIG/GIHY]) =
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Thus AZ(K2) is a module over I'; = G/Ggﬂrl)7 where G = 71 (M ). The following lemma
shows that the (two) images of the classical Alexander polynomial §; 1 (t)d;41(t7 ) of the
constituent operator R™~% under certain maps

Zlt,t7'] — Z[GW )G Y] ¢ ZTy,

wherein ¢ — x1 and t — x5, appear as the orders of cyclic submodules of AiZ(K%).

LEMMA 5.10. Fixing P = (01(¢),02(t),...,0,(t)) for each 1 <i < n—1, the ith higher-
order Alexander module of K7, (the knot defined in (5.1)) contains two non-trivial summands

Sip1 (1) 0511 (27 )ZL; iy (w2)6i1 (w5 12T

for certain x1,x9 € G(i)/Ggi—&-l)'

Proof. Recall that K7 is defined as the image of K° under a composition of n doubling
operators. In particular K"~! = Ri-! o...0 R (K"). Sequences of satellite operations have
a certain associativity property yielding, for each i > 2, an alternative description of K"~ ! as
a single infection on a single ribbon knot R’ along a curve lying in m(S% — R*)(—1) | using the
knot K"~% (see [7, Proposition 4.7; 8, Proposition 5.10]). Specifically,

Kn_l == RZ:E1 ©...0 Rn_i-‘rl (RZ:L <000 Ril (KO))

Op—i41
K" ' =Ry oo Ry (KT
K"t =Ry oo RyTEE (R ))s (K7)

Kn—l — ‘ézﬁl(Kn—z%
where
DI — -1 —i+2 —i+1
Rlﬁz = Ranl ©...0 Rgnf:l’z (Rzni;:»l)

and [3; is the image of a;_;+1. The specific nature of R is not important to our present
considerations. If ¢ = 1, let Rj; be the identity operator. Then, for any ¢ > 1, it follows that
K" = ERZLW(R@ (K", R%i (Km=H).

This can be reformulated, by the same considerations as above, to yield
K" = 9?{71,’72 (Kniiv ani)

where R = Ry (R, R") and {v1,72} are the images of the two copies of 3;. These curves can
inductively be shown to lie in 71 (5% — )@ (see [7, Proposition 4.7; 8, Proposition 5.10]. The
latter computation is very similar to the computation we perform in (7.15).

Now we can apply known results about the effect of single infection on the higher-order

Alexander modules [6, Theorem 8.2; 33, Theorem 3.5]:
AF(K™) = AT(R) @ (AF(K") @app-1) Z13) © (AFK ) @y 1) ZT).
where A% denotes the classical Alexander module, and the first tensor product is given by
t — x1 = 7, and the second by t +— x5 = 79; but
Z[t, t71

01 (D)3 (L[t 1]
where t — z;. The Alexander modules of R"~% and R"~* are isomorphic. Thus A%(K™) contains
two cyclic summands as claimed. By [6, Theorem 8.2; 33, Theorem 3.5] these summands are

AF(R ) = AR =



274 TIM D. COCHRAN, SHELLY HARVEY AND CONSTANCE LEIDY

non-zero precisely when x; and x5 are not zero in I';. The verification of the latter requires
further computation as in [7, Theorem 4.11; 8, Proposition 5.14]. These calculations are entirely
similar to and easier than the ones we do to verify our Proposition 7.4. They are not included.

This concludes what we say about the connections between P and the orders of the higher-

order Alexander modules of K3. |
This concludes the proof of Theorem 5.8. |

6. Sketch of proof of Theorem 5.3

Theorem 5.3 is a consequence of [10, Theorem 6.5]. However, we shall sketch the proof since
the basic idea is elementary and it also shows that K" € F,,.

Proof of Theorem 5.3. We set K! = RY(KY),..., K = R{(K""!) fori=1,...,n—1 and
K™ =R"(K" 1 K»=1). Recall from [9, Lemma 2.3, Figure 2.1] that, whenever a knot L is
obtained from a knot R by infection using knots K;, K5, ... there is a cobordism E whose
boundary is the disjoint union of the zero surgeries My, —Mpr and —My,, —Mp, and so on,
as shown on the left-hand side of Figure 6.1. Therefore, since K™ = R™ (K"~ K»~1) there
is a cobordism F,, whose boundary is the disjoint union of the zero surgeries on K™, K" !,
K7=1 and R™ as shown on the right-hand side of Figure 6.1 and schematically in Figure 6.2.
Similarly there is a cobordism E;, for 1 < ¢ < n, whose boundary is the disjoint union of the
zero surgeries on K', K1 and R’. Consider X = E, UE,,_ UE,_1U...UE; UE;, gluing
E; to E;_; along their common boundary component M1, and gluing E; to E;_; along their
common boundary component M=, as shown schematically in Figure 6.2. The boundary of X
is a disjoint union of Mgn, —Mmpm, —Mpo, — M7z and two copies each of = Mpgn-1,..., £ Mp:1.
For 1 < i <, let S; denote the exterior of any ribbon disk in B* for the ribbon knot R’. Let
S, denote the exterior of any ribbon disk in B* for the ribbon knot ™. Since Arf(K°)= 0,
K € F, via some V (see [12, Section 5]). Gluing V, V = —V and all the S; and S; to X, we
obtain a 4-manifold, Z as shown in Figure 6.2. Note 07 = Mgn.

We claim that

K" € F, via Z, (6.1)
and if P is strongly coprime to (A, (t), gn-1(t),...,q1(t)), then
K" e Fr | via Z. (6.2)

My,

FIGURE 6.1. The cobordism.
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S —
Ey

Micn

FIGURE 6.2. Z.

First, simple Mayer—Vietoris sequences together with an analysis of the homology of the FE;
(as given by Lemma 6.1 below) imply that Ho(Z) = Ho (V) @ Ho (V) since Ho(S;) = 0. Since V
is a 0-solution, Ha(V') has a basis of connected compact oriented surfaces, {L;, D;|1 < j <7},
satisfying the conditions of Definition 3.3; similarly for Ho(V). We claim that

(V) C m(2)™ (6.3)
and if P is strongly coprime to (A, (), ¢n-1(t),...,q1(t)) then
m(V) C m(2)5H. (6.4)

Indeed equations (6.3) and (6.4) were shown inductively in the proof of [10, Theorems 6.2 and
6.5] using the fact that, for each i, the doubling operator R, satisfies £k(cv;, R') = 0 leading
to the fact that
T (Myio1) C my(E)W.
Then
m(L;) € m (V) C m(2Z)™,
and if P is strongly coprime to (A, (), ¢gn-1(t),...,q1(t)), then
m(L;) € m(V) cm(2)5"",

and similarly for m1(D;). The same holds for V. This would complete the verification of claims
(6.1) and (6.2) since {L;, D;} (together with their counterparts in V' would then satisfy the
criteria of Definition 3.3.

This concludes our sketch of the proof as given in [10, Theorem 6.5]. We include the
relevant result about the elementary topology of the cobordism E. We will need several of
these properties in later proofs.

LEMMA 6.1 [9, Lemma 2.5]. With regard to E on the left-hand side of Figure 6.1, the
inclusion maps induce the following:
(1) an epimorphism 71 (M) — 71 (E) whose kernel is the normal closure of the longitudes
of the infecting knots K; viewed as curves {; C S® — K; C My;
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(2) isomorphisms Hy (M) — Hy(F) and Hy(Mg) — Hy(E);

(3) iSOIHOl"phjSHlS HQ(E) = HQ(ML) D; HQ(MK1) = HQ(MR) D; HQ(MKL),

(4) the meridian of K, nx C Mk is isotopic in E to both o C My and to the longitudinal
push-off of a, often called o C My, by abuse of notation;

(5) the longitude of K, {jx C Mg is isotopic in E to the reverse of the meridian of «,
(o)™t € My, and to the longitude of K in S® — K C My, and to the reverse of the
meridian of o, (j1o)~* C Mg (the latter bounds a disk in Mg). O

7. Proof of Theorem 5.5
The proof of Theorem 5.5 will occupy the remainder of the paper.

Proof of Theorem 5.5. We assume that

P=(p1(t), . .pn(t) = (Am, gn-1(t),...,q1(t))

is the n-tuple of Alexander polynomials of the knots (E™, R"~! ..., R'). Suppose that K" €
FP.. Let V be the putative (n.5, P)-solution. We derive a contradiction.
Let Wy be the 4-manifold (refer to Figure 7.1) obtained from V by adjoining the cobordisms
E,, E, 1, En_1,...E, Eq as defined in the proof of Theorem 5.3. For specificity, set
W, = ‘/3
Wpo1 =Wy U E’m
Wpo=W, 1UE, 1 UETL—I’

Wo =W UE; UEl.

Mﬁl M?O MRl ]\41(0
Ey Ey
M : Mpn :

En—l Mmfm En—l

Mon U U Myn—
E,

Mg

14

FIGURE 7.1. Wy.
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Note that, unlike in the manifold Z of Figure 6.2, we do not cap off the zero surgeries on the

various ribbon knots. Thus the boundary of Wy is the disjoint union of the zero surgeries on
" 0

. —n—1 . . -0

the ribbon knots %, R*~1,... . R\, R" ,.... R, together with the zero surgeries on K% K .

Below we define a commutator series {wén)} that is slightly larger than the derived series
localized at P. In particular,

T (Wo)p ™ € m (Wo) g (7.1)
Then we consider the coeflicient system on Wy given by the projection
b2 m(Wo) — w1 (Wo) /m (Wo) o™ — (W) /m (W) 5.
The bulk of the work of the proof will be to show that:
the restriction of ¢ to w1 (Mgo C OW)) factors non-trivially through Z; and (7.2)

the restriction of ¢ to mi(Mzo C OWp) is zero. (7.3)
We now show that (7.1)—(7.3) imply Theorem 5.5. Consider the von Neumann signature
defect of (W, ¢):
o (Wo, ¢) — o(Wo).
By the additivity of these signatures (property (5) of Proposition 4.1), this quantity is the sum
of the signature defects for V' and those of the F; and FE;. Note that the coeflicient system on
m1 (V) factors

mV) o mW)  m(W)
m (V)§+y w1 (Wo) ot m(Wo)s ™

where we use Theorem 3.10 to establish the second map and we use (7.1) for the third map.
Thus, since V is an (n.5, P)-solution, the signature defect of V' vanishes by Theorem 4.2. All of
the signature defects of the F; vanish by [9, Lemma 2.4] (essentially because Hz(E) comes from
H5(OF)). Therefore the signature defect vanishes for Wy. On the other hand, by Section 4,

o (Wo, ¢) — o(Wo) = p(OWs, ¢).

m (V) —

Hence

0= p(Mpm,¢) + ...+ p(Mg1, ¢) + p(Mpr, ¢) + p(Mko, ¢) + p(Mgz, ¢)-
By (7.2) and properties (1) and (3) of Proposition 4.1,

p(Mo, ¢) = po(K°);
while by (7.3) and properties (1) and (2) of Proposition 4.1

p(MX‘)? ¢) = 0.

However, by choice, |po(K?)| is greater than twice the sum of the Cheeger-Gromov constants of
the 3-manifolds Mpm, ..., Mg, which is a contradiction (see property (6) of Proposition 4.1).

Therefore the proof of Theorem 5.5 is reduced to defining a commutator series {wgn)} such
that (7.1)—(7.3) hold.

The commutator series g’ will be defined only for the groups m = 71 (W;), because we
need not be concerned with any other groups. It will be defined exactly as in Definition 3.6
except that the sequence of right divisor sets Si,...,S, will be slightly different from those
of Definition 3.7. We now define S1,...,S,. In these definitions 7 is the fundamental group of
one of the W;.

We define

S1=81(m) = Sp, = Sp, (M) = {@r1(1) .- ar (1) | (1(1),¢;(#)) = 1; w/mD) = (u)}.

()
S
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(Note that 7(1) = ) = 777(,1) = Wél).) Before defining the other S; we make a few remarks.
Since p; (t) is a knot polynomial p1(t) = p1(t~1), so Sy is closed (up to units) under the natural
involution. In fact, since pi(t) = A,,(¢) is the Alexander polynomial of E™, p;(t) is prime.
Hence one sees that

S1=Qlu, ] — (A ().

Therefore, for any Q[u*']-module M, MS; ' = Ma,.y, the classical localization of M at the
prime ideal (A,,).
Therefore, by (3.1),

(1)
(2 _ (2 _ (1) m
mg = mp = ker (71' — [7-‘-(1)771-(1)]

® Q]S = AW)S; = A(Wm) . (74)

where A(W)a) is the classical localization of A(W) at the prime (A,,). (If W is any space
with 71 (W) = 7 and Hy (W) = Z, then by its integral Alexander module, denoted by AZ(W),
we mean Hy(W;Z[u, p=1]) = 71 /7). By its rational Alexander module, denoted by A(W),
we mean Hy (W; Qlp i~ ']).)

Now let T' = W/Wég) = 7r/7r7(32) and A = ﬂ(l)/WéQ) = W(l)/ﬂg) CT. Thus T is the semidirect
product of the abelian group A with 7/7()) = Z. Note that the circle 1, (see Figure 2.9)
represents an element of 71 (Mgn)®) and hence, under inclusion, an element of 7(*) for each
of the groups m = m(W;) under consideration. Hence, for any 7, 12 has an unambiguous
interpretation as an element of A. By abuse of notation we allow 7, to stand for its image
in any of the appropriate groups. Recall that a set S C I' is I'-invariant if gsg=! € S for all
s€ S and g € I'. Note that the set {u‘nou~% | i € Z} is -invariant, where u € I' generates
7/7(1). Then we define the other S,, as follows.

DEFINITION 7.1. Let Sy = Sa(m) CQ[?T(U/W?)] CQ[?T/?T‘(SQ)] be the multiplicative set
generated by

—_~

{g(a)|(q,p2) =1, q(1) #0, a € Ay U {p2(p'map™) | i € Z};
and for 2 < i < nlet

—~

Sn = Su(m) = {ar(ar) ... ar(ar) | (pn,aj) = 15 q;(1) #0; a; € 78V /m§V}. (7.5)

Since Sy is a multiplicative subset of QA that is [-invariant, it is a right divisor set of QI" by
[10, Proposition 4.1]. Therefore Definition 3.6 applies to give a partially defined commutator
series {Wg)}. Since po(t) = gn_1(t) is a knot polynomial, pa(t) = p2(t~1). Thus S, is closed (up
to units) under the natural involution.

LEMMA 7.2. For each m and each 0 <i<n+1

7@ crld). (7.6)
Proof. The proof is by induction on 4. By Definition 3.6, WS) =l = Wél), so the lemma

is true for ¢ = 0, 1. Suppose it is true for all values up to some fixed ¢ > 1. Let j : @ — 7 be the
identity map. By [10, Proposition 3.2], it suffices to show that the induced ring map

ju: Znjn] — Zlr /7]

has the property that j.(Sp, (7)) C Si(mw). For i =1, j. is the identity map and S;(7) is, by
definition, identical to S, (7). It follows that wg ) = ngz) as already observed in (7.4). Thus,
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for i = 2, j, is again the identity map and, by Definitions 7.1 and 3.7, Sa(w) strictly contains
Sp,(m). For i > 2, the map j., although induced by the identity, will be a surjection with
non-zero kernel. Nonetheless, by the inductive hypothesis, j induces a homomorphism

Jx o 7T7(;.i71)/71'7(;.i) — 71"(;71)/77‘(;).
Recall from Definition 3.7 that
Spi(m) = {a(ar) .- ap(ar) | (i) = 1 @;(1) # 05 0y € w ™V /)Y,

which is the multiplicative set generated by the described set of polynomials ¢(a). If ¢(a) is
any such polynomial, then j.(¢(a)) = ¢(j«(a)) and since
-1 D)

a€ 77)(1.) ., then j.(a) € S(i) .
™ Tg
Thus, upon examining (7.5), we see that ¢(j.(a)) € S;(m). Hence j,(Sp, (7)) C S;(7) as desired.

O

In particular this establishes (7.1).

LEMMA 7.3. The commutator series {Wg)} is functorial with respect to any inclusion,
W; — W;, where 1 > j.

Proof.  Note that any such inclusion induces an isomorphism Hy(W;) = Hy(W;) 2 Z = ().
If ﬂg) were actually the polarized derived series localized at P, then the functoriality would
follow directly from our Theorem 3.10 [10, Theorem 4.16]. But since Wg) is slightly different, we
must actually repeat some of the proof of [10, Theorem 4.16]. Suppose A = 71 (W;), B = m (W})
and ¢ : A — B is induced by inclusion. We show, by induction on 4, that w(AS)) C Bg). This
holds for i = 0, so suppose that it holds for ¢ = n. We will show that w(AfSnH)) C Bg””. The
induction hypothesis guarantees that, for each 1 < k£ < n, ¥ induces a homomorphism of pairs

k k—1 k k k—1 k
b (A/AS) ATV /AS)) — (B/BYY, BETY /BSY).
By [10, Proposition 3.2] (or by examining (3.1)) it suffices to show that this map satisfies
¥(Sk(A)) C Sk(B) (7.7)
for each 1 < k < n. First consider k& = 1. Recall that

S1(A) ={a1 (1) - ar (1) | (01(),4;(1)) = 15 AJAN = ()} € Q[A/AM).
Since 1 induces an isomorphism v : A/A") — B/BW  4)(u) = +u. By choosing generators
once and for all, we may assume that ¢(u) = p. So, for any such g;(t),
V(@) - (1) = a(p) . ar(W(p) = a(p) - ar(p) € S1(B).

This verifies (7.7) for k = 1.
Now suppose k > 1. Recall that

—_—

Sk(A) = {ar(ar) ... qr(ar) | (par ;) =15 q;(1) #0; aj € AG™V /AP
Thus, for any such g;(t),
Y(qi(ar) .. qrlar)) = q((ar)) ... ¢-(¥(ar)) € Sk(B),

since ¥(a;) € Bék_l)/Bék).
Thus w(Sk(A)) C Sk(B) O
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7.1. Establishing (7.2) and (7.3)

Since 71 (Mgo) C 1 (Wp) is normally generated by its meridian pg, and 7y (M) is normally
generated by its meridian (that we denote) 7, the case i =0 of the following Proposition
will establish (7.2) and (7.3). Therefore the rest of the paper will be spent establishing
Proposition 7.4.

ProrosITION 7.4. For any i, 0 <1< n—2, ; = a;41 is non-trivial, while i, = &; 1 Is
trivial in
7Tl(VVi)(nfi)
i N(n—it1) "
m (W)~

To clarify the notation of this proposition, recall that, for 0 < i < n — 1, OW; contains the
disjoint union of the zero surgeries on the knots K* (refer to the schematic Figure 7.2), and K.
Let p1; and fi; denote the meridians of K* and K" in these copies of My and M., respectively.

Also recall that K = Rlt! (K') for some circle a1 that generates the Alexander module
of R**t1; and K= E::l (K"). Let 41 denote (a push-off of) this circle in My i1 C OWiqq
(referring to Figure 7.2); and let @;4 1 denote (a push-off of) the other copy of ;11 in Mzit1 C
OWi11. Note that, by property (4) of Lemma 6.1, y; is isotopic to a;y1 in Fj; and 7i; is

isotopic to @;41 in E;41. Hence p; = ;11 and Ii; = @;41 as elements of 71 (W;).

Proof of Proposition 7.4. The proof is by reverse induction on ¢, starting with i = n — 2.

Before proving the base case i = n — 2, we need to work out the ‘pre-base-case’, i =n — 1,
where the situation is slightly different. Note that «, and @, are what we have previously
called 77 and 1y, respectively.

LEMMA 7.5. Both pp,—1 =m and fi,,_; = 12 are non-trivial in

Wl(anl)(l)
M (Wano1)§)

Mpit o O_ M
At Hi
Eit1
i+1 Qit1
'ul/+\ Myciv1 Z;\
~/ ~
Wit

FIGURE 7.2. W;.
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Proof. Throughout the proof of this lemma we abbreviate W = W,,_1, m = 71 (W,,_1) and
A = A,,. We make use of the fact that the integral and rational Alexander modules of a knot
agree with those of its zero-framed surgery. Specifically we use A(K) to denote both the rational
Alexander module of K and that of Mg. The inclusion maps induce a commutative diagram
of maps between integral and rational Alexander modules as shown below:

7 Jx K 7.(.(1)
ALE™) AR AX(V) AW ——
Ts
A(Em) i2 i3 Q4 .
v ‘ Y ) v N \
AE™)(a) —— AR™)(a) —Z> A(V)(a) — A(W)(a)

Note that AZ(R™) = AZ(K™) 2 A%(Mgn) = AZ(OV). The maps j, and k. are induced by
inclusion. The map ¢ is induced by the connected sum decomposition, where E™ denotes the
‘left-hand’ copy in "™ =E™ # E™. The existence and injectivity of i5 is given by (7.4).
Since the 7; represent elements in the Alexander module of E™, it suffices to show that the
composition in the top row is injective. For this it suffices to show that the composition k, o
Jx 0404 o} is a monomorphism. Since it is well known that the integral Alexander modules
AZ(E™) = AZ(S® — E™) are Z-torsion-free, 7} is injective. Since A(E™) is a A-torsion module,
i{ is injective. Under the connected sum decomposition the localized Alexander module of R™
decomposes as the direct sum of the localized Alexander modules of its summands E". The
Blanchfield form decomposes similarly. Hence i is injective. Now consider the map 7, induced
by the inclusion 9V — V:

j* : .A(E)V)(A) = A(D‘im)(A) = H1<Mmm;(@[t,t_l}5p_ll) — Hl(V;Q[t,t_l}Sp_ll) = A(V)(A)
Since V' is an (n.5,P)-solution for OV, and 71'7(;) C WS), V is an (n.5,8) solution, so it is
certainly a (1,8)-solution. Consider the coefficient system v : w1 (V) — m (V) /m1 (V)g) =Z
(recall Gg) =GV for any group G). Then [9, Theorem 7.15] applies to say that the kernel of
J« 1s isotropic with respect to the classical Blanchfield form on A(SR™)a). Hence the kernel P,
of 7 o j, is isotropic with respect to the classical Blanchfield form on A(E™)); but, since the
Alexander polynomial of E™ is irreducible by Proposition 2.3, the rational Alexander module
of E™ has no proper submodules. The case P = A(IE™)a) is not possible since the localized
classical Blanchfield form is non-singular and A(E™)a) # 0. Thus P = 0, so i o j, is injective.

It only remains to show that the lower map k. is injective (actually an isomorphism). Since
localization is an exact functor, this is equivalent to showing that the inclusion map induces
an isomorphism between the rational Alexander modules of V' and W. Recall that W =W, =
V U E,. Recall from property (1) of Lemma 6.1, applied to E,,, that the kernel on m; of the
inclusion Myn» = OV — E,, is normally generated by the longitudes of the infecting knots K™~
and K" as curves in 71 (M ). These lie in the second derived subgroups of m (5% — K™~1)
and (9% — an), respectively, and so lie in the third derived subgroup of m (Mgn) (vefer
to Figure 2.8). Since the rational Alexander module of any space X with H;(X) = Z may be
described as GV /G(?) @ Q, where G = 7 (X)), this shows that the rational Alexander modules
of V and W are isomorphic. [
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The crucial base case, i =n — 2, in the (reverse) inductive proof of Proposition 7.4 is the
following.

LEMMA 7.6. While pt,,—9 = ap—1 Is non-trivial, fi,,_o = Gp_1 Is trivial in

Wl(Wn—z)(z)
m(anz)g”

Proof. It might be helpful to refer to Figure 7.2 with ¢ =n —2. By property (1) of
Lemma 6.1, the kernel of the map

T (Who1) — mi(Who1 UE,—1 UE,_1) = m(W,_2)

is normally generated by the longitudes, ¢,,_2,¢,_o, of the infecting knots K™~ 2 and K
viewed as curves in S3\ K""2 C Mgn-—1 C OW,,_; and S* \Fn_z C Mygn-—1 COW,_1. But
of course these lie in the second derived subgroups of m(S3\ K"~2) and (93 \F"_2)7

respectively, and so lie in the second derived subgroups of mi(Mgn-1) and my(Mzgn-1),
respectively. But, as observed in Lemma 7.5

Trl(Man) = (,un_1> C 7T1(Wn_1)(1), (78)

and similarly for m(Mzgn-1). It follows that both £, 5 and l,,_o lie the third derived
subgroup of 71 (W,,_1) and hence lie in 7, (Wn_l)g’)
an isomorphism

. Thus the inclusion W,,_1 — W,,_s induces

~

Wl(anl) ) Wl(an2)
T (Wae1)§ m(Waso)

by weak functoriality and by [10, Proposition 4.7].

Therefore, to prove Lemma 7.6, it suffices to let m = m(W,,_1), and show that a,_1 is
non-trivial in 72/ ng) and that @, _; is trivial in 7(2)/ wé3). Throughout the rest of the proof
of Lemma 7.6, we abbreviate W = W,,_1, 7 = 1 (W,,_1), J = K"~ ! and T=K""" Thus
OW = Mgpm UMJUMj.

Consider the following commutative diagram (which we justify below), where I' = 7/ 7r552) and
R = QI'S, . Since we may view a,_1 € 7 (M;)") and @,_; € m(M5)™), we have reduced
Lemma 7.6 to showing that «,_1 is not in the kernel of the top row of the diagram while @,, 1
does lie in this kernel.

7T1(MJ)(1) @Wl(Mj)(l) - > 7@ - %
Ts
= Vi
(A()® A(J) @ R = Hi(M;U M3 R) —— Hi(W;R) - [ OB O] ®R
7TS ,7T$

The j, in the upper row of the diagram is justified by our observation (7.8), which says that
(M) € 7 and 7 (M5) € 7). Now we consider the first map in the bottom row. By
Lemma 7.5 the coefficient system 7 — I', when restricted to 71 (M), is non-trivial:
1)
™ ™
m(My) = (ptn—1) — =~ o=

RO
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but also factors through 7y (My)/m (M) = Z using (7.8). Tt follows that
Hi(My;QU) = Hi(My;Q[t,t 1)) ® QL = A(J) @qpr,e-1) QT
where Q[t,t71] acts on QT by t — p,—1 (equivalently ¢ — n;). Hence
Hi(Mj;R) = A(J) © R;

and similarly for .J, where t acts by fi,,_; = 72. This explains the first map in the lower row of the
diagram. To justify the last map in the lower row, recall that H;(W;ZI') has an interpretation
as the first homology module of the I'-covering space of W. The fundamental group of this
covering space is the kernel of 7 — I'. Hence

e

[(2) (2)]'

Ts »Tg

Hy(W;ZT) =

Since the Ore localization R is a flat ZI'-module, the = is justified. This completes the
explanation of the diagram. Since, by Definitions 3.7 and 7.1,
(3) ( (2) 77‘(92) 7T§52) —1>
s =ker\mst w7 oy oy @O )
[rs’,7s"] (s, 7s"]

it follows that the vertical map j (in the diagram) is injective. Hence, to establish Lemma 7.6,
it suffices to show that the class represented by «,,_1 ® 1 is not in the kernel of the bottom
row of the diagram while that represented by @, _1 ® 1 does lie in this kernel.

Recall that J= K" ' ERZ:I(FTF ), where @,,_; generates A(Rnil) (note that this
implies that the latter module is cyclic). Therefore A(J) = A(Rnil). By hypothesis, the
Alexander polynomial of R"~! is g, _1(t) = pa(t). Thus

— . Qt,t7]
A= QT

Il

<an—1>

and

_ ~ AT ~ Qr -1~
(@1 ®1) = A(J) @R = (pz(ﬂz)@F) Syt 0,
where the last equality holds since pa(n2) € Sa2, by Definition 7.1 (see [10, Theorem 4.12] for
more detail). Therefore @,,—1 ® 1 lies in the kernel of the bottom row of the diagram.
Suppose that o, 1 ® 1 were in the kernel of the bottom row of the diagram. We shall reach a
contradiction. Recall that W,,_y =V U E,,. Recall that V is an (n.5, P)-solution. Since n > 2,
V is a (2, P)-solution. One easily checks that
H2(Wn71)
Ty (H2 (8Wn—1)
Hence this group has a basis consisting of surfaces that satisfy parts (2) and (3) of Definition 3.3
(with n = 2); but W,,_; fails to satisfy part (1) of that definition and OW,,_; is disconnected.
Such a manifold was named a (2, P)-bordism in [10, Definition 7.11]. By [10, Theorems 7.14
and 7.15], if P is the kernel of the map

J* i Hi(My;R) — Hi(W;R),

~ Hy(V).

as in the bottom row of the diagram, then P is an isotropic submodule for the Blanchfield
linking form on Hy(Mj;R). Since we have supposed that a,,—1 ® 1 € P and since this element
is a generator of Hy(Mj;R), it would follow that this Blanchfield form was identically zero
on Hy(Mjy;R); but by [10, Lemma 7.16] this form is non-singular. This would imply that
Hy(Mj; R) was the zero module. This is a contradiction once we show that

or ) Syt #0. (7.9)

AT @R = (pz(m)QF
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This is a non-trivial result since we are dealing with a non-commutative localization.

Note that, by the hypotheses of Theorem 5.5, po(t) = ¢,_1(¢) is not a unit in Qt,¢t~1].
The map Z — T" given by ¢t — 17 is not zero by Lemma 7.5. Since I' is PTFA, it is torsion-
free, so (1) C T. Hence QI is a free left Q[n;,7; ']-module on the right cosets of () € T
[44, Chapter 1, Lemma 1.3]. Thus, upon fixing a set of coset representatives, any x € QI has
a unique decomposition

T = YTy,
where x, € Q[n1,m; '] and the sum is over a set of coset representatives {y € I'}. It follows
that po(11) has no right inverse in QI since if pa(n;)z = 1, then
p2(m)z = p2(1m)Xywyy = Xypa(m)zyy = 1.
Looking at the coset v = e , we have pa(11)ze = 1 in Q[n1,n; "], contradicting the fact that
pa(t) is not a unit in Q[t,¢~!]. Therefore, since QI is a domain,
Qr

p2(m)QL

Continuing, by [47, Corollary 3.3, p. 57], the kernel of

2 0.

Qr ( Qr > —1

_ S

p2(m)QL p2(m)Qr
is precisely the Ss-torsion submodule. Hence to establish (7.9), it suffices to show that the
generator of QI'/p2(n1)QI is not Sp-torsion. Suppose [1] was Sa-torsion. We will show that
[1] = 0, implying that QI'/p2(n1)QI is Sa-torsion-free. If [1] were Sa-torsion, then 1s = pa(n1)y
for some s € S5 and for some y € QI'. We examine this equation in QI'.

Recall that I' = 7r/7r592). Let A = W(l)/ﬂng) < T'. Since A C T, QT', viewed as a left Q A-module,

is free on the right cosets of A in I". Thus any y € QI' has a unique decomposition

Y =2yYy7,

where the sum is over a set of coset representatives {7y € I'} and y, € QA. Therefore we have

§=Dp2 (nl)E'yy'yV-

Recall from Definition 7.1 that s € Sy C QA. It follows that, for each coset representative v # e,
we have 0 = pa(n1)y,, 50 ¥, = 0 (note that ps(n;) # 0 since Q[nif'] € QI). Hence y € QA and
we have

s = p2(m)y (7.10)

as an equation in QA. Recall from Definition 7.1 that an arbitrary element of Sy is a product
of terms of the form g(a) and terms of the form p» (uinopu=") for some a € A, q(t) in Q[t,t~1],
where (p2,q) =1, q(1) # 0 and u generates 7/7(1). Since A is a torsion-free abelian group,
(7.10) may be viewed as an equagg\r_l/in QF for some free abelian group F' C A of finite rank

r. Since QF is a UFD and since (p2,q) = 1, we can apply the following.

PROPOSITION 7.7 [10, Proposition 4.5]. Suppose p(t), q(t) € Q[t,t~1] are non-zero. Then
p and q are strongly coprime if and only if, for any finitely-generated free abelian group F and
any non-trivial a,b € F, p(a) is relatively prime to q(b) in QF (a unique factorization domain).

Thus the greatest common divisor, in QF, of pa(11) and ¢(a) is a unit (note that if a is
trivial in F, then q(a) = ¢(1) # 0 is itself a unit). Thus p2(n;) divides the product of the terms
of the form po(pinau~*). Choose a basis {z,xs,...,2,} for F in which 1 = 2" for some r > 0
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i

— l,TL,; Ti,2

(since n; # 0 by Lemma 7.5) and pinopu~ xy"? ... x,"". Then we may regard QF as a
Laurent polynomial ring in the variables {x, z,...,2,}. Since ps is not zero and not a unit,
there exists a non-zero complex root 2 = 7 of pa(2”). Suppose that p(x) is an irreducible factor
(in QF) of pa(x”) of which 7 is a root. Then, for some i, p(x) divides po(x™izn™” ... 27" 7).
Then 7 must be a zero of py(x™ixy™ ... 2,"") for every complex value of za,...,z,. This is
impossible unless each n; ; = 0. Thus, for this value of i, u'nopu~" = 2™, in F, for some n. Note

n # 0 since 72 is non-trivial by Lemma 7.5. Thus

prpu™t = (e )" =" =y, (7.11)
for some 47 and some non-zero integers n and r. This equation holds in A. However, the circles
p, m2 and 7y all live in Mpm and in fact can be interpreted in A%(E™) (the left-hand copy of

E™); but recall that in the proof of Lemma 7.5 we showed that the map
1)
™

AZ(E™) — AZ(W) — 5 =
s
S

is injective. Hence if (7.11) holds in A, then it holds as an equation in AZ(E™), and hence also
in A(E™), where, in module notation, it has the form

(t2)' (rm2) = np.

However, the simple computation in the following lemma proves that this is impossible.

LEMMA 7.8. Let m be a non-zero integer, let E™ be the knot of Figure 2.5 and let (n;), i =
1,2 be the subspace of A(E™) generated by the circle n; shown in Figure 2.9. Then, under the
automorphism

te : A(E™) — A(E™),

for every integer k, (t.)*({n2)) N (1) = 0.

Proof. 'We may assume that m > 0. If V' is the Seifert matrix for E™ as in the proof of
Proposition 2.3, with respect to the basis {a;} consisting of the cores of the obvious bands,
where (k(a;,n;) = 1, then the rational Alexander module is presented by V — VT with respect
to the basis {1,772}, where the relations are given by the columns, that is, (V — tV™)7 = 0 for
all #. Since V has non-zero determinant, upon left multiplying the latter equation by V!, one
recovers the fact that the automorphism ¢* is given by left multiplication by (V~1)TV. Hence

t*:12<m2+1 m2> _
m m m m
for M as indicated, with respect to the basis {11, 72}. It then suffices to prove that, for any &,
there is no non-zero solution (g, yo) to the equation

v()-(3)

If there were such a solution (z, yo), then there would be one with yg > 0. Let B = {(x,y) | >

0, y > 0}. Since
m2+1 m) (z\ _ [((m*+1Dx+my
m m? ) \y) mz + m2y ’

we observe that M(B) C B; but if k>0, then M*(B) C B. This is a contradiction since
(0,90) € B but (z9,0) ¢ B. Therefore there is no non-zero solution if & > 0. If k < 0, then we
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0 —k [ %o
= M B
(yo> <<)>
where —k = s > 0. As above if there were a non-zero solution, then there would be one with

xo > 0. Letting A= {(z,y) | x>0, y >0}, we observe that M*(A) C A, (20,0) € A and
(0,90) ¢ A, which is a contradiction. O

have

This contradiction establishes (7.9), finally completing the proof of Lemma 7.6. |

We now complete the induction step in the proof of Proposition 7.4.
Suppose, for some i, 1 <i < n — 2, that Proposition 7.4 holds, that is, p; = a;41 is non-
trivial, while i; = @;41 is trivial in

7Tl(wfi)(n*i)

— - (7.12)
7r1(Wi)Eg' )
To complete the inductive step, we need to show that
Wi (n—i+1)
i1 = Q; = 0 e 71-1(1—)(1,L_H_2), (713)
m(Wiz1)g
and show that
W,_ (n—i+1)
pit = a; 0 ¢ TVimt) (7.14)

m (Wi_l)fg"_HZ) .
By the inductive hypothesis and weak functoriality,
;€ Wl(Wi)Egn_iJrl) C Wl(Wifl)gn_iJrl).
However, by property (1) of Lemma 6.1, i; € 71 (Mz:) normally generates 1 (E;), so
1 (Bs) € m(Wi)§ Y,

and so by property (1) of Proposition 3.2,

[m(E3), m(E3)] © hl(Wi*l)‘(sniiH)’7T1(Wi71)‘(9n7i+1)] C Wl(Wi71>‘(s‘n7i+2).

Since £k (a;, Rl) = 0, we have
@; € [m(Mgs), m1 (Mg:)] C [m1(E;), m(E3)] C 771(Wi,1)(3”7”2).

This proves (7.13).
Now we need to prove (7.14). By property (1) of Lemma 6.1, the kernel of the map

7T1(Wi) — 7T1(Wi UE; UEZ) = 7T1(Wi,1)
is normally generated by the longitudes £;_; and 7_; of the infecting knots K*~! and K '
4 —i—1
viewed as curves in S?\ K*~! C My: C OW; and S\ K = C My C OW;, respectively. But
of course these lie in the second derived subgroups of 71(S%\ K*~!) and m(S? \f%l)7
respectively, and so lie in the second derived subgroups of m (M) and 71 (M), respectively.

K
However, by the induction hypothesis (7.12),
m (M) = () € m (W) ", (7.15)
and similarly for 7y (M ). It follows that both £; ; and 0,1 lie in

7T1(Wi)(n7i+2) C m(Wi)gl_H2)~
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Thus the inclusion W; — W;_1 induces an isomorphism

) (Wi)(n_“‘l) T (Wi_l)(n—z‘+1)

771(Wi)‘(9n71+2) 7T1(Wi—1)‘(gn71+2) 7
by weak functoriality and by [10, Proposition 4.7].

Consequently, to establish (7.14), it suffices to let 7 = 71 (W;), and show that «; is non-trivial
in w(”_“‘l)/ﬁgb_lﬂ_). Throughout the rest of the proof, we abbreviate W = W, m = w1 (W),
J=K'and J =K' Thus M; C OW.

Consider the following commutative diagram (which we justify below), where I' = 7 /7
and R = QFS;EHI. Since o; € 71 (M;)®M, we have reduced (7.14) to showing that o; is not
in the kernel of the top row of the diagram.

(n—i+1)
S

1) G (nit1) ¢ Wéﬂ—i+1)
(M) T T (n—it2)
s
T ‘J
=] Jx =] ﬂgn_H_l)
.A(J) @R Hl(MJ;R) Hl(W,R) - (n—i+1) _(n—itl) @R
[Ts TS ]

The j. in the upper row of the diagram is justified by (7.15). Now we consider the first map
in the bottom row. By the inductive hypothesis (7.14) the coefficient system 7 — I', when
restricted to m (M), is non-trivial:

(n—i) T
T (My) = (i) = it  _(n—itD) — T,
Ts TS

but also factors through 71 (My)/m1 (M) = Z because of (7.15). Tt follows that
Hy(My;QU) = Hy(My;Q[t,t7']) © QL = A(J) @gyr,-1 QT,
where Q[t,t71] acts on QI" by t — p;. Hence
Hi{(M;R) =2 AJ)QR.

To justify the last map in the lower row, recall that H;(W;ZI") has an interpretation as the
first homology module of the I'-covering space of W corresponding to the kernel of m — T
Hence

(n—i+1)
Hy(W3ZD) = — Sy
g g Y]
This completes the explanation of the diagram. Since, by Definitions 3.7 and 7.1,
ngn_i+1) 7T(n—i+1)

(n—i+2) (n—i+41) S -1
s = ker (WS - [Wén—i+1)’7rfgn—i+1)] - [ﬂgn—i+1)’ﬂf§n—i+1)] ®QFSni+1> ,
it follows that the vertical map j (in the diagram) is injective. Hence, to establish (7.14), it
suffices to show that the class represented by a; ® 1 is not in the kernel of the bottom row of
the diagram.

Recall that J = K' = R!, (K'~!), where a; generates A(R'). Therefore A(J) = A(R"). By
the hypotheses of Theorem 5.5, the Alexander polynomial of R is ¢;(t) = p,_i+1(t). Thus

~ ~ Qr -1
where the last equality holds because, since 1 < ¢ < n — 2, it follows that 3<n -7+ 1 < n, so
Sn—it1 = Sp,_ .., by Definition 7.1.
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Suppose that «; ® 1 were in the kernel of the bottom row of the diagram. We shall reach a
contradiction. Recall that

W=W,=VUE,UE,_4 UEn_lu...UEi_H UEH—L

Recall also that V is an (n.5, P)-solution. Thus, by (7.6), V is an (n.5,S)-solution and, since
n—i+1<n, Visalsoan (n —i+ 1,S)-solution. One easily checks that
Hy(W;)
ix(H2(OW;))
Hence this group has a basis consisting of surfaces that satisfy parts (2) and (3) of Definition 3.3
(with n —i+1). Thus W; is an (n —i+ 1,S)-bordism (see [10, Definition 7.11]). By [10,
Theorems 7.14 and 7.15], if P is the kernel of the map

Je t Hi(Mj;R) — H (W3 R),

then P is isotropic for the Blanchfield linking form on H;(Mj; R). Therefore if the generator
a; ® 1 were in P, it would follow that this Blanchfield form was identically zero on Hy(M;R);
but by [10, Lemma 7.16] this form is non-singular. This would imply that H;(M;;R) = 0.
This is a contradiction once we show that (7.16) is in fact a non-trivial module. It is shown in

[10, Theorem 4.12] that
T r
Q - ( Q )Sp‘:m, (7.17)
Pr—i1 (1) QT Pr—i+1 () QL
is a monomorphism (using that p,_;41(t) # 0 and that y; lies in the abelian normal subgroup
A= w(”’i)/ﬂén_zﬂ) C I'). This reduces us to showing that
Qr
Pr—it1(p:)QL
By the hypotheses of Theorem 5.5, p,,—;+1(t) = ¢;(t) is not a unit. The map Z — T" given by
t + p1; is not zero by the inductive hypothesis (7.12). Thus (1;) C T and QT is a free Q[u;, p; ']
module on the cosets of (i;) € T'. In the same manner as we showed earlier in the proof, it
follows that p,_;+1(p;) is not a unit in the domain QI'. Therefore (7.18) holds.
This completes, finally, the inductive step and hence the entire proof of Proposition 7.4,

>~ Hy(V).

£0. (7.18)

which in turn completes the proofs of (7.2) and (7.3). O
Having established (7.1)—(7.3), the proof of Theorem 5.5 is complete. U
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