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obtain 

fl;;L ( J) = n[l L· 

Thus L generates an infinite cyclic subgroup Z. In our case, since BDn+l (BR) has 

a nonzero p-invariant, we can use the same reasoning to show that it generates an 

infinite cyclic subgroup. D 

(a) BD(BR) (b) BD(BD(BR)) = BD2(BR) 

Figure 5.1: Examples of iterated Bing doubles of the Borromean Rings 

The example exhibited in the above proof came from iterated Bing doubles of a 

link with nonvanishing p-invariants. These iterated Bing doubles will always have 

a nonzero p-invariant [Coc90]. Thus the above example is also not concordant to a 

boundary link. 

Since the knot concordance group C is abelian, all successive quotients of the ( n )­

solvable filtration are abelian. It is known, however) that em is a nonabelian group 

for m 2 [LD88]. We briefly recall some facts known about certain quotient groups 

of {P}. 

The quotient F'!!!0_5 / F 0 is abelian for all m 2. This arises from the fact there 
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exists a monomorphism 

where Diin is the 3-dimensional spin bordism group. This group is known to be 

abelian, giving us that F~_5/ Po is abelian. 

We also know that the quotient em I F'Q is a nonabelian group for m ~ 2. We will 

give an example for m ~ 3. 

Example 5.2. Consider the pure braids in Figure 5.2(a) and 5.2(b). A pure braid 

is a string link with all the strings strictly descending. We build the commutator 

ABA-1B-1 seen in Figure 5.2(c) and check whether or not it is (G)-solvable. Now 

-ABA-1 B-1 is isotopic to the Borromean Rings that were shown in Example 3.2 not 

to be (G)-solvable. 

(a) A (b) B 

(c) Pure braid ABA - 1 B-1 

Figure 5.2: Example of pure braids with their commutator not (G)-solvable 

We continue on with our investigation of quotients of { F::"}. Again using Theo-

rem 3. 7, we will show that F"!!-0_5 / Ff" is nonabelian. 
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Theorem 5.3. F"!!0.5 / Fr is nonabelian form 2: 3. 

In order to prove this theorem, we need to demonstrate that there exists two string 

links with pairwise linking numbers equal to zero such that when we construct the 

commutator we get a string link that is not (I)-solvable. 

Proof. The Borromean Rings, BR, can be written as a pure braid, specifically, 

Borromean Rings conjugated by 0"1 (see Figure 5.3(b)). We look at the commutator 

For braids, the canonical meridians, mi, will freely generate the fundamental group 

and any other meridian of Li (the ith string of L) in n 1 will be a conjugate of mi. This 

allows us to write Zi of L as a product of the m/s using an algorithmic procedure. 

(a) BR as a pure braid 

Figure 5.3: Borromean Rings as a pure braid and a conjugate of them 

Christopher Davis wrote a computer program that does exactly that [Dav]. In 

addition to writing the Zi's as products of meridians, this program also computes the 

Magnus expansion of li. Using this program, we found that there is a ,U-invariant of 

length six that does not vanish. More specifically, P£(313323) = -1. By Theorem 3.7, 

L is not (1 )-solvable. Therefore F"!}'0_5 / Fr is nonabelian. D 



Chapter 6 

Grope Filtration 

6.1 Grope Filtration 

In addition to defining the (n)-solvable filtration, Cochran, Orr, and Teichner [COT03] 

also defined the Grope filtration, {9:} of the (string) link concordance group, 

The Grope filtration is more geometric than the ( n )-solvable filtration. Gropes can 

be thought of as geometric approximations of slicing disks. 

Definition 6.1. A grope is a special pair (2-complex, base circle) which has a height 

n E !N assigned to it. A grope of height 1 is precisely a compact, oriented surface L: 

with a single boundary component, which is the base circle (see Figure 6.1). 

A grope of height n + 1 can be defined recursively by the following construction. 

Let {ai, (3i: i = 1, ... , 2(g -1)} be a symplectic basis of curves for H 1 (L:), where L: is 
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the first stage grope. Then a grope of height n + .1 is formed by attaching gropes of 

height n to each ai and f3i along the base circles (see Figure 6.1). A grope of height 

1.5 is a surface with surfaces attached to 'half' of the basis curves (say the ai)· A 

grope of height n + 1.5 is obtained by gluing gropes of height n to the ai and gropes 

of height n + 1 to the f3i. 

Figure 6.1: A height 1 and height 2 grope 

Given a 4-manifold, W, with boundary M and a framed circle 1 c M, we say 

that 1 bounds a Grope in W if 1 extends to a smooth embedding of a grope with 

its untwisting framing (parallel push offs of Gropes can be taken in W). 

We denoted g;;- to be the subset of em defined by the following. A link L is in 

g;;- if the components of L bound disjoint Gropes of height n in D 4
. It can be shown 

that these subsets are actually normal subgroups of em. Harvey showed [CH08] that 

this filtration is nontrivial by looking at the filtration of boundary string links. 

A useful property of Gropes is demonstrated in the following lemma. 

Lemma 6.2. If a curve P bounds a (map of a) grope of height n in a space X, then 

[P] E 1r1 (X)Cn). 

Proof. Suppose that n = 1. Let ~be a grope of height 1 that the curve P bounds in 

some space X. Then f can be written as a commutator of a and /3, see Figure 6.2. 

Thus P = af3a-1 /3-1 and [£] E 1r1 (X)(l). 
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Now suppose that if I! bounds a grope of height k then [I!] E 1r1 (X)(k) for all k < n. 

Assume that I! bounds a height n grope. Then I!= [a1 , /)1] ... [an, tJn] where ai and ;Ji 

form a symplectic basis of~' the first stage grope. Since ai and tJi bound (n-1)-stage 

gropes, by the induction hypothesis, ai, f3i E 1r1 (X)<n-l). Thus [/!] E 1r
1 
(X)(n). 

D 

Figure 6.2: Basis curves a and f3 

There is also a notion of Grope concordance. To define this, the following definition 

is needed. 

Definition 6.3. An annular grope of height n is a grope of height n that has an 

extra boundary component on its first stage. 

The two boundary components of an annular grope are said to cobound an annular 

grope. Two links, L0 and L1 , are height n Grope concordant if their components 

cobound disjoint height n annular Gropes, Gi, in S3 x [0, 1] such that Gin(S3 x {j}) = 

the ith component of Li where j = 0, 1. 

6.2 Relationship between Filtrations 

Thus far, two filtrations of the string link concordance group em have been defined. 

Recall that the ( n )-solvable filtration is an algebraic approximation while the Grope 
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filtration is a geometric approximation. It is a natural question to ask whether these 

two filtrations are related. Before answering this question, we need to look at the rela­

tionship between a link bounding disjoint gropes and the link's Milnor's ,U-invariants. 

Definition 6.4. Let L = £ 1 U £ 2 U · · · U Lm and L' = L~ U L~ U · · · U L'm be ordered, 

oriented links in 8 3 . We say that L is k-cobordant to L', where k E z+, if there are 

disjointly embedded compact, connected, oriented surfaces V1, v;, ... , Vm in 8 3 x [0, 1] 

with 8"\!i = 8o Vi u 81 Vi such that for all i = 1' ... ' m, we have 

i. Vi n ( 8 3 X { 0}) = 8o Vi = Li and Vi n ( 8 3 X { 1}) = 81 Vi = L~; 

ii. there is a tubular neighborhood Vi x D 2 of Vi in 8 3 x [0, 1] which extends the 

"longitudinal" ones of 8"\!i = Li U L~ in 8 3 x { 0} and 8 3 x { 1} resp such that 

the image of the homomorphism 

lies in the kth term of the lower central series of G. 

A link that is k-cobordant to a slice link is called null k-cobordant. 

Links that bound disjoint Gropes of height n will be k-cobordant to a slice link 

for certain k dependent on n. 

Proposition 6.5. If L E g;;t, then it is 2n-1-cobordant to a slice link. 

Proof. Suppose L E g:+2 . Then the components of L, say f.i, bound disjoint Gropes 

of height n in D 4 rv 8 3 x [0, 1]. Moreover, the f.is extend to smooth embeddings of 
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gropes with their untwisting framing. Also, Lis Grope concordant to a slice link L'. 

Let Vi be the first stage Grope bounded by fi and £~ (ie. the annular Grope in the 

concordance). Let V = IJ:1 "\li. 

Now consider the homomorphism 

that is induced by pushing Vi off itself in the normal direction. Let { ai, ,Bi} be a 

sympletic basis for Vi (see Figure 6.3). The parallel push-offs of Gropes can be taken 

in 8 3 x [0, 1] and thus are now in 8 3 x [0, 1] - V. We seek to find the images of the 

basis elements under the above homomorphism. By the construction of the Gropes, 

each of the ais and ,Bis bound Gropes of height n- 1 in the exterior of V. Thus 

by Lemma 6.2 and this concludes the proof. D 

Figure 6.3: The first stage grope, Vi with symplectic basis { ai, ,Bi}i=1,2 . 

The following corollary of Lin [Lin91] can be applied to give a nice result. 
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Corollary 6.6 (Lin). If L and L' are k-cobordant, then Milnor's jl-invariants of L 

and L' with lengths less than or equal to 2k are the same. In particular, if L is null 

k-cobordant, then JlL(I) = 0 for III :::; 2k. 

Corollary 6.7. A link L with components that bound disjoint Gropes of height n has 

Jh(I) = 0 for III :::; 2n. 

Proof. The proof of this is immediate from the previous two results. 0 

Cochran, Orr and Teichner [COT03] showed that these two filtrations are related. 

More specifically, that we have inclusion in one direction. 

Theorem 6.8 (Cochran-Orr-Teichner). If a link L bounds a grope of height n + 2 in 

D4 , then L is (n)-solvable, i.e. 9~+2 ~F.;: for all m and n. 

The natural question is whether or not the inclusion goes in the other direction. 

In other words, if a link is ( n )-solvable, do the components bound disjoint Gropes 

of height n + 2? Recall from Theorem 3. 7 that an ( n )-solvable link has vanishing 

jl-invariants for lengths less than or equal to 2n+2 - 1, while above we see that a 

link in 9~2 has vanishing jl-invariants for lengths less than or equal to 2n+2 . This 

difference of one gives motivation to try to find a nontrivial element in F.;: /9~+2 • 

Corollary 6.9. F.;: /9~+2 is nontrivial form~ 2n+2 . Moreover, Z C F.;: /9~+2 • 

Proof. Let L be the Hopf link. By Proposition 4.7, BD(L) E F 0 , where BD(L) is 

the Bing double L (see Figure 4.5(d)). The invariant Jl£(12) = ±1 depending on 

orientation, as it is just the linking number between the two components. Again, by 

work Cochran given in Chapter 8 of [Coc90], (Theorem??), JlBD(L)(I) = ±1 for some 
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I of length 4. Using iterated Bing doubling we achieve BDn+1 (L) is nontrivial in Fn 

by Proposition 4.11, and JlBDn+I(L)(I) = ±1 for some I of length 2n+2 . BDn+I(L) is 

(n)-solvable, but since some JlBDn+I(L) does not vanish for a length of 2n+2 it cannot 

bound a Grope of height n + 2. 

To show that there is an infinite cyclic subgroup contained within this quotient, 

we look to the proof in Theorem 5.1 for a completely analogous argument. D 

This tells us that the Grope filtration and (n)-solvable filtration of em are not the 

same (form~ 2n+2). 
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